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Abstract. Regarding Ricci flow as a dynamical system, we derive sufficient

conditions for noncompact stationary (Ricci-flat) solutions to possess infinite-
dimensional unstable manifolds, and provide examples satisfying those criteria

that have uncountably many unstable perturbations.
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1. Introduction

In this work, we develop a set of tools for investigating the stability or instability
of noncompact Ricci-flat manifolds. We are primarily interested in formulating
criteria for instability of noncompact solitons that are asymptotically conical. We
prove results that apply to general noncompact manifolds with bounded geometry
and then demonstrate their applicability to noncompact Ricci-flat manifolds which
form a subset of a family of Einstein metrics discovered by Christoph Böhm [7].

1.1. Main results. More precisely, our conclusions are as follows. Let (M, g) be
a complete Ricci-flat manifold with bounded geometry. We introduce a geometric
condition that implies that the Lichnerowicz Laplacian acting on symmetric 2-
tensors,

(1.1) ∆ℓhjk
def
= gpq∇p∇qhjk + 2Rqpjkh

p
q −Rpjhpk −Rqkhjq,
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generates analytic semigroups on a variety of spaces, including L2(T ∗M⊗S T
∗M)

and the little-Hölder1 spaces h0,α(T ∗M ⊗S T
∗M). Moreover, we show that the

essential spectrum of ∆ℓ is exactly the negative real axis, σess(∆ℓ) = (−∞, 0].
This implies that any remaining spectrum consists of isolated eigenvalues, which
may accumulate only on the essential spectrum. It is worth noting that this is
true regardless of which function space we choose, which may not be the case for
manifolds that are not asymptotically flat.2

A geometric criterion that we assume throughout this paper is as follows:

Definition 1.1 (Bounded geometry). One says a complete Riemannian manifold
(M, g) has bounded geometry if there exists C > 0 such that:

• the Riemann tensor is uniformly bounded, supM |Rm | ≤ C, and
• the injectivity radius is bounded from below, inj(g) ≥ 1/C.

For an overview of some of the consequences of this assumption, the reader may
wish to consult [6] or [18].

In addition, we will frequently assume the our manifold is asymptotically flat, in
the following sense.

Definition 1.2 (Asymptotically flat). A Riemannian manifold (M, g) of bounded
geometry is asymptotically flat if there exists a proper function r : M → (0,∞)
such that the exponential map expp : TpM → M is injective on

Br(p)(p) = {v ∈ TpM : |v| ≤ r(p)}.

Furthermore, as p→ ∞, the pullback metrics gp = exp∗p(g) on Br(p)(p) converge in

C2,α to the flat Euclidean metric on Br(p) ⊂ TpM.

We note that asymptotically conical metrics — which constitute our main ex-
amples in this paper — are asymptotically flat.

Our first principal result concerns ancient solutions to a Ricci-DeTurck flow:
after choosing a DeTurck vector field X — see (2.6)) — we consider the initial
value problem for

(1.2)
∂g̃

∂t
= −2Rc[g̃] + LX g̃,

whose solutions are equivalent to solutions of the Ricci flow ∂g
∂t = −2Rc[g].

1 We write hk,α(V ) for the so-called little Hölder spaces of sections of a vector bundle V → M.
These may be defined as the closure of smooth sections, i.e., C∞(V ), in the usual Hölder space
Ck,α. See Appendix E.3 for a short review of these spaces.

2 While the spectrum of ∆ℓ turns out to be the same in both cases, this is in general not true.
For example, the spectrum of the Laplacian on the Poincaré disk D2 viewed as an unbounded

operator in Lp(D2) depends on p. In particular, the L2 spectrum is the half-line (−∞,− 1
4
], while

the spectrum in L∞ is the region {x + iy ∈ C | x ≤ −y2}: this region contains an open subset
of the complex plane in spite of the fact that ∆D2 is formally self adjoint. See [21, 26]. In [1]

Ammann and Große study more general (Dirac) operators and also provide a useful history and

references.
We note that the fact that the spectrum of ∆ℓ on the Böhm soliton (M, g) is the same in L2

and h0,α turns out to be a consequence of the asymptotic flatness of (M, g).
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Main Theorem I. Let (M, g) be an asymptotically flat Ricci-flat manifold.
For any δ > 0, the set {λ ∈ σ(∆ℓ) : Reλ > δ} consists of a finite number

(possibly zero) of real eigenvalues

λ1 ≥ λ2 ≥ λ3 ≥ · · · ≥ λNδ
.

If Nδ > 0, then there exists a real analytic Nδ-dimensional family,

M ⊂ h2,α(T ∗M⊗S T
∗M),

such that each metric g(0) ∈ M belongs to an ancient solution

{g(t) : −∞ < t ≤ 0} ⊂ M

that converges exponentially to g in backward time.

Group invariance. If G is a compact subgroup of the group of isometries of the
Ricci-flat manifold (M, g), then our discussion of ancient solutions still applies
when one considers G-invariant metrics on M near g. In this case one must also
only consider G-invariant eigentensors of the Lichnerowicz Laplacian and their cor-
responding eigenvalues. The conclusion of the Main Theorem then is that there
exist a finite number of eigenvalues λG1 ≥ · · · ≥ λGNδ

> δ whose eigentensors are

G-invariant, and that there exists a real analytic Nδ dimensional family MG ⊂ h2,α

consisting of G-invariant metrics g(0), each of which lies on a G-invariant ancient
solution {g(t) : −∞ < t ≤ 0} ⊂ M .

Our second principal result shows that the hypothesis Nδ > 0 is not vacuous.
Before stating it, we recall a special case of a cohomogeneity-one construction of
Einstein manifolds developed by Christoph Böhm — please see Theorems 6.1 and
6.2 of [7] for statements in full generality3

Proposition 1.3 (Böhm [7]). Given integers n1, n2 ≥ 2, there exists a Ricci flat
metric on Rn1+1 × Sn2 .

The Böhm metrics are invariant under the action of

G
def
= O(n1 + 1)×O(n2 + 1) on Rn1+1 × Sn2 ;

they have a multiply warped product structure, and are asymptotic to Ricci-flat
cones at spatial infinity. The group G is the full isometry group for the Böhm
metrics in Proposition 1.3. These metrics also play a prominent role in our recent
work [5].

To apply Theorem I to the Böhm metrics, we study the spectral properties of
their Lichnerowicz Laplacians, both in L2 and in h0,α spaces. The group G acts on
M and therefore also acts on (2, 0)-tensor fields by pullback

(ψ, h) ∈ G× L2(S2,0M) 7→ ψ∗h ∈ L2(S2,0M).

Since the action of any ψ ∈ G on M is smooth, its action on (2, 0)-tensor fields pre-
serves regularity (i.e., h0,α tensor fields are mapped to h0,α-tensor fields, etc.). Any
ψ ∈ G also acts on M by isometries, and therefore the Lichnerowicz Laplacian ∆ℓ

3 In particular, Böhm shows that for given integers r ≥ 0 and k, k1, . . . , kr+1 ≥ 2 there exists

an r-dimensional family of Ricci-flat metrics on Rk+1 × Sk1 × · · · × Skr+1 , and even on some

quotients of these spaces.
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commutes with ψ∗. This implies that h 7→ ψ∗h maps eigentensors to eigenten-
sors with the same eigenvalue. In particular, we can consider eigentensors that are
invariant under the action of G.

We obtain the following.

Main Theorem II. For any integers n1, n2 ≥ 2 with n1 + n2 ≤ 8, consider the
Ricci-flat metric g on M = Rn1+1 × Sn2 produced by Böhm’s construction.

(a) The Lichnerowicz Laplacian ∆ℓ on (M, g) acting in L2(S2,0M) is self adjoint.
(b) The Lichnerowicz Laplacian ∆ℓ on (M, g) acting in h0,α(S2,0M) generates an

analytic semigroup.
(c) The spectrum of ∆ℓ is the same in L2(S2,0M) as in h0,α(S2,0M).
(d) The essential spectrum of ∆ℓ is (−∞, 0].
(e) The point spectrum of ∆ℓ consists of an infinite sequence of positive eigenvalues

λ0 ≥ λ1 ≥ λ2 ≥ · · · → 0.

Their corresponding eigentensors decay exponentially.
(f) The eigenvalues of ∆ℓ corresponding to G-invariant eigentensors are simple,

and there are still infinitely many of these.

Finally, for any N ∈ N, the N -dimensional family M of ancient solutions corre-
sponding to λ0, . . . , λN−1 produced by Main Theorem I contains uncountably many
solutions of Ricci–DeTurck flow that are pairwise geometrically distinct for as long
as they exist.

We explain the dimension restriction n1+n2 ≤ 8 in § 6 below. The last statement
in the theorem addresses the issue that the ancient solutions provided by Main
Theorem I are solutions of the Ricci-DeTurck flow, and that it is in principle possible
that they all come about by applying different diffeomorphisms to one and the same
ancient solution. We prove that this cannot happen.

There is a vast literature on dynamic and linear stability of Ricci flow, sometimes
considering the second variation of a Perelman functional and sometimes utilizing
the spectrum of the Lichnerowicz Laplacian. Results concerning the stability of
some noncompact solutions may be found in [23] and [24]. Results about the
instability of various noncompact solutions may be found in [17] and [12]. This list
is very, very far from inclusive. For example, see [13] and the recent [14].

