RICCI SOLITONS, CONICAL SINGULARITIES, AND NONUNIQUENESS

SIGURD B. ANGENENT AND DAN KNOPF

ABSTRACT. In dimension n = 3, there is a complete theory of weak solutions of Ricci
flow — the singular Ricci flows introduced by Kleiner and Lott [KL17, KL18] — which
Bamler and Kleiner [BK17] proved are unique across singularities.

In this paper, we show that uniqueness should not be expected to hold for Ricci flow
weak solutions in dimensions n > 5. Specifically, for any integers p1,p2 > 2 with
p1 +p2 < 8 and any K € N, we construct a complete shrinking soliton metric gx on
8P1 x RP2F1 whose forward evolution gy (t) by Ricci flow starting at ¢ = —1 forms a
singularity at time t = 0. As ¢ * 0, the metric gx () converges to a conical metric on
8P1 x 8P2 x (0,00). Moreover there exist at least K distinct, non-isometric, forward
continuations by Ricci flow expanding solitons on 8”1 x RP2+1 and also at least K
non-isometric, forward continuations expanding solitons on RP1+1 x §P2.

In short, there exist smooth complete initial metrics for Ricci flow whose forward
evolutions after a first singularity forms are not unique, and whose topology may change
at the singularity for some solutions but not for others.
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1. INTRODUCTION

1.1. Statement of main results. In this work, we study shrinking and expanding Ricci
flow soliton solutions. In so doing, we construct solutions that are smooth for times ¢ < 0,
form a singularity at ¢ = 0, and then admit distinct smooth continuations for ¢ > 0.
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To state our results more precisely, we use the notion of a Ricci Flow spacetime intro-
duced by Kleiner and Lott [KL17]. Their definition is as follows.

Definition. A Ricci flow spacetime is a tuple (M, t, 3, g) such that:*

e M is a smooth manifold-with-boundary;

e 1, the time function, is a submersion t : M — I C R, where I is regarded as a
time interval;

o the boundary of M, if nonempty, corresponds to the endpoint(s) of the interval,
that is, OM = t~1(9I);

o 0, is the time vector field, which satisfies 0;t = 1; and

e ¢ is a smooth inner product on the subbundle ker(dt) C T™M which defines a
Ricci flow,

La.lg] = —2Rc[g].

Slightly modifying the notation of [KL17], we denote the spacelike timeslice at time a by
M, = t!(a), and similarly define M., = t~*(—00,a) and M-, = t~!(a, c0).

Main Theorem. Let p1,p2 > 2 be integers withp1 + pa < 8, and let n = p1 + po.

For any integer K € N, there exist Ricci flow spacetimes ML ..., MK and J\?El, ces ME
with time functions t : M¥ — R, t: M¥ — R, and evolving metrics gy, and gy, respectively,
such that for

t<0: the sets M~ and M’io and their metrics 9k|M’;0 and gy |5 all coincide and are
<0

given by a single shrinking gradient soliton — all timeslices M} and J‘?[ftC witht <0
are diffeomorphic to 871 x Rr2+1; for

t=10: each timeslice M% and M is incomplete and isometric to the same cone metric on
(0,00) x 8P x 8P2 with its conical singularity removed; and for

t>0: eachME andJ\N/EI;O is isometric to the flow of a distinct expanding n+1-dimensional
soliton — that is, the spacetimes M2, and 3\7[];0 are isometric if and only if j = k.

These Ricci flow spacetimes are maximal with respect to the partial ordering induced by
inclusion: (M, t,0¢,9) = (M, ¥,0,,¢") if M C M, t = |y, Oy = 0|, and g = ¢' |-
There is only one singular time, t = 0, i.e., MF and M¥ are complete for all t # 0.

Fort > 0, the timeslices M¥ are diffeomorphic to RP*+1 x 8P2, while the timeslices J\?[f
are diffeomorphic to 871 x Rr2+1,

Put succinctly, in dimensions n+1 > 5, Ricci flow spacetimes may not be unique after
their initial singularities: a given initial metric M* ; may admit several distinct Ricci flow
spacetimes, some of which change their topology while others do not.

The Main Theorem follows directly from Theorems A, B, and C as stated below. The
reader may wish to contrast its content with very recent work of Haslhofer [Has21] on
uniqueness and stability of higher-dimensional singular Ricci flows: Ricci flow space-
times satisfying a canonical neighborhood property analogous to that which holds for
3-dimensional solutions (but which does not hold for the solutions constructed here).

1To obtain the full strength of their results, Kleiner and Lott impose three other conditions (Definition 1.6)
on the singular Ricci flows they consider involving 3-manifolds and PIC 4-manifolds. We omit those conditions
because they are not relevant to our work on higher-dimensional manifolds in this paper.

2Completeness here is understood with respect to Kleiner and Lott’s spacetime metric gp = § + (dt)2,
where g is the extension of g to a quadratic form on T'M satisfying 9; € ker(g).
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In the remainder of this introduction, we provide further exposition of the ideas and
results behind the Main Theorem, and we outline their proofs.

Acknowledgments. DK thanks the NSF for support (DMS-1205270) during early work on
this project. Both authors thank the Mathematisches Forschungsinstitut Oberwolfach for
its hospitality in the 2016 Geometrie workshop, during which they made further progress
on the project. Finally, the authors thank the anonymous referees for their careful reading
of the manuscript and several detailed suggestions to improve the exposition.

1.2. Background. It is well known that Ricci flow solutions (M", g(t)) typically form
local singularities in finite time, after which the flow cannot be continued by classi-
cal means. To deal with this phenomenon, Hamilton [Ham97] introduced and Perel-
man [Per02, Per03] further developed Ricci flows with surgery. As implemented by Perel-
man, these depend on a fixed positive constant ¢ < 1 and three decreasing positive
functions of time: a surgery parameter §(¢), a canonical neighborhood scale r(t), and a
non-collapsing parameter »(t). While Perelman’s construction was brilliantly successful,
it suffered from two limitations that he himself noted: the surgeries violate the PDE where
they occur, and they depend on arbitrary choices, hence are not canonical. A priori, the
forward evolution of a solution after a surgery is not known to be independent of those
choices. In drawing attention to these issues, Perelman wrote: “It is likely that by passing
to the limit in this construction one would get a canonically defined Ricci flow through
singularities, but at the moment I don’t have a proof of that” [Per02]; and “Our approach
...is aimed at eventually constructing a canonical Ricci flow, defined on a largest possible
subset of space-time — a goal that has not been achieved yet in the present work” [Per03].

In the intervening years, there have been a few rigorous examples of Ricci flow singu-
larity recovery without intervening surgeries. For ¢t < 0, the noncompact Kéhler “blow-
down soliton” discovered by Feldman, Ilmanen, and one of the authors is a shrinking
gradient soliton with the topology of CV blown up at the origin; as ¢t 0, it converges
to a cone on CV \ {0}; and for ¢ > 0, it desingularizes into an expanding gradient soliton
discovered by Cao [Ca097] on complete C; see [FIK03] for details. A PDE regularization
scheme, closer in spirit to what Perelman suggested, was used to recover from nondegen-
erate neck pinches by Caputo and the authors of this paper [ACK12]. Similar techniques
were employed by Carson to recover from degenerate neck pinches [Car16] as well as
flows from more general singular initial metrics that need not be warped products glob-
ally [Car18]. There has also been significant progress on flowing through singularities
in the Kahler setting (where the flow reduces to a strictly parabolic equation for a scalar
function); see, e.g., Song-Tian [ST17] and Eyssidieux-Guedj—Zeriahi [EGZ16]. All these
examples can be thought of heuristically as “weak” or “generalized” solutions of Ricci
flow. We note that several other authors have studied existence, uniqueness, and regu-
larity of Ricci flow solutions originating from non-smooth initial data. In chronological
order, see [Sim02], [Sim09], [Top10], [CTZ11], [GT11], [KL12], [Sim12], [Top12], [GT13],
and [Top15].

For dimension n = 2, where Ricci flow is conformal, the instantaneously complete Ricci
flows studied by Topping and collaborators provide a well-posed solution of the Ricci flow
initial value problem starting from a completely general initial surface — see [Top15] and
the references therein.
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For dimension n = 3, a complete theory of Ricci flow weak solutions has now been
developed. Kleiner and Lott define and analyze singular Ricci flows, constructed by reg-
ularization of compact 3-dimensional (and 4-dimensional PIC) solutions [KL17, KL18].
Bamler and Kleiner subsequently prove that these singular Ricci flows are unique for
n = 3 [BK17]. Together, these results elegantly realize Perelman’s hope for a canonically-
defined solution of the Ricci flow initial value problem.

In higher dimensions, far less is currently known. “Super Ricci flows” have been stud-
ied by McCann-Topping [MT10] and Sturm [Stu17] using techniques from optimal trans-
port. An alternate approach to constructing weak solutions, using stochastic analysis, has
been pioneered by Naber—Haslhofer [HN18].

Our main result in this paper demonstrates that, whichever definition(s) of Ricci flow
“weak solutions” emerge(s), one should not expect uniqueness to hold in dimensions five
and above. (Dimension four remains, as is so often the case, a mystery.) As stated above in
our Main Theorem, we construct families of asymptotically conical gradient solitons that
model the formation of and recovery from finite-time singularities that admit non-unique
forward continuations, both geometrically and topologically.

In our construction, we consider cohomogeneity-one metrics on the manifold R x

8P1 x 8P2 having the form of a doubly-warped product,
—1)s2 —1)s?
) g= (s 4 LoD B D
1(s) 3 (s)

where s € Ry, 4 < p; + p2 < 8, and where gsro is the round metric on the p,-
dimensional unit sphere 8P=. In parts of this paper, it is convenient to set s = ¢ and
write the metric in the form

-1 b2
2 :627— dT2+p1 p1 + — pz},
( ) g {( ) 1'1(7') gs .'IJQ(T) gs

regarding z, : R — Ry as functions of 7. We are interested in smooth metrics that
compactify as s \, 0 and that are complete as s * 0o, giving the topology of RP1+1 x §P2,

Metrics of the form (1) extend to complete metrics on RP1 1 x 8P2 if 21 and x4 satisfy
(3) xz1(s) =p1 —1+0(1) and z5(s) = Cs* + o(s?)
as s — 0, for some constant C' > 0.
Metrics of the form (1) are asymptotically conical as s — oo if the limits
T = Sli}rgoma(s), a € {1,2},
exist and are positive. We call the constants z,, the asymptotic apertures of the metric g.
In the very special case in which
@ 21(s) = wa(s) = n— 1

for all s > 0, the metric (1) is that of the unique Ricci flat cone of the form (1). This cone

metric is singular at s = 0: as we show in Appendix A, the norm of its Riemann tensor is
unbounded as s “\ 0.

In this paper, we seek complete metrics having the structure (1) that satisfy the Ricci
soliton condition. We write this in the form

(5a) —2Rclg] = 2\g + Lx(9),
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where A € {—1,0,+1} is the dilation rate that corresponds to shrinking, steady, and
expanding solitons, respectively, and

0

f{:f(s)%

is the soliton vector field, i.e., the vector field on RP1 1 x 8§P2 that generates the diffeomor-
phisms by which the soliton evolves under Ricci flow. If X = grad F' for some potential
function F' (which is the case here), then (5a) is equivalent to

(5b) Relg] + \g + V2F = 0.

We show in § 2 below that the soliton equation (5a) applied to the Ansatz (1) gives rise
to a system of opEs on R®. Generalizations of this system for shrinking solitons were
investigated analytically and numerically by Dancer-Hall-Wang [DHW13]. (There is an
extensive literature on Ricci solitons. For related results on steady or expanding solitons
with product structures, see, e.g., [DW09a], [DWO09b], [SS13], [Der17], and references
therein. Note however that most known expanders are homogeneous and non-gradient.)

The Ricci-flat cone (4) is a stationary soliton whose soliton vector field is X = 0. But a
consequence of system (8) below is that any Ricci-flat metric may also be regarded as an
expanding or shrinking soliton if one chooses the soliton vector field to be X = —)\s%.

We are particularly interested in complementing pairs of shrinking solitons (G—, X™)
and expanding solitons (G, X) that are asymptotic to the same conical metric,
= —1)s? —1)s?
(6) G = (d8)2 + ugsm + ugsm»
T1 T2
with apertures Z1, Zo. Given such a pair of solitons, we define the family of metrics

—2t(¢4 ) G~ (t<0),
9(t) = { G (t=0),
2t (¢4t ) "Gt (t<0),

where ¢’ denotes the flow generated by the vector field Xt

In Section 14, we show that these choices ¢(t) glue together by isometries to give a
smooth Ricci flow spacetime. For ¢ < 0, the metric g(¢) is the unique (see below) smooth
shrinking soliton diffeomorphic to RP1T1 x 8P2 that converges to its asymptotic cone as
t 0. For t > 0, the solution continues as a smooth expanding soliton diffeomorphic to
either RP1 1 x 8P2 or 8”1 x RP2*! with the same singular conical metric as initial data.
(This construction may be compared to that of Theorem 1.6 in [FIK03].)

A theorem of Kotschwar and Wang [KW15] implies that there can be at most one
shrinking soliton that is asymptotic to a given cone G. There can however be many
expanding solitons G* asymptotic to any given cone G. In fact, one of our results is
that the Ricci-flat cone (see below) admits infinitely many smooth expanding solitons as
forward evolutions. Moreover, for cones very close to the Ricci-flat cone, the number of
expanding solitons can be arbitrarily large. More precisely, we have the following precise
asymptotic analysis of the expanding solitons found by Gastel and Kronz [GK04].

Theorem A. Assume the dimensions p,, satisfy p1,p2 > 2 and p1 + p2 < 8. Then there
exists a two-parameter family of expanding solitons, (G, XT)(j, T), where the parameters
(4, T) take values in [—t,+t] x [Tp, 00) for certain ¢« > 0, Ty < oo, with the following
properties.
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The expanding solitons (G, X%)(j, T) as well as their asymptotic apertures x7 (j, T)
and x3 (4, T) are real analytic functions of j, T. For any k € N, there exists a neighborhood
Uy C R? of the point (n — 1,n — 1) € R? such that for each (Z1,%2) € Uy, there exist at
least k distinct expanding solitons (G, X%)(j;, T;), (i = 1, ..., k), with

l‘f(‘]“Tl) =1, LL‘;(]HTl) = T2 (’L:l,k)
The metrics we find decompose into two parts, each of which is approximated by a

one-parameter family of simpler solitons, the parameters being j for one family and 7'
for the other.

To describe the first family, which is parameterized by j, we recall that the singular
cone 1 = 2 = n — 1, whose metric we denote by

9o, P1—1 p2— 1

Grje = (ds)” + ﬁszgspl + ﬁszgspzv
is Ricci-flat. As follows from system (8) below, the choices of soliton vector field
0
X=As—
s s

make it into a shrinking or expanding soliton, respectively. In the case of expanding
solitons, it turns out that there is a one-parameter family of metrics ¢’ (with j € [—¢, (]
for some small ¢ > 0) of the form

p2—1

2
R
x2(j; 5) gsez

p1—1

z1(j3 5)

where x,(j; s) are real analytic functions of s with
21(5;0) = 22(j;0) = n — 1.

Thus the metrics g7 are singular at s = 0, and the singularity is asymptotically like the
Ricci-flat cone metric g.j.. These metrics appear as solutions in the unstable manifold
W*(tfc) of a fixed point tfc in the oDE system (11) that we study.

g = (ds)® + s%gse +

To describe the second family of solutions, which is parameterized by T, we recall the
Ricci-flat Einstein metric found by Bohm [Boh99], which is of the form
2 2

s s
g = (ds)? + (1 — 1) —g7=gsm + (P2 — 1) 5 gsve,
P (s) w3 (s)
where 2% (s) are again real analytic functions of s2, this time with

2P (0)=p; —1 and z3(s) = s>+ O(s?), (s = 0).

This metric extends smoothly to a metric on RPitl % 8P2 As s — 00, the metric grows
asymptotically like a paraboloid, in that z,(s) = As + o(s) for s — oo, and thus

2 pr—1 p2—1
g ~ (ds) +s{ I ggm—f—iA ggpg}, (s = ).

Any multiple of a Ricci-flat metric is again Ricci-flat, so we have a one-parameter family
of Ricci-flat metrics given by e 27 g, with T € R.

Heuristically, to produce the metric G*(j,T), one removes a neighborhood of size
O(e~T) of the singular point in the expanding soliton metric g on (0, 00) x 8P* x §P2
and replaces it by a piece of the same size of the rescaled Bchm metric e =27 gps. We
execute this gluing rigorously by analyzing the oDE system that describes Ricci solitons.
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More precisely, the Bohm metric g and the singular metrics g/ appear as complete
orbits of the OoDE system, which meet at a hyperbolic fixed point that represents the Ricci-
flat cone metric g¢j.. To analyze the orbits of the oDE system as they pass by this fixed
point, we use techniques from dynamical systems, notably the A-lemma of Palis. More-
over, we find when linearizing the oDE system near the tfc fixed point, where the Bohm
and ¢/ metrics meet, that the differences 21 — x5 and s% (z1—x2) decouple into a subsys-
tem whose eigenvalues are complex when n = p; + po satisfies n € {4,5,6,7, 8}. These
complex eigenvalues were first found by Bohm [Boh98] in his study of Einstein metrics.
The oscillatory subsystem was later observed by Dancer-Hall-Wang in their analysis of
winding numbers of cohomogeneity-one shrinking solitons [DHW13]. These complex
eigenvalues are responsible for the oscillatory dependence on the parameter 7" of the as-
ymptotic apertures of the expanding solitons we construct, and thus are the main source
of the nonuniqueness of smooth continuation by Ricci flow of the cone metrics that we
find in this paper. The fact that the complex eigenvalues only appear in the stated dimen-
sions is the reason why our result only applies for n € {4,5, 6,7, 8}. The nonuniqueness
phenomenon and its relation with the oscillatory nature of the linearization around the
Ricci-flat cone are entirely analogous to the phenomenon of “fattening” for Mean Curva-
ture Flow [[lm98, Lecture 4], [AIV].

For shrinking solitons, we have the following companion Theorem.

Theorem B. Assume again that the dimensions p,, satisfy p1,p2 > 2 and p1 + p2 < 8.
Then there exists a sequence of smooth shrinking soliton metrics {(G; ,X; ) | i € N} on
RP1+L x 8P2 having the form (1), i.e.,

—1)s? —1)s? 0
G, = (d3)2 + (}91_7)951’1 + (192_7)98?27 Xy =f (8) 5=

whose asymptotic apertures (%, |, T; ,) satisfy

limz, ;= limz,,=n—1.
1—00 i1 1—00 ©,2

To the best of our knowledge, this construction (at least for p; + pa even) gives the

only known examples of complete, nontrivial, gradient shrinking solitons that are neither

Kihler nor products. (See the study [PW09] of gradient solitons that are products of
compact Einstein spaces with a Gaussian soliton.)

Although this does not follow from our work, it is quite likely that the set of possible
apertures of shrinking solitons is discrete and infinite, and that they can only accumulate
at (n — 1,n — 1), e, at the Ricci flat cone. Our construction only provides the (infinite)
tail end of this sequence. Kotschwar and Wang’s result [KW15] implies that there is at
most one shrinker for each asymptotic aperture.

Combining Theorems A and B with the isometric gluing construction in Section 14, we
conclude that there exists sequences of smooth shrinking solitons (GZ_ X ) for which
the corresponding ancient solutions —2t (<p;,)*GZ-_ of Ricci flow each form a conical
singularity at ¢ = O that admits at least 2k(¢) distinct forward evolutions by expanding

solitons. More precisely, we have the following.

