POSITIVITY OF RICCI CURVATURE UNDER THE
KAHLER-RICCI FLOW

DAN KNOPF

ABSTRACT. In each complex dimension n > 2, we construct complete Kéh-
ler manifolds of bounded curvature and nonnegative Ricci curvature whose
Kahler-Ricci evolutions immediately acquire Ricci curvature of mixed sign.

1. INTRODUCTION

In analyzing a geometric evolution equation, it is of critical importance to de-
termine which curvature conditions are preserved or attained under the flow. This
is especially true for the Ricci and Kdhler—Ricci flows, because of the fundamental
ways in which these flows can exploit curvature conditions to reveal topological and
canonical geometric properties of their underlying manifolds.

An invariant cone in the space of curvature operators is one that is preserved
by a flow. For Ricci flow, the condition R > 0 is preserved in all dimensions, while
the condition R < 0 is preserved only in real dimension two. Positive curvature
operator is preserved in all dimensions [14], but positive sectional curvature is not
preserved in dimensions four and above. The known counterexamples are non-
product metrics on the total space of tangent bundles R"” «— T'S"™ — 8™ for n > 2,
constructed recently by Ni [22]. However, positive sectional curvature and posi-
tive Ricci curvature are preserved in dimension three [13]. In higher dimensions,
Huisken [18] and Nishikawa [23, 24] have demonstrated the invariance of certain
sets defined by curvature pinching conditions. Margerin [20] improved Huisken’s
constant, thereby establishing a sharp invariant set in dimension four. Also in
dimension four, H. Chen proved that 2-positivity of the curvature operator is pre-
served [6], while Hamilton later proved that positive isotropic curvature constitutes
an invariant cone [17].

An attractive cone in the space of curvature operators is one that is entered
asymptotically at a finite-time singularity. For example, the estimate R > R,in(0)
implies that the half-space R > 0 constitutes an attractive cone in all dimensions.
Attractive cones place valuable restrictions on which singularity models may appear.
Important examples are the pinching estimates for 3-manifolds proved by Ivey [19]
and Hamilton [16]. These estimates imply that any rescaled limit formed at a finite-
time singularity in dimension three has nonnegative sectional curvature. In turn,
this fact is of fundamental importance in Perelman’s use of k-solutions [25, 26] in
his recent spectacular progress toward the Geometrization Conjecture.
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For Kahler-Ricci flow, Bando [1] and Mok [21] proved that positive bisectional
curvature defines an invariant cone. Positive Ricci curvature is a more problematic
condition (except of course in complex dimension one). It is not expected to be
an attractive cone. Indeed, certain Kéhler—Ricci solitons constructed by Feldman,
Ilmanen, and the author [12] have Ricci curvature of mixed sign, yet are strongly
conjectured to occur as rescaled limits of singularities encountered by perturbed
metrics on the Calabi manifolds CP' < F}* — CP"~!. (See Example 2.2 of [12].)
On the other hand, it would be very useful indeed if positive Ricci curvature consti-
tuted an invariant cone for Kéhler—Ricci flow. For example, parts of the proofs of
some recent important results of X.-X. Chen and Tian for Kdhler—Ricci flow [9, 10]
only require positive Ricci curvature, but the authors impose the much stronger as-
sumption of positive bisectional curvature to be sure that positive Ricci curvature
will be preserved. (These papers also assume the existence of a Kdhler—Einstein
metric on the underlying manifold. See in particular Remarks 1.5 — 1.7 and Ques-
tion 9.3 of [10].)

While few might conjecture that positive Ricci curvature is preserved in all com-
plex dimensions, there were until now tantalizing partial results that promised some
hope, at least in the critical case of complex dimension two. The history of progress
in this area is quite interesting. Some years ago, Cao and Hamilton crafted (but did
not publish) a proof that positive orthogonal bisectional curvature B(z,z*) > 0
is preserved under Kihler—Ricci flow and that its presence ensures that positive
Ricci curvature is also preserved, in all dimensions [5]. Recently, Phong and Sturm
supplied a public proof that positive Ricci curvature is preserved on a compact
complex surface under the stronger hypothesis that the sum of any two eigenval-
ues of its traceless curvature operator on traceless (1, 1)-forms is nonnegative [27].
(See also [28].) Later, X.-X. Chen and H. Li generalized the Phong-Sturm result
to all dimensions [8]. Most recently, X.-X. Chen announced [7] that the estimate
Re > min{0, Rcmin(0)} (along with other results) holds in all dimensions in the
presence of positive orthogonal bisectional curvature, thereby strengthening the
Cao—Hamilton observation.