1.2. Outline of the paper. Main Theorem I is proved in § 2–5. In § 2, we review
DeTurck’s derivation of a quasilinear strictly parabolic pde equivalent to Ricci flow,
in a form adapted to our subsequent needs. In § 3, we explain how the linearization
of DeTurck flow generates an analytic semigroup, a claim which we prove in § 4,
and we review results of Chaperon [8, 9] and Irwin [19, 20] which motivate the
approach used in this paper. In § 5, we investigate the essential spectrum of the
Lichnerowicz Laplacian on the Ricci-flat manifolds we study.

Main Theorem II is proved in § 6–7. In § 6, we demonstrate that the Böhm
stationary solutions have infinitely many unstable eigenvalues, and that those with
G-invariant eigentensors are simple. Then in § 7, we show that these unstable
perturbations of the Böhm solutions yield uncountably many geometrically distinct
solutions of Ricci flow.

In Appendices § A and § B, we derive various standard facts about doubly
warped product geometries like the Böhm solutions. In Appendix C, we outline a
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proof of the unstable manifold construction, Theorem 3.3, used in this work. In
Appendix D, we prove that oscillations in the metric components of any solution
originating from an unstable pertubation of the Böhm solutions we consider cannot
increase in time. Finally, in Appendix E, for completeness, we briefly review the
main function spaces used herein.

2. An approach to DeTurck’s trick

Here, we derive the quasilinear heat equation that results from DeTurck’s trick
(See [15]).

2.1. Perturbed metrics and connections. Let g be a fixed background metric
on a manifold M, and consider a perturbation of g given by

g̃ij = gij + hij .

Except as noted below, we raise and lower indices with g, so g̃ij = gipgjq g̃pq is in
general not the inverse of g̃ij . Because of this, we write the inverse of g̃ij as Gij ,
i.e., by definition, we have

g̃ikG
kj = δji .

For small h, the inverse is given by the geometric series

(2.1) Gij = gij +

∞∑
ℓ=1

(−1)ℓ gik1hk2k1h
k3
k2

· · ·hjkℓ .

This series converges at any point p ∈ M such that ∥ĥ(p)∥ < 1, where ∥ĥ(p)∥ is the

operator norm of the linear transformation ĥij = gikhkj on the vector space TpM
with inner product g(p). The convergence is uniform if ∥ĥ∥ = supp∈M ∥ĥ(p)∥ < 1.

If, in addition, the covariant derivatives ∇j ĥ of order j ≤ N are uniformly α-Hölder
continuous, then the series (2.1) converges in CN,α.

We denote the Levi-Civita connections of g and g̃ by ∇ and ∇̃, respectively.

Generic lower order terms. In this section, it will be convenient to letQ = Qjk dx
j dxk

stand for a generic quadratic polynomial tensor in ∇h of the form

(2.2) Q = Q0(g, h) +Q1(g, h) ∗ ∇h+Q2(g, h) ∗ (∇h⊗∇h),
whose coefficients Q0, Q1, Q2 are rational functions of g, h defined for ∥h∥ < 1 that
satisfy

Q0(h) = O(∥h∥2), Q1(h) = O(∥h∥), Q2(h) = O(1) as ∥h∥ → 0.

Below, we allow Q to change from line to line.

Our main result in this section is the following version of DeTurck’s trick:

Lemma 2.1. There exists a tensor field Qjk(h,∇h) such that, if g̃ = g + h for a
fixed background metric g, the tensor field h is a solution of

(2.3) ht = F [h]

with

(2.4) Fjk[h] = −2Rjk +
{
Gℓm(h)∇ℓ∇mhjk + 2Rmℓjkh

ℓ
m −Rℓjhℓk −Rmk hjm

}
+Qjk(h,∇h)
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if and only if g̃jk satisfies

(2.5) ∂tg̃jk = −2R̃jk + (LX g̃)jk.

The vector field X is defined as follows: if γ is the tensor field representing the
difference of the Levi–Civita connections, i.e., if ∇̃iW

k − ∇iW
k = γkijW

j for all

vector fields W , then X is the contraction4

(2.6) Xk def
= Gijγkij .

We proceed to the derivation of these identities and the proof of the Lemma.

2.2. The Levi-Civita connections. As noted above, the Levi-Civita connections
corresponding to g̃ and g are ∇̃ and ∇, respectively. The tensor field γ is given by

(2.7) γkij =
1

2
Gkℓ

{
∇ihjℓ +∇jhiℓ −∇ℓhij

}
.

A trace simplifies to

(2.8) γiij =
1

2
Gim∇j g̃im =

1

2
∇j log det

(
I + ĥ

)
,

where ĥ = g−1 ◦ h, as above.

2.3. Lie derivative of the perturbed metric. If W i is any vector field, then
the Lie derivative of the metric g̃jk along W is given by

(2.9) LW g̃jk = ∇̃jWk + ∇̃kWj = ∇jWk +∇kWj + 2γℓjkWℓ,

where Wj = g̃ijW
i. This is the one instance where we use the perturbed metric g̃ij

to lower an index.

2.4. Perturbed curvature tensors. The Riemann tensors of the background and
perturbed metrics are related by

(2.10) R̃ℓijk = Rℓijk +∇iγ
ℓ
jk −∇jγ

ℓ
ik + γℓimγ

m
jk − γℓjmγ

m
ik .

For the Ricci tensors, we have

R̃jk = Rjk +∇ℓγ
ℓ
jk −∇jγ

ℓ
ℓk + γℓℓmγ

m
jk − γℓjmγ

m
ℓk.

The “γ ∗ γ” terms are exactly of the form Qjk introduced above, so we have

(2.11) −2R̃jk = −2∇ℓγ
ℓ
jk + 2∇jγ

ℓ
ℓk +Qjk − 2Rjk.

The first term on the right in (2.11) is a divergence and can be rewritten as

−2∇ℓγ
ℓ
jk = −∇ℓ

{
Gℓm

(
∇jhkm +∇khjm −∇mhjk

)}
= −Gℓm

(
∇ℓ∇jhkm +∇ℓ∇khjm −∇ℓ∇mhjk

)
+Qjk

= Gℓm∇ℓ∇mhjk −Gℓm
(
∇ℓ∇jhkm +∇ℓ∇khjm

)
+Qjk.

The first term in the last line above is an elliptic operator applied to hjk.

4The reader may readily verify that this definition is equivalent to the traditional formula,

Xk = Gij(h)Gkℓ(h)
(
∇ihjℓ −

1

2
∇ℓhij

)
.
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We can rewrite the second group of terms in the last line above as the Lie
derivative of g plus lower order terms by switching the order of derivatives. Namely,
we compute that

Gℓm∇ℓ∇jhkm = Gℓm
{
∇j∇ℓhkm −Rpℓjkhpm −Rpℓjmhkp

}
= ∇j

(
Gℓm∇ℓhkm

)
−GℓmRpℓjkhpm −GℓmRpℓjmhkp +Qjk

= ∇j

(
Gℓm∇ℓhkm

)
− gℓmRpℓjkhpm − gℓmRpℓjmhkp +Qjk

= ∇j

(
Gℓm∇ℓhkm

)
−Rpℓjkh

ℓ
p +Rpjhkp +Qjk,

and hence obtain

Gℓm
(
∇ℓ∇jhkm +∇ℓ∇khjm

)
= ∇jVk +∇kVj − 2Rpℓjkh

ℓ
p +Rpjhkp +Rpkhjp +Qjk,

where V is the covector

Vk
def
= Gℓm∇ℓhmk.

Using (2.9), we then have

Gℓm
(
∇ℓ∇jhkm +∇ℓ∇khjm

)
= LV g̃jk + 2γℓjkVℓ

− 2Rpℓjkh
ℓ
p +Rpjhkp +Rpkhjp +Qjk.

Since Vi = Gℓm∇ℓhmi, the term γℓjkVℓ may be absorbed into Qjk, so we find that

(2.12) Gℓm
(
∇ℓ∇jhkm +∇ℓ∇khjm

)
= LV g̃jk − 2Rpℓjkh

ℓ
p +Rpjhkp +Rpkhjp +Qjk.

Now by (2.8), the second term on the right in (2.11) is

2∇jγ
ℓ
ℓk = ∇j∇k log det

(
I + ĥ

)
= ∇jUk +∇kUj ,

where U is the covector

Uk
def
=

1

2
∇k log det

(
I + ĥ

)
.

Therefore, we collect terms and conclude that

−2Rjk+LV g̃jk−LUgjk = Gℓm∇ℓ∇mhjk+2Rpℓjkh
ℓ
p−R

p
jhkp−R

p
khjp−2Rjk+Qjk.

Choosing X = (V − U)♯, namely,

Xk = Gijγkij = GijGkℓ
(
∇ihjk −

1

2
∇ℓhij

)
,

and noting that LXgjk = LX g̃jk +Qjk, we complete the proof of Lemma 2.1.

3. Short time existence and smooth well-posedness

3.1. Analytic semigroups. We write

S2,0M def
= T ∗M⊗sym T ∗M

for the bundle of symmetric (2, 0) tensors on M.

