INFINITE-DIMENSIONAL DYNAMICAL INSTABILITIES OF
NONCOMPACT STATIONARY RICCI FLOW SOLUTIONS

SIGURD B. ANGENENT AND DAN KNOPF

ABSTRACT. Regarding Ricci flow as a dynamical system, we derive sufficient
conditions for noncompact stationary (Ricci-flat) solutions to possess infinite-
dimensional unstable manifolds, and provide examples satisfying those criteria
that have uncountably many unstable perturbations.
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1. INTRODUCTION

In this work, we develop a set of tools for investigating the stability or instability
of noncompact Ricci-flat manifolds. We are primarily interested in formulating
criteria for instability of noncompact solitons that are asymptotically conical. We
prove results that apply to general noncompact manifolds with bounded geometry
and then demonstrate their applicability to noncompact Ricci-flat manifolds which
form a subset of a family of Einstein metrics discovered by Christoph Béhm [7].

1.1. Main results. More precisely, our conclusions are as follows. Let (M, g) be
a complete Ricci-flat manifold with bounded geometry. We introduce a geometric
condition that implies that the Lichnerowicz Laplacian acting on symmetric 2-
tensors,

ef
(1.1) Aghj,  gPIV,V ghgy, + 2R hE — RV — Rihiq,
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generates analytic semigroups on a variety of spaces, including L?(T* M ®g T* M)
and the little-Holder' spaces h%(T*M ®g T*M). Moreover, we show that the
essential spectrum of A, is exactly the negative real axis, gess(A¢) = (—00,0].
This implies that any remaining spectrum consists of isolated eigenvalues, which
may accumulate only on the essential spectrum. It is worth noting that this is
true regardless of which function space we choose, which may not be the case for
manifolds that are not asymptotically flat.?

A geometric criterion that we assume throughout this paper is as follows:

Definition 1.1 (Bounded geometry). One says a complete Riemannian manifold
(M, g) has bounded geometry if there exists C > 0 such that:

o the Riemann tensor is uniformly bounded, sup  |Rm| < C, and
e the injectivity radius is bounded from below, inj(g) > 1/C.

For an overview of some of the consequences of this assumption, the reader may
wish to consult [6] or [18].

In addition, we will frequently assume the our manifold is asymptotically flat, in
the following sense.

Definition 1.2 (Asymptotically flat). A Riemannian manifold (M, g) of bounded
geometry is asymptotically flat if there exists a proper function r : M — (0,00)
such that the exponential map exp, : TpM — M is injective on

B,y (p) = {v € T,M: [v| <r(p)}.

Furthermore, as p — oo, the pullback metrics g, = exp,(g) on B, (p) converge in
C? to the flat Buclidean metric on B,y C TyM.

We note that asymptotically conical metrics — which constitute our main ex-
amples in this paper — are asymptotically flat.

Our first principal result concerns ancient solutions to a Ricci-DeTurck flow:
after choosing a DeTurck vector field X — see (2.6)) — we consider the initial
value problem for

0g - -
(1.2) 9 _ —2Re[g] + Lx3,
ot
whose solutions are equivalent to solutions of the Ricci flow % = —2Rclg].

L We write k¥ (V') for the so-called little Holder spaces of sections of a vector bundle V — M.
These may be defined as the closure of smooth sections, i.e., C*°(V'), in the usual Holder space
Ck_ See Appendix E.3 for a short review of these spaces.

2 While the spectrum of A, turns out to be the same in both cases, this is in general not true.
For example, the spectrum of the Laplacian on the Poincaré disk D2 viewed as an unbounded
operator in LP(D?) depends on p. In particular, the L? spectrum is the half-line (—oo, —i], while
the spectrum in L is the region {z + iy € C | # < —y?}: this region contains an open subset
of the complex plane in spite of the fact that Apz is formally self adjoint. See [21, 26]. In [1]
Ammann and Grofle study more general (Dirac) operators and also provide a useful history and
references.

We note that the fact that the spectrum of A, on the Béhm soliton (M, g) is the same in L2
and h%® turns out to be a consequence of the asymptotic flatness of (M, g).
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Main Theorem I. Let (M, g) be an asymptotically flat Ricci-flat manifold.
For any § > 0, the set {\ € o(A;) : ReX > 6} consists of a finite number
(possibly zero) of real eigenvalues

A1 = A2 > A3 >0 > A,

If N5 > 0, then there exists a real analytic Ns-dimensional family,
M C h2(T* M @s T* M),

such that each metric g(0) € .4 belongs to an ancient solution
{g(t): —0o <t <0} C A

that converges exponentially to g in backward time.

Group invariance. If & is a compact subgroup of the group of isometries of the
Ricci-flat manifold (M, g), then our discussion of ancient solutions still applies
when one considers ®-invariant metrics on M near g. In this case one must also
only consider B-invariant eigentensors of the Lichnerowicz Laplacian and their cor-
responding eigenvalues. The conclusion of the Main Theorem then is that there
exist a finite number of eigenvalues AP > --- > A§ > § whose eigentensors are
®-invariant, and that there exists a real analytic N5 dimensional family .#g C h%®
consisting of G-invariant metrics g(0), each of which lies on a ®-invariant ancient
solution {g(t) : —oo <t <0} C A.

Our second principal result shows that the hypothesis N5 > 0 is not vacuous.
Before stating it, we recall a special case of a cohomogeneity-one construction of
Einstein manifolds developed by Christoph Bohm — please see Theorems 6.1 and
6.2 of [7] for statements in full generality®

Proposition 1.3 (Boéhm [7]). Given integers ny,ng > 2, there exists a Ricci flat
metric on RM 1 x 8™z,

The Bohm metrics are invariant under the action of
6L OMm +1)x0(ma+1) on RMH! xS,

they have a multiply warped product structure, and are asymptotic to Ricci-flat
cones at spatial infinity. The group & is the full isometry group for the Bohm
metrics in Proposition 1.3. These metrics also play a prominent role in our recent
work [5].

To apply Theorem I to the Bohm metrics, we study the spectral properties of
their Lichnerowicz Laplacians, both in L? and in h%® spaces. The group & acts on
M and therefore also acts on (2, 0)-tensor fields by pullback

(1, h) € & x L2(S*OM) s ¢*h € L*(S*°M).

Since the action of any ¢ € & on M is smooth, its action on (2, 0)-tensor fields pre-
serves regularity (i.e., h%* tensor fields are mapped to h®®-tensor fields, etc.). Any
1 € & also acts on M by isometries, and therefore the Lichnerowicz Laplacian Ay

3 In particular, Bohm shows that for given integers r > 0 and k, k1,...,kr4+1 > 2 there exists
an r-dimensional family of Ricci-flat metrics on RFt1 x Sk1 x ... x S¥r+1 and even on some
quotients of these spaces.
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commutes with ¢*. This implies that h — *h maps eigentensors to eigenten-
sors with the same eigenvalue. In particular, we can consider eigentensors that are
invariant under the action of &.

We obtain the following.

Main Theorem II. For any integers mi,no > 2 with ny + no < 8, consider the

Ricci-flat metric g on M = R™ T x 8™ produced by Béhm’s construction.

(a) The Lichnerowicz Laplacian Ay on (M, g) acting in L?(S*°M) is self adjoint.

(b) The Lichnerowicz Laplacian A, on (M, g) acting in h%*(S*9M) generates an
analytic semigroup.

(c) The spectrum of Ay is the same in L*(S*9M) as in h%*(S*OM).

(d) The essential spectrum of Ay is (—oo,0].

(e) The point spectrum of Ay consists of an infinite sequence of positive eigenvalues

AZ>A 22X 2> =0

Their corresponding eigentensors decay exponentially.
(f) The eigenvalues of Ay corresponding to &-invariant eigentensors are simple,
and there are still infinitely many of these.

Finally, for any N € N, the N-dimensional family # of ancient solutions corre-
sponding to Ao, ..., AN_1 produced by Main Theorem I contains uncountably many
solutions of Ricci—DeTurck flow that are pairwise geometrically distinct for as long
as they exist.

We explain the dimension restriction ny+ns < 8 in § 6 below. The last statement
in the theorem addresses the issue that the ancient solutions provided by Main
Theorem I are solutions of the Ricci-DeTurck flow, and that it is in principle possible
that they all come about by applying different diffeomorphisms to one and the same
ancient solution. We prove that this cannot happen.

There is a vast literature on dynamic and linear stability of Ricci flow, sometimes
considering the second variation of a Perelman functional and sometimes utilizing
the spectrum of the Lichnerowicz Laplacian. Results concerning the stability of
some noncompact solutions may be found in [23] and [24]. Results about the
instability of various noncompact solutions may be found in [17] and [12]. This list
is very, very far from inclusive. For example, see [13] and the recent [14].

1.2. Outline of the paper. Main Theorem I is proved in § 2-5. In § 2, we review
DeTurck’s derivation of a quasilinear strictly parabolic PDE equivalent to Ricci flow,
in a form adapted to our subsequent needs. In § 3, we explain how the linearization
of DeTurck flow generates an analytic semigroup, a claim which we prove in § 4,
and we review results of Chaperon [8, 9] and Irwin [19, 20] which motivate the
approach used in this paper. In § 5, we investigate the essential spectrum of the
Lichnerowicz Laplacian on the Ricci-flat manifolds we study.

Main Theorem II is proved in § 6-7. In § 6, we demonstrate that the Bohm
stationary solutions have infinitely many unstable eigenvalues, and that those with
B-invariant eigentensors are simple. Then in § 7, we show that these unstable
perturbations of the Béhm solutions yield uncountably many geometrically distinct
solutions of Ricci flow.

In Appendices § A and § B, we derive various standard facts about doubly
warped product geometries like the Bohm solutions. In Appendix C, we outline a
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proof of the unstable manifold construction, Theorem 3.3, used in this work. In
Appendix D, we prove that oscillations in the metric components of any solution
originating from an unstable pertubation of the B6hm solutions we consider cannot
increase in time. Finally, in Appendix E, for completeness, we briefly review the
main function spaces used herein.

2. AN APPROACH TO DETURCK’S TRICK

Here, we derive the quasilinear heat equation that results from DeTurck’s trick
(See [15]).

2.1. Perturbed metrics and connections. Let g be a fixed background metric
on a manifold M, and consider a perturbation of g given by

Gij = gij + hgj.
Except as noted below, we raise and lower indices with g, so g% = ¢g¢7%g,, is in

general not the inverse of §;;. Because of this, we write the inverse of §;; as G,
i.e., by definition, we have

GG = 61,

For small h, the inverse is given by the geometric series
ij ij iky phopk j
(2.1) GV =g" +Z(*1)€9klhkfhkz'”hie'
=1

This series converges at any point p € M such that ||a(p)|| < 1, where ||h(p)| is the
operator norm of the linear transformation h’ = ¢"*hy; on the vector space T, M

with inner product g(p). The convergence is uniform if ||h| = SUP,e Aq |A(p)|| < 1.