The main purpose of this short note is to show that nonnegative Ricci curvature
is mot preserved for arbitrary complex surfaces. We construct complete Kihler
metrics of bounded curvature and nonnegative Ricci curvature whose Kéhler—Ricci
evolutions immediately acquire Ricci curvature of mixed sign. Let L?; denote C?
blown up at the origin. (See below for an explanation of the notation.) In this
paper, we will prove the following:

Theorem 1. There exist complete Kdihler metrics on L? | of bounded curvature
and nonnegative Ricci curvature that immediately develop mized Ricci curvature
when evolved by the Kdhler—Ricci flow.

In fact, Theorem 1 is a special case of a more general result. Forn > 2 and k € N,
let L™, denote the total space of the holomorphic line bundle C — L™, — cpr!
characterized by the equation (¢, [X]) = —k, where ¢; is the first Chern class of
the bundle and ¥ ~ CP" is a positively oriented generator of Hy(CP"™*;Z). Since
the complement of the zero-section of L™, is biholomorphic to (C"\{0})/Zy, one
may construct L, by gluing a CP"~ ! onto (C™\{0})/Zy, at the origin. Notice that
L™, is simply the tautological line bundle, i.e. C™ blown up at the origin.
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Theorem 2. For each complex dimension n > 2 and all integers k € [1,n — 1],
there exist Kdhler metrics on L™, that are complete, of bounded curvature, and of
nonnegative Ricci curvature, but which itmmediately develop mized Ricci curvature
when evolved by the Kdhler—Ricci flow.

Remark 1. To prove these results, we construct an explicit a one-parameter family
(modulo scaling) of Kihler metrics on each bundle L™ .

The remainder of this paper is organized as follows. Since the critical n = 2 case
is most interesting, we begin with a detailed proof of Theorem 1. In Section 2 we
provide, for the convenience of the reader, a review of U(2)-invariant metrics on
C?\{0}. In Section 3, we construct initial metrics on L?;. Then in Section 4, we
finish the proof of Theorem 1. Finally, in Section 5, we provide the straightforward
generalizations by which one proves Theorem 2 for all complex dimensions n > 2.

Acknowledgement 1. The author warmly thanks Huai-Dong Cao for encouraging
him to work on this problem.

Question 1. Like Ni’s counterexamples for nonnegative sectional curvature [22],
the manifolds constructed here are noncompact. Thus it is still an open question
of significant interest to find compact counterexamples for which nonnegative Ricci
(or sectional) curvatures are not preserved under Kdhler—Ricci flow.

Question 2. In either the compact or noncompact case, it is also interesting to ask
what are the weakest additional hypotheses under which positive Ricci curvature is
preserved.

2. U(2)-INVARIANT KAHLER METRICS

In this section, we review the construction of U(2)-invariant Kéhler metrics on
C?\{0}. Such metrics also appear in [3, 4] and [12]. Consider C?\{0} with complex
coordinates (z1, z2). Define

u=|z% v = |29|%, and w=u+v.
Any function P : C2\{0} — R depending only on w may be written as P(r), where
r = logw.

Anticipating that we will later abuse notation by regarding P as a function of time
as well, we shall use subscripts to denote (partial) derivatives with respect to r.
Define

(2.1) p(r) = P.(r).
Then P is the Kihler potential for a metric g if and only if the derivatives ¢ and
o, are everywhere positive. In this case, it is straightforward to compute that

(2.2) gi; =€ "pbi; + e (or — ©)Zizj
and
(2.3) g7 =€ o716 + (o —pTh)2'E

With respect to the standard bases (dz1,dz2) and (9/0z1,0/0%), one can therefore
regard g and g~ ' as the matrices

(911 912> _ 1 <( votup,  (pr— @)5122>

91 9) w2 \(pr—@)21Z2  up+ v,
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(9” 921>: 1 (uwwr (<P—<pr)2122)
912 922 ©Pr (<P—<Pr)2122 VY + UP,

respectively. In the standard coordinate chart, define

and

(2.4) G = —logdet g = 2r — log ¢ — log ¢,
and
(2.5) p=G, =22 P

¥ Pr

Then the complex Ricci tensor Re = R;;dz; dZ; may be represented in the same

basis as
2.6 = — _
(26) Ry1 Ry w2 \(Yr —P)21Z2 uwp + vy,

Abusing terminology slightly, we will say a (1, 0)-vector W is an eigenvector of the
complex Ricci tensor corresponding to the eigenvalue X if R;;W* = Ag;;W*. Thus
understood, the eigenvalues of Rc are

(Rn R12> 1 <( v +u, (Y — ’L/J)Zl,ZQ) .