We assume in this section that (M, g) has bounded geometry.
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Theorem 3.1. Let α ∈ (0, 1), and Apq, Bpqrjk , and Cpqjk be tensor fields on M with

A ∈ C1, and B,C ∈ h0,α. Assume that Apq is uniformly elliptic, and that the
gradients ∇Apq,∇Bpqrjk are uniformly bounded. Then the linear operator

L : h2,α(S2,0M) → h0,α(S2,0M)

defined by
L hjk = Apq∇p∇qhjk +Bpqrjk ∇phqr + Cpqjkhpq

generates of an analytic semigroup etL on h0,α(S2,0M).

We provide a proof in § 4. In the remainder of this section, we recall some
well-known consequences of Theorem 3.1. In particular, we recall the short-time
existence and analytic dependence on initial data for nonlinear parabolic equations
that can be proved using analytic semigroup methods. Note that the arguments in
the remainder of this section work even if (M, g) is not Ricci flat, but merely in h2,α.
While this result suffices for our purposes, we should point out that Miles Simon,
using different methods, has significantly relaxed the required initial regularity. See
the recent survey [25] and the references therein.

For any background metric g, the right-hand side of (2.4) defines a nonlinear map
F on the open subset of h ∈ h2,α(S2,0M) for which g and g + h define equivalent
metrics, i.e.,

O2,α
g =

{
h ∈ h2,α(S2,0M) | ∃ϵ > 0 : ϵg ≤ g + h ≤ 1

ϵ g
}
.

The map
F : O2,α

g ⊂ h2,α(S2,0M) → h0,α(S2,0M)

is given by(
F (h)

)
jk

def
= Gℓm(h)∇ℓ∇mhjk + 2Rpℓjkh

ℓ
p −Rpjhkp −Rpkhjp − 2Rjk +Qjk(h,∇h).

The map F depends on the chosen background metric, but we will not include this
in our notation.

The map F is real analytic, and its Fréchet derivative at h ∈ O2,α
g is the linear

operator

dFh · η =Gℓm(h)∇ℓ∇mηjk +
∂Qjk
∂∇h

· ∇η

+ 2Rm ∗η − 2Rc ∗η +
{
(∇ℓ∇mh)

∂Gℓm

∂h
+
∂Qjk
∂h

}
· η,

which is exactly of the type L from Theorem 3.1. Furthermore, when h = 0, the
operator dF0 is precisely the Lichnerowicz Laplacian (1.1).

For every h0 ∈ O2,α
g , there exists a time T0 ∈ (0,∞] for which the initial value

problem of (2.4) has a unique classical solution,

hjk ∈ C0
(
[0, T0);O2,α

g

)
∩ C1

(
[0, T0);h

0,α(S2,0M)
)
,

for which hjk(0, x) = h0,jk(x).
The existence time T0 is a lower semicontinuous function of h0 ∈ O2,α

g , and the
domain of the semiflow,

D =
{
(t, h0) ∈ [0,∞)×O2,α

g | 0 ≤ t < T0(h0)
}
,

is open in [0,∞)×O2,α
g .
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The time-t map h0 7→ ϕt(h0) = h0,jk(t, ·) is real analytic.
For justification of these claims, see [4].

3.2. Linearization near a fixed point. If our background metric g is Ricci-flat
then h = 0 is a fixed point for the DeTurck flow, i.e., ϕt(0) = 0 for all t ≥ 0. By
definition of the Fréchet derivative, Ricci-DeTurck flows g̃(t) = g + h(t) near the
Ricci-flat metric g are determined by their initial values g̃(0) = g + h(0) via

g̃(t) = g + ϕt(h(0)) = g + dϕt(h0)) · h(0) + o(∥h(0)∥).
By the chain rule, we have

dϕt+s(0) = dϕt(0) · dϕs(0)
for all t, s ≥ 0, and hence the operators {dϕt(0)} form semigroup. This semigroup
is analytic, and its generator is dF0, as one sees by differentiating the equation
∂th = F [h] with respect to the initial value h(0). In the sense of semigroups, we
therefore have5

dϕt(0) = exp
(
tdF0

)
.

Since dF0 generates an analytic semigroup, the spectra of dϕt(0) and dF0 are
related. The following result is particularly relevant to our situation:

Lemma 3.2. Let E be a Banach space, and let A : D(A) → E generate an analytic
semigroup etA. If for some α ∈ R, the spectrum of A is disjoint from the line
{z ∈ C : Re z = α}, then the spectrum of etA is disjoint from the circle {z ∈ C :
|z| = etα}.
Proof. We outline the proof of this classical statement about (analytic) semigroups.
The spectral theory and functional calculus of unbounded operators can be found
in Chapters VII and VIII of Dunford and Schwartz’s book [16] — see also[10].

Since σ(A) is a closed subset of the complex plane that is contained in a sector
{z ∈ C : | arg(a − z)| < ϑ} for some a > 0, ϑ < π

2 , there is an ϵ > 0 such
that σ(A) is disjoint from the strip {z ∈ C : α − ϵ ≤ Re z ≤ α + ϵ}. It follows
that σ(A) decomposes in two closed parts, Σ− = {z ∈ σ(A) : Re z < α − ϵ},
Σ+ = {z ∈ σ(A) : Re z > α + ϵ}, and that there is a corresponding splitting
E = E− ⊕ E+ into invariant subspaces E± for A, with σ(A|E±) = Σ±. The
splitting is also invariant under etA. It follows from σ(A−) ⊂ {z : Re z < α − ϵ}
that σ(etA−) ⊂ {z : |z| ≤ e(α−ϵ)t}, while σ(A+) ⊂ {z : Re z > α + ϵ} implies
σ(etA−) ⊂ {z : |z| ≥ e(α+ϵ)t}. □

In particular, if A is the Lichnerowicz Laplacian ∆ℓ, then we will show that
σ(∆ℓ) = (−∞, 0]∪{λj : j ∈ N} for an eigenvalue sequence λ1 ≥ λ2 ≥ λ3 ≥ · · · → 0.
It then follows that σ

(
et∆ℓ

)
is disjoint from any circle {z ∈ C : |z| = r} with r > 1

and r ̸= etλj for all j.

3.3. Invariant manifolds, following Irwin. There is a long history of invariant
manifold theorems which establish their existence and smoothness under various
hypotheses. Inspired by Joel Robbin’s [22] existence proof for ode using the Implicit
Function Theorem on Banach spaces, Irwin [19] presented a construction of stable
and unstable manifolds for maps of finite-dimensional spaces based on the Implicit
Function Theorem. Building on Irwin’s work, Rafael de la Llave and Gene Wayne
[11], and later Marc Chaperon [8, 9], proved an unstable manifold theorem in which

5For Fréchet differentiable map H, we interchangeably use either notation dH0 = dH(0).
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the Banach space may be infinite-dimensional, and in which the map f need not
be a local diffeomorphism. This last feature is especially important for our setting,
because it allows us to apply the result to the time-t map ϕt defined by the Ricci–
DeTurck flow.

Consider a Banach space E, an open subset U ⊂ E, and a Fréchet differentiable
map f : U → E with a fixed point p ∈ U . The Fréchet derivative dfp is a bounded
linear map on E. We assume that for some a > 0, the spectrum of dfp is disjoint
from the circle {λ ∈ C : |λ| = a}, so that the spectrum σ(dfp) is the union of two
compact sets

(3.1)
σ(dfp) = Σsa ∪ Σua ,

Σsa = {λ ∈ σ(dfp) : |λ| < a}, Σua = {λ ∈ σ(dfp) : |λ| > a}.
Then the Banach space E is the direct sum of two dfp-invariant subspaces E

u and
Es such that dfp|Es expands vectors by at most a, and dfp|Eu expands vectors by
at least a. More precisely, it follows from (3.1) that there is a constant C such that

(3.2) ∀v ∈ Es : ∥(dfp)k · v∥ ≤ Cak∥v∥ and ∀v ∈ Eu : ∥(dfp)k · v∥ ≥ ak

C
∥v∥.

If a > 1, then we define the local unstable set Wu
p (a,U) to consist of all points q ∈ U

for which there exists an ancient orbit6 {xi | i ≤ 0} of the map f that is contained
in U and that converges geometrically to p as i → −∞, with d(xi, p) ≤ Cak for
some C > 0.

The local unstable setWu
p (a,U) is invariant under f near p in the sense that, if we

set U0 = f−1(U), then the definition ofWu
p implies directly that f

(
U0∩Wu

p (a,U)
)
⊂

Wu
p (a,U).

Theorem 3.3. Let f : U → E be as above. If a > 1 and if the neighborhood U is
sufficiently small, then the local unstable set Wu

p (a,U) is a smooth submanifold of
U that contains p, and for which TpW

u
p (a,U) = Eu.

The local unstable manifold Wu
p (a,U) has the same differentiability as the map

f , i.e., if f is Cr for 1 ≤ r ≤ ∞ or r = ω, then Wu
p (a,U) also is Cr.

A proof of this theorem can be found in the papers [11, 8, 9]. A noteworthy
feature of these references is the extent to which their methods generalize to new
situations. For example, we found it useful to employ very similar arguments in [5].