If, in addition, the covariant derivatives V71 of order j < N are uniformly a-Hé6lder
continuous, then the series (2.1) converges in C™:<.

We denote the Levi-Civita connections of g and § by V and V, respectively.

Generic lower order terms. In this section, it will be convenient to let Q = Q 5, da? dz*
stand for a generic quadratic polynomial tensor in VA of the form

(2.2) Q = Qo(g,h) + Q1(g,h) ¥ VA + Q2(g,h) x (Vh @ Vh),

whose coefficients Qg, Q1, Q2 are rational functions of g, h defined for ||h|| < 1 that
satisfy

Qo(h) = O([h]*),  Q1(h) = O(|hl)), Q2(h) =0O(1)  as || = 0.
Below, we allow @ to change from line to line.

Our main result in this section is the following version of DeTurck’s trick:

Lemma 2.1. There exists a tensor field Q;i(h, Vh) such that, if g = g+ h for a
fixed background metric g, the tensor field h is a solution of

(2.3) he = Z[h]
with
(24) Fjlh] = —2R;, + {Gem(h)Vnghjk + 2R L, — Rbhgy — kahjm}
+ ij(h, Vh)
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if and only if §;i. satisfies
(2.5) Ok = —2Rjk + (Lx7)jn-

The vector field X is defined as follows: if v is the tensor field representing the
difference of the Levi-Civita connections, i.e., if V;WFk — V;IWk = vfjo for all
vector fields W, then X is the contraction*

(2.6) Xk Giigk,
We proceed to the derivation of these identities and the proof of the Lemma.

2.2. The Levi-Civita connections. As noted above, the Levi-Civita connections
corresponding to g and g are V and V, respectively. The tensor field v is given by

1
(2.7) 'szj = §Gk£{vih]‘g + Vhie — Vghij}.
A trace simplifies to
7 1 im ~ 1 7
(2.8) Vij = iG VGim = ivj log det (I + h),
where h = g~ ' oh, as above.

2.3. Lie derivative of the perturbed metric. If W’ is any vector field, then
the Lie derivative of the metric g;; along W is given by

(2.9) Lw e = VWi + VW, = V; Wi, + VW + 275, W,

where W; = g;;W*. This is the one instance where we use the perturbed metric g;;
to lower an index.

2.4. Perturbed curvature tensors. The Riemann tensors of the background and
perturbed metrics are related by

(2.10) Rfjk = Rfjk + Vﬁfk - Vivh + meﬁ’;?c - me%?z-
For the Ricci tensors, we have
Rk = Rjt + VeV = Vi%Yek + VomVjk = Vim ok
The “y*~” terms are exactly of the form @ introduced above, so we have
(2.11) —2Rji = —2Vevji + 2V + Qi — 2R
The first term on the right in (2.11) is a divergence and can be rewritten as
—2V iyl = —w{G‘m (V3o + Vihjm — vmhjk)}
= —G""(VoVihim + ViVihjm — ViVihic) + Qjk
= G""V(Vnhjk — G (VoVhim + VeVihim) + Qjr.

The first term in the last line above is an elliptic operator applied to h .

4The reader may readily verify that this definition is equivalent to the traditional formula,

g 1
X* = G (h)G*(h) (vihﬂ - iwhij).
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We can rewrite the second group of terms in the last line above as the Lie
derivative of g plus lower order terms by switching the order of derivatives. Namely,
we compute that

GV jhim = G {V iV thier — RY hypm — RY, i }

= V(G Vihim) — G Ry hpm — G Ry, iy + Qi

= V(G Vehm) — ¢"" Ry hpm — " RY;, Py + Qi

= V(G Vihim) — Ry, hy, + RE iy + Qi
and hence obtain
G (VeN jhiom + VeVihjm) = V;Vi + ViV; — 2R by + R by, + Ry + Qi
where V is the covector

Ve GV By

Using (2.9), we then have

— 2R} hy, + R hiy + RYhjp + Qi
Since V; = G™Vh,p,, the term 'ykag may be absorbed into @Q;x, so we find that

(2.12) G (ViN jhim + ViVihjm) = Ly Gk — 2R, 0t + REhiy + RYhjp + Qe

Now by (2.8), the second term on the right in (2.11) is
2V 76, = V;Vilogdet(I + h) = V,;Ux + V. Uj,

where U 1is the covector

def 1
2

Therefore, we collect terms and conclude that

Uy = ~Vilogdet(I +h).

—2Rju+Ly Gik—Lugik = GV iV bk +2R] =R by, — Ry hjp—2 Rk +Q .
Choosing X = (V — U)*, namely,

y y 1
XF =Gyt = GIGH (vihjk - ivéhij)a

and noting that Lxg;x = Lx§;x + Qjk, we complete the proof of Lemma 2.1.

3. SHORT TIME EXISTENCE AND SMOOTH WELL-POSEDNESS

3.1. Analytic semigroups. We write

def

SQ,OM 2¢l T*M ®sym T*M

for the bundle of symmetric (2,0) tensors on M.
We assume in this section that (M, ¢) has bounded geometry.
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Theorem 3.1. Let a € (0,1), and AP?, BY", and C be tensor fields on M with
A € CY, and B,C € h%®. Assume that AP9 is uniformly elliptic, and that the
gradients V APY, VB?ZT are uniformly bounded. Then the linear operator

L WSO M) — WO (SO M)

defined by
ZLhji, = APINV Vi + Bf,grvpth + Cfghpq

generates of an analytic semigroup et on h%*(S*°M).

We provide a proof in § 4. In the remainder of this section, we recall some
well-known consequences of Theorem 3.1. In particular, we recall the short-time
existence and analytic dependence on initial data for nonlinear parabolic equations
that can be proved using analytic semigroup methods. Note that the arguments in
the remainder of this section work even if (M, g) is not Ricci flat, but merely in h%.
While this result suffices for our purposes, we should point out that Miles Simon,
using different methods, has significantly relaxed the required initial regularity. See
the recent survey [25] and the references therein.

For any background metric g, the right-hand side of (2.4) defines a nonlinear map
.7 on the open subset of h € h?*(5%° M) for which g and g + h define equivalent
metrics, €.,

OZ’D‘ ={heh>*(S*'M)|3e>0:eg<g+h<ig}

The map
F 00 Ch** (S M) = b0 (SO M)
is given by
(F(h) ;= G (h)VeVmh + 2R bl — RE iy — REhjy — 2R + Qi (h, V),

The map .# depends on the chosen background metric, but we will not include this
in our notation.

The map .Z is real analytic, and its Fréchet derivative at h € (93’0‘ is the linear
operator

9Qjk
. = tm . J .
dFy - n=G (h)vzvmmk—i—th Vn
OG™ 9Q
+2Rm*n—2Rc*n+{(Vngh)W+ 3 } ,

which is exactly of the type £ from Theorem 3.1. Furthermore, when h = 0, the
operator d.% is precisely the Lichnerowicz Laplacian (1.1).

For every hg € Og’o‘, there exists a time Ty € (0, 00] for which the initial value
problem of (2.4) has a unique classical solution,

B € €10, T); 02) 1 C* ([0, To); h*(52°M)),

for which h;x(0,x) = ho jx(z).
The existence time Ty is a lower semicontinuous function of hy € Og’a, and the
domain of the semiflow,

D= {(t,ho) €[0,00) x 02 [0 < t < To(ho)},

is open in [0, 00) x 02,
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The time-t map ho — ¢'(ho) = ho jk(t, ) is real analytic.
For justification of these claims, see [4].

3.2. Linearization near a fixed point. If our background metric g is Ricci-flat
then h = 0 is a fixed point for the DeTurck flow, i.e., ¢'(0) = 0 for all ¢ > 0. By
definition of the Fréchet derivative, Ricci-DeTurck flows g(t) = g + h(t) near the
Ricci-flat metric g are determined by their initial values §(0) = g + h(0) via

9(t) = g+ ¢'(n(0)) = g+ d¢'(ho)) - h(0) + o([|R(0)]])-
By the chain rule, we have
d¢'**(0) = d¢'(0) - d¢*(0)
for all ¢,s > 0, and hence the operators {d¢*(0)} form semigroup. This semigroup
is analytic, and its generator is d.%,, as one sees by differentiating the equation
Oih = F[h] with respect to the initial value h(0). In the sense of semigroups, we
therefore have®
d¢'(0) = exp (tdﬁo).

Since d.Zy generates an analytic semigroup, the spectra of d¢?(0) and d.%, are
related. The following result is particularly relevant to our situation:

Lemma 3.2. Let E be a Banach space, and let A : D(A) — E generate an analytic
semigroup e, If for some o € R, the spectrum of A is disjoint from the line
{2 € C: Rez = a}, then the spectrum of e!? is disjoint from the circle {z € C :
2] = e*}.

Proof. We outline the proof of this classical statement about (analytic) semigroups.
The spectral theory and functional calculus of unbounded operators can be found
in Chapters VII and VIII of Dunford and Schwartz’s book [16] — see also[10].
Since o(A) is a closed subset of the complex plane that is contained in a sector
{z € C: |arg(a — 2z)| < ¥} for some a > 0,9 < %, there is an ¢ > 0 such
that o(A) is disjoint from the strip {z € C: a — e < Rez < a + €}. It follows
that o(A) decomposes in two closed parts, ¥_ = {z € 0(A4) : Rez < a — €},
Y+ = {2z € 0(A) : Rez > a + ¢}, and that there is a corresponding splitting
E = E_ @ E. into invariant subspaces Fi for A, with o(A|Ey) = X1. The
splitting is also invariant under e*”. It follows from o(A_) C {2 : Rez < a — €}
that o(e!4-) C {z : |z| < (@9}, while 0(Ay) C {z : Rez > «a + ¢} implies
o(etd=) C {z: |2| > elotat}, O

In particular, if A is the Lichnerowicz Laplacian A,, then we will show that
0(Ag) = (—00,0)U{); : j € N} for an eigenvalue sequence Ay > Ao > A3 > --- — 0.
It then follows that o (e'2¢) is disjoint from any circle {z € C : 2| = r} with r > 1
and r # et for all j.

3.3. Invariant manifolds, following Irwin. There is a long history of invariant
manifold theorems which establish their existence and smoothness under various
hypotheses. Inspired by Joel Robbin’s [22] existence proof for ODE using the Implicit
Function Theorem on Banach spaces, Irwin [19] presented a construction of stable
and unstable manifolds for maps of finite-dimensional spaces based on the Implicit
Function Theorem. Building on Irwin’s work, Rafael de la Llave and Gene Wayne
[11], and later Marc Chaperon [8, 9], proved an unstable manifold theorem in which

S5For Fréchet differentiable map H, we interchangeably use either notation dHo = dH(0).
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the Banach space may be infinite-dimensional, and in which the map f need not
be a local diffeomorphism. This last feature is especially important for our setting,
because it allows us to apply the result to the time-t map ¢! defined by the Ricci—
DeTurck flow.