Theorem C. Let (G, ,X; ) be a family of shrinking solitons constructed in Theorem B on
RP1+L x 8P2. Let (G, X]) be a family of expanding solitons constructed in Theorem A on
either RP1T1 x 8P2 or 8P1 x RP2F1 with the same asymptotic apertures (T; 1, Z; 2).
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These glue together by isometries to form maximal Ricci flow spacetimes. And the number
k(7) of distinct pairs (of either topology) of this type becomes unbounded asi — oo, i.e., the
number of pairs (§,T) € [—t,t] x [Ty, o0) such that v (§, T) = z; 1 and x5 (j, T) = T; 2
satisfies

lim &(4) = oo.
71— 00

The work we present below provides additional analytic details, including the solitons’

asymptotic rates of convergence to the Ricci-flat cone at spatial infinity.

Remark. If k denotes the number of zeroes of 1 — o, one is led to wonder if there exists
a unique shrinker for each k£ € N. Answering this would require a global analysis of the
ODE system; our methods, which are local near tfc Utfes, do not provide this information.
(Here tfes denotes the Ricci-flat cone regarded as an expander or shrinker; see below.)

1.3. Road map. The remainder of this paper is organized as follows.

Section 2: We reduce the soliton equations to a set of ordinary differential equations (ODE),
which we then present in a number of equivalent forms.

Sections 3, 4: We identify a number of invariant sets for the oDE system and in particular
show that metrics on (0, 00) x 81 x 8P that extend to smooth metrics on either DP1 1 x
8P2 or 8Pt x DP2H1 correspond to solutions of the ODE system that lie on the unstable
manifold of appropriate fixed points. We call these fixed points gf for “good fills”

We also identify a third fixed point, which we call tfc. It represents a Ricci-flat cone
metric on (0, 00) x 8Pt x §P2,

Section 5: We compute eigenvalues and eigenvectors of the linearizations at the fixed
points gf and tfc. These computations reveal that the unstable manifold of gf is three-
dimensional, while the unstable manifold of tfc is two-dimensional.

Section 6: One of the orbits on the unstable manifold of tfc can be interpreted as either
an expanding or shrinking soliton metric on the Ricci-flat cone. We call this orbit tfes,
and in this section study the linearized flow near tfes. This analysis reduces to the study
of solutions of one third-order and one second-order differential equation, both of which
can be solved explicitly in terms of hypergeometric functions and their integrals. This
linearization describes soliton metrics that are slight perturbations of the Ricci-flat cone.
We pay particular attention to the way in which the asymptotic behavior of solutions
near the vertex of the cone is related to their growth or decay at infinity.

Sections 7, 8: We recall Gastel and Kronz’s construction of the B6hm stationary soliton,
which in our setting appears as the unique connecting orbit between the fixed points gf
and tfc. Thus the intersection of the unstable manifold of the good fill gf and the stable
manifold of the Ricci-flat cone tfc contains exactly one orbit of the flow. Particularly
important for us is the fact that this intersection is transverse, which we prove here.
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Section 9: The metrics we construct consist of orbits in the unstable manifold of the gf
fixed point that remain close to the B6hm stationary soliton until they get close to the
Ricci-flat cone fixed point tfc. In this section, we use the A-lemma of Palis to analyse how
orbits pass by that fixed point. We find that after “turning the corner” at tfc, the orbits
in the unstable manifold of gf form a family of solutions that are close to the unstable
manifold of tfc, and that depend on one parameter, 7' > 0. As T" — o0, the number of
oscillations of two components of each solution in this family, which measure differences
between the 8P! and §P2 geometries, grows without bound. This is analogous to Ilmanen’s
analysis [[Im98] of expanding and shrinking solitons for Mean Curvature Flow.

Section 10: One of the variables in our ODE system represents the distance s to the center
of the soliton. The foregoing analysis of solutions in W*(gf) as they pass the tfes fixed
point takes place in the region where s is small. In this section, we follow solutions that
stay near the tfes, and we use our study in Section 6 of the linearization of the flow near
tfes to determine the asymptotic behavior of those solutions at a fixed but large distance
from the tfc fixed point, i.e, for a < s < ¢, where a is a small and / is a large constant.
This yields a precise description of solutions in W*(gf) at the moment they reach s = ¢.

Section 11: At this point, we turn our attention to solutions as s — co. A fundamental
difference between expanders and shrinkers appears. For expanders, it turns out that all
solutions that are close to tfes at s = £ extend to solutions with conical ends as s — oc.
For shrinkers, this only happens for a codimension-two subset of orbits.

Sections 12, 13. At the point s = ¢, the previous two sections provide two descriptions of
solutions coming from s = 0, ie., solutions on W*(gf) on one hand, and solutions with
conical ends for s > £ on the other. By matching these two descriptions, we complete
our construction of expanding and shrinking solitons. In particular, we obtain precise
information on the apertures of the asymptotic cones of the solitons we construct.

Section 14: We conclude the main part of the paper with a construction of the maximal
Ricci flow spacetimes that appear in our Main Theorem.

Finally, the appendices collect some facts that did not seem to fit neatly within the
main part of the paper.

2. DERIVATION OF THE SOLITON FLOW g°

The requirement that a metric of the form (1) be a Ricci soliton is equivalent to a
system of ordinary differential equations for the functions (z1(s), z2(s), f(s)), supple-
mented with boundary conditions that describe whether the metric closes up smoothly
or is asymptotically conical at either end of the s interval. In this section, we rewrite this
system of ODE as an autonomous system on R, which we call the soliton system.
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2.1. Derivation of the second-order system. Curvatures of doubly-warped product
metrics are well studied. For brevity, we follow [Pet16] and merely outline the derivation
in Appendix A, referring the reader to that text for further details.

So we begin by considering doubly-warped-product manifolds Ry x &P' x 82 with
metrics

(7) g = (ds)® + ¢3(s) gsr1 + ©3(s) gsrz,

where gsri and gsr. have constant unit sectional curvatures. Following the derivation in
Appendix A, we see that the Ricci tensor of g is

Re — {p1 (p1)ss . (2)ss } (ds)?

$1 P2
S 1- 2 s
n {_ (P1)ss | (o1 — 1) (;/71)5 o (p1)s(2) } o2 gsr
$1 ¥1 P1p2
| 1— (09)? (09),s
n {_ (p2)ss | (s — 1) (;/92)5 . (p1)s(2) } o2 gm,
P2 ¥2 P1p2

and the Lie derivative of g with respect to a gradient vector field grad F = X = f(s) %
of a potential function F'(s) is

Plgsm +2f (p2)
©2

QO%QSPQ .

Lxg = 2f,(ds)? + Qf(‘“)s
©Y1

It follows that equation (5a) is equivalent to the second-order system of three differential
equations

fs (Spl)ss (802)55 B )\7

(8a) =D o1 + D2
(8b) (¢1)ss = (pr — 1)1 - (fl)z — (¢1)s(2)s + (‘»Ol)sf_’_)\7
$1 ¥1 P1p2 P1
2
(80 (p2)ss _ (ps — 1)1 - (<2P2)s 3 1(901)5(902)3 n (‘”)SHA.
P2 ¥3 P1¥p2 P2

We note the curious fact that system (8) is equivalent to a mechanical system on R3.
We outline this correspondence in Appendix B.

2.2. Reduction to a system of first-order equations. The differential equations (8)
have the disadvantage that the different possible boundary conditions at s = 0 lead to
singularities. If at s = 0 the metric should extend to a complete smooth metric on D+ x
8P2, then one of the functions ¢, must vanish at s = 0, which leads to a division by zero
in the corresponding equation for ¢, in (8). It turns out that the choice of variables below
leads to equations that are equivalent to (8) for s > 0, and that also capture all the possible
boundary conditions at s = 0 in the form of hyperbolic fixed points of the corresponding
flow. We arrive at the new variables by writing the metric in the form (1) rather than (7).
The variables x, and ¢, are related by

2
S
xa:(pa—l)(p—w a € {1,2}.

[0}
Making these substitutions in (8) leads via further straightforward calculations to a second-
order system for x, and f.
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To get a system of first-order equations, we introduce variables ¥, related to z,, via

s dxa (pa)s
9 n=———=-1
©) 4 2x, ds ts Pa
Furthermore, we replace the function f in the soliton vector field X by the new quantity
(10) I =sf(s) 4+ A\s? — Z Pa (14 ya)-
a=1,2

In those parts of the soliton where s is small, it is advantageous to consider the quantity

0'282

rather than the distance s itself. It is related to 7 via o = €2".

Putting these substitutions into (8), one finds after diligent computations that a metric
of the form (1) is a shrinking (A < 0), steady (A = 0), or expanding (A > 0) gradient
Ricci soliton if and only if (z1, 2, y1,y2, I, o) satisfy

(11a) x, = =220 Ya,

(11b) Yh=za+ T +1=Xo)ya+T+1,
(11c) I'=T+3,pa(l+ya)

(11d) o' = 20.

We call this system the soliton system. It is the main system of differential equations that
we study in the remainder of this paper. Here the prime ’ indicates differentiation with
respect to 7, i.e., for any differentiable quantity 1/,

U U
1/;,de ds’

The system of oDE (11) defines a vector field X on RS,

(12) X = Z{ 2oy~ +[xa+(r+1—Aa)ya+r+1}ay}
o

Standard existence and uniqueness theorems for obE imply that for each p € R, there
exist —oo < T (p) < 0 < T'+(p) < oo such that the solution ¢ — g (p) of the soliton
system (11) is defined exactly on the interval T_(p) < ¢t < T4(p). The domain ® =
{(p,t) e RS xR | T_(p) <t < Ty(p)} is open in R7, and the flow g : ® — RS is real
analytic.

The flow g* has the defining property that for any solution (z4(7),ya(7),T'(7), (7))
of (11), one has

(xa(T + t)a ya(T + t)v F(T + t)v J(T + t)) = gt (xa(T)ﬂ ya(T)7 F(T), U(T))'

If I C Ris an interval and F C RS is any subset, then we find the following notation
convenient:

g’ () ={¢'p|tel} and g/ (E)={¢'p|telpeE}

The objects we seek are R3-valued functions (z1(s), z2(s),I'(s)); these are in one-to-
one correspondence with R®-valued functions (z1(s), z2(s), y1(s),y2(s), ['(s)) satisfy-
ing (9). Instead of the unknown functions (21, x2,%1,%2,) : (s0,51) — R, we will
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frequently consider their graphs, which are differentiable curves in R® = R x R5. The
condition that (z1, 22, y1, Y2, ') satisfy the first-order differential system is equivalent to
the requirement that the graph of (z1, 2, y1,y2,I") be an orbit of the flow of the vector
field X.

At times it will be more convenient to use s instead of o, especially when we let
o — oo. In the region where o > 0, we may regard (24, Yo, [, 0) and (24, Yo, L, S)
as equivalent sets of coordinates related by o = s2. In the s coordinate, the soliton flow
is given by a nearly identical system, namely

T, = —2T0Ya, I'=T+Y,pa(l+ya)%
Yh=2a+ (T +1-A?)ya+T+1, & =s.
In these coordinates, the vector field X is given by
X = Z{ 2ayaz— +(ma+(F+1—)\32)ya+F+1)ai}
Yo
+ {F + za:pa(l + ya)z}% + s%

2.3. Separation into averaged and difference variables. It is useful (especially in the
“gluing region” near the tfc fixed point) to consider the averaged variables

_ Pa o Po
(13) x—Z;xaa y—z nya
«@ o

and the difference variables

T12 = X1 — 22, Y12 = Y1 — Y2

The averaged variables evolve by

(14a) a’ = =2y — 21771;272 T12Y12,
(14b) Y =24+ T +1-Asy+T +1,
(140) D' =T +n(l+y)” + 222,

while the difference variables satisfy the difference or oscillating system

b p
(15a) Ty = —2(yz12 + 2Y12) + 2 2 219Y19,

(15b) Yo =212 + (D + 1 — As?)yo.

This system of equations is equivalent to that found by Dancer, Hall, and Wang [DHW13].

2.4. Coordinates near the Ricci-flat cone. The Ricci-flat cone, given by 1 = x5 =
n—1,y1 = yo = 0,and I' = —n is both an expanding and a shrinking soliton, and
plays a central role in our construction. In the second half of this paper, we will mostly
be analyzing orbits of the soliton flow near this special solution. Because of this, it is
convenient to consider new variables £, and ~ defined by

(16) To=E+n—1 and T'=-n+r,
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respectively. In these variables, the soliton flow is given by

€= —2(n =1+ Ea)ya, Y =7+ XaPa(2a +42)

(17)
Yo=Ct+(r-n+1=-A%ya+7, §=s

As above, one can average the £, and consider the quantity
p
§=) ha=a—(n-1)
[0

The variables (&, y,~y) then satisfy

& =-2(n—1)y—2y — 2p71£2m12y12,
(18) V=E8—(n—142")y+7 4y,

Y =+ 2y 4 ny? + PR

3. SPECIAL INVARIANT SUBSETS FOR THE SOLITON FLOW

To explore solutions of the soliton flow, we begin by identifying a number of its in-
variant subsets.

The only solutions of the soliton system (11) that correspond directly to metrics of the
form (1) are those for which o, z1, x5 all are positive. Nevertheless the local flow g° is
defined on all R® and some of the solutions with ¢ = 0 or z, = 0 for some « are still
relevant to the problem of finding solitons.

3.1. The hyperplane o = 0. It follows directly from (11d) that the hyperplane {0 =
0} = R5 x {0} is an invariant subset for the soliton flow. As we just observed, none of the
solutions in this hyperplane correspond directly to soliton metrics. Nonetheless, they do
generate stationary soliton metrics in an indirect way. Namely, if (24 (7), yo(7), ['(7),0)
is a solution of (11) for some value of the parameter A, then for any constant oy > 0, one
finds that

(19) P(T) = (xa(T)vya(T)’F(T)vo—OGQT)

is a solution of (11) with A = 0. So any solution of the soliton system (11) with arbitrary
A € R that lies in the ¢ = 0 hyperplane generates solutions to the stationary soliton
equations (11) in which A = 0. The free parameter oy > 0 appears because the equation
for stationary solitons is homogeneous: if g is a stationary soliton, then so is oy g for any
o9 > 0.

Conversely, any solution of the stationary soliton equations (i.e., (11) with A = 0) is of
the form (19) for some o > 0. Given such a solution, the projection (4 (7), Yo (7), T'(7),0)
onto the o = 0 hyperplane is a solution of the soliton equations (11) for any choice of
AeR

Consequently, complete solutions of the reduced system in the hyperplane {c = 0}
are in one-to-one correspondence with steady soliton metrics on R x 8P* x 8&P2.
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3.2. The region o < 0. While it is clear from the definition o = s? that solutions to the
soliton equations (11) with ¢ < 0 do not correspond to metrics of the form (1), it is also
trivially true that for any solution (z4(7), ya(7),T'(7),0(7)) of (11) with o(7) < 0, the
RS-valued function

p(T) = (zoz(T)’ ya(T)7 F(T)v _U<T))
satisfies (11) with A replaced by —A.

Thus instead of studying (11) for the three different cases A\ € {0, £1}, one could in
principle only consider the case A = +1. Then expanding solitons correspond to solutions
with ¢ > 0; shrinkers are solutions with o < 0; and stationary solitons correspond to
solutions with & = 0. We find it easier to consider the three cases separately, and so
assume that o > 0 always holds.

3.3. Invariant subsets determined by the sign of z,. It follows directly from the
equation (11a) for z,, that forany o € {1, 2}, the three subsets of R® defined by {z,, = 0},
{xo > 0}, and {x, < 0} are invariant under the soliton flow g*.

The region z, < 0 is of no interest to us, because it does not lead to metrics of the
form (1).

3.4. Metrics with equal radii. Even though the soliton equations (11) are not invari-
ant under exchange of (z1,y1) and (z2,y2) unless p1 = po, it is true that the four-
dimensional subspace of R® defined by

def
RE {(z1,91,22,92,T,0) | 31 =z2and y1 =y}

is invariant under the soliton flow (11).

Indeed, if (x1,y1, 2, Y2, [, 0) solves (11), then (z1(7),y1(7)) and (x2(7), y2(7)) are
both solutions of (11a)—(11b) with the same I'(7). The uniqueness theorem for ODE now
implies that (21(7), y1(7)) and (z2(7), y2(7)) either coincide for all 7, or else are different
for all 7.

Alternatively, one could simply observe that 12 = y12 = 0 is a solution of the differ-
ence equations (15), no matter what the averaged solutions (x, y, T") are.

4. SPECIAL ORBITS OF THE SOLITON FLOW

Fixed points of the flow g* correspond to 7-independent solutions of (11). Since ¢’ =
20, fixed points can only occur in the hyperplane ¢ = 0. At a stationary solution in that
hyperplane, system (11) reduces to

(20) Tala = 0, xazf(r‘i’l)(ya‘i’l)v F:*Zapa(lera)Q-

We can classify solutions according to the number of « for which z, = 0.

4.1. Ricci-flat cone (tfc). If (24, Yo, ', o = 0) is a fixed point for which neither of the

Zo vanish, then y, = 0 for each o, and thus I' = — >~ p, = —n. The second equation

in (20) then implies that x, = —I' — 1 = n — 1 for both «. Thus we have
($17y17$27y2ar70) = (n - 1a 07 n-— 1a 07 _n70) = tf’C.

This fixed point corresponds to a Ricci-flat cone that will play a central role in our subse-
quent analysis.
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4.2. Good fills (gf). If we have a fixed point at which z, = 0 for exactly one a €
{1,2}, then for 8 # « we have g # 0, so that zgyg = 0 implies yg = 0, while
zg=—(I'+1)(yg+1) = —I' — 1 implies I' + 1 # 0. On the other hand, z, = 0 implies
Zo = —(T+1)(ya +1) =0, so that y, = —1.

For each « € {1, 2}, we therefore get a “good fill” that smoothly fills one sphere with
a disc. For a = 1, we get

(IlathQavaFaO—) = (Oa -1, p2 — 1,0, 7p2;0)7
while o = 2 yields

(21) gf = (xl,yl,xg,yg,F,a) = (pl -1,0,0,-1, 7p130)'

In what follows, we study orbits of the soliton flow that converge to a Good Fill of one
sphere. We will always assume that the Good Fill is the one with o = 2, i.e., the solution
gf given in (21). The corresponding metrics then satisfy the boundary conditions (3). In
Lemma 5.1.1, we verify that all solutions (21 (7), y1(7), 2(7), y2(7), (), 0(7)) of (11)
attaining these boundary conditions actually are real analytic functions of o = 52, so that
the corresponding metrics are complete as o \, 0 and locally diffeomorphic to DP1 1 x
8Pz,

4.3. Non-cones. If z, = 0 for both a, then we have two possibilities: either I' = —1, or
else y, = —1 for both a.

In the first case, where I' = —1, we find a continuum of fixed points given by

($1»y17$2,y2,F,0) = (O,yrv Ovy;7 _170)a

where the two parameters ¢ must satisfy the constraint

Sapa(l+ys)? =1

To describe these, we rewrite the metric (1) in the equivalent form (7). Unwrapping vari-
ables, one finds that near a non-cone fixed point with I' = —1, the functions ¢, exhibit
the asymptotic behavior

Pa ™~ Ca31+ya ;

where p, > 2 implies |1 + y%| < %\@ These points therefore cannot produce “good
fills” as s ~\( 0. Hence we do not study them further.