Since these citations are written from a highly abstract perspective, Appendix C
provides a short outline of the proof of Theorem 3.3 adapted to the situation studied
in this paper.

4. Generation of an analytic semigroup

This section is dedicated to the proof of Theorem 3.1.

4.1. L generates an analytic semigroup. We must find ω > 0 such that for all
fjk ∈ h0,α(S2,0M) and all λ with Reλ > ω, there is a unique hjk ∈ h2,α(S2,0M)
such that λhjk − L hjk = fjk.

We then have to show that ∥hjk∥2,α ≤ C∥fjk∥0,α for some C that does not
depend on fjk. We do this by approximating the inverse of λ − L locally by the
inverse of the constant coefficient operator one finds by “freezing the coefficients”

6 In the context of maps, an ancient orbit is a sequence xi that is defined for all nonpositive
integers and that satisfies xi = f(xi−1) for all i ≤ 0.
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of L , and then combining the local inverses using a partition of unity. An abstract
version of this common approach is presented in [3].

4.2. Eliminating the lower order terms. The operator

K hjk
def
= Bpqrjk ∇rhpq + Cpqjkhpq

is bounded from h1,α(S2,0M) to h0,α(S2,0M). Since h1,α is an interpolation space
between h2,α and h0,α this implies that L : h2,α → h0,α generates an analytic
semigroup if and only if L − K does. We may therefore assume that the lower
order coefficients Bpqrjk and Cpqjk vanish.

4.3. Local models for L . We continue to assume that M has bounded geometry.
This lets us assume that there exists r0 > 0 such that for every point p ∈ M, the
exponential map expp : Br0(0) ↪→ M is a diffeomorphism from Br0(0) ⊂ TpM
onto its image Br0(p) ⊂ M. Choosing a basis for TpM, we then get coordinates
x1, . . . , xn on Br0(p).

Using the pushforward (expp)∗ and pullback (expp)
∗ maps associated with expp :

Br(0) ⊂ Rn → Br(p) ⊂ M, we can represent the operator L locally by a differential
operator,

Lp = (expp)
∗ ◦ L ◦ (expp)∗

which acts on symmetric 2-tensors in Br(0) ⊂ Rn via

(Lph)jk = Apq∇p∇qhjk

= Apq(x)
∂2hjk
∂xp∂xq

(x) + B̃pqrjk (x)
∂hpq
∂xr

(x) + C̃pqjk (x)hpq(x).

From here on, whenrever we consider tensors on Br0(p), we will represent them
in geodesic coordinates and not explicitly mention the pullback and pushforward
operations, (expp)

∗ and (expp)∗ respectively, in our computations.

The B̃ and C̃ coefficients contain Christoffel symbols and their first derivatives
that come from expanding the covariant derivatives ∇(··· ). Ignoring indices and
integer coefficients, we have

B̃ = Γ, C̃ = ∂Γ + Γ + Γ ∗ Γ.

It follows that Apq, B̃pqrjk , C̃
pq
jk are uniformly bounded in C1(Br(0)), and that Apq(x)

is uniformly elliptic, i.e., there exists σ > 0 such that for all a ∈ N, x ∈ Br(0), and
ξ ∈ Rn, one has

(4.1) σ|ξ|2 ≤ Apq(x)ξpξq ≤
1

σ
|ξ|2.

4.4. The local resolvent. Let r1 ∈ (0, r0) be given, and consider the extended

coefficients Âpq, B̂pqrjk , Ĉ
pq
jk : Rn → R obtained by setting

Âpq(x) = Apq(x), B̂pqrjk (x) = B̃pqrjk (x), Ĉpqjk (x) = C̃pqjk (x),

for |x| ≤ r1, and by extending Âpq(x), B̂pqrjk (x), and Ĉpqjk (x) so they are constant

along rays emanating from the origin, i.e., for |x| ≥ r1, we have

Âpq(x) = Apq
(r1x
|x|

)
, B̂pqrjk (x) = B̃pqrjk

(r1x
|x|

)
, Ĉpqjk (x) = C̃pqjk

(r1x
|x|

)
.
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We then define an elliptic operator on symmetric 2-tensor fields on Rn by

(L̂ph)jk = Âpq(x)
∂2hjk
∂xp∂xq

(x) + B̂pqrjk (x)
∂hpq
∂xr

(x) + Ĉpqjk (x)hpq(x).

Lemma 4.1. There exist r1 ∈ (0, r0), ω > 0, and C > 0 such that

λ− L̂p : h2,α(S2,0Rn) → h0,α(S2,0Rn)

is invertible for all λ ∈ C with Reλ > ω, and such that

∥(λ− L̂p)
−1fjk∥2,α ≤ C∥fjk∥0,α

for all fjk ∈ h0,α(S2,0Rn).
The constants C,ω, r1 do not depend on the chosen point p ∈ M.

As usual, the identity λ(λ− L̂p)
−1 = 1+ L̂p ◦ (λ− L̂p)

−1 then implies that

(4.2) ∥(λ− L̂p)
−1fjk∥0,α ≤ C

|λ|
∥fjk∥0,α, ∀fjk ∈ h0,α, Reλ ≥ ω.

By interpolation between the h0,α and h2,α norms, one also obtains the estimate

(4.3) ∥(λ− L̂p)
−1fjk∥1,α ≤ C√

|λ|
∥fjk∥0,α, ∀fjk ∈ h0,α, Reλ ≥ ω.

The constant C is the same for all p ∈ M.

Proof. The gradients of Apq, B̃pqrjk , C̃
pq
jk are uniformly bounded by assumption. It

follows that the extensions Âpq, B̂pqrjk , Ĉ
pq
jk also have uniformly bounded gradients

on all of Rn. Let M be an upper bound for those gradients. Then we have

(4.4) |Âpq(x)−Apq(0)|+ |B̂pqrjk (x)− B̃pqrjk (0)|+ |Ĉpqjk (x)− C̃pqjk (0)| ≤Mr1

for all x with |x| ≤ r1. Since the coefficients are constant along rays outside of the
ball Br1(0), it follows that (4.4) also holds for all other x ∈ Rn.

Because the gradients of Âpq, B̂pqrjk , Ĉ
pq
jk are all bounded by M , we then find by

interpolation that

(4.5) ∥Âpq(·)−Apq(0)∥0,α + ∥B̂pqrjk (·)− B̃pqrjk (0)∥0,α
+ ∥Ĉpqjk (·)− C̃pqjk (0)∥0,α ≤ Cr1−α1 .

Hence Lp is close to the constant coefficient operator

Mhjk
def
= Âpq(0)

∂2hjk
∂xp∂xq

(x) + B̂pqrjk (0)
∂hpq
∂xr

(x) + Ĉpqjk (0)hpq(x)

in the sense that for all fjk ∈ h2,α(S2,0Rn), one has

∥L̂pfjk − M fjk∥h0,α ≤ Cr1−α1 ∥fjk∥h2,α(S2,0Rn).

The coefficients of M are uniformly bounded, and uniformly elliptic, so the resol-
vent (λ − M )−1 is defined for all λ ∈ C with Reλ > ω for some ω > 0, and the
h0,α → h2,α operator norms of (λ− M )−1 are uniformly bounded by some C > 0.
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Therefore, if r1 > 0 is small enough, then the geometric series

(λ− L̂p)
−1 = (λ− M + M − L̂p)

−1

= (λ− M )−1(1+ (M − L̂p)(λ− M )−1)−1

= (λ− M )−1 +
∑
k≥1

(
−(M − L̂p)(λ− M )−1

)k
converges, so that (λ − L̂p)

−1 exists for all λ ∈ C with Reλ > ω and is bounded
by 2C. □

4.5. The resolvent of L . Since M has bounded geometry, there exists N ∈ N
such that for any r ∈ (0, r1) there exists a sequence of points {pa ∈ M | a ∈ N} for
which {Ba = Br(pa) | a ∈ N} is a covering of M with the following property:

(4.6)
No more than N distinct balls from the covering {Ba} have
nonempty intersection, i.e., one has ∩Nk=0Bak = ∅ for any
choice of indices a0 < a1 < · · · < aN ∈ N.

For a proof, which only needs completeness and a lower bound for Rc, see
Lemma 1.6 of [18].

For each a ∈ N let L̂pa
be the localized operator at the point pa, and let

Ra(λ) = (λ− L̂pa)
−1 : h0,α(S2,0Rn) → h2,α(S2,0Rn)

be its resolvent, as constructed in Lemma 4.1.
To solve λfjk − L fjk = hjk on M, we localize hjk to each geodesic ball Ba,

apply the local resolvent Ra(λ), and then glue the results together, summing over
a ∈ N to get an approximation to (λ−L )−1hjk. In the localization and subsequent
gluing, we will use a partition of unity φa ∈ C∞(M) in the sense of § E.2, i.e.,
suppφa ⊂ Br(pa), and

∑
a φa(x)

2 = 1.

4.5.1. The approximate resolvent. Consider the operator

(4.7) S (λ)hjk
def
=
∑
a∈N

φa(x)Ra(λ)
(
φa · hjk

)
.