Consider a Banach space E, an open subset U C E, and a Fréchet differentiable
map f:U — F with a fixed point p € Y. The Fréchet derivative df, is a bounded
linear map on E. We assume that for some a > 0, the spectrum of df), is disjoint
from the circle {A € C : |A| = a}, so that the spectrum o(df,) is the union of two
compact sets

o(df,) =3, UXY,
Si—{Aeo(df,): N <a}, 3t {Aeoa(df,): Al > al.
Then the Banach space E is the direct sum of two d fp-invariant subspaces £* and

E* such that dfy|g- expands vectors by at most a, and df,|g« expands vectors by
at least a. More precisely, it follows from (3.1) that there is a constant C' such that

(3.1)

k
a
(32) Yoe B [(f,)" ol <Cablol] and Vo BU:(df,) ol = Fll.

If a > 1, then we define the local unstable set W' (a,U) to consist of all points ¢ € U
for which there exists an ancient orbit® {z; | i < 0} of the map f that is contained
in U and that converges geometrically to p as i — —oo, with d(z;,p) < Ca* for
some C' > 0.

The local unstable set W(a,U) is invariant under f near p in the sense that, if we
set Up = f~1(U), then the definition of W implies directly that f(UoNW 3 (a,U)) C
Wy(a,U).

Theorem 3.3. Let f : U — E be as above. If a > 1 and if the neighborhood U is
sufficiently small, then the local unstable set W;'(a,U) is a smooth submanifold of
U that contains p, and for which T,W;'(a,U) = E*.

The local unstable manifold W;'(a,U) has the same differentiability as the map
[iie, if fisC" for 1 <r < oo orr=w, then Wj(a,U) also is C".

A proof of this theorem can be found in the papers [11, 8, 9]. A noteworthy
feature of these references is the extent to which their methods generalize to new
situations. For example, we found it useful to employ very similar arguments in [5].

Since these citations are written from a highly abstract perspective, Appendix C
provides a short outline of the proof of Theorem 3.3 adapted to the situation studied
in this paper.

4. GENERATION OF AN ANALYTIC SEMIGROUP
This section is dedicated to the proof of Theorem 3.1.

4.1. £ generates an analytic semigroup. We must find w > 0 such that for all
fir € h%*(5%°M) and all A with Re A > w, there is a unique hj; € h**(S%M)
such that Ahj, — Zhir = fik.

We then have to show that ||hjkll2,a < C||fjkllo,o for some C that does not
depend on fj;. We do this by approximating the inverse of A —.% locally by the
inverse of the constant coefficient operator one finds by “freezing the coefficients”

6 In the context of maps, an ancient orbit is a sequence x; that is defined for all nonpositive
integers and that satisfies z; = f(x;—1) for all ¢ < 0.
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of Z, and then combining the local inverses using a partition of unity. An abstract
version of this common approach is presented in [3].

4.2. Eliminating the lower order terms. The operator

def
H g, BT g + CPhy,
is bounded from h'%(S%9M) to h%(S2°M). Since h''* is an interpolation space
between h>® and h®% this implies that £ : h*>* — h®® generates an analytic
semigroup if and only if £ — J# does. We may therefore assume that the lower
order coefficients BY" and C%}! vanish.

4.3. Local models for .. We continue to assume that M has bounded geometry.
This lets us assume that there exists g > 0 such that for every point p € M, the
exponential map exp,, : By, (0) — M is a diffeomorphism from B,,(0) C T, M
onto its image B, (p) C M. Choosing a basis for T, M, we then get coordinates
xl, ..o 2™ on By (p).

Using the pushforward (exp, ). and pullback (exp,)* maps associated with exp,, :
B,.(0) C R™ — B,.(p) C M, we can represent the operator . locally by a differential
operator,

£, = (expy)* 0L o (expy).
which acts on symmetric 2-tensors in B,.(0) C R™ via

(Lph)jk = APIV VY ghii,
0%h ik ~ oh ~
= API(a) I (0) + B () 5 ) + OB () ().

From here on, whenrever we consider tensors on B,,(p), we will represent them
in geodesic coordinates and not explicitly mention the pullback and pushforward
operations, (exp,)* and (exp,). respectively, in our computations.

The B and C coefficients contain Christoffel symbols and their first derivatives
that come from expanding the covariant derivatives V(... Ignoring indices and
integer coefficients, we have

B=T, C=0r+T+TI=«I.

It follows that APY, Bf,;”, C’fg are uniformly bounded in C1(,.(0)), and that AP4(z)
is uniformly elliptic, i.e., there exists o > 0 such that for all a € N, z € B,.(0), and
& € R", one has

(41) olel? < API(r)EE, < el

4.4. The local resolvent. Let r; € (0,7r9) be given, and consider the extended
coefficients AP4, BYI", CP! : R™ — R obtained by setting
AM(z) = AM(2),  Bj"(x) = B (),  Cfi(x) = CPi(a),

for |z| < r1, and by extending AP%(z), Efgr(x), and C’fg(x) so they are constant
along rays emanating from the origin, i.e., for || > 71, we have

qu(z) _ qu(%) Bfgr(x) _ Bﬁ”(%)’ C’;’g(x) = C‘f,g(%)
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We then define an elliptic operator on symmetric 2-tensor fields on R™ by

02h; L oon  Oh .
DNk () 4 B () 20 () 4 OO @)

Lemma 4.1. There exist r1 € (0,7¢), w > 0, and C > 0 such that

(Loh) i = AP(x)

A — jp . h2’a<s2’ORn> — hO,a(sQ,ORn)
is tnvertible for all A € C with Re A > w, and such that

Il(A — jp)_lfjk||2,a < Cllfjxllo,a

for all f;), € h%*(S%OR™).
The constants C,w,r1 do not depend on the chosen point p € M.

As usual, the identity AA — %) ' =1+ %, o (A — %,)"! then implies that
o c .
(4.2) 1A= Z) " firllow < WHfijO’m VS € B, Red > w.

By interpolation between the h%® and h%® norms, one also obtains the estimate

C
—= | fixllo,a
VIAl

The constant C' is the same for all p € M.

(4.3) 1A = Z) " fiklla < Ve € h% Re > w.

Proof. The gradients of APY, Eﬁ”, C’fg are uniformly bounded by assumption. It

follows that the extensions AP?, B;gr, C’fg also have uniformly bounded gradients
on all of R"™. Let M be an upper bound for those gradients. Then we have

(44)  |AP(x) — APU0)| + B (x) — BRI (0)] +|CTi (@) — CTL0)| < My

for all x with |z| < r;. Since the coefficients are constant along rays outside of the
ball B, (0), it follows that (4.4) also holds for all other x € R™.
Because the gradients of A4, BY!", CT! are all bounded by M, we then find by
interpolation that
(4.5) [ API() = AP(0) o0 + IBJ" () = B (O)lo,a
+ICHE) = CHO) o < O
Hence &, is close to the constant coeflicient operator

azhjk Apar oy lwg
OxPOx? (z) ik (0) ox"

Mhjy, < AP(0) () + CPL(0)hyq )

in the sense that for all fj; € h>*(S?°R"), one has

1% fire — A fitllnoo < T~ Fiklln2.o (s2.0m0).-

The coefficients of .# are uniformly bounded, and uniformly elliptic, so the resol-
vent (A — .#)~! is defined for all A\ € C with ReA > w for some w > 0, and the
h%® — h2% operator norms of (A —.#)~! are uniformly bounded by some C' > 0.
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Therefore, if r; > 0 is small enough, then the geometric series
AN=ZL) ==t +. M — Zy)
= A=) A+ (M= L) A= tt) )

+Z( (M — LY\~ )~ )k

k>1

converges, so that (A — jp)_l exists for all A € C with Re A > w and is bounded
by 2C. |

4.5. The resolvent of .Z. Since M has bounded geometry, there exists N € N
such that for any r € (0,71) there exists a sequence of points {p, € M | a € N} for
which {B, = B,.(p,) | a € N} is a covering of M with the following property:

No more than N distinct balls from the covering {B,} have
(4.6) nonempty intersection, i.e., one has ﬂfCV:OBak =g for any
choice of indices ag < a; < --- < ay € N.

For a proof, which only needs completeness and a lower bound for Rec, see
Lemma 1.6 of [18].

For each a € N let ,E,zpa be the localized operator at the point p,, and let
Aa(N) = (A= Z,) 7" hO(SOR™) = 1 (S>OR")

be its resolvent, as constructed in Lemma 4.1.

To solve Afjr — L fix = hji on M, we localize hji to each geodesic ball B,
apply the local resolvent %Z,(\), and then glue the results together, summing over
a € N to get an approximation to (A—.%¢ )’1hjk. In the localization and subsequent
gluing, we will use a partition of unity ¢, € C°°(M) in the sense of § E.2, i.e.,

Supp pa C BT(pa)v and Za @a(x)Q =1
4.5.1. The approzimate resolvent. Consider the operator

(4'7) jk dﬁf Z QOa @a : h )
aeN

The terms in this sum should be interpreted as follows. The tensor field hjj is
defined on all of M. For any given a € N, we multiply it with ¢,, which leads
to a tensor field ¢, h;; whose support lies in B, and which in geodesic coordinates
defines a compactly supported tensor field on B,.(0) C R™. We may therefore
think of @qhji as a tensor field on R™ that is supported in B,(0), and to which
one can apply the local resolvent Z,(\), resulting in %, (¢ahjr). The tensor field
Ro(0ahji) is defined on all of R™. To get a tensor field on M again, we restrict
Rao(N)(pahjr) to B-(0) C R™. Identifying B,(0) with B, = B,(p,) C M via the
exponential map, we get a tensor field defined on B,. Multiplying it with ¢, we get a
compactly supported tensor field in B,, which we can extend to the whole manifold
by letting it vanish on M \ B,. In other words, in (4.7), va(2) Za(N)(¢a - hjr) is
an abbreviation for

o) expy,)-{ 20 [(e30,,)* (00 1) .
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4.5.2. Boundedness of #()\). We verify that .7 ()\) : h%*(S2OM) — h2(S2OM)
is uniformly bounded, i.e., there exists C' > 0 such that for all hj; € h%(S%O0M)
and A € C with Re A > w, one has

-7 (M) hjellpze(s2.00) < Cllkllpo.o (52.0 M) -

Proof. The h*“ norm is equivalent to

def

(hjkl2,0 = SuPthk|Ba||h2‘“'
a€eN

At this point, we recall from (4.6) that the intersection of more than N balls in the
covering {B, }qen is empty. This implies that in the sum that defines 7 (A)h,x(z),
the only nonzero terms are those for which = € B,. For any « € M, there are at
most N such terms. We therefore get

17 (Mhjrll2,a < Csup [[(L(MNhje) | ll2.a
eN @

< Csup > _||(s6 Z6(N)(pohj1)) ‘Ba 2.0

a€N bEN

<csw Y (e @M@k .,
€N g AB,£o ‘

< C'sup Z H@b%b()\)(@bhjk)uza
(LGNBame#z

< NC’supHgobe@b()\)(Sﬁbhjk)Hga
beN 7
< NC’supH%b(/\)(QObhjk)Hz a
beN ’
< NCOsup||eshirl, .,
beN ’
< NCllhjkllo,a-
O