The remaining case is that in which z, = 0 and y, = —1 for all o, and thus I" = 0.
These correspond to solutions for which the functions ¢, = (p, —1)s%/x, have nonzero
limits as s \ 0. For such solutions, the system (8) is not singular, and hence the solutions
extend into the region {s < 0}. One such solution is the generalized shrinking cylinder
soliton on R x 8Pt x 8P2, which occurs for A = —1 and in which for all s € R one has

To =582, yo=-—1, I'=Cpys.

The metric and soliton field for this solution are

0
g=(ds)* + (p1 — 1)gses + (p2 — 1)gsr. and X = (Co+ S)E'

In this paper, we will not investigate whether other solitons of this type exist.
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4.4. The Ricci-flat Cone regarded as an expander or shrinker (tfes). There exists a

solution of (11) givenby 2, =n — 1,y = 0, = —n,and 0 < o(7) = 0¢e?™ < oo,
namely
(x1,y1,T2,y2,,0) = (n -1,0,n—1,0, —n,U(T)), o(T) = gpe®.

We refer to this as the tfes, and study solutions near it in § 6 below.

4.5. The invariant submanifold €. We consider the following quantities:

def
(22a) = %Zapa{xa—l—(l—i—ya)z} — %FQ,
(22b) FdEFJrZapa(lera) =T+n+3, PaYa-

The quantity J is related to the invariant Ivey used [Ive94] to construct the steady solitons
he found. The quantity F is related to the vector field X = f(s) % that generates the dif-
feomorphisms by which a soliton flows. Indeed, it follows immediately from equation (10)
that F = sf + \s2.

Direct substitution shows that both quantities J and F’ vanish at the gf and tfc fixed
points. The differential equations for (24, Ya, I, o) imply that

(23a) J =2] =Xy, PaYall+ ya),
(23b) F'=(+1)F+2J—=Xo), PaYa-

The joint zero-set of F', J, and o is of interest, so we define

& ¥ (20, Yo T,0) €ERS | J = F =0 = 0}.

The definitions of J and F imply that € is a three-dimensional submanifold of R®> x {0}
given by
2
YaPata = (Xapa(l+¥a))” = Xapa(l+ya)® and T'=—3" pa(l+ya).

The manifold € contains both fixed points gf and tfc as well as the unique heteroclinic
orbit between them discovered by Bohm. We recall Gastel and Kronz’ proof [GK04] of
this fact in § 7.1.

Since & is invariant under the flow ¢', the tangent space 7}, at any point p of the flow
is invariant under the linearization of the flow at p. In the next section, this will help us
organize the eigenvalues of the linearization.

5. LINEARIZATION AT FIXED POINTS

5.1. Linearization at gf. Here we study the fixed point
gf = (xla Y1, 22,Y2, Fa 0) = (pl - 17 07 07 _1’ —P1, 0)

Recall that X given in (12) denotes the vector field on R® defined by the system (11). At
the gf fixed point, the linearization is given by

0 —2(p1—1) 0 0 0 0
I —(p1—1) 0 0 10
0 0 2 0 0 0
dXei = | 0 1 —(p1—1) 0 X
0 2m 0 0 10
0 0 0 0 0 2
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The gf linearization splits into two independent subsystems. The (x2,ys2, o) subsystem
has the matrix

2 0 0
1 _(pl_l) A )
0 0 2

whose eigenvalues are {—(p; — 1), +2, +2}. The (21,91, ') subsystem has the matrix

0 —2(p1—1) 0
1 _(pl - 1) 1 )
0 2])1 1

whose eigenvalues are {—(p; — 1), —1,+2}.

Thus we see gf is a hyperbolic fixed point with a three-dimensional unstable manifold.
There is only one unstable eigenvalue, 1 = 2, but it has multiplicity three. The eigenspace
corresponding to the eigenvalue 2 is spanned by the vectors

0 0 0

El——(pl—l)aiml—Faiyl‘F%)lﬁa
(24) o 0 o 0
Ey— 24 2 E,=— -2 4+ 2
2=+ )8x2 —’—83127 and 7 Aaxg +8J

There is no resonance among the unstable eigenvalues, in the sense that none of the
eigenvalues is a nontrivial integer combination of the others (see the chapter on normal
forms in [Arn88]). Thus by Poincaré’s theorem, [Arn88, § 24D], also [IY08, Theorem 5.5,
§ 1.5, the fixed point gf € RS has a three-dimensional real-analytic unstable manifold,
and there is a real-analytic parametrization W*(gf) that conjugates the flow” of X to the
flow of its linearization, i.e, & = 2x for & € Ty W™ (gf). All of this directly implies:

Lemma 5.1.1. Solutions t — (x1,y1,%2,y2,,0) of (11) that lie in W*"(gf) for which
o > 0 are graphs over the o axis in which the remaining variables x1, Y1, T2, yo2, and I are

real-analytic functions of ¢ = s°.

Indeed, solutions of the linearized flow in T; W *(gf) are of the form z(t) = e*z(0).
The flow on W*(gf) is analytically conjugate to the linear flow on the tangent space,
so all solutions are analytic functions of e%!. If ¢ # 0 on a solution, then (11d) implies
that o(t) = o(0)e?, ie, e?* = o/0(0). Hence solutions are convergent power series in

c/a(0).

Recall that in § 4.5, we defined € to be the three-dimensional submanifold of R® x {0}
defined by the equations J = F = 0. This submanifold is invariant under the flow g°,
and therefore the tangent space 1;€ is an invariant subspace for the linearization d X y;.

Lemma 5.1.2. The eigenvalues of d X g5 restricted to Tg;E are {—(p1 — 1), —1,4+2}. The
unique unstable eigenvalue has eigenvector

p2E1 — 3p1 Es.

3This means there is a real-analytic immersion Y : ® — W¥(gf), where D is an open neighborhood of the
origin in R3, with the property that Y(0) = gf and g*(Y(x)) = Y (e**x) for all sufficiently small & € D.



18 SIGURD B. ANGENENT AND DAN KNOPF

Proof. The tangent space T;€ is the combined null space of dJy; and dF;. We compute
that

dJ = % Za padxa + Za pa(]- + ya)dya — IdTI,
dF =3 padys +dI.
Thus at the gf fixed point,

dJgs = dp1day + $pedas + prdy; + prdl,
dFg; = prdys + padys +dI.

Unstable eigenvectors are linear combinations of £, and Es. Because®

AdJgi - E1 = —3pi(p1 — 1) +p1 +2p% = 2pi(p1 + 1),
dJgj - B2 = 3pa(p1 + 1),

dFg;- E1 = p1 +2p1 = 3p1,

dFy; - Eo = po,

we see that po 21 — 3p1 E» belongs to the kernels of dJg; and of d Fj;.

To finish the proof, we use similar reasoning to see that

0 0 7] 0 0 0 0
2o—— +pr—— — (p1 — 2)=—— — 2po—  and 2(p1 — 1)—— + — — p1—
P2g- TP o (p1—2) gy P2gr (p1—1) o t a5 Par
belong to the subspace T;€ and are eigenvectors of d X for the eigenvalues —(p; — 1)
and —1, respectively. /A

5.2. Linearization at tfc. The coordinates of the fixed point tfc are (1, y1, T2, y2, [, 0) =
(n—1,0,n— 1,0, —n,0). In these variables, the matrix of the linearization of (11) at tfc

1S

0 —2(n—-1) 0 0 00

1 —(n—1) 0 0 10

o 0 0 —2(n—1) 0 0
dXee = | 0 1 —(n—1) 1 0
0 2p1 0 22 10

0 0 0 0 0 2

It is immediately clear that % is an eigenvector with eigenvalue +2.

To understand the dynamics of the soliton system near the tfc, it is useful to use the
averaged and difference variables (x,y, x12,y12), which satisfy equations (14) and (15),
respectively. Recall that in (16), we defined the perturbations {, = z, — n + 1 and
v = I' + n, both of which vanish at the tfc. We also introduce the averaged £,, namely

p
(25) fzzza(xa—rH—l).
Observe that there is no need to consider the difference of the &, separately, because

Tia =21 — X2 = & — &o.

4'l'hrc'ughout this paper, we denote the result of a one-form o : RS — T*RS acting on a vector V' € T, RS
by op - V, or just ¢ - V, if the point p € RS of evaluation can be deduced from the context.
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In coordinates (£, y, 7, 12, y12), the matrix of the linearization of the subsystems (18)
and (29) (below) at the tfc = (0,0, 0,0, 0), restricted to the subspace o = 0, admits the
block decomposition

0 —2(n—1) 0
1 —(n-1) 1
dXeje|,_o = |0 2n 1
0 —2(n—1)
1 —(n-1)

On the 3-dimensional subspace corresponding to the averaged variables (&, y, ), d Xfc

has eigenvalues ;1 € {—(n—1), —1, 2} with eigenvectors V', given in the basis {3%7 a%, %
by
—(n—1) 2(n—1) 2
(26) Va= 1 ) V_i= 1 ) V—(n—l) = 1
2n —n -2
If the dimension lies in the range n € {2,...,8}, the eigenvalues of d X, acting on

the 2-dimensional subspace on which { = y = v = ¢ = 0 (spanned by {ﬁiz, ﬁi}) are
complex. They are {w, o}, where

n—1 _ V(=1)(9—n)
and Q= 3 .

Since we assume that p, > 2 for o = 1, 2, the dimension in our case is always bounded
from below by n > 4. For future use, we note that the following identity holds:

(28) A2+ Q% =2(n—1).

(27) w = —A+1iQ, with A=

Summary. The 2-dimensional unstable manifold of the tfc is spanned by eigenvectors
{%7 V5 } with the same eigenvalue +2. The 4-dimensional stable manifold is spanned
by {V_1,V_(—1)} and the two complex eigenvectors corresponding to the complex
eigenvalues A + i{.

6. LINEARIZATION AT THE tfes SOLITON

6.1. A linear non autonomous system. To analyze the soliton flow near the tfes, we
use the modified average/difference coordinates (£, y, v, z12, y12), which satisfy

{'=-2(n—1y-2y— QP;ZQ T12Y12,
(18) Yy =€&—(n—1+X")y+7+y,
v =7+ 2ny+ny’ + plfzyfz»
and
(29) Ty = —2(n — y12 — 2yz12 — 28y12 + oL — P2 12912,

Yio =212 — (n— 1 — v+ As%)y1o.

Here, as always, ’ stands for 4 —gd
dr ds
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This system can be regarded as a linear system in the difference variables, albeit one
whose coefficients depend on the difference and averaged variables. We write this in
matrix form as

(30) P _ |2y - 2(py —pi)yiz —2(n—1)—2¢ | [z12
Yio 1 —n+14+y—=Xs?| [y12]’

If we discard the terms in (18) and (29) that are quadratic in (£, y, v, ©12,¥12), then we
are left with two non-autonomous systems of linear equations,

§'=-2(n—1)y,

(31) Yy =6—(n—1+x)y+7,
v =2ny + 7,

and

(32)
y’12 =12 — (n -1+ )\82)y12.

{33/12 = —=2(n — y12,

To avoid notational prolixity, we use the same symbols (£, y, v, 12, y12) for the solutions
of the linearized equations (31), (32) as for the original nonlinear equations (18), (29). In
the remainder of this section (§ 6), we analyze the linearization, so that (£, y, 7, 212, y12)
herein refers to a solution of (31), (32).

We see that the linearization of the flow around the tfes decouples into two smaller
systems of equations. We group variables accordingly and define

¢
(33) d=cly and C=(A+iQ)x12 — (A% + QH)y1o.

7y

As noted in (28), A and (2 satisfy A? + Q2 = 2(n — 1). Our definition of ® contains a
normalization constant ¢, which we adjust in several specific cases to come.

6.2. Reduction to higher-order scalar differential equations.

Lemma 6.2.1. The linear system (31) is equivalent to the third-order scalar ODE

(34) "+ (n=2)¢" — (n+1)& —2(n - g+ \s*(€" + &) =0,
where, as before,' = S(%' One can recover ® from any solution £ of (34) via
¢ e —2(n —1)¢
(35) d=cl|y| = =T !
v 2D e (- 14 AR+ 2(n - 1)

Similarly, the linear system (32) is equivalent to the second-order scalar oDE
(36) X"+ (n =1+ As*)x" +2(n — 1)x =0,

where one can recover x12 and y12 from a given solution of (36) via

/

X

1)’ C=(A+iQ)x+ X"

(37) T12 = X, Y12 = —
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Proof. One can use the first equation in (31) to write y in terms of £’; then one can use the
second equation in (31) to express v in terms of £, £’, and £”. Substituting all this into the
third equation of (31) then leads to (34). The derivation of (36) proceeds along the same
lines.

The expression for @ follows directly from (31), while ( = x' + (A + iQ)x follows
from (33) by using (28), i.e, A% + Q% = 44 =2(n — 1). /A
6.3. Fundamental solutions of (31) and (32). Here we take a closer look at the onE
for £ and .

Equation (34) for £ can be simplified by observing that if

Y =¢ +¢,
then (34) is equivalent to
V" 4+ (n—3)Y —2(n — 1)+ As?p’ = 0.

Recalling that ' = % = s%, one can rewrite this equation as
n—2 2(n—-1
(38) ss + ( + )\S) s — ¥¢ = 0.
Equation (36) for x is equivalent to
n 2(n—-1
(39) Xss + (g + )\5> Xs + %X =0.

Both of these equations are of confluent hypergeometric type. We need to classify their
solutions in terms of their asymptotic behaviors at s = 0 and at s = co. Here we have to
distinguish between A = +1and A = —1.

Lemma 6.3.1. The oDE (34) and (36) have linearly independent solutions {&, §1i, §2i} and
{Xf':, X2i }, respectively, whose asymptotic behaviors are displayed in Table 1 for A > 0 and
in Table 2 for A < 0.

Proof. Since ) = &' + £ = s&; + & = (s€)s, we see that & 4f ¢=1 is an exact solution
of (34) for either value of \. And it is easy to verify that an exact solution of (38) is
Yy = 8—(n—1)e—)\82/2.
Using 17 and reduction of order, we will derive the claimed behaviors of £ f': and §2i We
deal with T and & below.
The case A\ = +1. If A\ > 0, then 9 (s) e P1(8)aso = s~ Ve="/2. The
corresponding solution ¢ is given by

1 [ 1 [
& (s) = */ ¢ (r)dr = f/ p= (=D e=r%/2 qp.
S S S S
Clearly & (s) is positive, and its asymptotic behaviors at s = 0 and s = oo in Table 1 are
easily verified.
Using reduction of order, one finds that a second linearly independent solution of (38)
is

(40) b (s) = o7 (5) / Cpnert P,
0
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A=+1 s—0 § — 0
o 1/s 1/s
S L ey
& S(nsj- ;oD 1= o
X§ o Im[(kT 4 0(s%) 54+ 1+0(s72)
IR 0() s (CF +0(s7) 5T e

Table 1. Asymptotics of the solutions of (34), (36) for A\ = +1. Here Cj, C;f €Rand kT € C
are nonzero constants. Note that for n > 4, the term O(s”In s) in the expansion of ¢]” can be
replaced by O(s?).

A=-—1 s—0 s — 00
€o 1/s 1/s
& Cy s~ 4 9(s~(n=2) 1—(n—1)s"24+0(s%)
& S O (Cr +0(s72)) s~ Des™2
X1 Im[(k™ + O(s%)) s~ A+] 14+0(s7?)
X2 Im[(ik~ + 0(s2) s~ 4] (Cf +0(s72)) s~ (mH e /2

Table 2. Asymptotics of the solutions of (34), (36) for A = —1. Here C;; € Rand k™ € C are
nonzero constants, while C5 = (n —2)C] = 2("71)/21“("7“).

At s =0, we get
2
F(s) = —— + O(s -0
W) = s+ 06Y, (-0,
To find an expansion at large s, we integrate by parts,

S S
/ et 2dr = s 1e8°/2 (n— 1)/ r”_267'2/2dr,
0 0
which then leads to

P(s)=1—(n— 1)57(”71)6752/2/ rn=2er 2y,
0

Integrating by parts again yields an asymptotic expansion whose first few terms are

Uy (s) =1~

The corresponding solution & is

g =1 [ v

o), (s o0).

S
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For s =~ 0, we therefore get
2

+ _ 5 O(st
For s — oo, we get
C-‘r
) =1- 24007,
where
cF :/ (1— 4 (s))ds > 0.
0
The case A = —1. Here & = s~ ! is again a solution.

The exact solution 1) (s)|x=—1 = s~("=Des*/2 does not directly lead to a useful solu-
tion &; of (34), but by using reduction of order, we will construct two solutions, ¢/; and
15, of (38) for which the corresponding ¢ functions are relevant, with one bounded as
s — oo and the other bounded as s — 0.

To obtain £, we choose

Uy (s) def 87(n71)682/2/ e /2 dr.

Integration by parts shows that
/ rre 2 dr = 6782/2{57171 +(n—1)s"?+0(s" %)}, (s — 00).

Therefore,

n—1+(n—1)(n—3)

Yr(s) =1+ = +0(s79), (5 — 00).

P
Repeated integration by parts shows that for odd values of n, ¥; (s) is a polynomial in
572, For even values of n, one obtains an asymptotic expansion in arbitrarily high powers
of s72.

We define &7 (s) by solving (s€)s = 1. By writing the equation as (s(¢ — 1))3 =
(s€)s —1 =t — 1, and taking into account that )y (s) — 1 = O(s72) as s — 00, so that
17 (s) — 1 is integrable, we arrive at the following choice

) &0 1 [ erO-1)d

From the expansion of 1] (s), we then find the following expansion for £,

_ n—1 n—1)(n-3 n—1)n-3)(n—->5
o =1-" ( 3)3(4 ) ( )(556)( )

which implies the large-s asymptotics in Table 2.

(s — 00),

To verify the asymptotics at small s, we consider that for 0 < s < 1, one has
¥r(s) = (n=2)Cr s~V 4 0(s7 ),

where (n —2)Cy = [° e T 2 dr = QHTAF(”TH) Integration shows that &; (s) as
defined in (41) has the asymptotic behavior claimed in Table 2.
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Our second linearly independent solution 1, of (38) is also obtained from the special
solution s~ (—1)es*/2 through reduction of order,

(42) 5 (s) :s*(”*l)es2/2/ rre 2 dr = (n—2)Cy s~ (M Des 2 Py (s).
0

For 0 < s < 1, one sees that

2

)= 06, (50,
and hence that
def 1 (% _
92 [ u s
s Jo
satisfies
5*——ii—+m&) (s = 0)
2 7 3(n+1) ’ '

On the other hand, for s > 1, one rewrites (42) and integrates by parts to obtain
oo oo
vy (s) = s~ (e 2{ / e~ dr — / e /2 dT}
0 S
= (n—2)Crs™ D2 1 — (n — l)s_("_1)652/2/ rn=2e=""/2 qp,

with C] as above. Integrating by parts again then leads to the asymptotic expression for
&5 in Table 2.

Now we deal with solutions x(s) of (39). Classical theory [Olv91] shows that a pair of
linearly independent solutions is given by {x, x}, where

A
x(s) = s AT F (2( A+iQ), 14+4iQ; —532),

where ;F'; denotes the Kummer confluent hypergeometric function,

_iaa—l—l a+m—1)
B bb+1)---(b+m—1)m

As |g| — oo, with —37/2 < arg(q) < 7/2, one has the asymptotic behaviors

F(a,biq) ~ T(b) { n

For a solution in which I'(b)e?q®~*/I'(a) dominates, Re (x(s)) ~ e~ rs"/2g=(n+1) g
s — oo. For a solution in which I'(b)(—¢)~*/T'(b — a) dominates, Re (x(s)) ~ 1 as

s — 00. We choose real solutions x1, X2 so that y; ~ e=s%/2g=(n+1) gng x2 = O(1) as
s — 0o0. We define Xft = X1|r=+1 and Xli = X2|r=+1. Then these functions behave as
claimed in the tables. The reader may refer to Appendix D for a self-contained justification
of these claims. m
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6.4. Asymptotics of ® at s = 0. For each of the solutions {¢p, §f[, fzi} we choose for
A = +1, we get a solution ®* of the system (31). Similarly, each of the two pairs of
solutions {Xf, th} corresponds to solutions (* of the homogeneous system (32). In this
and the next few sections, we translate the asymptotic behaviors of 5? and X;t from
Tables 1 and 2 into asymptotic expansions for ®* and ¢* at either end of the interval
s € (0, 00).