The terms in this sum should be interpreted as follows. The tensor field hjk is
defined on all of M. For any given a ∈ N, we multiply it with φa, which leads
to a tensor field φahjk whose support lies in Ba and which in geodesic coordinates
defines a compactly supported tensor field on Br(0) ⊂ Rn. We may therefore
think of φahjk as a tensor field on Rn that is supported in Br(0), and to which
one can apply the local resolvent Ra(λ), resulting in Ra(φahjk). The tensor field
Ra(φahjk) is defined on all of Rn. To get a tensor field on M again, we restrict
Ra(λ)(φahjk) to Br(0) ⊂ Rn. Identifying Br(0) with Ba = Br(pa) ⊂ M via the
exponential map, we get a tensor field defined on Ba. Multiplying it with φa we get a
compactly supported tensor field in Ba, which we can extend to the whole manifold
by letting it vanish on M\ Ba. In other words, in (4.7), φa(x)Ra(λ)

(
φa · hjk

)
is

an abbreviation for

φa(x)(exppa)∗

{
Ra(λ)

[
(exppa)

∗(φa · hjk)]}.
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4.5.2. Boundedness of S (λ). We verify that S (λ) : h0,α(S2,0M) → h2,α(S2,0M)
is uniformly bounded, i.e., there exists C > 0 such that for all hjk ∈ h0,α(S2,0M)
and λ ∈ C with Reλ > ω, one has

∥S (λ)hjk∥h2,α(S2,0M) ≤ C∥hjk∥h0,α(S2,0M).

Proof. The h2,α norm is equivalent to

[hjk]2,α
def
= sup

a∈N

∥∥hjk∣∣Ba

∥∥
h2,α .

At this point, we recall from (4.6) that the intersection of more than N balls in the
covering {Ba}a∈N is empty. This implies that in the sum that defines S (λ)hjk(x),
the only nonzero terms are those for which x ∈ Ba. For any x ∈ M, there are at
most N such terms. We therefore get

∥S (λ)hjk∥2,α ≤ C sup
a∈N

∥(S (λ)hjk)
∣∣
Ba

∥2,α

≤ C sup
a∈N

∑
b∈N

∥∥(φb Rb(λ)(φbhjk)
)∣∣∣

Ba

∥∥
2,α

≤ C sup
a∈N

∑
Ba∩Bb ̸=∅

∥∥(φb Rb(λ)(φbhjk)
)∣∣∣

Ba

∥∥
2,α

≤ C sup
a∈N

∑
Ba∩Bb ̸=∅

∥∥φb Rb(λ)(φbhjk)
∥∥
2,α

≤ NC sup
b∈N

∥∥φb Rb(λ)(φbhjk)
∥∥
2,α

≤ NC sup
b∈N

∥∥Rb(λ)(φbhjk)
∥∥
2,α

≤ NC sup
b∈N

∥∥φbhjk∥∥0,α
≤ NC∥hjk∥0,α.

□

4.5.3. The error in the approximate resolvent. We proceed to show that for any
fjk ∈ h0,α(S2,0M), one has

(4.8) (λ− L )S (λ)fjk = fjk − E (fjk) =
(
1h0,α(M) − E

)
(fjk),

where E is the operator

E (fjk) =
∑
a

[L , φa]Ra(λ)(φa · fjk).

Proof. Let fjk ∈ h0,α(S2,0M) be given. Then

(λ− L )S (λ)fjk = (λ− L )
∑
a

φa Ra(λ)(φa · fjk)

=
∑
a

(λ− L )φa Ra(λ)(φa · fjk)

=
∑
a

φa(λ− L )Ra(λ)(φa · fjk)− [L , φa]Ra(λ)(φa · fjk).
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On the support of φa, the operator L coincides with our extended operator L̂pa
,

so that φa(λ− L )Ra(λ) = φa. Hence,

(λ− L )S (λ)fjk =
∑
a

φa · (φa · fjk)− [L , φa]Ra(λ)(φa · fjk)

= fjk −
∑
a

[L , φa]Ra(λ)(φa · fjk).

□

4.5.4. Estimate for the error term. For all λ ∈ C with Reλ > ω and all tensor
fields hjk ∈ h0,α(S2,0M), we will show that

(4.9) ∥E hjk∥0,α ≤ C√
|λ|

∥hjk∥0,α.

Proof. The key observation here is that the commutator [L , φa] is a first-order
differential operator: in geodesic coordinates, we have

[L , φa]fjk = Apq(a)(x)[∂p∂q, φa]fjk + B̃pqrjk(a)[∂r, φa]fpq

= Apq(a)
∂2φa
∂xp∂xq

fjk + B̃pqrjk(a)

∂φa
∂xr

fpq + 2Apq(a)
∂φa
∂xp

∂fjk
∂xq

.

This implies that

∥[L , φa]fjk∥0,α ≤ C∥fjk∥1,α
and that

∥[L , φa]Ra(λ)φahjk∥0,α ≤ C∥Ra(λ)φahjk∥1,α.
By the interpolation estimate (4.3), one then has

∥[L , φa]Ra(λ)φahjk∥0,α ≤ C√
|λ|

∥φahjk∥0,α ≤ C√
|λ|

∥hjk∥0,α.

The same reasoning as in §4.5.2 then leads to the bound (4.9) for E . □

4.5.5. Construction of the resolvent. We showed in (4.9) that ∥E ∥0,α→0,α ≤ 1
2 if |λ|

is large enough. It follows that for large |λ|, the operator 1 − E on h0,α(S2,0M)
has a bounded inverse given by the geometric series(

1− E
)−1

= 1+ E + E 2 + E 3 + · · · .

Together with (4.8), this implies that

(λ− L )S (λ)(1− E )−1 = 1,

i.e., that S (λ)(1− E )−1 is a right inverse for λ− L .
We have obtained this right inverse for all λ with sufficiently large |λ|, and thus

there exists ω′ > 0 such that S (λ)(1−E )−1 is a right inverse whenever Reλ > ω′.
Moreover, the norm of the right inverse is bounded by

(4.10) ∥S (λ)(1− E )−1∥0,α→0,α ≤

∥S (λ)∥0,α→0,α∥(1− E )−1∥0,α→0,α ≤ 2∥S (λ)∥0,α→0,α ≤ C

|λ|
.



16 SIGURD B. ANGENENT AND DAN KNOPF

4.5.6. Left invertibility. We conclude by showing that the right inverse is also a left
inverse, i.e., by showing that λ − L : h2,α → h0,α is injective if |λ| is sufficiently
large.

Suppose that fjk ∈ h2,α(S2,0M) satisfies (λ− L )fjk = 0. Then we have

S (λ)(λ− L )fjk = 0,

and hence ∑
a

φa Ra(λ)φa(λ− L )fjk = 0.

Arguing as before, we commute φa and L to obtain∑
a

φa Ra(λ)(λ− L )φafjk + φa Ra(λ)[L , φa]fjk = 0.

Using the operator identity φa Ra(λ)(λ− L )φa = φ2
a ,we find that

fjk =
∑
a

φa Ra(λ)[L , φa]fjk.

Once again, we note that [L , φa] is a first-order differential operator with C1

coefficients, so that [L , φa] : h
1,α → h0,α is bounded. Therefore, one has

∥fjk∥1,α ≤ N sup
a

∥φa Ra(λ)[L , φa]fjk∥1,α

≤ CN√
|λ|

sup
a

∥[L , φa]fjk∥0,α

≤ CN√
|λ|

∥fjk∥1,α.

If |λ| > CN , this implies that fjk = 0.
We have shown that λ−L is injective and has a right inverse for all large enough

|λ|, and that the inverse (λ−L )−1 satisfies the required bound (4.10). Therefore,
L does indeed generate an analytic semigroup on h0,α(S2,0M). This completes
our proof of Theorem 3.1.

5. The spectrum of ∆ℓ on asymptotically flat manifolds

The Lichnerowicz Laplacian is given by (1.1), i.e.,

∆ℓhjk = ∆M + 2Rqpjkh
p
q −Rpjhpk −Rqkhjq,

where

∆Mhjk
def
= gpq∇p∇qhjk

is the “rough Laplacian.”

Lemma 5.1. If |Rm(p)| → 0 as p → ∞ and r(p) → ∞ as p → ∞, which are
implied by Assumption 1.2, then it is true that:

(1) ∆ℓ : h
2,α → h0,α generates an analytic semigroup,

(2) σ(∆M) = (−∞, 0], and
(3) σess(∆ℓ) = (−∞, 0].

We already proved (1) in Theorem 3.1. Statement (3) follows from (2) because
∆ℓ is a compact perturbation of ∆M. We therefore only have to establish (2),
which we proceed to do in the remainder of this section.
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Let λ ∈ C \ (−∞, 0] be given. We show below that λ − ∆M : h2,α → h0,α

has a bounded inverse. If we were considering ∆M as an unbounded operator
in L2(M;S2,0M), then self-adjointness of ∆M would guarantee that λ − ∆M :
H2(S2,0M) → L2(S2,0M) is invertible. However, on noncompact manifolds, the
spectrum of an elliptic operator like ∆M may depend on the particular function
space in which the resolvent (λ−∆M)−1 should act, and the spectrum of ∆M can
be strictly larger than just (−∞, 0]. Our goal in this section is to show that the
asymptotic flatness of M rules out this possibility.