4.5.3. The error in the approximate resolvent. We proceed to show that for any
fir € % (S%OM), one has

(4.8) A=) N fix = fix — E(fi) = (Lnoarn) — E) (Fir),
where & is the operator

g(fjk) = Z[gv o] Za(N)(Pa - fjk)'

a

Proof. Let fj € h%*(S?9M) be given. Then

A=2L)I Nk =A=2L)Y_ 0a Za(N($a - fik)
= Z(/\ - g)‘pa %a()\)(% . f]k)

=Y " 0aA = L) Ra(N($a - fir) = [ZL,Pal Ba(N)(Pa - fir)-
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On the support of ¢,, the operator .Z coincides with our extended operator .,?pa,
so that ¢q(A — L) Zq(N) = p,. Hence,

()‘ - "g)y()‘)fjk = Z@a . (@a ' fjk) - [fﬂﬂa] %a(A)(QDa . f]k)

= fir — Z[g, Pa) Za(N)(Pa - fjk)~

a

O

4.5.4. Estimate for the error term. For all A € C with Re A > w and all tensor
fields hji, € hO*(S?°M), we will show that

(4.9) 1€ R k]l0.0 <

c
W 7k llo,a-

Proof. The key observation here is that the commutator [.Z, .| is a first-order
differential operator: in geodesic coordinates, we have

[gv @a]fjk = Aff)(il?)[apam @a]fjk + B?Z(Ta) [ara @a]qu

foalt) - dp pa Of ik
_ rq a . pqr T ra pq a J
= A gpgga 1t T Bl gr fra T 240 500 Hoa

This implies that
12, al fikllo,a < Cllfikll1,a
and that
12, pal Za(N)pahjkllo.a < CllZa(N)eahjkli,a-
By the interpolation estimate (4.3), one then has

C C
1L, 0a] Za(N)palijllo,a < Wn%hjkﬂo,a < W||hjk||0,a~

The same reasoning as in §4.5.2 then leads to the bound (4.9) for &. g

4.5.5. Construction of the resolvent. We showed in (4.9) that [|€]l0,a—0,a < 3 if [A|
is large enough. It follows that for large |)|, the operator 1 — & on h%(S%0M)
has a bounded inverse given by the geometric series

1-&) " =146+ +6%+---.
Together with (4.8), this implies that
(A= 2) 71— &) =1,

i.e., that Z(\)(1 — &)~ ! is a right inverse for A — .Z.

We have obtained this right inverse for all A with sufficiently large |A|, and thus
there exists w’ > 0 such that . (\)(1 — &)~ is a right inverse whenever Re A > w’.
Moreover, the norm of the right inverse is bounded by

(4.10) [N = &) Hlo.am0.a <

C
Hy()‘)HO,a%O,a

l(l - @@)_1||O,a~>0,a S 2||L§ﬂ()\)||0,a—)0,a S W
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4.5.6. Left invertibility. We conclude by showing that the right inverse is also a left
inverse, i.e., by showing that A\ — . : h2® — h%“ is injective if || is sufficiently
large.

Suppose that fj, € h?*(S*0M) satisfies (A — .Z) fjr, = 0. Then we have

SN = 2) i =0,

and hence

Z @a a Soa )\ g)f]k = 0.
Arguing as before, we commute pq and Z to obtain

Z% aNX = D)pafj + Pa Ba(NZL, @al it = 0.

Using the operator identity ¢, Zq(\)(A — L) = ¢2 ,we find that
fir = Z‘Pu a(N)[Z, @al fik-

Once again, we note that [.Z,¢,] is a first-order differential operator with C*
coefficients, so that [.Z, 4] : h1'* — A%< is bounded. Therefore, one has

||fjk:||l7a S Nsup ||Lpa %a()‘ﬂg?@a]fjk”lﬂ

N
|/\| sup [|[Z; ¢al firllo,a

||fgk||1a
I/\I

If |A| > CN, this implies that f;; = 0.

We have shown that A—_Z is injective and has a right inverse for all large enough
|A|, and that the inverse (A — )~ satisfies the required bound (4.10). Therefore,
% does indeed generate an analytic semigroup on h%%(S%°M). This completes
our proof of Theorem 3.1.

5. THE SPECTRUM OF Ay ON ASYMPTOTICALLY FLAT MANIFOLDS

The Lichnerowicz Laplacian is given by (1.1), i.e.,
Aghjk = AM + 2Rp]k thpk — Rghjq,
where
def
Amhje = g7V, Vhji,

is the “rough Laplacian.”
Lemma 5.1. If |[Rm(p)] = 0 as p — oo and r(p) = oo as p — oo, which are
implied by Assumption 1.2, then it is true that:

(1) Ap: h?™ — h% generates an analytic semigroup,
(2) o(Apm) = (—00,0], and
(3) Tess(Ag) = (—00,0].
We already proved (1) in Theorem 3.1. Statement (3) follows from (2) because

Ay is a compact perturbation of Ans. We therefore only have to establish (2),
which we proceed to do in the remainder of this section.
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Let A € C\ (—00,0] be given. We show below that A — Ay, : A% — %@
has a bounded inverse. If we were considering A, as an unbounded operator
in L?(M;S?9M), then self-adjointness of Ay would guarantee that A — Apq :
H?(S?°M) — L%(5%9M) is invertible. However, on noncompact manifolds, the
spectrum of an elliptic operator like Ax; may depend on the particular function
space in which the resolvent (A — Ax¢)~! should act, and the spectrum of A can
be strictly larger than just (—oo,0]. Our goal in this section is to show that the
asymptotic flatness of M rules out this possibility.

5.1. The resolvent at co. Let A € C\ (—o0,0]. Then the operator A — Agn :
h%%*(R™) — h%*(R™) has a bounded inverse
(A — Agn) ™t ROY(R™) — RE2X(R™).

Our assumption that (M, g) is asymptotically flat lets us use the resolvent of the
Laplacian on R" to approximate the resolvent of A — A in the regions where the
manifold is close to flat.

Let constants € > 0, R > 0 be given. Then there is a compact set Kr. C M
such that inj(p) > 2R for all p € M\ Kg ., and such that the components of the
metric in geodesic coordinates exp, : Bar(0) — Bagr(p) satisfy

(5.1) 19pg = Opallnz.«(Bar(0)) < €

If ¢ is sufficiently small, then it follows that the inverse gP?(x) also satisfies

(5.2) 197 = Spqlln2.e(Bar(o)) < Ce.

In particular, the Christoffel symbols of the metric and their derivatives are also
small in the sense that

755 (@) | n1.e (B (0) < Ce
In geodesic coordinates, the rough Laplacian of a tensor field h;j is given by
Aphjr = g"(x)0p0ghjk + Bfgr(f)arhpq(m) + Cf,g(x)hpq(x),

where the coefficients B, C' are related to the Christoffel symbols via expressions of
the form B =T and C = 9’ + ' « I". This implies that
(5.3) [Arhjk = Arn bkl lpo.o (B2r(0)) < Cellhjkllnz o (B2r(0))
for all hjk S hg’a(BQR(O)).

Our bounded geometry assumption together with a standard covering argument

now let us construct a locally finite covering as follows. We choose points p, for
a € N such that

(1) it B, def Bprya(pa), then {B], : a € N} is an open cover of M \ Kg, and

(2) if B, def Bpr(pa), one has By, NN By, =0 forall ag < ay < -+ < an.

Choose n € C*°(R) such that

=1 fors< %,
n(s)q >0 fors<1,
=0 fors>1.
We define
def d(.’l?, pa) def ¢a(37>
o(T) = and T) = =
V() 77( R ) w(@) > Un()
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noting that > ¢.(xz) = 1 on |J, B,. Furthermore, because M\ Kr. C 1, By,
for any + € M\ Kg, there exists a € N such that = € Bl, and thus we have
Yo(x) > () = 1. Therefore, 3, 1q(z) > 1, and ¢ is smooth on M\ Kg..

Define
M) E Y ).

d(pa,KR,e)>2R

Now if d(z,Kgr.) > 3R, then for any index a such that = € B,, one has
d(pa, KRr,e) > 2R. For such z, it follows that

@)= D @)=Y @)= > (),
b

Py (2)>0 B2z d(py,KR,e)>2R
and hence
A(z) = Z ba(z) _ Dd(po K r ) >2R Val) .
d(z,KR,e)>3R S Un() S, to(@)

d(pa7KR,E)22R

On the other hand, if A(z) > 0 then there exists B, > x centered at p, such that
d(pa, KRr,) > 2R, which implies that d(z, Kr.) > R. Now define

po(z) € 1 - Az).

Then po(z) =1onx € Kp.. Let
A={0}U{a:d(ps Kre) > 2R}.

We have shown that {¢,: a € 2} is a partition of unity. Moreover, the following
observation is an immediate consequence of its construction:

Lemma 5.2. There exists a constant C' depending only on the cutoff function n,
but not R or N, such that for all a € A, we have

Q

IV@alloa + 1V@allo,a < =-

=)

The set
Qdéf{xe./\/l:apo(x)>0}
is an open neighborhood of K . with compact closure. We write Aq for the rough
Laplacian restricted to symmetric tensors on €. Using standard L? theory, one
shows that Aq : H}(S%°Q) — H~1(5%°Q) defines a self-adjoint operator,
Aq : D(Aq) N HY(S*°Q) — L*(5%°Q),

with compact resolvent, whose spectrum consists of point spectrum contained in
(—00,0]. The resolvent of Ag on © with Dirichlet boundary conditions is therefore
a bounded operator

(A —Ag)™ ! L2(8%°Q) — D(Aq) N H (S%°0Q).

Interior Schauder estimates for elliptic equations imply for any open subset €y of
M with Q; C Q and any hjj, € h%*(S%°Q), the restriction of (A — Ag) ™ hji to
belongs to h*“. Furthermore one has the bound

H()\ — AQ)ilh]‘thg,m(Ql) < C||hijh0"“(Q)a

where the constant C' does not depend on hjy.
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We consider the following approximate resolvent
S =poA—Aa) oo+ Y. Pa(A— Apn) ',
a€A,a>0

where the terms are again to be interpreted as in (4.7); thus, we multiply a tensor
field with ¢, express it in geodesic coordinates on B, apply the resolvent of Ag=
or Agq, and multiply again with ¢, resulting in an A% function on M; finally we
add these over a € 2.

From here on ), will always denote a sum over all a € 2.