For any given solution ¢ of (34), it follows from Lemma 6.2.1 that

—2(n—1)¢
g/

"+ (n—14+ X2 +2(n—1)¢

is a solution of the homogeneous system (31), for any choice of ¢ # 0. For each of the five
fundamental solutions listed below, we normalize the solution by choosing the constant
¢ so that near s = 0 one has ®(s) = s™V,,, + o(s™), where m € {2,—1,—(n—1)} and
where V,, are the eigenvectors V2,V _1, V _(,,_) that appear in (26).

—C

(35) ® =

Applying (35) to &y = s~ 1, recalling that ' = s%, and choosing ¢ = —1, we get
0
Op=5"'V_ 1+ |0
As

We do not have simple explicit expressions for £ f or f;, but after again choosing the
normalizing constant ¢, we can compute the asymptotic expansions of the corresponding
<I>j»E as s — 0.

We define ®F for \ = +1 using &;5. From Table 1 and Table 2, we see that the leading
terms of &; and & at s = O are (n —2)~'s™ "+ and C; s~ "1, respectively. We choose

+_ _ - __ 1
ct=2(n—2)andc™ = os and thereby get

@f = s_("_l)V_(n_l) + o(s_("_l))7 (s = 0).

Both Tables 1 and 2 list the same asymptotic expansion for {; at s = 0, so that for
both values A = +1, choosing ¢ = 3(n + 1) gives

df = s2Vy 4 0(sh), (s = 0).

6.5. Asymptotics of ® as s — oco. For @, the explicit solution we found above is valid
for all s,
0
q)o = 8_1V,1 + 0
As

We note that for this solution, v ~ As as s — oc.

If A\ = +1, using Table 1 and recalling equation (35) with ’ = s%, one sees that &}
(defined using &; and ¢ as above) satisfies
_9 2(n—1) +o(1)
B} = L Zgm(nt1)g=s?/2 s2 + o(s?)

1= , (s — 00).
n-1 —dn + o(1)



26 SIGURD B. ANGENENT AND DAN KNOPF

Using the fact that £ = 1 — Cy 57! + O(s72), one again finds from (35) that ® has the
asymptotic behavior

—2(n—1)+0(s7h
f =| CFfs7 1403572 |, (s — o0).
Cis+0(1)
If X = —1, using Table 2 and equation (35), one sees that &, (defined with £;) satisfies

1+0(s72)
o =| 0(s7?) |, (s — 0).
0(s72?)

For ®; , we have
, —2(n—1)+0(s7?)
(43) o = Cioos_(”'+1)e+s 2182 = (n+1)+0(s72)], (s = 0),
4n+ O0(s72)

where Cy o = 2("_1)/2F(”T+1),

6.6. Asymptotics of ¢ at s = 0. To recover the asymptotic expansion of { from x, we
use (37), i.e, (= x' + (A +iQ)x.

A short computation shows that if f(s) = Im(ks~4+%*?) with k complex, then
f 4 Af =Im(iQks™ A1) = QRe(ks™ A1),
so that f/(s) + (A +iQ) f(s) = Qks~ A+,
Referring back to Tables 1 and 2, this implies that as s — 0,
(49 ((s) = (UE +0(sH))s™ T and  (F(s) = (iQkF + O(s?)) s~ AT

We remind the reader that the equation for (fQ is only real linear, so the constants
QlcfE and szzi above can only be adjusted by a real multiple.

We do not derive the asymptotics of the complex function ¢ as s — oo, because we
find it more convenient to deal directly with the real functions x* in that region.

7. THE BOHM STATIONARY SOLITON

As a step in their construction of expanding solitons, Gastel and Kronz prove existence
of a complete steady (A = 0) soliton B(¢) solving (11). This Ricci-flat soliton, whose
existence follows from a more general result obtained earlier by Bohm [Boh99], plays a
central role in their construction as well as ours, so we outline the proof of [GK04] here
using our notation.
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7.1. The Gastel-Kronz construction of the Bohm stationary soliton. The unstable
manifold W*(gf) and the stable manifold W*(tfc) intersect in exactly one orbit {B(t) |
t € R} of the soliton flow g*. The metric corresponding to this connecting orbit from gf to
tfc is Ricci-flat. It is thus a steady soliton and an Einstein metric.

Sketch of the construction. Since o/ = 20, all connecting orbits between fixed points of
the soliton flow must lie in the hyperplane ¢ = 0. In that subspace, we have J' = 2.J,
so that J also must vanish along connecting orbits. All connecting orbits are therefore
contained in the submanifold of R® defined by .J = ¢ = 0. On this submanifold, it follows
from (23b) that the quantity F defined in (22) satisfies F' = (I' + 1) F.

Ast N\, —oo,onehas FF — 0andI'+1 — 1—p, < 0, which forces F' = 0 everywhere,
i.e., that any connecting orbit lies in the invariant submanifold &, a fact that we use below.
Furthermore, we also note that J = 0 implies by (11) that

C+1) =>,Pa(1+ya)?+T=T24+T =) pora <T(+1).
Since'+1 = —p, +1<0att=—o0, it follows that I" + 1 < 0 on the entire orbit.

Thus far, we have shown that any connecting orbit from gf to tfc must lie in the portion
of the submanifold € of R® on which I' < —1. We now show that this region contains ex-
actly one such orbit. We recall Lemma 5.1.2 and observe that while the unstable manifold

W (gf) is three-dimensional, the part of this manifold that lies in & is one-dimensional.
There are therefore two orbits that emanate from gf and that can converge to tfcas t — oo.

Recall that 1,29 > 0. According to Lemma 5.1.2, the unstable eigendirection in € at
gf is given by
0 0 0 0 0
E,—3pEy=— —1)—— 4 pp———3 1)=— — 3p1— + 2p1pr —.
p2Ey —3p1Ey = —pa(p1 — 1) pr +p2 o0 p1(p1+1) 9 P, +2p1p2 gy

In particular, it has a nonzero component in the 2 direction. Since zo = 0 at gf, we see
that only one of the two orbits on the unstable manifold of gf lies in the region x5 > 0.
This is the orbit we now consider.

To show convergence to the tfc fixed point as ¢ * co, we follow Gastel and Kronz by
considering the Lyapunov function

ef
w u %Zapa{xoz - (n -1 1og(xa) + yg‘}

Along any orbit of the soliton flow, we have
W' =30 pa{(T +n)ya + (T + Dy} < (T4 n) 3, patia = —(T+n)* <0,

In the final step, we used the fact that the quantity F' defined in (22) satisfies F' = 0 along
the orbit. It follows that W is monotonically decreasing along the orbit and achieves its
minimum at the stationary solution tfc = (n — 1,0,n — 1,0, —n, 0).

To explain the claim that these metrics are in fact Ricci-flat, we recall that if
B(7) = (a(7), ya(r), (), 0)
is the Bohm soliton that results from the construction above, then according to (19),
p(7) = (2a(7), Ya(r),T(7),€*7)
is a solution of (11) for A = 0. For this solution, we also have F'(7) =T'(7) +>__ pa(1+

Yo (7)) = 0 for all 7 € R. The soliton vector field X = f9/0s (which generates the
diffeomorphisms by which the soliton metric flows) satisfies sf = F — Ao = 0, as
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follows easily from (10). Hence we have both X = 0 and A = 0, so that the B6hm soliton
B is Ricci-flat. m

8. TRANSVERSALITY OF STABLE AND UNSTABLE MANIFOLDS

We have shown so far that the Bohm steady soliton ‘B is the unique orbit in the inter-
section of the unstable and stable manifolds of the gf and tfc, respectively. This section is
devoted to a proof of the fact that the intersection is transverse, i.e.,

(45) W*(gf)  W*(xfe).

8.1. Defining equations for W*(tfc). Ifp € W*(tfc), then J = o = 0 at p, and there
is a small neighborhood N C RS of p such that

(46) We(efe) NN ={peN:a(p) =J(p) =0}.
Moreover, the differentials do and dJ are linearly independent along W* (tfc).

Proof. Consider any point py € W?*(tfc), and let p(t) be the orbit of the soliton flow
starting at p(0) = po. By definition, p(t) — tfcast — oo, so that ¢’ = 20 implies that we
must have o (p(¢)) = 0forall¢ € R. Since o vanishes along the orbit p(t), it follows from
equations (23) that J' = 2.J along the trajectory p(t); since .J (p(t)) remains bounded as
t — o0, this then implies that J(p(t)) = 0. It follows that W*(¢fc) is contained in the
joint zero-set of o and J. By the definition of J in (22), this joint zero-set is given by the
equations

g = Oa Z(, Pala = F2 - Z(x pa(]- + ya)Q,
from which it is clear that 0=1(0) N J~1(0) C RS is a smooth embedded submanifold.

In § 5.2, we found that the tfc is a hyperbolic fixed point of the soliton flow with four
stable eigenvalues, so general oDE theory implies that the stable manifold W*(tf¢) is a
real analytic immersed submanifold of R® of codimension two. As it is contained in the
four dimensional embedded submanifold ~*(0) N J~1(0), it must be a relatively open
subset of 0 ~1(0) N J~1(0), which we claimed in (46).

To complete the proof, we note that

dJ =3, %padxa + >, Pa(l 4 2ys)dy, — I'dI.

The dx,, components of d.J are thus everywhere nonzero, so that do and d.J are indeed
linearly independent everywhere. m

8.2. Proof of transversality. The intersection W*(gf) N W#(tfc) contains exactly one
orbit, namely the Bohm steady soliton 8. The tangent spaces to invariant manifolds for
the soliton flow g* are themselves invariant under the tangent flow dg?, so we only have
to prove that W*(gf) and W* (tfc) meet transversally at one point 2B(¢) along the orbit.
Since we have a global description of W (tfc) as an open subset of o ~1(0)N.J ~1(0), while
we only have a local description of W (gf), it will be to our advantage if we consider a
point B(t) that is very close to W*(gf).
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We found in § 5.1 — see (24) — that the tangent space to WW*(gf) at gf is spanned by
the vectors

0 0 0
Ei=—(p—1)— 4+ L 49, =
e r o A 2T
0 0 0 0
E, = 1) — 4+ — d E,=-A—+—.
2= (o1 + >8ac2 + Oys’ a 0x9 + 0o
At the gf fixed point, we have
do-E, =1, do- E, =0,
A
dJ'Egifipg, dJE1 = %pl(p1+1)

This implies that at the fixed point gf, the unstable manifold W*(gf) intersects the sub-
manifold o~1(0) N J~1(0) transversally. By continuity of the tangent spaces, W*(gf) M
o~1(0) N J~1(0) holds in a neighborhood U of gf. If we choose ¢ € R sufficiently close
to —oo, then B(t) € U, and it follows that W*(gf) M W*(tfc) at B(¢), because near
B(t), the submanifolds W*(xfc) and o ~1(0) NJ ~1(0) coincide. This completes the proof
of (45).

9. BEHAVIOR OF SMOOTH SOLUTIONS NEAR B N tfes = tfc

9.1. The unstable manifold of the tfc. In § 5.2, we saw that the eigenvalues of the
linearization d X are {—(n — 1), —A £iQ, —1,+2,4+2}. So the tfc is hyperbolic and
has a two-dimensional unstable manifold. Just as in the case of the gf fixed points, there
are again no resonances between the unstable eigenvalues, so the flow g'|IW*(tfc) is
analytically conjugate to the linear flow & > e?‘x on R2.

Those orbits in the unstable manifold W*(tfc) that extend to 0 < ¢ < oo correspond
to metrics on (0, 00) x 8P* x 8P2 that define expanding or shrinking Ricci flow solitons
with a singularity at ¢ = 0 that is asymptotically like the Ricci-flat cone.

Lemma 9.1.1. The unstable manifold W*"(tfc) is contained in the equal radii subspace R,
i.e., the difference variables x12,y12 vanish on W (tfc).

Proof. As we observed in § 3.4, the equal radii subspace R C R® consisting of all points
with 212 = y12 = 0 is invariant under the soliton flow g¢. This subspace contains the
fixed point tfc, and the unstable eigenvectors of the linearization of the flow at tfc are
tangential to R. Therefore the flow g¢|R has a smooth two-dimensional unstable manifold
at tfc. Since the unstable manifold at tfc of the flow g* on the whole space R also is a
two-dimensional immersed submanifold, it must coincide with the unstable manifold of
gt|R at tfc. Hence W¥(tfc) C R. /i

9.2. The tangent space Ty W " (tfc). In a small neighborhood of the tfc, the variables
(0,J) form analytic coordinates on W*(tfc), so that we have a parametrization p =
(o, j) of a small neighborhood of tfc in W*(tfc). See Figure 1.

The tangent space to the tfes is therefore the range of dw", which is spanned by the

partial derivatives % (o, 0) = % and w} (0, 0) = % Of these, the first derivative is
u

ol = 10
7 9259s’
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which is a multiple of the tangent vector % to the rfes.

To get a second tangent vector to the tfes, we choose a particular small value of s, say
s = a, and let W(a) = w(a?,0). Since W"(tfc) is invariant under the soliton flow,
the vector dg’ - W (a) is tangential to W*(tfc) at g’ (% (a?,0)) = w*((e’a)?,0). We
therefore define for any s > 0,
W(s) = dg'e/9) . W (a).

Then W(s) € Tyjes W (tfc), W(s) # 0, and ds - W (s) = 0 for all s > 0. This implies
that {%7 W (s)} is a basis for Ti5esW*(tfc) at each point. Moreover, W (s) is a solution
of the linearization (31) of the system for the averaged variables (&, y,~). Thus

W (s) = co@o(s) + i @3 (s) + ¢ Dy (s)

for some constants cf.

We also know that W (s) — 0 as s — 0, because dg’ decays exponentially on W*(tfc)
ast — —oo. Both ®((s) and ®F(s) become unbounded as s — 0, so we must have
co = ¢ = 0. Hence W (s) is a nonzero multiple of ®3 (s).

A consequence of this is that
(47) w'(a?,j) = i3 (a) + 0G%), (7 —0).

Therefore, w%(a*,0) = ¢ ®F (a). Moreover, because 1" is a real-analytic function, we
have

(48) w(a®, j) = c3 @3 (a) + 0(j),  (j —0).

Figure 1. W*(tfc) near tfc

9.3. An isolating block for tfc. Since the tfc is a hyperbolic fixed point, we can write
RS = E* @ E°, where E* and E° are the unstable and stable subspaces of RY, respec-
tively, for the linearization d X .. Let 7° : RS — Es 7% : RS — E" be the projections
onto those invariant subspaces, with null spaces N(7n*) = E* and N(7®°) = E". Since
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the stable eigenvalues of d X, are {—1,—A £ iQ, —(n — 1)}, one can find’ an inner
product (-, -)s on E* such that

<vverfc : U>s < 7<U7U>s
forallv € E*.

By the Grobman-Hartman theorem [Gro62, Har60], there is a neighborhood U C RS
of the tfc on which the flow g? is topologically conjugate to the linearized flow near the
origin. In particular, we can choose the neighborhood U so that any point p € U with
g1%>)(p) C U belongs to W*(tfc). Similarly, any p € U with g(=>l(p) C U belongs
to W (rfc).

For small a > 0, we now consider the compact neighborhood of the tfc defined by

(49) Qa={p RO |[o(p)| < a® |J(p)| < a®, [|7°(p — tfc)||s < a®},

where ||v]|s = /(v, v)s.

For sufficiently small @ > 0, Q, C U, and Q, is an isolating block in the sense of
Conley and Easton [CE71, Con78]: for any p € 99Q,, one has

d
(50) o) =a® = —lolg'p)l| _ >0,
d
— 42 -
) ) =a? = ZIg)l| >0,
d
(52) In*(p = fo)lls = a* = Z [|=*(g"(0) = Fe)|, |,_ <O.

Thus the flow has no internal tangencies to the boundary 0Q,, i.e., for every q € 9Q,,
there exists 79 > 0 such that g(%7)(q) c R\ Q, or g{~7:0)(q) c R®\ Q, (or both). It
follows that for every p € Q,, the exit time
def .
To(p) = inf{t >0 g'(p) & Qu}
is well defined. If g*(p) € Q, for all ¢ > 0, then we define T,,(p) = +0o. We note that
the exit time 7, : Q, — [0, o0] is a continuous function.

9.4. A slice within W"(gf) transverse to the 9B soliton. Let ®B(t,) be a point on the
Bohm soliton with ¢, so large that ®B(%,) lies in the interior of Q,. Since W*(gf) M
W (xfc), there is a two-dimensional slice 3, : D? < W*(gf) N Q, with ¥,(0) = B(t,),
and such that ¥, M W#(tfc). We will abuse notation and identify the map X, with its
image, and write X, for both.

We choose X, so small that the only intersection of ¥, and W#(tfc) is the point B (¢,)
on the Béhm soliton. It follows that T,,(p) < oo for allp € X, \ {B(t,)}.

Orbits in Q,, exit either through the sides 0 = +a2, the sides J = +a?, or through the
edges on which o = 4-a” and J = #a? both hold. If the orbit starting at p € 3, exits
through a point on 0Q, with ¢ = +a?, then we have a simple expression for the exit
time in terms of the o coordinate of p. Namely, since a® = g(gTa(p)p) = e2Ta(P)g(p), we
have

1
Ta(p) = loga — 5 loga(p).

SIf Vi, Vo &+ iV3, and Vy are eigenvectors of dX‘.f( corresponding to the eigenvalues —1, —A + €2, and
—n + 1, then define (-, -)s by declaring {V1, V2, V3, V4 } to be orthonormal.
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Figure 2. Application of the A-lemma to a slice X, transverse to 5. For all large enough t, there is
asubset Ly C %, such that g* L; is C* close to the given rectangle W (¢vfc)N{|o| < a2, |J| < a?}.

9.5. Application of the A\-lemma. In general, if g* is a smooth local flow on a manifold
M with a hyperbolic fixed point p € M, then the flow has smooth immersed stable and
unstable manifolds W*(p) and W*(p), respectively. The A\-lemma of Jacob Palis® [Pal6s,
PdM82, FH19] states that if a smooth submanifold 3, C M with the same dimension as
W (p) is transverse to W?*(p), and if K C W"(p) is compact, then for any > 0 and all
sufficiently large ¢ > 0, there is a compact subset L; C X, such that g*(L;) is n-close to
K in C'. An equivalent formulation of the A-lemma states that for all sufficiently large
t > 0, there is a compact set L; C ¥, whose image g*(L;) converges in the C'! topology
to K.

We intend to apply this lemma to the slice X, and the fixed point tfc. The A\-lemma as
we have just stated it is a local result, so we may consider only those parts of W*(tfc)
and ¢*Y, that remain in the neighborhood Q,.

For small a > 0, we consider the intersection of W*(tfc) with Q,,

R W (tfe) N Qu = {p € W(xfe) : [o(p)| < a®, |T(p)| < a},

and we let K be a compact neighborhood of R¥ in W*(tfc). The A-lemma provides
compact Lt C 3, for all large T > 0 such that g” (L7) — K in C' as T — <.