0 0
A1 = f with eigenvector U = Zo— — Z1 —
821 822
and
Ay = % with eigenvector V = 21— + 20 —.
r 0z 0z

The Levi-Civita connection of g is determined by the Christoffel symbols

I, = L [u%«r —1—20& +u— 2w}

w? | o v
22 Sprr Spr
I, == [qu v—u v}
12 ’11)2 ©r ( ) ©
52
2122 Prr Pr
r,==-""2 { -2 4+ 1}
25w Lo o
2222 © ©
T w? e T
Z1 Prr Or
r2 [v +(uv)u}
P w? | g, ©
I3, = % [vww + 2u?r +v— 2w}
w r %)

and their conjugates. The complex Riemann tensor is determined by
Ripg = —9mi0i T = —0i0; 947 + 977019830, 9,7-
A straightforward computation shows that

2
Prr

T

2
Rijkg == 674T |:S0rrr + 4@7‘7‘ - 2@7‘ + 2%0 - 4% + :| Eingng

2
+e7?" [(,OM + o — @+ % (ziZj(;kg + Zi(;ijg + 5ij2k2£ + 5ing2k)

+ e 2 [~ + 9] (8ij0ke + 0ied k).
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To put this into a more useful form, we follow [3]. Since the metric is U(2)-invariant,
there is no loss of generality in evaluating the curvature at ({,0), where { # 0
is arbitrary. Furthermore, one may assume that the complex tangent space of
type (1,0) at ({,0) is spanned by an orthonormal basis of complex (1,0)-vectors
x =1"9/0z and y = y* 8/0z; such that 2 = 0. Then one can readily compute the
bisectional curvatures B(z,x) = R(x,Z,x, %), B(z,y) = R(z,Z,y,7), and B(y,y) =
R(y,9,y,y) at (¢,0), obtaining

2
Prr _ rrr)|x1 |4

Pr

1
B(z, )]0 = W(

B(z,y)| 7i 907247’7 112,112 ‘éi 1121,,212
yY)1(¢,00 = |C|4 (SDT Orrr) |27y 4 ( o rr) |27 7[y7

B(y,y)| 7i 3072“7’7 114 4&%7 120,212 4 9, _ 214
Y, Y)1(¢,0) = |<|4 (SDT Cprrr)|y | + (QO @rr”y | |y | + (QD <)0T)|y | .

Observe in particular that the choices

i<l 9 (S

e and Y = —=
\/STT 821 |(C’0) \/@ 822

allow one to recover (2.6) in the form

(2.7) Xlco) =

=

T

RC(XaX”(QO) = B(XvX) +B(X7Y) =

T

6 e g

Re(Y.Y)|co) = B(Y.Y) + B(X,Y) =

3. AN INITIAL METRIC OF NONNEGATIVE RICCI CURVATURE

We now want to investigate whether there exists a U(2)-invariant Kéhler poten-
tial P on C?\{0} with the following global properties:

(1) ¢ > 0 everywhere;

(2) ¢, > 0 everywhere;

(3) ¥ > 0 everywhere;

(4) 1, > 0 everywhere;

(5) ¢ has bounded curvature;

(6) g extends smoothly to a complete metric as r — +00; and

(7) g extends smoothly to a complete metric as r — —oc.

Furthermore, we require that there exists at least one point (¢,0) € C?\{0} such
that with respect to an orthonormal basis x,y for the complex tangent space of
type (1,0) at (¢,0), the following local properties hold:

I B(z,y) <0; and
II B(z,z) = —B(x,y).

It may seem foolhardy to expect a single function P to satisfy all nine of these
requirements. However, after some study, one is led to the following Ansatz: let
a > 0 be a constant to be determined and consider the second-order ODE

(3.1) [log(¢er)], = a.
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Its general solution is 1/2e%"*?/a + ¢, where b and ¢ are arbitrary. Without loss of
generality, one may eliminate b by scaling, yielding

(3.2) o(r) =1/ %e‘“" +c.

One then has

(33) PPr = ear,
so that global properties (1) and (2) are satisfied whenever ¢ > 0. Moreover,
Yv=2—-a

everywhere. So properties (3) and (4) are satisfied whenever a € (0, 2).