As before, we estimate the error in this near-resolvent. Let A, = Ag for a =0
and A, = Agn for a € A with ¢ > 0. Then

A =AM =Y (A= Ax)pa(A — Au) ea

a

= Z (pa(A - AM)()‘ - Aa)_lwa - Z[AMa (Pa]()‘ - Aa)_lwa

a

=14 ¢alAa = Ap) (A= A0)pa = D [Ans pal (A = Ad) Ha

=1+ Z Va(Arn — Ap )N — Ag) Lpa — Z[AM’ a]A — A) L.
a>0 a

The term with a = 0 does not appear in the first summation, because when a = 0,
we have A, = Aq = Axq. We define errors 81, 65 by

éal = Z @a(AR" - AM)()‘ - Aa)_1<pa7
a>0

é()2 - - Z[AMa <pa]()\ - AR")_lﬁpa-

We now proceed to estimate those errors.
Multiplication with ¢, is a bounded operator on h%% with

0,0 < Cllhjkloa:

[aljkl

where the constant C' does not depend on our choice of R > 1 and e. It then follows
from (5.3) that

lpa(Arn = Ap)(A = Ar) " ahjillo < Cellhjrllo.o
for all hj € h%*(S?9M). Hence,

I1€1hskllo.0 = HZ Pa(Arn — Ap)(A — Apn) "0 - Ry,
a>0

| < CONellh

0,a-

We can therefore make the first error as small as needed by reducing e.
The second error operator & contains a commutator, which we now compute.
For any hji, we have

AYVS SOa]hjk = [gpqvpvqa Soa]hjk = 29pq(vp90a)vthk + gpq(vpvoPa)hjk'

The bounds from Lemma 5.2 on the derivatives of the cutoff functions ¢, imply

that
C
1AM, alhjklloa < Hllhjkl1a-
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Since (A — Agn )™t 1 A9 — 2> — hL@ is bounded, we can estimate the second
error operator & as follows:

CN
Vhji € h*(S*M) : |&2hjkllo,0 < ?thkHO,a-
The bounds for & and &5 together tell us that
IA = A ) — 1| po.aspoa < CN(E + R_l).

We can make this error as small as we like by choosing ¢ small and R large enough.
Therefore, . is a right inverse for A — A .

To complete the proof, we must still show that . also is a left inverse, which
we can do by verifying that A — Ay is injective. We can do this using the same
arguments as in §4.5.6.

5.2. More on the essential spectrum. We have shown that o(A ) C (—00,0],
which suffices for our purposes in this paper. However, Assumption 1.2 actually
implies that o(Anq) = (—00,0]. To prove this, let A = —k? € (—o0, 0] be given,
and choose a large number R > 0 and a point p € M that is so far away that
inj(p) > R, while the metric in geodesic coordinates on Bgr(p) is € close to the
Euclidean metric. Consider the function

F(z) = /|w|=k e rdS"H (w),

in which dS™~! is the volume element on the (n — 1)-sphere with radius k. The
function F' is smooth, and can be expressed in terms of Bessel functions. More
importantly, it satisfies AgnF + k?F = 0. One can verify that F(z) — 0 as
|z| — oo.

With this function in hand, we construct a near eigenfunction for Ap with
eigenvalue —k?. Again let 7 : [0,00) — R be smooth with n(t) =1 for ¢t < 3, and
n(t) = 0 for ¢t > 1. Consider the tensor field given in geodesic coordinates on Bg(p)
by

hjk = n(@)F(x) 0jk-

Leaving some details to the reader, we claim that one can now verify that as R — oo
and € — 0, one has

thk”?,a >C and ||(AM + kQ)hijO,a — 0.
This shows that A + k2 : h2*(S2OM) — hO(S%OM) does not have a bounded

inverse.

5.3. A mollified distance function. Recall the partition of unity {p, : a € A}
that we constructed in § 5.1 and fix py € Kpr .
For each a € 2 with a > 0, we define r, : Bar(0) C R™ — [0,00) by

ra(g) = d(exppa (5), PO)
For t > 0, we then let r,(¢, &) be the solution of the initial boundary value problem

w = Ary(t,§) for £ € Bagr(0)
Ta(oug) = Ta(g) for f S BQR(O),

ro(t, &) = ra(§) for £ € 9B2g(0) and t > 0.

and t > 0,
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The distance function x € M +— d(x,pg) is Lipschitz with constant 1. By (5.1)
and (5.2), the maps exp, and expp_a1 are nearly isometries, hence Lipschitz, this
implies that r, : Bog — [0,00) is Lipschitz for some constant C.

We now claim that:

(5.4a) [ra(l,z) —ro(z)| < C x € Byg(0),
(5.4b) |Vra(1,2)| + |V (1,2)] < C x € Bgr(0).

The first inequality (5.4a) follows from the maximum principle. Namely, for any
given g € Byr(), we let r+ be the solution of the linear heat equation on R"
with initial data 7+ (0, z) = r4(2zo) £ Clz — x¢|. Self-similarity of the heat equation
implies that r4 has the form

r — X
ro(t,z) =rq(z :I:C\/EF( ),
:t( ) ( 0) \/f

for some function” F. Since r, is Lipschitz with constant C, the maximum principle
implies that

r_(t,x) <r.(t,z) <ry(t,z)
for all t > 0, © € Bygr(0). Setting t = 1 and = = xg, we get
ro(zo) — CF(0) < 714(1,20) < 1o(x0) + CF(0),
which implies (5.4a).
The second estimate (5.4b) expresses interior derivative estimates for the linear

heat equation.
We now define

def _
p(@) S Y pal@)ra(l,expy ! (2)).
a>0
If d(z, Kge) > 2R, then ) @a(x) =1, and thus (5.4a) implies that

[p(z) — d(z,po)| < C.
The partition functions ¢, all have uniformly bounded first and second derivatives,

so the interior estimate (5.4b) implies that Vp and V?p are uniformly bounded.

5.4. Proof that o(A,;) C R. In this section, we show that the little-Holder and
L? spectra of A, coincide. In § 5.3 above, we have constructed a smooth function
p: M — [0,00) such that for all z € M,

d(po,z) — C < p(z) < d(po,x) + C.

Now we deal with Ay, In § 5.2, we have also shown that oess(Ar) = (—00,0].
For (small) ¢ € R, consider the operator

AB) e Ayem = Ay — 20V g, + 0% (App + [Vpl?).

7Using the explicit solution of the heat equation, one finds an integral representation of F',
namely

F(€) = (47r)*"/2/e—%\5—2|2|z| dz.
Derivation: the solution of F; = AF with F(0,&) = |{] is

_le—yl? dy —i‘i—z‘Q dz T
= —_— = NG _ = —
F(x,t) / =W Gy / Tl g ﬁp(ﬁ),

where we have substituted y = = + v/¢ z and defined F(§) = (4m)~"/2 f€7i|§,z|2 |z| dz.
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Then A(0) : h?%(5%0) — h0*(5%9) depends continuously on § € R in the operator
norm.

Suppose that A € C is an h?*(5%0) eigenvalue of A, of multiplicity m, and
choose 0 > 0 small enough so that o(Ag) N Bs(A) = {A}. Denote the spectral
projections of A, and A(6) by

—1 dp —1 du
P:j{ p—A)TTE and P@:% - A0)) " =,
’ 8Bs(\) ( 2 2mi (6) 8Bs(\) ( ®) 2mi

respectively. There exists 6* small enough such that P(f) depends continuously on
0 € (—0*,0%). Then, because P(¢) has finite rank, that rank must be constant.

Let {u1,...,u,} be a basis for range (Po), i.e., the generalized eigenspace of Ay
corresponding to the eigenvalue A. Then

{P(O)uy,...,P(O)un}
is a basis for range(P(6)) for small 6, and we have
o(A0) N Bs(A\) = {A1,..., A} for some 1 <k <m.

Now fix some 0 < 4 < 6*. We may assume that {uy,...,u,} were chosen so
that each P(64)u; is a generalized eigenvector of A(6.), i.e., for each i there exist
Aj, and 1 < k; < k such that

ki
Recalling the definition of A(6,), this implies that
ee+p()\ji - Ag)ki [e_‘g“’P(GJr)ui} =0,

which in turn implies that e=%+? P(6, )u; are linearly independent generalized eigen-
functions of A, with eigenvalues \;, € Bs(\). Since A is the only eigenvalue for A,
in Bs(A), it follows that all A;, = A. Therefore, range (PO) is spanned by the set of
exponentially decaying eigenfunctions

{679+pP(9+)ui (1<i<m}.

Because | Rm| — 0 at spatial infinity, it follows from Bishop—Gromov volume
comparison that (M, g) has subexponential volume growth. Therefore, every little-
Hélder generalized eigenfunction of Ay is an L?(S%Y) eigenfunction. The converse
holds by elliptic regularity. And since A, is self-adjoint in L?(5%°), there are only
real eigenvalues.

This completes the proof of Main Theorem 1.

6. THE SPECTRUM OF A, ON DOUBLY WARPED PRODUCTS

In this section, we prove:

Proposition 6.1. If 4 < nj +ny <8, then on any of Bohm’s Ricci-flat manifolds
(M1+”1+"2, gB), constructed as a doubly warped product metric on Ry x 8™ x S"2,
the Lichnerowicz Laplacian has infinitely many positive eigenvalues.

We then show in § 6.6 that these eigenvalues are simple.
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6.1. Doubly warped product geometries. To begin, we consider any manifold
M =R™F! x 82 The group & = O(ny + 1) x O(nz + 1) acts on M, and Ricci
flow is equivariant with respect to the group action. So, we may specialize to Ricci
flow of &-invariant metrics.

Such metrics have the form reviewed in Appendix A: doubly warped products
over the base [0,00) with fibers M; = 8™, My = 8", standard round fiber
metrics §; = gsmi, §2 = gsn2, and warping functions vg(z), v1(z), ve(x).

Specifically, we may without loss of generality take vg = 1 to consider a fixed
background metric

(6.1) gr = da? +vi(x) g1 + v3(x) G2
and linearize along a ®-invariant tensor field of the form
(6.2) h = 1o(x) dz® + 1 (x) g1 + n2(z) g

on (M, gg). Although the results in this section generalize readily to any Ricci-flat
metric, we are most interested in the case that gg is an Einstein metric constructed
by Béhm [7] and reviewed in [5].

To begin, we employ Roman indices on S7', Greek indices on §™?, and proceed
to compute Ayh = Ah + 2Rm xh — 2Rc *h.