If a is small enough, then the map p — (o (p), J(p)) restricted to the neighborhood K
of R is a diffeomorphism onto its image in R?. For large enough 7', the same is then true
for (o, J) restricted to g7 (Lr). It follows that g7 (L7)NQ, has a smooth parametrization

wr : [—a?,a%) x [—a?,a®] = g7 (Lr) N Q, C RS
such that
o(wr(o,j) =0,  J(wr(o,j)) =7

Moreover, as T — oo, the maps tor converge in C* to tv%, the local parametrization
of W*(tfc).

6 Palis originally published his A-lemma in [Pal68]. The more modern, equivalent formulation we use here
is Lemma 7.1 in [PdM82, p.80]. Finally, [FH19, Proposition 6.1.7] proves the A-lemma or “inclination lemma”
for flows rather than maps, which is the closest to our use.
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We are mostly interested in the part of g7 (L7) on which o = +a?, which provides
the starting points from which we continue the flow g?, in the hope of finding orbits that
extend all the way to o = +00. We therefore define

(53) q(5,T) = wr(a?, j), lj] < a?, (T sufficiently large).
The preceding discussion then implies the following Lemma.
Lemma 9.5.1. The map (j,T) — q(j,T) defined in (53) is smooth, and as T — oo, one
has
9a(j.T) _ o (aj)
9j dj

q(4,T) — w“(a?, 5) and
uniformly for |j| < a®.

The map (§,T) + q(j, T) is well-defined and smooth for |j| < a? and Ty < T < oo,
if Tp is sufficiently large. If we now extend q by setting

q(ja OO) = mu(a21j)7
then q : [—a?, a?] x [Ty, 00] — R is a continuous map.
This lemma provides an approximation for the orbits in W*(gf) that pass close to the
tfc as they exit the isolating block Q,. The description can be improved by considering
the (712, ¥12)-component of q(j, 7). While it is much smaller than q(j, 7)) — n%(a?,T),

it satisfies a set of homogeneous linear equations, and this allows us to give a precise
estimate for (x12,y12) at exit points in W*(gf) N 0Q,.

We therefore consider orbit segments {g’p} of the flow that spend a long time in the
block Q. Our first observation is that such orbits must be close to the stable and unstable
manifolds of the fixed point tfc.

Lemma 9.5.2. Letp; € X, be a sequence of points with p; — B(t,). Define T; = T, (p;)
and assume that q; = g (p;) converges toq € 0Q, . Then the orbit segments starting at p;
and ending at the exit point q; converge in the Hausdorff metric:

9T (pi) — B ([ta, 00)) U {tfe} U g (q).

Proof. Let m; = g'ip; be a subsequence of points on the orbit gl%7(p;) for which m =
lim m; exists. We will show that m € B ([t,, 00)) U {tfc} U g(=°0(q).

If ¢; is bounded, then we may assume that ¢; — ¢, for some ¢, > 0, and thus m; =
g'ipi — g™ B(t,). In this case we have m € B([t,, 00)).

If on the other hand ¢, = T; — ¢; is bounded, then we may assume that t; — ¢, > 0,
and we find that g'ip; = g %q; — ¢~ '*q. In this case m € g(—>q.

The remaining possibility is that both ¢; — co and T; — t; — oo. In this situation we
have gl=*T=%l(m;) C Q, for all i > 1 so that in the limit we find that the entire orbit
{g'm | t € R} lies in Q,. The only m € Q, with this property is m = tfc. /i

Lemma 9.5.3. There exist a constant C, > 0 and a continuous complex-valued function
€a(j, T') such that the quantity ¢ defined in (33) satisfies

(54) C(a0, 1)) = (1+ €a(G, D)e” DT (B(ta)),
where

l€a(j, T)| < Cya’
for j € [—a?,a?], all sufficiently large T < oo, and all small enough a > 0.
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Proof. Equation (54) effectively defines the function ¢,(j,T'), so we really only have to
prove that |e,| < C,a? for some constant C,

Consider p(5,T) = g7 (q(4,T)) € X4. Then the orbit segment g7 (p(5,T)) is
contained in Q,, and if T is sufficiently large, then Lemma 9.5.2 implies that p(j, T") will
be close to B(t,).

By rewriting the difference system (30) in terms of the complex quantity ¢, we find
that along the orbit segment ¢!®7)(p(j, T))), one has’

¢=M(g'p(5,7))C+ N(g'p(5, 7)<,
where M, N are complex-valued functions that satisfy
M(p)=—-A+iQ+0(lp—vfell)  and  N(p) = O([lp —fc]]).
Since p(j, T') is close to B(t,), the ¢ component ¢ (p(j,T)) is close to ((B(t,)).
For t > 0, we then have

d
(55) 21108C(g"p( 1)) = —A+iQ + 0(lg'p (5, T) — ¥fel).

The Analysis Lemma C.2 in Appendix C implies that there is a constant C' > 0 that does
not depend on a such that

T
| Nl 1) = efel @t < € sup g0 T) = e < Ca,
0 0<t<T

for all sufficiently small a, all j € [—a?, a?], and all sufficiently large T' (depending on a).

Upon integrating (55), we find that
T

log $(06:7)

¢(p(5: 1))

For large enough T, the initial point p(j, T') is arbitrarily close to B(¢,). So there exists
T, < oo such that for T > T, we have

op SPG.T)) ‘ ca

= —(A—i)T + 0(a?).

C(B(ta))

Combining the last two estimates then shows us that
¢(a(s. 1))

0g 7%
C(B(ta))

+ (A —iQ)T| < Cd?,

7 The difference system (30) for (z12,y12) implies that  satisfies a differential equation of the form ¢’ =
L(¢)¢, where £(¢) : C — C is a real linear transformation that depends smoothly on ¢. Every real linear
transformation of C is of the form ¢ — M¢ + N, for suitable M, N' € C. To verify the differential equation
above, we must show that M (0) = —A+ i€, and N (0) = 0. The coefficients M (0) and N (0) are determined
by the linearization ¢’ = £(0)¢ of (30) at zero. Keeping in mind that A = (n—1)/2and A2+ Q2 = 2(n—1)
(see (27), (28)), we compute this equation in terms of (:

¢ = (A+iQ)zl — (A% +Q%)y1,
= (A+1iQ)(—(A? + Q*)y12) — (A% + Q%) (212 — 2A4y12)
= —(A?+ Q%) (12 + (- A+ iQ)y12)
= (A +iQ) (A + iQ)z12 — (A2 + Q2)y12)
— (—A+iQ)C.
Thus £(0) is complex linear, with M (0) = —A + ¢©, N(0) = 0.
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which implies that |¢(j, T')| < C,a? for some constant C.. m

10. CONTINUATION OF THE SOLITON FLOW FROM § = a TO § ~ {

10.1. Definition of q(s;j, 7). We consider orbits {¢*(q(j, 7)) | t > 0} of the soliton
flow for sufficiently small j and sufficiently large 7', and follow them until they reach the
hyperplane s = ¢ for some fixed large ¢ > a. For ¢ > 0, the s-coordinate of ¢ (q(j,T))
is s = e'a, so we consider the orbit g (q(j,T)) for t € [0,log 5] We simplify notation
by writing

e def Jog(s/a )
(56) q(s35,T) = g%/ (q(4, 7).
Similarly we write

. def log(s/a)( -/ :
q(s; 5, 00) = g5/ (q(j, 00))
for the result of flowing q(j, 00) = w%(a?, j) by log s/a.

Lemma 10.1.1. There exist 1o ¢ > 0 and T,y < oo such that q(s; j,T) is defined for all
J € (—tasstap), T € [Ty, 00], and s € [a,f]. Furthermore, the limit

q(s; j,00) = lim q(s; 4, T)
—00
exists C*-uniformly for |j| < tq¢ anda < s < L.

Proof. For j = 0and T = oo, we have
(57) q(s;0,00) = (s,0,0,0,0,0) = tfes(s)

in (s, &, 4,7, 212, y12) coordinates. In particular, ¢'°% %/%(q(0, oc)) is defined for all s > a.
Continuity of the local flow g* implies that g'°¢/%(q(j, T)) is defined for all s € [a, /]
for any fixed ¢ > a, provided T is large and |j| is small enough, say for |j| < ¢4 and
T >T,.

As T — oo, we saw in Lemma 9.5.1 that q(j,7) — q(j,00) = w%(a?, ;). Since the
flow g' is smooth, it follows that q(s; j,T) — q(s;j,00) as T — oo. m

For |j| < a6, T > Toy, and all s > a, we write ®.(s;,T) and (.(s; j,T) for the
averaged and difference components of ¢(s; j,T); in other words, we have

(58) Q(S;j,T) = (37@*(S;j7T)7<*(85j7T))

in (s,&,9,7, () coordinates. The coordinate functions ®, : [a,¢] — R3 and (, : [a, ] —
C are solutions of the nonlinear equations (18) and (29), respectively.

Lemma 10.1.2. The limits
i ®,(4;5,T) = ®(q(4; j,0)),
lim ¢, (¢;5,T) =0,
T—r 00
exist C''-uniformly for |j| < 14.0. In particular,
Jim @, (65,T) = c5j®5 (0 +0(%), (5= 0),
— 00

where CQi are as in (47).
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Proof. We know that q(j,7) — q(j,00) = w%(a?,j) as T — oc.
Since g is continuous, this implies that

(6,5, T) = g2 (q(4,T)) — g"5**(q(j,00)) = q(€;j,00) (T — ).
Hence

P, (6;5,T) = @(q(4;4,T)) — ®(q(¢; 5, 00)).

For the oscillating component, we recall Lemma 9.1.1, which states that ¢ vanishes on
the unstable manifold W*(tfc). We also recall that q(s; j, c0) lies on W*(¢fc) and thus
conclude that

G653, T) = C(a(65,T)) = ¢ (a(4;4,00)) = 0.

The second assertion in the Lemma follows from (47). /A

10.2. Asymptotics of the difference variables. Lemma 10.1.2 gives us a good approx-
imation of ¥, (¢; j,T) as T — oo for small j. But for (,, it only says that ¢, — 0, without
providing more details. To get more information, we use the matrix form (30) of the
homogeneous equation (29) satisfied by {z12, y12},

d [z19 . T12
— = M(s;4, T
Fp [le (s34, )Lm :

o |2y = 2(p2 —p)yiz —2(n—1) —2¢
M(S’J*T)—[ 1 —n+ 147y —As?|”

and where (£, 9,7, x12,y12) are to be evaluated at q(s; j,T).

where

The coefficient matrix M(s; j, T') depends continuously on (s, 7, T) € [a, £]X[—ta,¢, ta,e] X
[Tae, 0], and thus as T — oo and |j| — 0, we get
W ) 10 —2(n—1)
M(s;4,T) = M(s;0,00) = [1 14— )\32] .

We denote the fundamental solution starting at s = a of the linear system by U(s; j, T).
So by definition, U satisfies

sdiu(s;ﬂ)=M(s;ny>u(s;sz>7 U<“%J?T):[(1) (1]]
S

and the solution {zizézj;” is given by
r12(8; 4, T) ‘ z12(a; j, T)}
. =U(s; 5, T . .
[ylz(S;LT)} (5:5.T) {ylz(amT)

Continuous dependence of solutions of differential equations on their parameters implies
that as |j| — 0 and T' — oo, the fundamental solution U also converges, namely,

U(s;, T) = U(s; 0, 00),
where by (57), U(s; 0, 00) satisfies
d 10
S&U(S,0,00) = M(s;0, 00)U(s; 0, 00), U(a;0,00) = {O 1] )

This last system of equations for [ 3,2 ] is equivalent to the second order equation (36) for

X = %12, and thus to the linearized system (32), for which we have found fundamental
solutions {Xli, Xét} described in Tables 1, 2.
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We now have

z12(6;5,T)| _ . . 0. 00) " U(2: ) z12(a; j, T)
[ym(f;]}T)} = (60, 00) - U0, 00) UL, T) L/m(a;]}T)}

The solution at s = ¢ is therefore given by

e B R e R

where

et D)~ w0 ey [ .

In other words, the solution of the nonlinear differential system is given by the so-
lution of the linearization at the tfes with a slightly modified initial value at s = a,
%12(5,T)
712(3,T)
of [ZEEZ?Q] with the matrix U(¢; 0, 00) ~*U(4; 4, T), which converges to the identity
asT —ocoand j — 0, ie,

namely [ } . This modified initial value is obtained by multiplying the actual value

j—=0T—o0 0 1

lim lim U(£0,00) UL j, T) = F 0]

z12(asg,T)
y12(asj,T)
expression (54) for (q(7,T)). In doing so, we have to go back and forth between the
real variables (z12,y12) and the complex variable ¢, which will be easier if we define a

real-linear map € : R? — C and its inverse €~ : C — R? by

We next derive an asymptotic description of the actual initial value [ ] from

CB]:(A—HQ)x—(A2+Q2)y and e l¢— 2 tm ]

" Q [Im(g/(A +i9))
We have then just shown that the { component of the solution at s = ¢ coincides with
the solution to the linearized equation for ¢ with initial data at s = a given by

0 T12(J, T)}
,IT)y=¢C 1" .
G.T) L/m(], T)
Recall from equation (37) that (¥ = (xI)’ + (A 4+ iQ)xT and & = (x3)' + (A +
iQ)x7 are a pair of linearly independent solutions of the linearized ¢ equations, where
the asymptotic behaviors of xf2 are given in Tables 1 and 2. Thus we have

(59) C(6:4,T) = et (G, TGO + e (G, TG (),
where the real constants ¢ (j, T') should satisfy

FODGE @)+ 6T @) = e [0 D]

= CU(£;0,00) UL 4, T) - I”E“}?’T)}
= CU(£;0,00) MU 5,T) - €7 ¢ (a(5, 7))
= (I+o(1)) - ¢(a(i, T))-

Here I is the 2 x 2 identity matrix, and o(1) is a real-linear transformation of C. It follows
that there is a complex number €(j, T') with |e(j, T')| = o(1) such that

(60) (. TG (@) + ¢ (3, T)¢5 (a) = (L+€(5.T)) - (a4, 7).
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Recall that according to Lemma 9.5.3, for small j and large 7', we have
(61) C(a(G 7)) = (1+ €a(s, T))C(Blta) )~ 47T,
with |e, (4, T)| < Ca®. According to (44), we also have
(62) i G (a) +c5 G5 (a) = QR (e +icy )a™ " + (c1767 (a) + ¢ Ga(a))a™ "+
=(1+ oF (a))Qki (CI‘L + ici)a‘AHQ,
in which 5,:5 are complex functions that may depend on j, T, a, with their a-dependence
satisfying 07" (a) = O(a?). Combining (59), (60), (61), and (62), we find that
(1+e€(f, 7)1+ ey, T)) C(%(ta))aA—iQe(—A-i-iQ)T
(1465 (a)) Qk*

y C(B(ta)) a—io (—atio)T
— (l—i—eﬂa,j,T))wa e s
where |e2(a; 7, T)| < d4(a) for sufficiently small j and large T, and d4(a) — O as a — 0.

We now define R(a, j,T') and ¢(a, j, T) by

cli + z'cgE =

R(a, j,T)e"*®5T) o (1+ ex(a; 4, 7)) ¢(B{ta)) a?=,

Qk*
We then have
. 4 [C(B(ta))] o
(63) R(CL,],T):CI, W|1+62(a73aT)‘
and
. B(t, .
(64) ¢(a,j,T) =arg% — Qloga+ O(lez(a; 5, T))),
which imply that
cli + ich = R(a, j, T)e(_A'HQ)T""“Zﬁ(“’]"T)7
and hence
) ¢i’(a,5,T) = R(a, j, T)e” " cos(QT + ¢(a, 5, T)),
65
¢ (a,5,T) = R(a, j, T)e™ T sin(QT + ¢(a, j, T)).
This leads to

66)  C(4;5,T) = Re T cos(UT + ¢)¢i(€) + Re ™7 sin(QT + ¢) G5 (0),

where ¢ = ¢(a,j,T) and R = R(a,j,T). We note that the sz (¢) that appear in this
expression are the exact solutions of the linearized equation, and that all error terms have
been absorbed in the coefficients R(a, j, T) and ¢(a, j, T). Thus we have the following.

Lemma 10.2.1. For any § > 0, there exist 15 > 0, T5 < 00, and as > 0 such that for all
a < ag, |j| < ts, and T > Ts, one has

R(a,j,T) = Ra(1 +€3(a,5,T))  and  ¢(a,5,T) = ¢a + €a(a,5,T),

where

|€3(aaj? T)‘ + |€4(Cb,j, T>| < 6;

and where the constants R, and ¢, are given by

R, = aAK(S;Bk(i]))' and Pq = arg

¢(B(ta))

e — Qloga.
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Our next step is to translate the complex variable ¢ at s = ¢ back to the difference
variables x12 and y12. Applying C~! to both sides of (66), we get

z12(4; 7, T)] —AT [fffz 1(5)} —AT [xfz 2(5)}
g = Re cos(QT + ' + Re sin(QT + ' ,
i BT R (i
where we have defined

212(s:5,T) = z12(q(s: 4, T)), y12(s;5,T) = ya2(a(s;4. 7)),
and where xli%(s) and ylih(s) are the solutions of the linearized equations (32) corre-

sponding to Xl:.t (s) from Tables 1 and 2. Using (37), we can write this as

z12(6;5,T)| AT (o XT(0)
[yu(e; i T)} =R QT +0) |y (0)/2(n — 1>]
T 50
+ Re™ T sin(QT + ¢) L(ﬁ)’@)/z(n —)

Our expansion of x3(s) as s — oo implies that as £ — oo,
X0 =1+0(2), () (0 =0(),
and
X5 (0) = (CF+0(e72)e1eTER2 0 (x3) (0) = (CE +0(e72)) 1T/,

We then get these expressions for [:2 ]:

(67) [xm(&j’ T)] = Re T cos(QT + ¢) [

1+ O(E‘Q)}
y12(6; 5, T)

0(e2)
_ . n 2 02
+ Re AT sin(QT + ¢)¢~ " F1e¥ /2 {c;f +(o(2—2)] .

Here R = R(a,j,T) and ¢ = ¢(a, j,T) are as in Lemma 10.2.1.

11. STABLE MANIFOLDS OF THE CONICAL ENDS

11.1. Definition of W, W.,, and Wgy,. Metrics with conical ends correspond to solu-
tions of the soliton flow for which z, =+ n — 1+ {,,00 > 0 as s — 0o. Here we study
such solutions for s > 0.

We define the stable set of conical ends to be the set of all p € RS whose forward
trajectory {g'p | ¢ > 0} under the soliton flow satisfies

(68) sup |€4| < oo, sup |ya| < oo, sup E’ < 0.

We denote this set by Wy, for shrinkers (A = —1) and Wy for expanders (A = +1), and
we write W to refer to either Wy}, or Wex.

The sets W are invariant under the soliton flow g, and they are nonempty because
they always contain the tfes orbit.

For any € > 0 and ¢ > 0, we define

def
WEE {(EarYar,8) €W 1 s> 46| <€ lyal <6 |y] < es}

We find it convenient to assume henceforth that £ > 16n2.
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It seems very likely that W is a smooth submanifold of RS. In this paper, we only need
to know that the part of W that is close to the tfes is smooth, which we now show.

Theorem 11.1.1. For small enough ¢ > 0 and large enough £ > 0, W' is a smooth
submanifold of RS. More precisely:

(1) W is an open subset of RS; and
) thz is a 4-dimensional submanifold of RS.

The tangent space to W at the tfes orbit is spanned by solutions of the linearized flow dg*
along the tfes that are O(s) as s — oc.