5.1. The resolvent at ∞. Let λ ∈ C \ (−∞, 0]. Then the operator λ − ∆Rn :
h2,α(Rn) → h0,α(Rn) has a bounded inverse

(λ−∆Rn)−1 : h0,α(Rn) → h2,α(Rn).

Our assumption that (M, g) is asymptotically flat lets us use the resolvent of the
Laplacian on Rn to approximate the resolvent of λ−∆M in the regions where the
manifold is close to flat.

Let constants ε > 0, R > 0 be given. Then there is a compact set KR,ε ⊂ M
such that inj(p) > 2R for all p ∈ M \KR,ε, and such that the components of the
metric in geodesic coordinates expp : B2R(0) → B2R(p) satisfy

(5.1) ∥gpq − δpq∥h2,α(B2R(0)) ≤ ε.

If ε is sufficiently small, then it follows that the inverse gpq(x) also satisfies

(5.2) ∥gpq − δpq∥h2,α(B2R(0)) ≤ Cε.

In particular, the Christoffel symbols of the metric and their derivatives are also
small in the sense that

∥Γijk(x)∥h1,α(B2R(0)) ≤ Cε.

In geodesic coordinates, the rough Laplacian of a tensor field hjk is given by

∆Mhjk = gpq(x)∂p∂qhjk +Bpqrjk (x)∂rhpq(x) + Cpqjk (x)hpq(x),

where the coefficients B,C are related to the Christoffel symbols via expressions of
the form B = Γ and C = ∂Γ + Γ ∗ Γ. This implies that

(5.3) ∥∆Mhjk −∆Rnhjk∥h0,α(B2R(0)) ≤ Cε∥hjk∥h2,α(B2R(0))

for all hjk ∈ h2,α(B2R(0)).

Our bounded geometry assumption together with a standard covering argument
now let us construct a locally finite covering as follows. We choose points pa for
a ∈ N such that

(1) if B′
a

def
= BR/2(pa), then {B′

a : a ∈ N} is an open cover of M\KR,ε, and

(2) if Ba
def
= BR(pa), one has Ba0 ∩ · · · ∩ BaN = ∅ for all a0 < a1 < · · · < aN .

Choose η ∈ C∞(R) such that

η(s)

 = 1 for s ≤ 1
2 ,

> 0 for s < 1,
= 0 for s ≥ 1.

We define

ψa(x)
def
= η

(d(x, pa)
R

)
and φ(x)

def
=

ψa(x)∑
b ψb(x)

,
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noting that
∑
a φa(x) = 1 on

⋃
a Ba. Furthermore, because M\KR,ε ⊂

⋂
a B′

a,

for any x ∈ M \KR,ε, there exists a ∈ N such that x ∈ B′
a, and thus we have

ψa(x) ≥ η( 12 ) = 1. Therefore,
∑
a ψa(x) ≥ 1, and φ is smooth on M\KR,ε.

Define

λ(x)
def
=

∑
d(pa,KR,ε)≥2R

φa(x).

Now if d(x,KR,ε) ≥ 3R, then for any index a such that x ∈ Ba, one has
d(pa,KR,ε) ≥ 2R. For such x, it follows that∑

b

ψb(x) =
∑

ψb(x)>0

ψb(x) =
∑
Bb∋x

ψb(x) =
∑

d(pb,KR,ε)≥2R

ψb(x),

and hence

λ(x)
∣∣∣
d(x,KR,ε)≥3R

=
∑

d(pa,KR,ε)≥2R

ψa(x)∑
b ψb(x)

=

∑
d(pa,KR,ε)≥2R ψa(x)∑

b ψb(x)
= 1.

On the other hand, if λ(x) > 0 then there exists Ba ∋ x centered at pa such that
d(pa,KR,ε) ≥ 2R, which implies that d(x,KR,ε) ≥ R. Now define

φ0(x)
def
= 1− λ(x).

Then φ0(x) = 1 on x ∈ KR,ε. Let

A = {0} ∪ {a : d(pa,KR,ε) ≥ 2R}.

We have shown that {φa : a ∈ A} is a partition of unity. Moreover, the following
observation is an immediate consequence of its construction:

Lemma 5.2. There exists a constant C depending only on the cutoff function η,
but not R or N , such that for all a ∈ A, we have

∥∇φa∥0,α + ∥∇2φa∥0,α ≤ C

R
.

The set

Ω
def
= {x ∈ M : φ0(x) > 0}

is an open neighborhood of KR,ε with compact closure. We write ∆Ω for the rough
Laplacian restricted to symmetric tensors on Ω. Using standard L2 theory, one
shows that ∆Ω : H1

0 (S
2,0Ω) → H−1(S2,0Ω) defines a self-adjoint operator,

∆Ω : D(∆Ω) ∩H1
0 (S

2,0Ω) → L2(S2,0Ω),

with compact resolvent, whose spectrum consists of point spectrum contained in
(−∞, 0]. The resolvent of ∆Ω on Ω with Dirichlet boundary conditions is therefore
a bounded operator

(λ−∆Ω)
−1 : L2(S2,0Ω) → D(∆Ω) ∩H1

0 (S
2,0Ω).

Interior Schauder estimates for elliptic equations imply for any open subset Ω1 of
M with Ω̄1 ⊂ Ω and any hjk ∈ h0,α(S2,0Ω), the restriction of (λ−∆Ω)

−1hjk to Ω1

belongs to h2,α. Furthermore one has the bound∥∥(λ−∆Ω)
−1hjk

∥∥
h2,α(Ω1)

≤ C∥hjk∥h0,α(Ω),

where the constant C does not depend on hjk.
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We consider the following approximate resolvent

S = φ0(λ−∆Ω)
−1φ0 +

∑
a∈A,a>0

φa(λ−∆Rn)−1φa,

where the terms are again to be interpreted as in (4.7); thus, we multiply a tensor
field with φa, express it in geodesic coordinates on Ba, apply the resolvent of ∆Rn

or ∆Ω, and multiply again with φa, resulting in an h2,α function on M; finally we
add these over a ∈ A.

From here on
∑
a will always denote a sum over all a ∈ A.

As before, we estimate the error in this near-resolvent. Let ∆a = ∆Ω for a = 0
and ∆a = ∆Rn for a ∈ A with a > 0. Then

(λ−∆M)S =
∑
a

(λ−∆M)φa(λ−∆a)
−1φa

=
∑
a

φa(λ−∆M)(λ−∆a)
−1φa −

∑
a

[∆M, φa](λ−∆a)
−1φa

= 1+
∑
a

φa(∆a −∆M)(λ−∆a)
−1φa −

∑
a

[∆M, φa](λ−∆a)
−1φa

= 1+
∑
a>0

φa(∆Rn −∆M)(λ−∆a)
−1φa −

∑
a

[∆M, φa](λ−∆a)
−1φa.

The term with a = 0 does not appear in the first summation, because when a = 0,
we have ∆a = ∆Ω = ∆M. We define errors E1,E2 by

E1 =
∑
a>0

φa(∆Rn −∆M)(λ−∆a)
−1φa,

E2 = −
∑
a

[∆M, φa](λ−∆Rn)−1φa.

We now proceed to estimate those errors.
Multiplication with φa is a bounded operator on h0,α with

∥φahjk∥0,α ≤ C∥hjk∥0,α,

where the constant C does not depend on our choice of R ≥ 1 and ϵ. It then follows
from (5.3) that

∥φa(∆Rn −∆M)(λ−∆M)−1φahjk∥0,α ≤ Cε∥hjk∥0,α
for all hjk ∈ h0,α(S2,0M). Hence,

∥E1hjk∥0,α =
∥∥∥∑
a>0

φa(∆Rn −∆M)(λ−∆Rn)−1φa · hjk
∥∥∥
0,α

≤ CNε∥hjk∥0,α.

We can therefore make the first error as small as needed by reducing ε.
The second error operator E2 contains a commutator, which we now compute.

For any hjk, we have

[∆M, φa]hjk = [gpq∇p∇q, φa]hjk = 2gpq(∇pφa)∇qhjk + gpq(∇p∇qφa)hjk.

The bounds from Lemma 5.2 on the derivatives of the cutoff functions φa imply
that

∥[∆M, φa]hjk∥0,α ≤ C

R
∥hjk∥1,α.
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Since (λ − ∆Rn)−1 : h0,α → h2,α ↪→ h1,α is bounded, we can estimate the second
error operator E2 as follows:

∀hjk ∈ h0,α(S2,0M) : ∥E2hjk∥0,α ≤ CN

R
∥hjk∥0,α.

The bounds for E1 and E2 together tell us that

∥(λ−∆M)S − 1∥h0,α→h0,α ≤ CN
(
ε+R−1

)
.

We can make this error as small as we like by choosing ε small and R large enough.
Therefore, S is a right inverse for λ−∆M.

To complete the proof, we must still show that S also is a left inverse, which
we can do by verifying that λ − ∆M is injective. We can do this using the same
arguments as in §4.5.6.