The curvature formulas derived in Appendix A imply easily that

V1,zx V2 zx
(Rm *h)oo = { —ni m — N2 7]2}7
U1 (%)

2
U1, 1 —wf, V1,22,
(Rmxh);; = { - f}m no + (n1 — 1)721'1 m — 712#772}91‘]‘,
1

vy V1V2
V2 zax V1,2V2,x 1- U%,m
(Rmxh)ap = { — = —nm——=m + (ng — 1)——5—>— 772}9aﬁ-
V2 V1V2 ’02

Because gp is Ricci-flat, the terms Rc *h do not appear.
With some additional work, the Hessian derivation in Appendix B implies that

v V9o 1 V9 o
2 (1 —110)] + 12 —2Z 10,2 + 222 (192 — 70)] }
(% (%) V2

U1,z
(Ah)oo = {"70,9&1 +ny ;7 [770,90 +2
1

U1

2
: V2, L,
(Ah)i; = {771,m + (m—= 4+ ne—=2) 12 +2—5 (10 — 771)}9ij7
U1 V2 vy
2

T U2,z V2 ¢
, , 222 (30 — 1) o
o +no - )02, + o3 (M0 — M2) {Gap

U1

(Ah)as = {m200 + (m

6.2. The linearized system. The equations above are simplified somewhat by
the change of variable

(6.3) wa % log (”7) for a=1,2.
Ng — 1
o
Then by representing h as a vector n = | n; |, the Lichnerowicz Laplacian becomes
2

(64) AM = Ngo + Anz + 6773
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where

(65) A(CL’) = Znawa,z

and
2 2
—2n1w1’w — 2n2w27w —2n1W1 gz —2N2W2 za
(6.6) B(x)= —2W1 gy 2e 2w _ 2nlwigJ —2now z W2 5
—2W3 22 —2n1W1 L W2 4 Qe 2wz _ 2n2w§7w

While it is a standard fact that A is self-adjoint in L?, it is useful to verify this
directly. Indeed, if h and h both have the form (6.2), then their pointwise inner
product is

(hy h) gy = MoTo +naimi + namnaij,
which one can write as

(hyh) gy = "W, with the inner product W = (1 n nZ) .

It follows that there exists a positive constant wy, », such that

oo
(6.7) s (7)o = [ W0 ()15 ()
0
It is then easy to see that (h, Agh) 2 = (Agh, h) 12+ Once one observes that
—2n1w%w — 2n2w§’w —2n1W1 gz —2n2W3 gz
WB = —2n1W1 g 2n4 (e72%1 — nlw%w) —2n1now L W2 5
—2NoWs 4y —2n1NowW1 ;W2 5 2ny(e 2wz — nzwg,w)

is symmetric.

6.3. The Lichnerowicz Laplacian on a Ricci-flat cone. To guide what follows,
we consider the (singular) Ricci-flat cone metric to which a given Bohm solution is
asymptotic. We show in [5] that gg(x) ~ gejec as © — oo, where
. . . Ng — 1
Geje = da® + ca? Gy + 322 Go, with = ij T (a=1,2).

Then v, = /¢, x, and, writing n = n; 4+ no, one finds on the cone that

n 1
(6.8) A = Mo + —12 + —Cn,
x T
where
—nNn ni1 n9
C=1lim Blx)=2| 1 na—1 —ng
Tr—ro0
1 —nq ny — 1

The eigenvalues of C are 0, —2(n + 1),2(n — 1), and its eigenvectors are

ro = (1 1 1)T, T—2(n+1) = (—n 1 l)T, T2(n—1) = (O N2 —’I’Ll)T.

Yo (@)

o (T
1(z) ) , then the action

Thus, if 17 = Poro + 917 _2(n41) +P2r2(n-1) and P(z) = (w (x)
o (x

of Ay, given by (6.8), becomes

Agth = g + —1f + L (" 2o (@
7T Ve T T g2 2(n—1) )
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6.4. The Lichnerowicz Laplacian on a Béhm Ricci-flat metric. Now we
return to a given Bohm Ricci-flat metric gg. We see from § 7 of [5] that

x + o(x) >

vn—1

In the variables used here, we rigorously obtain convergence of the derivatives wq 4

and wg z, matching what one would obtain by formally differentiating (6.9), namely
1 1 1 1

Wo,p = . + 0(;), Wo, g = 2 + o(?), (z — 00).

Ng — 1

(6.9) we(x) = (x — 00).

—] r+o(zr) = wa(z)—log<

The action of Ay on tensors of the form h = nodx? 41191 +1202 is given by (6.4),
i.e., by the ordinary differential operator

7Y 9 + A(x)0, + B(x).

The asymptotic behavior of the metric as x — oo implies that
n _ 1 _
2 =02+ (E +o(z 1)>8m + ?C + o(x™2).

For functions ¢(x) to be determined, we consider vectors of the form

0

77(5”) = SD(I) To(n—-1) = <)0(‘T) n2
—n

Neglecting the error terms in &, the exact solutions of

2(n—1)

1

@(2) + =/ () + o(2) = ()

are

0y (3?) — x—%i%y/fﬂ—lOn+9+4u

For all 4 <n < 8 and all u € (0,7/4), one has n? — 10n + 9 + 4u < 0. Accordingly,
we set

def 1 —m
2
in order to write the general solution ¢(x) = c1¢1() + capa(x) in terms of

and B V2 —10n +9 + 4y

v1(x) et sin(flog x) and wa(x) def o cos(Blog x).

This is the dimension restriction explanation that we promised in the Introduction.

6.5. Approximate eigenvectors. We are now ready to accomplish the first goal
of this section.

Proof of Proposition 6.1. For any large constant R > 0, we consider an approxi-
mate eigenvector n(z) = ¢(z) r2(n—1) defined with respect to the compactly sup-
ported test function

¢1(f) R<az<e/lR,

0 elsewhere.
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Then by (6.7), representing h by 7, one has

w(n, 2l 0 = / T AW D] o () vt () da

e"/PR L
= / nTW{—zn +o(z ', + x_Qn)} v () vy (x) de.
R X
On the interval = € [R, e™?R], one has estimates |¢(x)| < C and |¢'(z)| < C, and
hence has
77(1‘)‘ lp(#)l . C m(w)‘ L1 | C
—| < < — < ) < =
2 |= R SR el e GG =
where C' depends only on ny,ny. Therefore, as R — oo, we have
e™/PR
1+0(1) n n
s =n [ LS ) v @) g e > o

and

Taking a sequence Ry — oo with Rp41 > e™ PRy, + 1, one obtains in this way
a family hy such that (hg,Aghg),, > 0. Because the hj have mutually disjoint
supports, they form an orthogonal sequence. This implies that A, has infinitely
many positive eigenvalues. O

6.6. Simple eigenvalues. Our second goal in this section is to prove that the
eigenvalues of A, with ®-invariant eigentensors are simple. The proof is in three
steps. We begin with a smoothness criterion.

Lemma 6.2. If the (2,0) tensor field on R™+! x 8™ given by

h = no()(dz)? + n1(x)g + 12(2) 2
is smooth and & = O(ny + 1) x O(ng + 1)-invariant, then

om(x)
(6.10) il{% w2 = no(x).
Proof. Let X = (xq,...,%,,) be coordinates on R™ 1 and set

v=|X|=/af+ -+ .

The only SO(n; + 1)-invariant (2,0) tensor fields on R™ ! are linear combinations
of [dX|? and (X,dX)?, i.e.,
h = ¢(2)|dX[* + 1 (z)(X,dX)?
for smooth even functions ¢, : R — R. The Euclidean metric on R™*! is
|AX|? = (dz)? + 22§;.
Furthermore, 2% = | X |? implies that z dz = (X, dX). Therefore, the tensor A may
be written as

h = (p(x) + 2*¢(x))(dz)? + 2°(x) g1
This implies (6.10) 0
Now let \g > A1 > A2 > --- > 0 be the sequence of positive eigenvalues for Ay

with eigentensors h; whose existence we have established above. Our second step
is as follows.

Lemma 6.3. For all j > 0, the n2(0) component of h; is never zero.
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Proof. In § 6.2 above, we represented the Lichnerowicz Laplacian as an ordinary
differential operator

A = o + A(@)ne + B(2)n,
where A(z) and B(z) are defined in terms of the warping functions vy, ve as in
(6.5) and (6.6). Both A and B are singular at the origin, but x.A(z) and x?B(z)
are real analytic functions of 22. Indeed, the warping functions themselves are real
analytic functions, where vy is odd with v{(0) = 1, while vq is even. Thus,

R S N S (U e _ o 05 (0)
vl(x)—ac—l—;m and vg(m)—vg(O)—FI; ).
Hence we have
Wi =+ O@), Wi =g+ O0), Wy =O), Wy = O(),
and
e 2 = nlv% L nlx; ! + 0(1), e 22 = nzvg L (1),

where O(1) and O(z) represent even and odd power series in x, respectively. We
also note that wy zws , = O(1).
In this way, we get the following expansions for A(z) and B(z):

zA(z) = Zna Tw, = ny + O(z?)

and
—2n1wim — 2n2w%’m —2N1W1 gz —2n2W3 zx
3328(33) = g2 —2W1 g 2e—2w1 _ 2n1wix —2nowW1 ;W2 5
—2W2 gy —2N1W1 L W2 4 Qe 2w2 _ 2n2w§@
= By + O(2?),
with
72711 2n1 0 72711 2n1 0
By = 2 2(np—1)—2n; 0| = 2 -2 0
0 0 0 0 0 0
It follows that z = 0 is a regular singular point for the eigentensor equation
(6.11) 22" (2) + wA@)a (z) + 2*B(a)n(z) = Aan(@).

Because the coefficients x.A(z) and x2B(x) are real analytic functions of 22 in a
neighborhood of the origin of the complex plane, z = 0 is a regular singular point
for the eigentensor equation (6.11). One can therefore use the Frébenius method
to find a fundamental set of solutions. These solutions are of the form

n(z) =z Z arz®®  or  np(z) = a® Z{ak:r% + bz log 2},
k=0 k=0

for suitable characteristic exponents o € C, and coefficients ay, by € C3. The second
form appears in case two characteristic exponents differ by an integer.

To find the characteristic exponents, we consider the principal terms of the eigen-
value equation, which are

2°¢" (@) + n1¢’ () + Bo¢(x) = 0.
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The eigenvalues of By are

Bo = —(2n1 +1), p1 =0, B2 =0,
with respective eigenvectors
2nq 1 0
o=\{-1], G=1(1], G2=10
0 0 1

To obtain the characteristic exponents, we look for solutions having the form
((x) = x*i(; for (; € R3. We find for all j that

aj(a; — 1) +niay + 5, =0,
i.e.,
aglag — 1) +n1ag —2(ng +1) =0,
a1(an — 1)+ nja; = as(ae — 1) + n1ag = 0.
Solving the quadratic equations leads to the following six characteristic exponents:
ag=42, dp=—-(m+1), aa=a2=0, & =& =—(n1—1).
The leading terms of the six corresponding fundamental solutions ¢;(x), éj (z) are

2n12% + o(z?)

=2 o) = (o) | bl = e ol
1+o0(1) A

Gr) =G to(l) =1 +(O§1) ; Gz) =a ™G +o(z™™ )
o(1
o) A

G@=Grol) =| od) | Galw) = oG ofa ),

Since any eigentensor h = 1o (z)(dx)? +m1(x)g1 +n2(2)g2 is a linear combination of
these fundamental solutions, its behavior as x N\, 0 is given by one of the expressions
above.

The fundamental solutions g:](x) are excluded because they possess negative
characteristic exponents (remember that ny > 2) and therefore are unbounded at
z=0.