Our proof proceeds by rewriting the system (11) of differential equations as a fixed-
point problem involving integral equations, and then using the Implicit Function Theorem
to conclude smoothness of W near the tfes. We will begin by showing that orbits in W
actually have more precise asymptotics for s — oo; but before we do that, we record
some elementary estimates involving Gaussian integrals that will show up a few times.

Lemma 11.1.2. Ifv : [{,00) — R is bounded and measurable, then

o0 1
/ et =20 de| < = sup (<)),
s S ¢>¢
and
s 2
/ e =N/2y(¢) de| < Zsup v (s))-
¢ S >4

Proof. To prove the first inequality, we note that for ¢ > s > ¢, we have
(2 =5)/2=(s—8)(s+8)/2>s(s —s),
, then

so that if M = sup,~, [v(s)
/ e(sz—cz)/QV(g) de¢

For the second inequality, we argue that for 0 < ¢ < s, one has

(s =¢?)/2=(s—<)(s+¢)/2> (s —5)s/2,

g/ e S M dg = M
s S

so that

/ e =5)/2,,(6) de

1

< M/S e =5/2 4¢ < M/se“*@s/2 de< 2y
h ¢ o ¢ s
as claimed. /A

Lemma 11.1.3. If ({., Ya, ) is a solution whose graph lies in' W, then as s — 0o, we have
fa =C8aoe +O0(1/5),  ya=0(1/s), 7=Kes+0(1/s),

for certain constants £, o and K.

Proof. We rewrite the soliton system (11) as integral equations. To integrate the equation
for y,, we first rewrite it by using I" = v — n, obtaining

dya
(69) s% + A2y = Ea + (y=n+1ys + .
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We integrate this equation using the integrating factor s71e*s"/2. We have to choose the
domain of integration according to the sign of A. In the case of expanders, where A = +1,
we assume initial values y, (¢) = yq ¢ are given at s = ¢, and find for s > ¢ that

_ e dg
(702) yo(s) = o 52)/2ya,£+/ els® 52)/2{§a(§)+ (v(©) —=n+1)yals) +(s )} o
¢
In the case of shrinkers, where A = —1, we cannot specify the values of y,(¢). Instead

we get

00 wals) == [ e+ (0 —nt Dual) +(0 ) E

If&, = O(s),y = 0O(s), and y, = O(1) as s — o0, then we have
fat (v =1+ Dya +7
s

In either case, (70a) or (70b) combined with Lemma 11.1.2 implies that y, = O(1/s) as
5 — o0.

=0(1) (s — 00).

Next we consider &,. The equation
dx,
/a =S ds = —2ZaYa

for x,(s) can be integrated on any interval [s, s1], yielding

S1 d§
Za(81) = za(s) exp(—?/ Ya(S) ?)
Since we have just shown that y,(s) = O(s™1), the integral converges as s; — oco. This

implies that 2, def limyg, 00 Zo(81) exists. After letting s; — 0o, we then find for all

s > { that
S1 d§
Ta(8) = Taco eXP(Q/S Ya(s) ?)

For £, = x4 — (n — 1), this implies that
(71) €a(5) = aooe® T 1O % 4 (n - {270 1],

Since we have just shown that y, = O(1/s), we can estimate the integral and conclude
that

§a = fa,ooeo(l/s) + (n - 1){60(1/8) - 1} =&aoo + 0(1/5)’
as claimed.

Finally, we consider ~y. Again using v = I' + n, we rewrite equation (11c) as

dy
SE -0 = _n+zapo¢(1 + 2Ya +yi) = Zapa{an +y§}-

Then we multiply with the integrating factor s~2 and integrate, obtaining
7(s1) d<
( - / Z Pa {an + ya( ) 5

S1

We again use y,(s) = O(1/ s) to conclude that the integral converges as s; — 00, and

def . . . .
therefore that K., = limg, 00 Y(s1)/51 exists. Letting s — oo and rearranging terms,
we then get

(72) v(s) = 8—8/ Yo Pa{2ua(s +ya<>}dg
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We use y, = O(1/s) once more to show that the integral is O(s~2) and thus conclude
that v = K5+ O(1/s). /i

Lemma 11.1.4. For each N > 0 there exist constants ;, Yo, K; such that

(733) §a(8):§a,m+%+%+...+%+o(s—N—1)
(73b) ya(s):%+%+...+%+o<s—N—l)

K K
(73¢) ’y(s):KOOS+T1+...+?]J\>7+O(57N71)

for s = oo. These expansions may be differentiated indefinitely.

The coefficients £.j, Yoj, and K; can be computed inductively. In particular, one finds
Ya1 = AK oo
Proof. Lemma 11.1.3 implies the case N = 0. To obtain the expansions for larger N apply
induction to the integral equations (70a), (70b), (71), (72).

The differential equations (17) imply similar expansions for the derivatives. Once one
has obtained expansions for the functions £, ¥4,y and their derivatives it follows that
the expansions for the derivatives are those obtained by formally differentiating the ex-
pansions (73). m

11.2. Proof of Theorem 11.1.1. For expanders (A = +1), we have the following integral
equations for (€u, Yo, 7):

(74a)
Eals) = oo 2O 4 (1) {2 meO% 1],
(74b)
— o(P=s%)/2 * (2ms?)2 dg
ya(s)*e ya,l+ , e {£Q(§)+(7(§)7n+1)ya(§)+")/(§)}?,
(74c)

95 =05 +5 [ Ea{2n) +als)}

where £, ¢ = €0 (0), Yo 0 = Yo(£), and ¢, = (£) are the values of the solution at s = £.

dg
?7

For shrinkers (A = —1), we have

(75a) 604(5) = §a72672f; yu(c)dg—? + (TL — 1) {672 Ie ya(g)% — 1} 3

(75b)  yals) = — / TN, (6) 4 (35) — 4 pals) +1(6) ) %
(75¢) v(s) = w% + S/; > Pa{20a(s) + yals)?} %

The orbits of the soliton flow that model expander solitons with conical ends are solutions
of (74) in which £, ¢, Ya,¢, and 7y, are five free parameters. Shrinkers with conical ends are
modeled by solutions of (75), and for these we only have three free parameters, namely
Za,¢ and .
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To use the Implicit Function Theorem, we introduce a family of norms defined for
functions f : [¢,00) — R. Let r € R be any constant. Then we define

(76) £l = sups"| f(s)].
s>4

The tfes soliton given by £,(s) = 0, yo(s) = 0, and y(s) = 0 is a solution of these
integral equations. In order to apply the Implicit Function Theorem, we introduce the
function space X of all continuous (£, Yo, ) : [¢,00) — R for which the norm

def
1 Y Ml = max{l|€allo, Iyallijz, [7ll-1: @ = 1,2}

is finite, and for which the limits

oo & lim £4(s) and Koo % lim (s)

s—00 s—oo 8§

exist. With this norm, X is a Banach space.

The integral equations (74abc) for expanders are the fixed-point equations for the map
_ s de _ s ds
(77) gex(ga,éaya,b'yf | £as Yas7) = (ga,fe 2Jiva S +(n— 1){6 2y 1}’

s d
=2y o+ / 2 e b (v =+ Dy +7) f
Y/

s s dg
Ve + S/ Yapaf{20a+y2} = |
l ¢ S
while the equations (75abc) that describe shrinkers are the fixed point equations for the
map

d

(78) %’sh(ga,b'}% ‘ ma,yav’)/) = <£O¢,K€2f; Yo % + (TL - 1){672'&5 Yo T( - 1}7
o0 s2_c2 d§
_/ el c)/2{§a+(7_n+1)ya+7} ?7
s 5 dg
vey s/e > Pa{20a + 2} §2>

Using Lemma 11.1.2, it is straightforward to verify that Fo : R® x X — X and Fp, :
R3 x X — X are well defined. Fex is linear in the parameters (€47, Y.z, 7e); Ssh iS
linear in (£4,¢,7¢); and both are real-analytic in ({4, Ya,y) € X. Hence the Implicit
Function Theorem applies, provided we can show that the appropriate derivatives are
invertible. We define £qx, £q, : X — X to be the partial Fréchet derivatives of §qx and
Tsh, respectively, with respect to the X variables, i.e.,

d
Lox (5€a7 5yo¢a 57) = @Sex (07 0,0 | 555&7 €5ym 567)

and

d
Lan - (65047 6ya7 57) = &Ssh (07 0,0 | 555047 551/(17 567)
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Concretely, these linearizations are given by
Lex - (5€o¢7 6yaa 57) = (31a[5§a7 63/(17 67}7 j;a [6€a7 5yom 67]7 J3 [6§a; 53/(17 57}) y
Leh (5§a7 Yo, 57) = (jla [(Sfaa Yo, 6'7} [6£a> 0Yas 57] [(sfou 0Yas 5'7}) )

where the integral operators are

Jla[5§a,5ya,5’7 n_l / 6ya$7
35, (660, 8o 7] = / b — (1= e+ 7}
l

T3al06a; 8yas 07] = = / e L5 — (n = 1)oya + 57} <

s d§
33[650475?/&7 57} = 25\/@ Za pa(sya ?

Lemma 11.2.1. The operator norms of the Fréchet derivatives are bounded by

4n 4n
ex||X—>X_\[ and ||£/sh||X—>X_\[

Hence if ¢ > 1612, then the operators Loy : X — X and L4, : X — X are contractions.

14

Proof. We estimate || £ex ||x—x. Let (064, 0Yo, 0) € Xbe given, and set M = ||(d€n, 0Ya, ) ||x
so that for all s > /, one has

[0a(s) < M, [0ya(s)] < \[ [0y(s)| < Mss.
Then w14 = J14[080, 0Ya, 0] satisfies
© d¢  4(n-1)
o <2n—-1)M — = ——M.
[wia(s)] (n—1) /[ c3/2 N

For wj,,(s) = 35 [6¢w, 0Ya, 0], we have
) d
lwy (s)] < M/ 6“2*32)/2{1 +(n—1)s 24} de
¢ S

Since¢ > s > ¢ > 1, we have 1 + (n — 1)(71/2 < n < ng. So by Lemma 11.1.2, we find
that
2(n+1)

S

S
i (s)] < (n+1)M / o =5)/2 g < M.
Y

Hence for all s > /¢, we have
2(n+1)
slwi (s)] < 22—
Valu (s)] <

For ws,,(s) = J5, [0, 0Ya, 0], we have a similar estimate,

- d
|wae (8)] < M/ e g (n— 1) 2} S
° S

M.

IN

(n+ 1)M/ e(s2fg2)/2 d§

Sn—&—l
s

M.




RICCI SOLITONS, CONICAL SINGULARITIES, AND NONUNIQUENESS 45

Thus for all s > /, we have
n+1
Vi

Finally, we consider w3(s) = J3[0€n, 0Ya, 0], which satisfies

1 o0 Mdg an
S <2 [ Torey =

Vs |wae(s)] < M.

forall s > /.

Together these estimates imply that

4n—-1) 2(n+1) 4n dn
Vvt e

The same estimate holds for £,. It follows that both £., and £y, are contractions if

£ > 16n2. /4

| Lexlx—x < max{

Lemma 11.2.2. Assume { > 16n2.

For all (€40 Yae,Ye) € R® in a small neighborhood of (0,0,0,0,0), there is a unique
orbit (£, Yo, 7) € X of the soliton flow with A = +1 for which

§all) = &arey Yall) =Ya, Y(0) =1
The solution (§, Yo,y) € X is a real-analytic function of the parameters (o ¢, Yo, Ve)-

For all (£,.0,7v¢) € R? in a small neighborhood of (0,0,0), there is a unique orbit
(€asYasy) € X of the soliton flow with A = —1 for which

§all) =&aw, () =10
The solutions ({4, Ya,y) € X again depend analytically on the parameters (&4 ¢, Vo).

Proof. In the first case, the solutions in question are solutions of

(gouyon'y) = 8ex(£a,fvya,€77€ | gouyon’Y)'

We have one solution, the tfes, given by (€4, ¥Ya,7v) = (0,0,0,0,0). Then the Implicit
Function Theorem on Banach Spaces, together with Lemma 11.2.1, immediately implies
the existence, uniqueness, and smooth dependence of solutions for small nonzero values
of the parameters.

The other case, where A = —1, deals with solutions of

(gavyaaq/) = Ssh(fa,b'}% | fomyomf}/)

We again have one solution, the tfes, given by (&4, ¥a,7y) = (0,0,0,0,0). As in the case
of expanders, the Implicit Function Theorem again applies. v/

12. EXPANDING SOLITONS

In this section, we consider expanders and thus assume that A = +1.
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12.1. Notation. It will be more natural to regard (£,(5), ya(s),7(s)) as an R°-valued
function of s. We will use lower-case boldface letters for vectors in R and also for R°-
valued functions. The solutions provided by Lemma 11.2.2 are functions x : [¢,00) — R®
that belong to the Banach space X, with

z(s) = (a(8), Ya(s),7(5)).
For any « € X, the limits

dof lim L(s)

s—00 8§

£2(x) E lim £a(s) and  K(x)
§—00
are by definition of X well-defined. Both £2° : X — R and K*° : X — R are bounded

linear functionals.

Lemma 11.2.2 provides a map = : U — X, where U C R? is a small neighborhood
of the origin, and where x(q) € X is the solution of the expander soliton equations that
passes through (¢, q) € R°. We denote the value of x(q) € X at s € [¢, 00| by

(z(q))(s) = z(s; q).
With this notation, we then have
z(l;q) = q.
When we need the components of x, we will also write

z(s;q) = (§a(5:0), Ya(559),7(s:9)).

12.2. Asymptotic slopes of expanding solitons. The quantities we are interested in
are

¢ (x(g) = lim &a(s; ),
in which g comes from the unstable manifold of the gf. More precisely, if
9= (a3, 7)) = (a5, 7)),
then we will show the following:
Lemma 12.2.1. One has
(79) Jim &a(s:q(5, 7)) = € (2(q(4. 1)) = ¢35+ 05 + €4 7)),

with ¢ as in (47).

Proof. We found in Lemma 10.1.2 that
q(j;T) = c3 j®3 (0) + 0(5%) + €(j, T).
We substitute this in « and expand using the Fréchet derivative of  : U — X to obtain
2(q(j,T)) = dz(0) - q(5,T) + O(llq(j, T)|I*)
= ¢y jdz(0) - &5 + 05" +€(j, 7))

For any vector v € R?, the function w = dz(0) - v € X is given by

w —:1:(911)‘

a9 =0’
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Because z(6v) is the solution of the soliton equations with x(¢; fv) = v, it follows that
w(s) is a solution of the linearized equation around the tfes with w(¢) = v. Since ®3 (s)
is such a solution, we have

(dz(0) - ®5) (5) = @5 (s)-
Therefore,
£ (dz(0) - ®F) = lim £, (@5 () = L

as we see from the asymptotics of ®J (s) at s = oo derived in § 6.5. The conclusion is

then that (79) does indeed hold. m

12.3. The difference of the asymptotic slopes. Expression (79) provides the depen-
dence of the asymptotic slopes &, (oc; j, T') on j. Unfortunately, the T' dependence in the
expressions we have thus far is contained in the error terms. To exhibit the T" dependence
of £4(00; 4, T), we must consider the difference & — &3 = x12(¢; 5, T).

Lemma 12.3.1. Assume ||{a |0, [|Yall1/2, [[7] -1 < €. Then
(80) 212(005, T) = Re™ " cos(QT' + ¢) + Re™*"e((, 5, T),

where R and ¢ are nearly constant, in the precise sense given by Lemma 10.2.1.

Proof. To simplify notation we occasionally write z12(s) and y12(s) for 212(s; j,T) and
yi2(s; 5, T).

The following arguments allow us to estimate the difference x12(0c0) — x12(f). We
begin by subtracting equations (74a) for £; and &s, obtaining

81) @12(s) = 2120 2IE VO T 4 (n— 14 &) {6*2 v s _ =27 v2(9) %}

= 2fin©O< {xme + (n =1+ &) (1 —e?Jiviz(s) %) }

Then we let s — oo to see that
d ds

219(00) = e 2 ST wi(9) {:13124 +(n— 1+ &) (1 — 2l T) }
In the following estimates, we use the facts that [|y,[[1/2 < € and [|{4 /0 < € < 1, which
imply in particular that
2e

> d¢ /°° ds 2
a(S)— = [Ya =75 < = Ya < —.
[ eI < lligs [ 555 < Sl < 2

We will also frequently use the calculus inequality |e* — 1| < (e — 1)|z| < 2|z| for
all |z| < 1. Finally, we will regularly use the assumption that ¢ is sufficiently large, for
example, to ensure that 8¢/ V/l < 1 (for which ¢ > 64 suffices).

We recall Lemma 11.1.2 and obtain

fe12(00) — 21a(0)] <[5 IO 1] fara(0)

F(n— 1+ &) ST OIS |1 — g2 )7 vals)

<0l +n(1+5) 4 [ ol

and hence

(52) [212(00) — 212(6)] < %mz(m + %nyunl/z.
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It also follows from (81) by a very similar computation that

8e 16n
(53) lzizllo < (14 7 )lzi2(0] + el

holds. We note that the constant A never entered this part of our derivation, so that
estimate (83) holds not only here but also for solutions of the shrinker equations, in which
A = —1 rather than A = +1.

To get an analogous estimate for 72, we subtract equations (74b) with o = 1, 2, which
leads to

2_ g2 s 2_g2 d§
yiz(s) = el Py (0) + / e a15(6) + (9() =+ Dyra()}
¢

and thus
2 .2
Vslyra(s)] < Ve T2 y1a(0)|

8 _ l‘12||0 n—1 1
+s [ e 32)/2{H—+ + - —=}d.
\[/Z c 372 ly12ll1/2 + 7]l 1Hy12H1/2\ﬁ

Using ||7]|=1 < ¢, and also the fact that s — \/§6_52/2 is decreasing for s > % 2, one
finds that

2 2(n—1 2e
I P R P e e P A P

The bounds (83) and (84) together imply the following improved bounds:

(85a) lz12]l0 < 2[x12(€)] + 32n|y12(0)],
16
(85b) ly12lli/2 < T\/Z|$12(4)| + 2V |y12(0)).

We combine these estimates with (82) to obtain

8e , 256n
Ve ooe

8e 64
< | —=4+—)|z12(0)| + 32n 0)].
(\/Z Z\/Z)' 12(0)] ly12(0)]
In the second step, we again used our assumption (introduced in § 11.1) that £ > 16n2.
The bound (86) holds for all orbits close to the tfes in the region s > £. To apply the
bound to the orbits coming out of the gf, we recall that in equation (67) of § 10, we found
that if 4, Yo,y are given by q(¢; 4, T'), then we have, in the case of expanders,

el = mereostar <o [0

Imﬂw)amwﬂé( )men+mexm

(86)

—AT _: —n4+1_—£%/2 6(2)
+ Re sin(QT + @) e [C;‘—&—J(f) .
Here R = R,(1 + €3(j,T)) and ¢ = ¢, + €4(j,T) are as in Lemma 10.2.1, and in
particular are close to the constants R, ¢, that only depend on the parameter a that
determines the size of the isolating block Q,,. The generic error terms () all are functions
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of ¢ that are bounded by 6(¢) = O(¢~2). Taking into account that for large ¢, we have
(7 H1e=0?/2 « §=2 e conclude that

215655, T) = Re™T (cos(UT + 6) + (4,5, 7))
y12(6:5,T)| < CL2Re™ AT,
Finally, we combine this with (86) to get (80). m

To complete the existence proof of expanding solitons with prescribed conical ends,
we consider the map

Eoo : (J7 T) = (6(00,], T)a le(OO;j7 T))7
whose domain is the rectangle

def

Rim = [—t, 1] ¥ C R2

mr — ¢a (Mm+ )7 — dg
Q Q

Recall that § = ) P2&,,.