To evaluate the bisectional curvatures of the resulting metric, it suffices to con-
sider the orthonormal basis (2.7) for the complex tangent space of type (1,0) at
(¢,0), where ¢ # 0 is arbitrary. One finds that

(3.4) B(X,X) = % = —B(X,Y),
so that local properties I and II will in fact be satisfied globally if ¢ > 0. The
choices a € (0,2) and ¢ > 0 also ensure that

B(Y,Y) = % [(2 - 1> e + c} > B(X, X).
® a

Because ¢(r) — /¢ > 0 as 7 — —oo and ¢(r) = O(e*/27) as r — oo, the cur-
vatures are globally bounded, satisfying property (5). To investigate completeness
at spatial infinity, observe that (3.3) implies that ¢, = O(e?") as r — —oo and
that o, = O(el*?)7) as r — co. Since radial paths emanating from the origin are
geodesics and the length of such a path is ffooo V@rdr, it is easy to see that the
metric is complete as r — 400, satisfying global property (6).

On the other hand, the metric distance from an arbitrary point to r = —oo is
finite. Our choice of ¢ > 0 makes it impossible to complete the metric smoothly by
gluing in a point at the origin. But Calabi’s theorem [2] tells us that g will extend
to a smooth Kihler metric on L? , if ¢ has an asymptotic expansion near w = 0 of
the form

p=ap+ arwk + agw?* + O(w%),

with ag and a; both positive. (See Section 4.1 of [12] for an exposition.) The
function (3.2) will have such an expansion if a is a positive integer. Fortunately
for us, there is a (unique) positive integer in the interval (0,2). Taking a = 1 thus
lets us satisfy global property (7). Notice that for each ¢ > 0, the solution ¢ then
admits the expansion

0=+ 24 ...,

1 1
%w 20372
In particular, 27+/c is the area of the CP' that constitutes the zero-section of the

bundle.

Remark 2. The Kihler manifolds (L, g) we have constructed are asymptotic at
infinity to a Kdihler cone 'y on C?\{0} whose cone angle around the origin in each
complex line is © and whose density ratio is Volr, (By1)/ Volez(By) = 1/4.
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4. EFFECT OF THE KAHLER—RICCI FLOW

We now consider the Kihler-Ricci evolution (L%, g(t)), where we take P(r,0)
to be the Kahler potential P(r) constructed above. Again choose an arbitrary point

(¢,0) € C?\{0}. Because
1 » 0
e =77 (7 9)

1 (4, 0
RC|(470):|<|2<% q/,)

in the standard basis, the Kéhler—Ricci flow
0

and

“i=—-R
ot? ¢
will be satisfied if and only if ¢ evolves by the PDE ¢, = —; to wit,
Pr 4

Since 0/0r and 9/0t commute, it follows that the Ricci potential ¢ must evolve by
the PDE

N
Since ¥(-,0) = 1, this reduces to

(4.2) by Urr  Prrthy L e ot

0

g _Pr
ot

2

t=0 ®

at the initial time. A further computation then shows that

(4.3) =

=5
=0 2

which is strictly negative for all r < logec. Since 9,.(-,0) = 0, the complex Ricci
tensor must acquire a negative eigenvalue Ay < 0 at all such points for small times
t > 0. This completes the proof of Theorem 1.

5. THE GENERAL CASE: COMPLEX DIMENSION n > 2

If P is a U(n)-invariant Kéhler potential on C™\{0}, formulas (2.2) for g and
(2.3) for g! remain unchanged. Formula (2.4) becomes

G =nr —logy —log ¢,,

whence (2.5) is replaced by

b=Gy=n— 2P
¥ Pr

One calculates easily that

Rij = efrwdl—j + 672T(1/)r — '1/1)21'25]‘.
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To display the eigenvalues of Rc, one may without loss of generality fix Z =
(¢,0,...,0) € C"\{0} with ¢ # 0 arbitrary. Then

Pr
1 P
glz = W
¥
and
Ur
1 (&
Rc |Z = W
(G
If ¢ is defined by (3.2) with a > 0, one finds that
Y=n-—a,
hence that 1, = 0. Equation (4.1) becomes
Yt = :007‘7" + ﬁ —-n,
while (4.2) remains unchanged. The analog of (4.3) is
0 e
az/)r T (n a)g(e ac),

which is strictly negative for all @ € (0,n) and ¢ > 0 whenever r < 1 log(ac). If we
take a € (0,n) to be an integer, then ¢ will have an asymptotic expansion near the
origin of the form

1 1
=+c+ w? — w2 4 -
v =Ve ay/c 2a2c3/2
Hence by Calabi’s theorem, g will extend to a smooth metric on L, for all such a.
It is easy to check that g is complete and asymptotic to a Kéhler cone at infinity,
hence of bounded curvature. This completes the proof of Theorem 2.

Remark 3. For each 1 < k < n — 1, the Kdhler manifolds (L™ ,,g) we have
constructed are asymptotic at infinity to a Kiahler cone T'y, on C™"\{0} whose cone
angle at the origin is w and whose density ratio is Volr, (B1)/ Volen (By) = k=" /2™,
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