The fundamental solutions (p(x) and (;(x) are also excluded, because they do
not satisfy the smoothness criterion of Lemma 6.2.

It follows that the only possible behavior of an eigentensor at = 0 is given
by (2(z). This implies that 72(0) # 0. O

Now our second main result of this section follows as an easy corollary:
Proposition 6.4. The eigenvalues A\; > 0 of A, are simple.
Proof. Let

hy =no(x)(dx)* +mi(2)dn + ma(2)g2,  hy = ijo(2)(dz)* + 71 (2)d1 + 7z () g2

be nonzero eigentensors of A, for the same eigenvalue ;. Then we can see from
Lemma 6.3 that 72(0) # 0 and 7j2(0) # 0. Consider the eigentensor

hj = 12(0)h; — i12(0)hy,
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which we can write as
flo()(dx)? + A1 (2) g1 + N2 (2)Go-

i’\L =
Since 72(0) = 12(0)72(0) — 72(0)12(0) = 0, it follows from Lemma 6.3 that izj =0,
and hence that h; and h; are linearly dependent. O

7. DISTINCT INSTABILITIES OF THE NONLINEAR SYSTEM

For every solution g in Main Theorem I, there exists a DeTurck vector field X,.
The metric g(t) is then a solution of Ricci-DeTurck flow,

8tg =-2 RC[Q] + [,ng.
A family of diffeomorphisms ¢; : M — M is a DeTurck family for the solution g(t)

if

weM 1s0: P x (5p)).
Such a family exists with the property that ¢o(p) = p for all p € M. The following
paragraph shows that we can choose ¢ so that ¢(p) — p as t = —o0.

The fact that the metrics g(t) converge exponentially to g in backward time
implies that the DeTurck vector field X, decays exponentially as ¢ = —oo. This
implies that the DeTurck diffeomorphisms ¢; : M — M converge at an exponential
rate to a fixed map that must itself be a diffeomorphism. Label it ¢_o, : M — M,
and let ¢, = (qb_oo) -t o¢¢. Then the diffeomorphisms ¢; also evolve by the DeTurck
vector field, and for ¢ - —oo they converge to the identity map. It follows that

9(t) = o7 g(t)
is a solution of Hamilton’s Ricci flow with g(t) — g as t — —oo.

While our construction guarantees that the solutions of Ricci-DeTurck flow in
the Njs-dimensional family are distinct, it does not immediately follow that the
corresponding solutions §(t) of Ricci flow are geometrically distinct: imagine that
g91(t), g2(t) are two solutions of the Ricci-DeTurck flow, and suppose that their
corresponding Ricci flows §1(t), g2(t) are equivalent, i.e., suppose there exists a
diffeomorphism % : M — M such that go(t) = ¢*[g1(¢)] for all ¢.

We show below that this cannot happen under the assumption that the Ricci-
DeTurck solutions g1(t), g2(t) both are invariant under the isometry group & of
(M, g). This assumption holds in the case of doubly warped solutions emanating
from the Bohm soliton that appear in Main Theorem II, for in this case the full
isometry group of the Ricci-flat soliton is & = O(ny + 1) x O(ng + 1), and the
solutions we construct all have the same symmetry.

By construction, we have §; 2(t) — ¢g as ¢ — —oo. This implies that g = *g,
i.e., that 1 belongs to the isometry group & of g.

Let qvbm : M — M be the DeTurck diffeomorphisms with ét,i —idap ast — —oo.
Because the Ricci-flat metric g and the DeTurck metrics g;(t) are G-invariant, their
DeTurck vector fields and diffeomorphisms are also ®&-invariant. Therefore they
commute with the isometry ¢, which implies

g2() = ¥ [0 ()] = " [67191(0)] = 671 [0* 91 (1)] = 6.1 [91(1)] = 3 ().
Therefore, the two solutions of Ricci-DeTurck flow are the same. It follows that if

solutions of Ricci-DeTurck flow are pairwise distinct, then the same is true for the
corresponding solutions of Ricci flow.
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This argument completes the proof of Main Theorem II.

APPENDIX A. REVIEW OF DOUBLY WARPED PRODUCT GEOMETRIES

Both the background metrics gg and the perturbed metrics g we consider here
are examples of doubly warped product metrics. In this Appendix, we recall basic
facts about the geometry of such metrics, suppressing decorations throughout.

Given Riemannian manifolds (M7, §1) and (M52, g2) and an interval Z C R,
one may form (M"*1 g), where M =7 x M; x Ma, n = ny + na, and

(A.la) g=ds’+ g1+ g2
(A.1b) =vddz? +vi G + 03 Go.
Specifically, for increased generality, we take x € R, as a fixed coordinate but do

not assume here that vo(z) is constant.

A.1. The Levi—Civita connection. We compute Christoffel symbols inductively.
In the first step, temporarily set § = ds? + g;. We compute with respect to the
vector field

0] 4, 0
en = — = [
07 09s 0 9
and use indices 1 < ¢, 7,k < ny. We find that the connection of g is determined by
V0,
FO = — = R
00 o Yo,
Fg(] = F?O - 07
1 . 1 _

Iy = —i(as(vf))(m)m I = Ju (95 (v7)) 0k,
F?j = (Fl)fg*

In the second step, we note that g = g + go. We temporarily let 0 <, 5,k < nq
and n; + 1 < o, 8,7 < ny +ng =n. We find that the connection of g is given by

), and Ffj as above,
_Tk —
I}, =Tq; =0,
1 . 1
Top = =59 (0e(v)))(32)as: I = 5uz' (B:(3)8),

Flﬁ - (f‘Q)l,B'

In the final step, using ey = %, 1<i,j5,k<ny,and n1 +1 <, 8,7 <ny+ nog,
we combine the results above to see that the only potentially nonzero symbols are

(A.2a) I‘80 = vp,s,

o _  Yis B ko Vs ok
(A2b) F’L] - vy (.91)1]’ FO] - vy 6])
(A.2¢) Ty = (M),
V2.5 V2,5
A.2d I = ——=2(g3)0s, , =-=24,
( ) afB vy (92) B 08 vy B

(A.2¢) I7, = ()2,
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A.2. The curvatures. Let uppercase Roman indices lie in {0,1,...,n1 + na},
lowercase Romans in {1,...,n1}, and lowercase Greeks in {ny +1,...,n1 + nz2}.

We recall the standard formula RE 5 = 04T B — 0T +TE,TE.—TE TS .
In general, multiply-warped products have four flavors of sectional curvature corre-
sponding to the following pairings of tangent planes: (a) base with base, (b) fiber
with itself, (c) fiber with distinct fiber, and (d) base with fiber.

Because our base is one-dimensional, only the last three flavors are relevant here,
all of which may be obtained from the following formulas:

2

R v
Rijke = gem Ry = v Rijre — % ((gl)w(gl)jk - (gl)ik(gl)jl)a
i

2
. v3
Raprs = 9onBRy = V3 BRapys — — ((gz)as(gz)m - (gz)aw(gz)m)a
2
Rigyi = gkngﬁ,Y = gke (@'Fév - 35Fe + FlEPﬁ’Y FgEFf;) = gngfOF%,Y

’U1 s V2.5
V1 (

91)ik(92) 8+

U1,
Riooe = greRiy = gke( — 0, — Fléprfo) == vss (91)ies
1

V2,
Raoos = gsnRogo = gan( -0,y — 1“851“30) = —f(@)aé-

Now let a,b € {1,2}. Then it follows from the formulas above that the Ricci
curvature is determined by

(A3a) Roo = — (Z Ng (UZ)SS> d82,

(A3b) (Reg)ap =14 — S 4 (g — 1) ——228 —

The scalar curvature is

(A4 R— 22 'Ua SS"‘Z Zzna o )s

a b#a

APPENDIX B. DETAILS OF THE Ah COMPUTATION

In this appendix, we continue the notational conventions of Appendix A and
compute V4 ghep for a metric (A.1), where uppercase Roman indices again range
over all possible values in {0,1,...,n1 + na}.

Without loss of generality, we may work in normal coordinates for §; and gs.

We start with Vpheop and find that the only nonvanishing components are of
the form

Vohoo = 770 s Vohi; = N1,59i5, vOh B8 = 12,5908,
Vihjo = (770 M) gij Vahgo = (770 —12)gap-
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We proceed to VAV phep, noting that the only components of interest occur
for compatible choices of A, B and C, D. For these, we obtain
VoVohoo = 10,ss5

2
U1 vy

Vivjhoo = { .8 T0,s — ZT;(T]O - 771)}9177
1

U1
V2,s U% s
VaVghoo = {;ﬁo,s — 2= (o — 772)}9aﬁ,
(%) vy
VoVohi; = m,ss 9ij
VOVOhOzB = 12,ss 9af3»
V1,s i

Ul 3
ViVjhge = 0 M,s Gijgke — Téé (m —no) (gikgje + Giegjx),
1 1

2

’[}27 . /U27,
VaVghys = T;ng,s GapGrs — T;(nz —10) (gar 985 + Gas9s~)s
2

U1,
ViVjihag = 7577275 Gij9gas,
1
V2,
VaVhij = — M,s 9ij9ap-
V2
Tracing these identities yields the formulas stated in § 6.

APPENDIX C. INVARIANT MANIFOLDS

In this appendix, we sketch the proof of Theorem 3.3 adapted to our application,
using notation we introduced in § 3.3.

Let E be a Banach space, Y C E an open subset, and f : U/ — E a C" map with
a fixed point p € U. Assume that T = df, satisfies the a-hyperbolicity condition
for some a > 1. We thus have E = E* & E*, and

T=T°®T", with T°:FE°— FE° and T":E"— E“.

Assuming without loss of generality that p = O and hence that f(0g) = Og, we
expand f in a Taylor series,

f(z) =Tz +g(x),
where g(0g) = 0g and dgg = 0. The key step in the proof of Theorem 3.3 is then
to establish the following result:

Lemma C.1. For every v € E*, there exists a unique ancient orbit (z;)i<o in U
such that " (x¢) = v and such that ||z;|| < Ca® for some C' >0 and all i < 0.

In this Lemma the map f is not assumed to be a local diffeomorphism or even
injective. The only assumptions are that f be C'! in the sense of Fréchet derivatives,
and that the spectrum df, admit a splitting as described above.

Sketch of proof. If ¢ > 0 is sufficiently small, then the spectrum o(T) does not
intersect the annulus

{AeC:a—-e< N\ <a+e}
We may replace the norm on E by an equivalent norm in which

Yo e E° | Tv|| < (a—¢)|v| and Yo e E* || Tv|| > (a+¢)||v].
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Split z; = xf @ a¥. Then the equation x; = f(x;_1) is equivalent to the pair
(C.1) x; =Tx;_1 +9°(zi—1) and  xf =Tz} 1+ g“(zi—1)-
The first recurrence equation implies that
=TV} _y +g°(xiy) + Tg*(a5o) + -+ TV g (25_y).