Lemma 12.3.2. If¢ > 0 is large enough, a > 0 small enough, and . > 0 small enough,
then for all large enough m € N, the image o (R,,) contains an open neighborhood of
the origin in R,

Proof. The rectangle fR,,,, has four sides. Two of these are given by QT + ¢, = k7 with
k =m or k = m + 1. The other two are given by j = +..

On the sides where QT + ¢, = k7, we have
212(00; 5, ) = R(5, T)e™*" (cos(km + 6(j, T) = 6a) + € (5, 7))
= R(G,T)e™ T ((=1)" cos(6(j, T) = 6a) + € (5, 7))
= (-1FR(j, T)e " (1 + es(a, 5, T) + €5(4, T))-
By Lemma 10.2.1, we can choose a > 0 so small that |es(a, j,T')| < 1 for all |j| < ¢ and
T > T, If T is sufficiently large, we also have |e5(j, T')| < 1. So we see that z12(¢; j, T)

has the same sign as (—1)*. In particular, 15 is positive on one of the sides where T is
constant and negative on the other.

For the average £(j,T) of the asymptotic slopes, we see from (79) that

§o0i T) = 3 P2 a(0014,T) = e j + (5% + (4. 7).

[e3%

We assume now that ¢ is so small and 7T so large that the error term O(:2 + (¢, T)) is
smaller than C;L. Then on the edges of fR,,,, where j = 4, we have £ > 0if j =+ and
E<0ifj = —u.

These observations imply that Z.,|0R,,, maps into R? \ {0} with winding number
+1 and therefore that 2, (R, ) does indeed contain an open neighborhood of the origin.

m

This completes the proof of Theorem A.
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13. SHRINKING SOLITONS

We now turn to the case of shrinking solitons and so set A\ = —1. In this setting, the
orbits under the soliton flow g* starting from most points p = ({4, Ya, 7, £) near the tfes
do not continue for all ¢ > 0 and thus do not generate complete metrics with conical ends.
We saw in § 11 that the set of points p that do generate complete metrics form a smooth
submanifold T of R® x {¢} of codimension two. (See below for the precise definition of
T.) On the other hand, the orbits coming from gf form a two-dimensional submanifold
of R x {¢}. In this section, we construct shrinking solitons by finding intersections of

W (gf) and Y.

13.1. Boundary conditions at s = ¢ for conical ends. Lemma 11.2.2 provides us with
a real-analytic map = : U — X from a small neighborhood U C R? of the origin into the
solution space X such that for each (&1 ¢,&2,0,7¢) € U, the function x(s; &1 ¢, 2.0, Ye) is
a solution of the soliton equations with initial values at s = ¢ given by

x(0;€1,0,62,0,70) = (€16, 62,0, Y1 (€10, 62,05 7e), Y2 (€10, €2,0,7e), Ye)-

Moreover, these are the only initial values in U that correspond to some solution € X
of the soliton equations with the prescribed values at s = £ and with ||z ||x < e. We write

T ={x(l;n 0, ve) : (Eaerve) € UL

for the set of initial values at s = ¢ that generate a conical end. We have just argued that
YT C RS is a real-analytic submanifold that contains the origin. It follows directly from
the construction of Y that it is a graph over the (&1, &2, 7) subspace of R?, i.e., that it is
given by equations of the form

(87) yoc(é) = Ya(gl,fvéé,[v’y)'

To construct shrinking solitons, we must now see which points
q(t;5,T) = (€a(65,T),ya (6 5,T),v(6;5,T))
coming from the unstable manifold of the gf satisfy (87).
13.2. Estimating Y,,. One could approximate Y, ({,,y) for small £, v by using the vari-
ational equation and analyzing the asymptotics of the fundamental solutions we have

already obtained. Alternatively, one can use the integral equations (75) that describe
(a0, 7ve). We use the latter approach to prove the following:

Lemma 13.2.1. If[£a|lo, [[yall1/2, [|7]]=1 < € with € small and { large enough, then

4 5
(88) max Yo (§1,0,62,0,70)| < 55 max [€a el + 55 [vel-
a 0?2 ¢

Proof. The assumption that ||y ||1/2 < € implies that

[ 0 < Sl <
; Ya _\/Zya 1/2 >

S

2¢

NG

We will also use the fact that for any real number || < 1, one has [e* — 1| < (e—1)|z| <
2|z|. The integral equation (75a) implies that

4(n —
eae] + X

1
[€allo < (1+ \/Z)”yanl/Q'

8e
)
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For y,, we recall Lemma 11.1.2 and thus conclude from the integral equation (75b) that

s o dg
Hyalh/zﬁsg];;x/é/ o]+ (1= Dyl + (14 )]} &
s> s

§2_c2 1 n—1
<sup s | el <)/2{f||5auo+3—/2||ya||1/2+2||7||71}d<

*63/2”5“”0+ IIya||1/2+\/Hvll -

Finally, for v, we have

bl | [ s
o< 5 [ S slusl2+ws) 5
B

< el > dg
< Dt snme [ lslya 555
Dyl | 2n
=7 + 7 maXHyﬁHlm
By combining the inequalities for ||y ||1 /2 and ||y|| -1, we get
1 -1 2
maX ||ya||1/2 =~ 63/2 max ||§o¢||0 + T max ||ya||1/2 + W + — Hlo?X ||ya||1/2

n—1
= m{mgx €allo + 2lvel} + T max [Yall1/2-

For sufficiently large ¢, we have 5’251 < % and hence

2 4
max 1Yalli2 < B2 max l€allo + WWL

Applying this to our inequality for ||,

0, We arrive at

n—1)
/2

8e 8 16(n —1
mase € o < (1+ 0 ) gl + 00Dy,

Ve

For sufficiently large ¢, we can again remove the term with ||, ||o on the right and estimate

32n
(59) max allo < 2max Ea.el + el

max ||€q o +
«

Going back to [|ya ||1 /2, We conclude that for large enough /, one has

4 5
m3X||ya||1/2 < VEe] m3X|§a,€| + WWL
Because |V, | < £71/2||y, [|1/2, this implies (88). VA
13.3. Estimating the difference Y; — Y5. The approximations we have for Y7 and Y5

are identical, and differ only in the error terms. As in the case of expanders, we can find
a better estimate for the difference Y12 = Y7 — Y5 in terms of the difference &1 — &2 .

Lemma 13.3.1. If[|$a |0, [[yalli/2, 7] -1 < €, with € small and ¢ large enough, then

(90) 1Y1(&1,e5 €20, 7e) — Yo (€16, €20, 7e) 1,6 — &2,0]-

<o
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Proof. In (83), we found an initial estimate for ||x12
one has

0, namely that for ¢ large enough,

8e 16n
Izizllo < (1+ 72 )01+ 2 el

In the case of shrinkers, we subtract equations (75) for y1, y2, which yields the integral
equation

(91) y1a(s) = / b e /20015 (6) + (7(s) — n + Dya(s) %

Assuming as above that ||, [|o, |ya|l1/2: [|[7]| -1 < €, this integral equation for 1 implies
that

o0 o ) d§
ly12(s)| < / e §2)/2{||5012H0 +(n— 1+ €5)llyizll1/26 1/2} -

s
< Sllwnallo + 2 lyrallye + =g lvizle:
<2 72 2t gl
Hence,
1 n—1 €
ly12ll1/2 = sup Vslyr2(s)| < Wﬂxu\\o + 7”2/12”1/2 + z||y12H1/2-

If £ is large enough to ensure that (n — 1)/~2 + e/~! < % then we get

2
lyi2ll1/2 < WHSUHH(L

We already have (83), which combined with our new estimate for ||y;2||; /2 implies that

[#12[l0 < (1 + %) |[z12(0)] + 38272””5512”0
For large enough /, this leads to
[z12ll0 < 2[x12(£)],
and hence also yields
lazllje < garglena(O
Because |Y12(€1.0,&2.0, 7¢)| < 571/2”?/12”1/2, estimate (90) follows. VA

13.4. Matching q(¢;j,T) and Y. We now consider the map
:(_] T) _ y(gajv T) - Y(ga(&j,T)afY(&]»T))
’ le(&jvT) _YIQ(&X(Z;jaT)a’Y(&jaT))
_mn

Since y = SLy1 + %yg and Y12 = y1 — Yo, while the functions Y; and Y, satisfy similar
relations, the equations

y1(65,T) = Y1(&a(l;5,T),7(¢:4,T)),
y2(0;5,T) = Yo (Ea(6;5,T),7(4;5,T)),

that determine which points q(¢; j, T') belong to Y are equivalent to the equation Z(j,T") =
0.

To evaluate the terms in this map, we revisit the approximations we found for q(¢; j, T)
in the context of shrinking solitons. It follows from Lemma 10.1.2 that

(4, T) = c; j®5 () + 5°B(j) + E(j, T),
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where B(j) is bounded as j — 0, and E(j,T) — 0 uniformly in j as ' — occ. Using the

asymptotic expansion (43) of @, (¢) for large values of ¢, we find that

(92a) £(:5,T) = Ce(0)j07" " /2 4 be(5)52 + (4, T),
(92b) Y(6:5,T) = Cy (050717 1 by ()52 + €, (7. T),
(92¢) Y(6:4,T) = Oy (007" 2 +b,(7)52 + &, (G, T).

Here, b¢, by, b, and €¢, €, €, are the components of B(j) and E(j,T), respectively. As
¢ — o0, the coefficients C¢ (), Cy(¢), and C(¢) are related to the constants in the ex-
pansion (43) of ®; (¢) by

Ce(l) = Ceoo +O(7?),  Cyl) = Cyuoa +O(L7?),  Cy(0) = Cy 00 + O(L72),
in which none of the constants C¢ o, Cy,0, and Cy o vanish.

From equation (67) for the difference variables, we know that at q(¢; j, T'), one has
(93a) 212 = CR(j, T)e AT~ 1" /2 [6in(OT + ¢) + €(£, §, T)},
(93b) y12 = CR(j, T)e ATe= "+l 2 {sin(QT + ¢) + (£, 5,T) }.

As in the case of expanding solitons, we consider a sequence of rectangles and compute
the degree of the map = on these rectangles. Speciﬁcally, we consider the domains

(m_f) ¢a ( )7r_¢a
Q ’ Q

Lemma 13.4.1. If¢ > 0 is small enough, then = maps OR},, into R? \ {(0,0)} with
winding number +1 for each large enough m € N.

R, = [—t, 1] ¥

Proof. We first consider the sides of R}, on which |j| = ¢. Since we assume ¢ is small
enough, we may assume that

(04 B < 5 min{Conely 1Cy ol 105 e 712

By (92), it then follows that for all j € [—¢, ¢], one has

) (63, T)] 2 1G5 maxe, (. 7).

For j = +¢, we find that
1
[y(t: %0, T)| = 71y oozl e )?

if T is large enough, because €, (j,T) — 0 uniformly in j € [—¢,¢] as T — oc.

It also follows from our expression (92b) for y(¢; j, T) that y(¢; +¢, T') have opposite
signs once 7' is large enough, assuming that ¢ > 0 is so small that (94) holds.

According to (88), we further have

. . C . .
Y (6l T)9(6 5, T < 55 (max |6 (63,7 + (63,7
Using assumption (94) again, we find that

Y O+, T 0T )| < Cr—n=3e8/2,,
¥ (a6 7). (650, 7) )|
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The constants C' and Cy o, do not depend on ¢, ¢, or T'. So we may assume that £ is
so large that C¢=2 < 1|Cy «|. This lets us conclude that for {, = &, (¢;+¢,T) and
v = v(4; £¢,T), one has

1 .
(96) ly(6 4, T) =Y (€a, )| = Z1C ool 2 e (£0,T) > 0

for all large enough T'. Since |Y| is smaller than |y(¢; ¢, T)| if T is large enough, the signs
of y(¢;£¢,T) and y(¢; £¢,T) — Y (&4,7) coincide, and hence the terms y(¢; +¢,T) —
Y (&q,y) and y(¢; —¢, T) — Y (€4, ) have opposite signs.

We now consider the sides of 90R?,, where T' = T'% is constant, i.e., where

1
QT%E: (mi2>ﬂ'—¢a.

Here we have, because of (93),
w12(6:5, Ti) = CR(G, T )eATn b1 2 {(=1)" cos((4, Tik) — ¢a) + €(£,5, TiE) }.
y12(6:5.TE) = OR(, TH)eATm L 2 (1) cos(9(7, Th) — ba) + €(£,5, TE) }.

We recall that Lemma 10.2.1 implies that we can choose @ > 0 small enough in § 9.5 so
that cos(¢(j, T) — ¢q) > 5 forall j € [—¢,:] and for all large enough m € N. We have
also shown in Lemma 13.3.1 that

|Y12(€a(€7]7T7:rE)57(€7]7 ))| = £2 |3312 f ja )

)

so that we have
. . . . 4 .
[12(6:5, T2) = Yi2(€al6 5, Tn), 763, T)) | 2 2 (65, Tl = g5 1212(6:5, T3]
2 C
> A ATE jond1 022 _ +
> CR TR 22 E 5, )

Since €(¢; 7, T:E) — 0 as m — oo, and since we may assume that 5 — % > %, it follows

that for all large enough m, one has
1
‘y12(€; ja Ti) - Y12(§a (& j7 Tnf)? ’7(& j7 Ti))| > 7CR(‘7u Tniq)eATig_n-i_leZZ/Q >0

for j € [—¢, ], while y12(4; , Ti) — Yi2(¢; 3, T,F ) and y12(¢; 4, T, ) — Yi2(¢; 5, T}, ) have
opposite signs.

It follows from these considerations that Z(j,T") # 0 for all (§,T) € OR},,,. Moreover,
by checking the signs of the coordinates of Z(j,T) on opposite sides of the rectangle
OfR},,, one sees that = has winding number 1. The final conclusion is that there exist
(4m, Tm) € RS, such that =(jy,, Tr,) = 0, and thus that the orbit {g'q(jm, Tim) | t € R}
is complete and yields a soliton metric with a good fill compactification at s = 0 and a

conical end at s = oco. /A

At this point we have proved the existence claim in Theorem B, and we only have to
prove that the asymptotic apertures z,, ,(00) converge to those of the Ricci-flat cone as
m — oo. This is the content of the following Lemma.

Lemma 13.4.2. We have

lim j,, =0, lim T, =

m—r oo m—ro0
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and hence

m

Proof. By definition of R}, we have T, = & + O(1) as m — oo, so T3, — oo. Since

Lm>

\ jm| <, we may assume that, after passing to a subsequence, j,,, — j« for some j, €
[—t,t]. We will show that j. = 0 is the only possible limit and hence that the whole
sequence j,, converges to zero.

It follows from (93) that z12(¢; jim, Trn) — 0 and y12(¢; jm, Trm) — 0.

For the averaged variables, we have
E; Gimy Tin) = €655 5u,00), Y4 s Tin) = (655 G, 00)s V(&5 Jims Tin) —> ¥ (65, G, 00).
For all m, we have
So averaging over « and taking the limit as m — oo, we get

Y(l; juy 00) = Y (E(; i, 00), £(£; i, 00), V(£ i, 00) ).
Passing to the limit 7" — oo in (95), we get
: 1 n 29 .

(97) [y (£; Ju, 00)| > §|Cy700|£ et /2|]*|~

On the other hand, it follows from (88) that

4
(98) ’Y(f(&j*, oo),é(f;j*,oo),*y(g;j*,oo)ﬂ < ﬁ|£(€§j*a 00)| + %h(&j*,oo)\.

To bound the right-hand side, we let T — oo in (92). As T — oo, both €(j,T) and
€+(j, T') vanish, so that

|E(6; Gy 00)] < [Ce(O)10 12 4| + e ()] i),
V(8 s 00)| < |C ()16 2 G| + [y ()] 1]

The hypothesis (94) combined with the facts that C¢ (¢) — C¢ o and C(¢) — C, » for
¢ — oo allow us to bound the right-hand sides here as follows:

. —n— g2 .
|(; Gy 00)] < 2| C ool ™ e ],
. —_n— 2 .
V(6 i, 00)| < 2/Cy ol e /2]
Applying this to (98), we find that
. . . —_n— 2 .
Y (£(6; 5, 00), £(6; i, 00),7(£; i, 00)) | < CLT73eE/2|j, .

We combine this upper bound for |Y'(- - - )| with the lower bound (97) we have for |y(- - - )|
to obtain

1
§|C ,w|€—n+1622/2|j*‘ < Cg_n_3€£2/2|j*|.
The constants C' and Cy, o, do not depend on ¢, so we may assume one more time that ¢
is so large that
%‘Cy,oo ‘€7n+1622/2 > C€7n73652/2’
which then implies j, = 0, as claimed.

At this point, we have shown that T;,, — oo and j,,, — 0. It follows that &, (¢; jim, Trm) —
0 and y(4; jm, Tm) — 0 as m — oo. The upper bound (88) for Y, further implies that
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Yo (; Jm, Tm) — 0 as m — oo. Next, we apply the upper bound (89) to conclude that
€a(8;m, Tm) — Ouniformly in s > ¢, which proves the last claim in the Lemma, namely
that &, (00; Jm, Tm) — 0 as m — co. m

This completes the proof of Theorem B.

14. CONSTRUCTING RICCI FLOW SPACETIMES

14.1. Ricci flows from solitons. We have constructed Ricci solitons (G, X, A) on the
manifold (0, 00) x M, where M = 8P* x 8P2 and where the expansion factoris A € {£1}.
The metric and soliton vector field are of the form

G = (ds)* + s% g (s) and X=f(s)=

where

and where z,,(s) are solutions of the soliton equations (11a)—(11d).

Given such a soliton, there exists a family of diffeomorphisms ¢ : (0,00) x M —
(0, 00) x M defined for A\t > 0 and generated by the time dependent vector field (2\t) "1 X.
Thus £ ¢ (p) = (2A) 71X (¢ (p)) forall t > 0if A = +1 or t < 0if A = —1; moreover,
#1/2x = idy. Then the time-dependent family of metrics g(t) given by

g(t) =2t ¢;(G)

evolves by Ricci flow. See [Cetal07, § 1.1] with A = 2e.

14.2. Properties of the soliton vector field. The form of the soliton vector field X =
f(s)0s allows us to write the diffeomorphisms ¢, as

ef 1
Ou(s,w) = (Son (s)w) . 0(1) < 7 log 2,
where {Sp | 6 € R} is the flow on [0, 00) obtained by solving
(99) 8529(5) = f(Ss(s)), withinitial condition Sp(s) = s.

Lemma 14.2.1.

(1) f is an odd real-analytic function of s. In particular, f(0) = 0.
(2) Forany N € N there exist Koo, K1, Ko, ..., Kn € R such that

K K
(100) £(s) :—As+Koo+?1+-~-+s—ij+o(s—N—1), (s — 00).

The expansion may be differentiated indefinitely.

(3) There exists a largest so > 0 such that f(so) = 0.

(4) The flow Sy(s) is defined for all s > 0 and 6 € R.

(5) The interval [0, o) is invariant under the flow Sp; i.e., Sp([0, so]) = [0, so] for all
0 R

(6) Foreach s € (sg,0), one has Sg(s) — 0o as A0 — —o0.
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Proof. Statement (1) follows from Lemma 5.1.1 on the unstable manifold of the Good Fill
fixed points and the relation v(s) = I'(s) +n = sf(s) + As? — 3 Pa¥as see (10).
Indeed, Lemma 5.1.1 implies that v(s) and y, (s) are real-analytic functions of s2, so that
f(s) must be an odd function of s.