5.2. More on the essential spectrum. We have shown that σ(∆M) ⊂ (−∞, 0],
which suffices for our purposes in this paper. However, Assumption 1.2 actually
implies that σ(∆M) = (−∞, 0]. To prove this, let λ = −k2 ∈ (−∞, 0] be given,
and choose a large number R > 0 and a point p ∈ M that is so far away that
inj(p) > R, while the metric in geodesic coordinates on BR(p) is ε close to the
Euclidean metric. Consider the function

F (x) =

∫
∥ω∥=k

eiω·x dSn−1(ω),

in which dSn−1 is the volume element on the (n − 1)-sphere with radius k. The
function F is smooth, and can be expressed in terms of Bessel functions. More
importantly, it satisfies ∆RnF + k2F = 0. One can verify that F (x) → 0 as
|x| → ∞.

With this function in hand, we construct a near eigenfunction for ∆M with
eigenvalue −k2. Again let η : [0,∞) → R be smooth with η(t) = 1 for t ≤ 1

2 , and
η(t) = 0 for t ≥ 1. Consider the tensor field given in geodesic coordinates on BR(p)
by

hjk = η
(∥x∥
R

)
F (x) δjk.

Leaving some details to the reader, we claim that one can now verify that as R→ ∞
and ε→ 0, one has

∥hjk∥2,α ≥ C and
∥∥(∆M + k2)hjk

∥∥
0,α

→ 0.

This shows that ∆M + k2 : h2,α(S2,0M) → h0,α(S2,0M) does not have a bounded
inverse.

5.3. A mollified distance function. Recall the partition of unity {φa : a ∈ A}
that we constructed in § 5.1 and fix p0 ∈ KR,ε.

For each a ∈ A with a > 0, we define ra : B2R(0) ⊂ Rn → [0,∞) by

ra(ξ) = d(exppa
(ξ), p0).

For t > 0, we then let ra(t, ξ) be the solution of the initial boundary value problem

∂ra(t, ξ)

∂t
= ∆ra(t, ξ) for ξ ∈ B2R(0) and t ≥ 0,

ra(0, ξ) = ra(ξ) for ξ ∈ B2R(0),

ra(t, ξ) = ra(ξ) for ξ ∈ ∂B2R(0) and t ≥ 0.
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The distance function x ∈ M 7→ d(x, p0) is Lipschitz with constant 1. By (5.1)
and (5.2), the maps exppa

and exp−1
pa

are nearly isometries, hence Lipschitz, this
implies that ra : B2R → [0,∞) is Lipschitz for some constant C.

We now claim that:

|ra(1, x)− ra(x)| ≤ C x ∈ B2R(0),(5.4a)

|∇ra(1, x)|+ |∇2ra(1, x)| ≤ C x ∈ BR(0).(5.4b)

The first inequality (5.4a) follows from the maximum principle. Namely, for any
given x0 ∈ B2R(0), we let r± be the solution of the linear heat equation on Rn
with initial data r±(0, x) = ra(x0)±C|x− x0|. Self-similarity of the heat equation
implies that r± has the form

r±(t, x) = ra(x0)± C
√
tF
(x− x0√

t

)
,

for some function7 F . Since ra is Lipschitz with constant C, the maximum principle
implies that

r−(t, x) ≤ ra(t, x) ≤ r+(t, x)

for all t ≥ 0, x ∈ B2R(0). Setting t = 1 and x = x0, we get

ra(x0)− CF (0) ≤ ra(1, x0) ≤ ra(x0) + CF (0),

which implies (5.4a).
The second estimate (5.4b) expresses interior derivative estimates for the linear

heat equation.
We now define

ρ(x)
def
=
∑
a>0

φa(x)ra(1, exp
−1
pa

(x)).

If d(x,KR,ε) > 2R, then
∑
a>0 φa(x) = 1, and thus (5.4a) implies that

|ρ(x)− d(x, p0)| ≤ C.

The partition functions φa all have uniformly bounded first and second derivatives,
so the interior estimate (5.4b) implies that ∇ρ and ∇2ρ are uniformly bounded.

5.4. Proof that σ(∆ℓ) ⊂ R. In this section, we show that the little-Hölder and
L2 spectra of ∆ℓ coincide. In § 5.3 above, we have constructed a smooth function
ρ : M → [0,∞) such that for all x ∈ M,

d(p0, x)− C ≤ ρ(x) ≤ d(p0, x) + C.

Now we deal with ∆ℓ. In § 5.2, we have also shown that σess(∆ℓ) = (−∞, 0].
For (small) θ ∈ R, consider the operator

A(θ)
def
= eθρ∆ℓ e

−θρ = ∆ℓ − 2θ∇∇ρ + θ2
(
∆Mρ+ |∇ρ|2

)
.

7Using the explicit solution of the heat equation, one finds an integral representation of F ,

namely

F (ξ) := (4π)−n/2

∫
e−

1
4
|ξ−z|2 |z| dz.

Derivation: the solution of Ft = ∆F with F (0, ξ) = |ξ| is

F (x, t) =

∫
e−

|x−y|2
4t |y|

dy

(4πt)n/2
=

∫
e
− 1

4

∣∣∣ x√
t
−z

∣∣∣2 |z| dz

(4πt)n/2
=

√
t F

( x
√
t

)
,

where we have substituted y = x+
√
t z and defined F (ξ) = (4π)−n/2

∫
e−

1
4
|ξ−z|2 |z| dz.
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Then A(θ) : h2,α(S2,0) → h0,α(S2,0) depends continuously on θ ∈ R in the operator
norm.

Suppose that λ ∈ C is an h2,α(S2,0) eigenvalue of ∆ℓ of multiplicity m, and
choose δ > 0 small enough so that σ(∆ℓ) ∩ Bδ(λ) = {λ}. Denote the spectral
projections of ∆ℓ and A(θ) by

P0 =

∮
∂Bδ(λ)

(
µ−∆ℓ

)−1 dµ

2πi
and P (θ) =

∮
∂Bδ(λ)

(
µ−A(θ)

)−1 dµ

2πi
,

respectively. There exists θ∗ small enough such that P (θ) depends continuously on
θ ∈ (−θ∗, θ∗). Then, because P (θ) has finite rank, that rank must be constant.

Let {u1, . . . , um} be a basis for range
(
P0

)
, i.e., the generalized eigenspace of ∆ℓ

corresponding to the eigenvalue λ. Then

{P (θ)u1, . . . , P (θ)um}

is a basis for range
(
P (θ)

)
for small θ, and we have

σ
(
A(θ)

)
∩Bδ(λ) = {λ1, . . . , λk} for some 1 ≤ k ≤ m.

Now fix some 0 < θ+ < θ∗. We may assume that {u1, . . . , um} were chosen so
that each P (θ+)ui is a generalized eigenvector of A(θ+), i.e., for each i there exist
λji and 1 ≤ ki ≤ k such that(

λji −A(θ+)
)ki[

P (θ+)ui
]
= 0.

Recalling the definition of A(θ+), this implies that

eθ+ρ
(
λji −∆ℓ

)ki[
e−θ+ρP (θ+)ui

]
= 0,

which in turn implies that e−θ+ρP (θ+)ui are linearly independent generalized eigen-
functions of ∆ℓ with eigenvalues λji ∈ Bδ(λ). Since λ is the only eigenvalue for ∆ℓ

in Bδ(λ), it follows that all λji = λ. Therefore, range
(
P0

)
is spanned by the set of

exponentially decaying eigenfunctions{
e−θ+ρP (θ+)ui : 1 ≤ i ≤ m

}
.

Because |Rm | → 0 at spatial infinity, it follows from Bishop–Gromov volume
comparison that (M, g) has subexponential volume growth. Therefore, every little-
Hölder generalized eigenfunction of ∆ℓ is an L

2(S2,0) eigenfunction. The converse
holds by elliptic regularity. And since ∆ℓ is self-adjoint in L

2(S2,0), there are only
real eigenvalues.

This completes the proof of Main Theorem I.

6. The spectrum of ∆ℓ on doubly warped products

In this section, we prove:

Proposition 6.1. If 4 ≤ n1 + n2 ≤ 8, then on any of Böhm’s Ricci-flat manifolds(
M1+n1+n2 , gB

)
, constructed as a doubly warped product metric on R+×Sn1×Sn2 ,

the Lichnerowicz Laplacian has infinitely many positive eigenvalues.

We then show in § 6.6 that these eigenvalues are simple.
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6.1. Doubly warped product geometries. To begin, we consider any manifold
M = Rn1+1 × Sn2 . The group G = O(n1 + 1) × O(n2 + 1) acts on M, and Ricci
flow is equivariant with respect to the group action. So, we may specialize to Ricci
flow of G-invariant metrics.

Such metrics have the form reviewed in Appendix A: doubly warped products
over the base [0,∞) with fibers M1 = Sn1 , M2 = Sn2 , standard round fiber
metrics ĝ1 = gSn1 , ĝ2 = gSn2 , and warping functions v0(x), v1(x), v2(x).

Specifically, we may without loss of generality take v0 ≡ 1 to consider a fixed
background metric

(6.1) gB = dx2 + v21(x) ĝ1 + v22(x) ĝ2

and linearize along a G-invariant tensor field of the form

(6.2) h = η0(x) dx
2 + η1(x) ĝ1 + η2(x) ĝ2

on (M, gB). Although the results in this section generalize readily to any Ricci-flat
metric, we are most interested in the case that gB is an Einstein metric constructed
by Böhm [7] and reviewed in [5].