If we only consider sequences x; for which ||x;|| < Ca® for some constant C' > 0,
then their stable components also decay like ', and thus we have

, N
[Tz yl| < (a—e)NCa' N Cal(l—f) -0 as N — 0.
a

The first equation in (C.1) is therefore equivalent to
(02) Z T] z J— 1)

We can rewrite the second recurrence equation in (C.1) in a similar manner if
we use the fact that that T|E" is invertible — this holds because o(T") lies outside
the circle with radius a + &, which implies that 0 ¢ o(T"). Thus we have

=T :c -1 g(SCH-l)-

Iterating this recurrence ¢ times, we find that for any ¢ < 0,

(C.3) xy = ZT Tg"(zigj)-

We are looking for orbits x; for which 7%zo = z§ = v. The set of orbits we are
interested in is therefore determined by the pair of equations

x5 —ZTJ r;_;_4)=0,
(C.4)
x; JrZT Tg"(zi44) = T .

Because of the decay condition that we impose on the orbits, we are looking for
solutions (z;);<o to these equations in the sequence space

00 def def —
2(5) " {(@idiso s Nwilla < oo}, where  [[(@)lla ¥ sup |
<0

To complete the proof, one verifies that the map Y : (z;)i<o — (¥i)i<o given by

ZTJ ij-1) ZT 79" (wivs)

is a continuously Fréchet differentiable map Y: £3°(E) — (5°(F) with derivative
dYy = 0. One can then apply the Implicit Function Theorem to the equations (C.4)
to conclude that a unique solution (z;);<o € £3°(E) exists for any small prescribed
ve B

O
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APPENDIX D. BOUNDED OSCILLATIONS

In this Appendix we record an observation, which we do not use in this paper
but which might be of independent interest.

We consider a doubly warped product M = R™*1 x §"2 evolving by the nonlin-
ear Ricci-DeTurck flow. We specialize to Ricci-DeTurck flow of & = O(ny + 1) x
O(nz + 1)-invariant metrics. Accordingly, we proceed to consider the evolution of

- def N ~
(D.1) §=ds*+ g1 + g2 = v}(da?) + 0] g1 + 03 g2

by Ricci-DeTruck flow (2.5). As background metric, we choose one of the Ricci-flat
Bohm metrics we considered in [5], which we write in this appendix as

(D.2) g8 = (dz)? + Vi(2)?g1 + Va(@)?g2 ().
Our objective here is to prove:
Lemma D.1. If (M =R x 8", g = v da? 4+ v} g1 +v3 §2) is a doubly warped
product manifold evolving by Ricci—-DeTurck flow (2.5), then the number of x > 0
for which
vi(x,t)  va(w,t)

\/nl—l_\/nz—l

does not increase in time.

D.1. Regularity of the flow near a B6hm soliton. Our short-time existence
theorem provides solutions g(t,-) = gg + h where egp < § < ¢ lgp for some € > 0.
Metrics that start out as doubly warped products remain doubly warped products.
We will therefore consider solutions where h has the form

h = ho(x,t)(dz)* + hi(2,t)G1 + ha(z,t)do,

with

ho = vg — 1, hi =} = VP, hy = v5 — Vy.
D.2. The DeTurck vector field. As in Appendix A, we let uppercase Roman
indices lie in {0,1,...,n1 + na}, lowercase Romans in {1,...,n;}, and lowercase
Greeks in {n; + 1,...,n; + ny}. Here writing g4% = (571)48, we apply (2.6) to
see that the DeTurck vector field X has components

X4 =g (T3e —The)

=Ty — Too) + 37 (055 = Tf5) + 3* (T4 — Thp)-
By the formulas in Appendix A.1, this vanishes unless A = 0, whereupon we obtain
X = f(s) %, where

V1,s V2,5 V1,s V2,s

(Y
(DS) f(S) =vo,s — N1 = —No = - ni — Ng——.
U1 V2 Vo U1 )

D.3. A simplification of the system. In formula (A.3) of Appendix A.2, we
show that

—Rc = {Z nava’ss} vg (dx)?
v

a a

Va,s Ng — 1 Va,s Vb,s 2 A
30 (e) R g Ty e R 2y,
- Vg /s vz Vg Up

b
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where a,b € {1,2}. As shown above, the Lie derivative we need is
~ 2 Va,s\ 2 4
Lx§=2f,(ds)? + 2( S :fv—> V2 §a.
a
a

It follows that Ricci-DeTurck flow (2.5) is equivalent to the strictly parabolic
system of equations

Ovg Va, 9
gt = (et 1)

a
a

afUa Va,s Ng — 1 Va,s Vb, s 2
Vo = — ) — + — + ny—— v
“ ot {( Vg )s v2 Vg / ; "o @
which in turn are the same as

aUO Va,ss
E = {fs +;na Vg }’U(),

v, Va,s Ng—1 Vg Up
ot _{(’Ua)s v2 +va <f+;nbv

a

This system becomes even simpler if one writes it in terms of

,S
b

wo log(vg) and the previously defined w, = log (”07a>, (a=1,2).

Vg — 1

Then (D.3) implies that f = wg , — niw1,s — naws s, and one obtains

(D4a) % = (f + Z nawa,s)s + Z naw;w
(D4b) ag;a = Wgq,ss + (f + anU/b,s)U)a,s - 3_2waa

b
in which both w, and wy satisfy identical equations.

We note that the difference wio def w1y — wq satisfies a linear parabolic equation,

0
awl? = CL(.’L‘, t) W12 22 + b(l‘, t) W12,z + C(.T, t) w12
where the relation s = vg x implies that
9 1 9 €—2w2 _ e—2w1
at:_ab7t:_{ —vy }a at:
a(z,t) = vy (x,t) = vy f—l—za: NqWa,s —Vg ~V0,s ez, t) A

Proof of Lemma D.1. We wish to apply the Sturmian theorem [2]. We note that
vg > 0 is a necessary condition for the solution to exist. Therefore, on any time
interval [0, 7] on which the solution remains smooth, one verifies from (D.4) that
@, 0y, Gyp, Qy, 0 ' € Lo, and that b, by, by € Lo. Then writing
W12

one readily sees that ¢ € Lo, as well. The necessary conditions for the metric to
close smoothly at the boundary s = 0 imply that w; — —oo as s \, 0, while ws
remains bounded. This implies that no zeroes of wys come in from the boundary.
The result then follows directly from [2]. O
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APPENDIX E. FUNCTION SPACES

In this appendix, we review properties of little-Holder spaces on Riemannian
manifolds of bounded geometry. For details, we refer to Aubin’s book [6], as well
as papers by Hans Triebel [27, 28].8

E.1. A covering lemma.

Definition E.1. The dimension of a covering B, (a € N) is the smallest N € N
such that Byy N Ba, N+ N Bay =D forallag <a; <---<any €N.

Lemma E.2. Suppose (M, g) has bounded geometry. Then there are N € N and
ro > 0 such that for every r € (0,79), a sequence p, € M exists for which {B, :=
B(pa,7)}taen is an open cover of M of dimension at most N.

This result appears in [27, 28]. A proof is indicated in [6, Lemma 2.26]. The
reader may also wish to consult [18].

The idea behind the proof is to use the Vitali covering lemma to find a sequence
{Pa}aen such that M = J, B(pa,r), while the smaller balls B(p,, +7) are pairwise
disjoint. The curvature bounds on the metric imply that for small enough r > 0
one has

vol(B(p, i) > cr™ and vol(B(p,3r)) < Cr"
for every p € M, where ¢,C' > 0 do not depend on r or p.
If
B(pamr) a---nN B(pazwr) # 9,
then pa,, ..., Pay € B(Pay,2r), and thus the disjoint balls B(pay, £7), ..., B(Pay, £7)
are subsets of B(pg,, 3r).
Comparing the volumes of UY B(pa,, %7’) and B(pg,, 3r) we find that

(N + 1)er™ < Cr™.
This is a contradiction if N > C/¢, so that the intersection of more than C/c + 1
balls B(p,,r) is always empty.

E.2. Partition of unity adapted to a covering. Let B, := B(p,, ) be an open
cover of a manifold (M, g) of bounded geometry, as in Lemma E.1. Then there
exists a set {@, € C°(M): a € N} with supp ¢, = B, such that

ZW{L(I)Q =1

for all z € M.
Furthermore, we can choose the ¢, so that
(E.1) 7|Vpa| + 12V V4| + r*|VVVip,| < C

for all small r > 0, and for some constant C' that does not depend on 7.
Indeed, choose 1) € C*°(R) with ¢(¢t) = 0 for t > 1 and ¢(t) > 0 for ¢t < 1. Then
let
ba(x) = (d(z,ps)?/7?) for x € B, ¢a(z) = 0 elsewhere,

and define
ba(x)

Pal) = @

8Note that Triebel treats the Besov spaces By, (M) of which the Hélder spaces are a special
case: h¥® = BEXS provided that o € (0,1) and k € Z.
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We can estimate the gradient of ¢, using
\Vd(z, p)?| = 2d(z, p),
which implies that

Vo= 00wy = gl = By < €
For the Hessian, we have
VV, = Wv(d% ® V(d?) + %vvw) —  |VV¢,| < %
Reasoning similarly, one sees that
V2¢al < %

E.3. Little-Holder spaces. If (K, d) is a compact metric space, one says that a
function f : K — R is Holder continuous of exponent o if

o V)~ )
T#Y d(m> y)a

The set of a-Holder continuous functions on K becomes a Banach space if one gives

it the norm
[f(z) = f()l
d(z,y)>
Recall that smooth functions are not dense in C%<. For example, one can verify
that the distance in C%/2([~1, 1]) between f(z) = \/|z| and any Lipschitz function
g:[—1,1] — R s at least 1.
A function f: K — R is little-Hélder continuous if

li\rge‘a sup{|f(z) — f(y)| : d(z,y) < €} = 0.

< 0

[£llo.a := sup[f ()] + sup
© vy

We write h®®(K) for the set of little-Holder continuous functions on K. h%¢(K)
is a closed subspace of C%%(K). If K = B(0,R) C R", then it is the closure of
C>(K) in C"¥(K).

E.4. Little-Holder sections of a tensor bundle. Let (M, g) be a manifold with
bounded geometry, and let 79 M — M be the bundle of (p,q) tensors on M.
For simplicity of notation we describe the case of (0, 2)-tensors (such as the metric
and Ricci tensor).

Consider a covering B, := B(p,, ) as in Lemma E.1, and parameterize each B, by
the exponential map at p,, i.e., by ¥q : B — B(pq,r) given by 1,(£) = expp,, (1€).
We say that a (0, 2)-tensor T is Hélder continuous of exponent « if its components
Tk, (defined by T(€) = Tjx(€) A&7 dg¥) are Holder continuous functions in all of the
coordinate patches B,, and if

def

1Tl0.0 = SHPH;%XHT%(E)HhM(BQ) < Q.
a ’

The quantity || T|o,« is the a-Holder norm. Changing the cover {B,} leads to a
different but equivalent norm, provided that r > 0 is small enough.
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