(2) follows from the asymptotic expansion (73) of I'(s) = ~(s) — n for large s, and the
relation between I and f.

Statement (2) directly implies (3). It may well be that so = 0 for the solitons that we
construct here. However, we did not see an easy argument that would prove this.

(4) follows from the fact that f(0) = 0, and that f(s) grows linearly for large s.
(5) holds because f(0) = f(sg) = 0.

(6) follows from the asymptotic expansion in (2), which implies that Af(s) > 0 for all
s> Sp. /A

14.3. Convergence of the evolving metrics as t — 0. The evolving metrics g(¢) on
(0,00) x M are given by

(101) g(t) = QAt(Sé(t)(S))Z(dS)Q + 2/\t(56(t)(S))QQM(SG(t)(S))'

The form of this metric simplifies if we introduce a different coordinate. For each ¢ with
At > 0, we define a diffeomorphism g; : [0, 00) — [0, c0) by setting

0:(5) = V2t Sp()(s).
In terms of 7 = g;(s), we have dr = V2AtS) ;) (s)ds, and thus
t) = x idn) " (g(t)), where g(t) = (dr)? + r? (T>
g(t) = (0 x idar) " (3(t)) 9(1) = (dr)* + g | o
The metrics §(t) are defined on {(r,w;,ws2) € R x 81 x 8P2 | r > 0}.
Since x4 (8) — T as s — 00, we have

-1 -1
g (s) = p17 gsr1 + pQ,
Z1 Z2

gsrz, (5 - 00)7

so that the metrics §(t) converge smoothly on (0,00) x 8P x 8”2 to a cone metric as
in (6),

_ —1 -1
3(t) = G = (@) 407 | Be—gsn + Bgg | (A \0).
1 2

To construct a global Ricci flow spacetime, we show that the metrics g(t) themselves
converge. This will follow from the convergence of g;(s) as A\t \ 0.

Lemma 14.3.1. The limit

Altlglo 0:(s) = 00(s)

exists for all s > 0. The convergence is uniform for s > 0, and in C}\. for s > sg. For all
s € [0, sp], we have g;(s) — 0.
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Proof. We have v/2\t = e*?, which implies that g;(s) = e*?Sp(s).

Since the smooth function f is bounded on any compact interval [0, s1], the large-s
asymptotic expansion (100) for f(s) implies that for all s > 0, we have

|f(s)+As| <C
for some C' > 0. Hence
d

—eM8y(s)

= = e |ASi(s) + F(Sa(s)]| < Ce.

Integrating this, we find that e*? Sy(s) converges as A0 — —oo, and that if e*? Sy(s) —
00(s), then

|6)\9S9(5) —o00(s)] < Cer = VXt
for all s > 0 and At > 0. We have shown that e*? Sp(s) converges uniformly.

If0 < s < s then 0 < Sy(s) < s¢ so that e*? Sp(s) — 0 uniformly. This implies that
00(s) =0forall s € [0, s0).

Finally, we show that g,(s) converges in C. in the region (sg,00). Let s > s¢ be

given. Then Sy(s) > s for all A < 0. Integrating the differential equation - Sp(s) =

f(Se(s)), we find that
So(s) ¢
0= —.
/s f()

We differentiate with respect to s to get

sis) 1 o (Sols)
TSels) o) 0 T S = T
Hence
€>\9 S
O I
_ 250 o)+ £(So(s))
fis) " fls el

Since f(S) + AS is uniformly bounded and e*? Sy(s) converges uniformly as A — —oc,
we conclude that

20(s)

f(s)

uniformly for s > sy, for any s; > sg. This proves local C'!' convergence of o;(s).

01(8) = —A

To get local C? convergence, we differentiate again and use Sj(s) = f(Sy(s))/f(s)
to find that
F/(So(s)Sp(s) _ F(Sa()/(s) _ £(Sols))
Sy (s) = — = F(Se(s)) — f(s)}.
As A — —oo, we have Sy(s) — oo, and thus f/(Sg(s)) — —A by part (2) of Lemma 14.2.1.
We already have shown that e*? f(Sp(s)) — —Aoo(s). It follows that o} (s) = e*? S} (s)
also converges uniformly as At \, 0 for s > s1, for any s1 > sp.

By repeating these arguments, one proves that all higher derivatives d? g;(s) also con-
verge locally uniformly for s > sg. m
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14.4. Gluing solitons. For a given shrinking soliton (G_,X_) with X_ = f_(s)0s, we
define an ancient spacetime (Q_,t_, 0, g_ ), where

Q_ = (—00,0) x RP1T1 5 g2,

and where t_ is the projection on the first factor (—oo, 0), with 0; determined by d¢t = 1
and the requirement that the projection of d; on the second factor RP*+1 x §P2 vanishes.
The metric g_(t) on {t} x (RP**1\ {0}) x 87> is given by g(t) = v=2t¢* ,(G).
Since our soliton metric satisfies the Good Fill boundary condition, these metrics extend
to smooth metrics on the spacelike timeslice t_*(t) = {t} x RP11 x 872 for each ¢ < 0.

Let s_ be the largest s € [0, 00) with f_(s_) = 0, and define
e = (R’““ \ B{;Ifl) x 872 = (5_,00) x 8P' x 8P2,

Then Lemma 14.3.1 implies that the metrics g_ (¢) converge smoothly to a metric g_(0)
on &_ast / 0. Moreover, there is a smooth isometry ®_ from (€_,g_(0)) to the
cone metric G on (0,00) x 8Pt x 8P2 given by (6). It follows that the ancient spacetime
(Q_,t_, 0, g—(t)) extends to a Ricci flow spacetime-with-boundary (Q_,t_, 9, g_(t)),
in which

O_=0Q_U00_, 90 ={0}xE_.

We repeat the same construction for our expanding soliton (G, X, ), this time ob-
taining a future spacetime (Q, t+, , g+ ), with Q4 = (0,00) x RP1+1 x 8P2_ in which
ty is again projection on the first component, and 0y is determined by the same con-
ditions as in the case of shrinkers. Let s be the largest s > 0 for which f;(s) = 0,
and define £ = (s4,00) X 8P x 8P2. The metrics g, (t) = V2t ¢7 (G4) converge
smoothly on €1 ast N\, 0, which allows us to extend the spacetime to include a boundary
004 = {0} x &;. We again have a smooth isometry @ from (€, ¢+ (0)) to a cone
metric.

Since we have chosen the two solitons so that their asymptotic cones have the same
apertures, it follows that the isometry ® is with the same cone (6) as the isometry ¢ _.
Therefore one can glue the two spacetimes (24, t1, d, g+ ) into a larger spacetime M =
Q_ Ugp, Q4 by identifying the two boundary components 92 via the isometries ®..,
and by choosing the differentiable structure on Q. Ug, Q4 so that the vector field J;
is smooth across the common boundary at t = 0. The two metrics g+ together induce a
smooth quadratic form §(¢) on the tangent space to each spacelike timeslice t7 ' (¢). This
metric g is a smooth solution of Ricci flow on the (incomplete) manifold M in the precise
sense that £y, § = —2 Rc[g]. Hence M is a Ricci flow spacetime.

14.5. Solutions with changing topology. A minor variation on the preceding con-
struction leads us to Ricci flow spacetimes whose time slices change topology at t = 0.
Namely, one can exchange the order of the factors 8P* x 8?2 for ¢ > 0 while keeping the
same cone aperture to obtain the change in topology claimed in the Main Theorem, and
also Theorem C. This completes our construction of Ricci flow spacetimes.

14.6. Maximality of the glued spacetime. Theorem C and our Main Theorem claim
that the spacetimes we construct are maximal. To show this, suppose (M, t,0¢, g) is an
extension of one of the Ricci flow spacetimes (M, t, 0, g) we construct above. Consider
the spacetime metric g = (dt)? + g, which is canonically associated to a Ricci flow space-
time, and let M* and M* be the metric space completions of M and M with respect to the
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spacetime metric g. Since M C M, we get a natural inclusion M* C M*. It follows from
our construction that M* is the one-point compactification of M that adds the vertex V'
of the cone at time t = 0.

If M g M, then the closure of M in M contains at least one point v ¢ M. This point
must be a limit in M of a sequence of points v; € M. The sequence v; is a Cauchy sequence
for the spacetime metric g on M, and hence also a Cauchy sequence in M. Therefore v;
either converges to a point in M, which is impossible because then v = lim v; would
belong to M, or the sequence converges to the vertex V in the metric completion M*.
The sectional curvatures of the metric g on the time slice t~1(0) are unbounded near
the vertex V (see Appendix A.2). It follows that the sectional curvatures of M are also
unbounded near the point v, which contradicts the assumption that M is a smooth Ricci
flow spacetime.

This completes the proof of Theorem C.

APPENDIX A. DOUBLY-WARPED PRODUCT GEOMETRIES

A.1. The general case. Itis well known (see, e.g., [Pet16]) that all curvatures of a doubly-
warped product metric

9= (ds)* + ¢F gsm + 3 gses
on R, x 8P' x 8P2 are convex linear combinations of the five sectional curvatures®

1- 90(2x,s _‘Pa,ss

¥1,5P2,s
B} y  Ra2 = , Rignp=———.
Pa Pa P1p2
We note that the functions k4 1 (o € {1,2}) are the sectional curvatures of orthonormal
planes tangent to 8. The functions k2 are the sectional curvatures of orthonormal
planes spanned by % and vectors tangent to 8?~. And k12 ; is the sectional curvature of
a plane spanned by one vector tangent to 8P* and one tangent to SP2.

Ra,1 =

)

It follows easily that the Ricci tensor of such a metric is given by
Re = {Pll‘él,z +P2/€2,2}(d3)2
+ {k12 4 (p1 — 1)k1,1 + p2k121 }pigsm
+ {k22 + (p2 — k2 +p1/‘612,1}90§95132'

Now let X = f(s) 2 denote the gradient of a potential function F(s). Applying the
general formula

(Lxg)(Vi, Vo) = X{g(V1,Va) } + 9(Vi, X, V2) + g(Vi, Vi, X)
for the Lie derivative of a covariant 2-tensor to this special case, one sees that
Lxg = 2f5(d8)2 + 2f§01§0175 gsr1 + 2f<p2g02,3 gspa .
In the main body of this work, we apply the equations above to the soliton condition
—2Re[g] = 2Mg + Lx9,
were A € {—1,0,+1} controls the rescaling of the soliton.’
80ur notation here is as follows: the first parameter denotes the spherical factor(s) involved, while the

second indicates the highest-order derivative that appears.
9Compare to equation (1.8) of [Cetal07], with € = 2.



RICCI SOLITONS, CONICAL SINGULARITIES, AND NONUNIQUENESS 61

A.2. Cones. In the case of a cone metric,

p1—1 pa—1
P1 =8\ ——— and P2 =54 ——
1 L2
with asymptotic apertures 1, T2, the sectional curvature k12 is given by
1
K121 = ——.
12,1 2
In particular, the norm of the curvature tensor of the cone becomes unbounded as s ™\ 0.

APPENDIX B. A REPRESENTATION AS A MECHANICAL SYSTEM ON R

As a curiosity, we observe that our assumption that p, > 2 allows us to define

du du
_ 1 _ 1 2
ua*10g<po¢_§ln(pa_1)a a€{1a2}a and U*f—plg—]?25~
In these variables, the differential equations (8) become

(102a) flg = Vil + €724 £\, ac{l1,2},

(102b) b = prif + patis — .

These equations can be interpreted as a mechanical system in which s is “time” and where
(in this section only) we write s-derivatives as fluxions. In this interpretation, u; and us
are the coordinates of two unit-mass particles on the real line that are each subject to
a force field given by F(u) = e~2* + ), and whose motion is subject to friction with
friction coefficient v. The only unusual aspect of this system from the point of view of
mechanics is that the friction coefficient v can be either positive or negative, and that it
is itself a function of time that satisfies an oDE.

The derivation of the equations for w1, ug, v from (8) is a simple calculus exercise. Even
though it appears simpler than the original equations (8), we will not use the mechanical
system (102) in this paper. It does however make several cameo appearances. For ex-
ample, the Ivey invariant for the stationary soliton flow can be interpreted as the energy
dissipation in the mechanical system. Indeed, if A = 0, then any solution of (102) satisfies

div?
AP o) 4 2203 e} =i = 2
which implies that the quantity I = py (43 + e~ 2%1) + po(u3 + e~ 2%2) — v? is preserved
along solutions of (102). Similarly, the non-obvious Lyapunov function W in Gastel and
Kronz’ construction of the Bohm soliton (see § 7.1) can be interpreted as Kinetic+Potential
Energy for a renormalized version of the mechanical system (102).

APPENDIX C. AN ESTIMATE FOR ORBITS NEAR A HYPERBOLIC FIXED POINT

C.1. A model nonlinear system. Consider a system

(103) ¥ =-A_x_ + B_(1)x, #', = Ayxy + By (o),

where z = (z_,7;) € RF- x R¥+ where A_ : RF- — RF- A, : R¥+ — RF+ are
constant linear maps, and where By are smooth functions on some neighborhood of the

origin in R*- %+ such that B_(x) is a linear map from R*-**+ to R¥- and B, (z) isa
linear map from R*- %+ to R¥+. We assume furthermore that B (0) = 0.
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The origin (0, 0) is a fixed point for our system (103). The linearization of this system
at the origin has the matrix
-A_ 0
T oa)

We make one more assumption, namely that the eigenvalues of both A all have strictly
positive real parts.

C.2. An Analysis Lemma. There is a constant C' € R that only depends on the matrices
AL and the nonlinear functions By, such that for all T > 0 and for any solution = :
[0, T] — R*=F+ of (103) such that supg< < ||z(t)|| is sufficiently small, one has

lz(@)]| < Cle +e ") sup |[|l=(t)]|
0<t<T

and

T
[ lz@la<c s juo].
0 0<t<T

Proof. Briefly, we use a Gronwall-type argument to establish an exponential upper bound
for ||z(¢)|| in the interval [0, 7], and then integrate this upper bound to get the claimed
estimate.

There is a 0 > 0 such that all eigenvalues p of A4 and A_ satisfy Re o > §. Further-
more, there is a constant C'4 > 0 such that

le 4% || < Cae™

holds for all ¢ > 0. Applying the variation of constants formula to the system (103), we
find that on the interval [0, T, both = and z_ are given by

z_(t) = e -2_(0) —I—/O e~ =)A= B_(x(s))x(s)ds,

zy(t) = e T4 (T) —/t e~ DA B (2(s))z(s) ds.

Since B (0) = 0, there is a constant Cz > 0 such that || By (z)|| < Cp||x|| holds for all
sufficiently small . Thus we get

t
lz—(®)]| < Cae™*[lz—(0)]] +CACB/ e~ |(s)||? ds,
0

T
lz+ (0)]] < Cae™®T D |l (T)]| + CACB/ eI a(s)]* ds.
t

For K to be fixed below, we may assume that ||z(s)|| < K for all s € [0, 7], whence we
get

t
|- ()] < CaKe " + CaCpK / =207 | (s)]| ds,
0

T
o+ (O] £ Cake T4 a0k [ e a(s) s
t
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After adding these two inequalities, we find there exists Cy = Cy(C4, Cp) such that that
for all ¢ € [0, T, one has

(104) l@) < [l @O + llz+ @]l

T
< Cok (€7 + 7 0T9) 4 oK / e 1z (s)]| ds.
0

If we define
1T
olt) = g5 [ e ats) s,

then since G(t) = (20) eIl is the Green’s function for —% + 42, the quantity p
satisfies

—p"(t) +8%p(t) = |2 (t)]|
for all t € (0,T). We can therefore rewrite the integral inequality (104) as

(105) = p"(t) + (6% = 20CoK)p(t) < Co(e™® +e°T=1)  (0<t<T).

Moreover, we have the boundary conditions

<MM@:1/Zwaw<Ka—ﬂﬁaMpm<Ku—ﬂU
2 J, = 252 = 252 '

For any constant M, the function p(t) = M(e_675 + e_G(T_t)) satisfies p = €°p, so
that

—p"(t) + (6° = 20CoK)p = (6° — 26Co K — €*)p.
If we now choose K small enough that 2Cy K < %5 and then choose ¢ = %(5, we have
62 — 20CK — > > %(52 — = %52.

So the function p becomes a supersolution of the boundary-value problem (105, 106) pro-
vided that M = C7 K, where C; is a constant that depends on J, ¢, and Cy. By the
maximum principle, we conclude that p < p, and thus that

p(t) < C1K (e " + e_e(T_t)).
Applying this to (104) and using the fact that € < §, we find

6—5t +e—6(T—t) < o€t _’_e—e(T—t).
Since we may assume that K < 1, it follows that

||£C(t)|| < (CQK + C2K2)(e—et + e—e(T—t)) < CBK(e—et + G_E(T_t))'
We complete the proof by integrating over [0, T, obtaining
T
2C
[ lstollar < 22K = cuk,
0 €

where the constant C' only depends on d, C 4, and C, but not on 7. /A
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ApPPENDIX D. ASYMPTOTICS OF X(8) As s — 00
Asymptotic expansions for the solutions x of (39) are well documented and can be

derived in a number of ways. Here we indicate one possible real-variable approach.

If x : R — Ris a solution of (39), namely

n 2(n—1
Xss+(*+)\5)Xs+ ( 2 )X:O?
S S

then the function

2(s) = X:8)
sx(s)
satisfies
det 1dZ 2(n—1) n+1 9
7)) = —— = — — Z - NI —Z~.
(107) S(s, Z2) S ds o = A

As s — 00, this equation becomes

dz
= —Z(Z+\) +0(s?
which has two constant (approximate) solutions, Z = 0 and Z = —A.

def

Direct substitution reveals that'’ Z,(s) = 2(n — 1)/s* satisfies

1dZ, B 6
Sds 9(s, Za(s)) = O(s77), (58 — 00),
while ( )
def 2(n—1)%1
Zzit(s) - 84
satisfies
1dzf

L G052 (s) = £ 5 070, (5 00).

If A\ > 0, this implies that Z, (s) < Z, (s) are lower and upper barriers for the opE (107),
and therefore that there is a solution Z(s) with Z; (s) < Z(s) < Z; (s) for large s. In
fact, if s > 1, then any solution Z(s) of (107) that satisfies Z (so) < Z(so) < Z; (s0)
will continue to satisfy Z; (s) < Z(s) < Z; (s) for all s > s.

If A < 0, then Z; (s) is an upper barrier, and Z; (s) is a lower barrier. Since Z; (s) <
Z§(s) for all s > s if sg is large enough, we can apply a Wazewski argument and
conclude that there exists at least one Z* € (Z; (so), Z4 (s0)) such that the solution
of (107) with Z(sg) = Z* satisfies Z; (s) < Z(s) < Z; (s) for all s > s.

In either case, the conclusion is that there exists a solution Z(s) of (107) with

Z(s) = (2(n— 1)+ 0(1))s™*, (s = 00).
By repeating this argument, one finds that for any m € N, there exists a solution that

satisfies the expansion

A4 A(,’ Ag A2m

+0(s72m72), (s — 00).

The coefficients Ay; can be computed inductively by substituting the formal expansion;
one finds for example that A, = 2A\(n — 1).

10The subscript 4 in Z4 is intended to remind us of the power of 1/s that appears in the definition of Z4.
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Integration then shows that x satisfies

X(5) = ef Z(@)sds — (C-A=FHOGY) ec{l A2 - 1 + 0(5_4)}, (5 — 00).
s
As we noted above, there exists another solution Z such that Z(s) = —\ + o(1) for
large s. Similar reasoning then leads to an expansion of the form
= n+1 B4
Z(s):—)\— 52 +57+...7

which after integration leads to
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