To begin, we employ Roman indices on Sn1 , Greek indices on Sn2 , and proceed
to compute ∆ℓh = ∆h+ 2Rm ∗h− 2Rc ∗h.

The curvature formulas derived in Appendix A imply easily that

(Rm ∗h)00 =
{
− n1

v1,xx
v1

η1 − n2
v2,xx
v2

η2

}
,

(Rm ∗h)ij =
{
− v1,xx

v1
η0 + (n1 − 1)

1− v21,x
v21

η1 − n2
v1,xv2,x
v1v2

η2

}
gij ,

(Rm ∗h)αβ =
{
− v2,xx

v2
η0 − n1

v1,xv2,x
v1v2

η1 + (n2 − 1)
1− v22,x
v22

η2

}
gαβ .

Because gB is Ricci-flat, the terms Rc ∗h do not appear.
With some additional work, the Hessian derivation in Appendix B implies that

(∆h)00 =
{
η0,xx + n1

v1,x
v1

[
η0,x + 2

v1,x
v1

(η1 − η0)
]
+ n2

v2,x
v2

[
η0,x + 2

v2,x
v2

(η2 − η0)
]}
,

(∆h)ij =
{
η1,xx +

(
n1
v1,x
v1

+ n2
v2,x
v2

)
η1,x + 2

v21,x
v21

(η0 − η1)
}
gij ,

(∆h)αβ =
{
η2,xx +

(
n1
v1,x
v1

+ n2
v2,x
v2

)
η2,x + 2

v22,x
v22

(η0 − η2)
}
gαβ ,

6.2. The linearized system. The equations above are simplified somewhat by
the change of variable

(6.3) wa
def
= log

( va√
na − 1

)
for a = 1, 2.

Then by representing h as a vector η =

η0η1
η2

, the Lichnerowicz Laplacian becomes

(6.4) ∆ℓη = ηxx +Aηx + Bη,
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where

(6.5) A(x) =
∑
a

nawa,x

and

(6.6) B(x) =

−2n1w
2
1,x − 2n2w

2
2,x −2n1w1,xx −2n2w2,xx

−2w1,xx 2e−2w1 − 2n1w
2
1,x −2n2w1,xw2,x

−2w2,xx −2n1w1,xw2,x 2e−2w2 − 2n2w
2
2,x

 .

While it is a standard fact that ∆ℓ is self-adjoint in L
2, it is useful to verify this

directly. Indeed, if h and h̃ both have the form (6.2), then their pointwise inner
product is

⟨h, h̃⟩gB = η0η̃0 + n1η1η̃1 + n2η2η̃2,

which one can write as

⟨h, h̃⟩gB = ηTW η̃, with the inner product W =
(

1
n1

n2

)
.

It follows that there exists a positive constant ωn1,n2
such that

(6.7) ωn1,n2

(
h, h̃

)
L2 =

∫ ∞

0

ηTW η̃ vn1
1 (x) vn2

2 (x) dx.

It is then easy to see that
(
h,∆ℓh

)
L2 =

(
∆ℓh, h

)
L2 , once one observes that

WB =

−2n1w
2
1,x − 2n2w

2
2,x −2n1w1,xx −2n2w2,xx

−2n1w1,xx 2n1(e
−2w1 − n1w

2
1,x) −2n1n2w1,xw2,x

−2n2w2,xx −2n1n2w1,xw2,x 2n2(e
−2w2 − n2w

2
2,x)


is symmetric.

6.3. The Lichnerowicz Laplacian on a Ricci-flat cone. To guide what follows,
we consider the (singular) Ricci-flat cone metric to which a given Böhm solution is
asymptotic. We show in [5] that gB(x) ∼ grfc as x→ ∞, where

grfc = dx2 + c21x
2 ĝ1 + c22x

2 ĝ2, with c2a =
na − 1

n− 1
, (a = 1, 2).

Then va =
√
ca x, and, writing n = n1 + n2, one finds on the cone that

(6.8) ∆ℓη = ηxx +
n

x
ηx +

1

x2
Cη,

where

C = lim
x→∞

B(x) = 2

−n n1 n2
1 n2 − 1 −n2
1 −n1 n1 − 1

 .

The eigenvalues of C are 0,−2(n+ 1), 2(n− 1), and its eigenvectors are

r0 =
(
1 1 1

)⊤
, r−2(n+1) =

(
−n 1 1

)⊤
, r2(n−1) =

(
0 n2 −n1

)⊤
.

Thus, if η = ψ0r0+ψ1r−2(n+1)+ψ2r2(n−1) and ψ(x) =

(
ψ0(x)
ψ1(x)
ψ2(x)

)
, then the action

of ∆ℓ, given by (6.8), becomes

∆ℓψ = ψxx +
n

x
ψx +

1

x2

(
0
−2(n+1)

2(n−1)

)
ψ.
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6.4. The Lichnerowicz Laplacian on a Böhm Ricci-flat metric. Now we
return to a given Böhm Ricci-flat metric gB. We see from § 7 of [5] that

(6.9) va(x) =

√
na − 1

n− 1
x+ o(x) ⇒ wa(x) = log

(
x+ o(x)√
n− 1

)
(x→ ∞).

In the variables used here, we rigorously obtain convergence of the derivatives wa,x
and wa,xx matching what one would obtain by formally differentiating (6.9), namely

wa,x =
1

x
+ o
( 1
x

)
, wa,xx = − 1

x2
+ o
( 1

x2
)
, (x→ ∞).

The action of ∆ℓ on tensors of the form h = η0dx
2+η1ĝ1+η2ĝ2 is given by (6.4),

i.e., by the ordinary differential operator

D
def
= ∂2x +A(x)∂x + B(x).

The asymptotic behavior of the metric as x→ ∞ implies that

D = ∂2x +
(n
x
+ o(x−1)

)
∂x +

1

x2
C + o(x−2).

For functions φ(x) to be determined, we consider vectors of the form

η(x) = φ(x) r2(n−1) = φ(x)

 0
n2
−n1

 .

Neglecting the error terms in D , the exact solutions of

φ′′(x) +
n

x
φ′(x) +

2(n− 1)

x2
φ(x) =

µ

x2
φ(x)

are

φ±(x) = x−
n−1
2 ± 1

2

√
n2−10n+9+4µ.

For all 4 ≤ n ≤ 8 and all µ ∈ (0, 7/4), one has n2 − 10n+ 9+ 4µ < 0. Accordingly,
we set

α
def
=

1− n

2
and β

def
=
√

|n2 − 10n+ 9 + 4µ|

in order to write the general solution φ(x) = c1φ1(x) + c2φ2(x) in terms of

φ1(x)
def
= xα sin(β log x) and φ2(x)

def
= xα cos(β log x).

This is the dimension restriction explanation that we promised in the Introduction.

6.5. Approximate eigenvectors. We are now ready to accomplish the first goal
of this section.

Proof of Proposition 6.1. For any large constant R > 0, we consider an approxi-
mate eigenvector η(x) = φ(x) r2(n−1) defined with respect to the compactly sup-
ported test function

φ(x)
def
=

φ1

(
x
R

)
R ≤ x ≤ eπ/βR,

0 elsewhere.
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Then by (6.7), representing h by η, one has

ω
(
η,D [η]

)
L2 =

∫ ∞

0

ηTW D [η] vn1
1 (x) vn2

2 (x) dx

=

∫ eπ/βR

R

ηTW
{ µ
x2
η + o

(
x−1ηx + x−2η

)}
vn1
1 (x) vn2

2 (x) dx.

On the interval x ∈ [R, eπ/βR], one has estimates |φ(x)| ≤ C and |φ′(x)| ≤ C, and
hence has∣∣∣η(x)

x2

∣∣∣ ≤ ∣∣φ( xR)∣∣
R2

≤ C

R2
and

∣∣∣ηx(x)
x2

∣∣∣ ≤ 1

x

1

R

∣∣∣φ′( x
R

)∣∣∣ ≤ C

R2
,

where C depends only on n1, n2. Therefore, as R→ ∞, we have

ω
(
η,D [η]

)
L2 = µ

∫ eπ/βR

R

(
1 + o(1)

)
x2

(
ηTWη

)
vn1
1 (x) vn2

2 (x) dx > 0.

Taking a sequence Rk → ∞ with Rk+1 ≥ eπ/βRk + 1, one obtains in this way
a family hk such that

(
hk,∆ℓhk

)
L2 > 0. Because the hk have mutually disjoint

supports, they form an orthogonal sequence. This implies that ∆ℓ has infinitely
many positive eigenvalues. □

6.6. Simple eigenvalues. Our second goal in this section is to prove that the
eigenvalues of ∆ℓ with G-invariant eigentensors are simple. The proof is in three
steps. We begin with a smoothness criterion.

Lemma 6.2. If the (2, 0) tensor field on Rn1+1 × Sn2 given by

h = η0(x)(dx)
2 + η1(x)ĝ1 + η2(x)ĝ2

is smooth and G = O(n1 + 1)×O(n2 + 1)-invariant, then

(6.10) lim
x↘0

η1(x)

x2
= lim
x↘0

η0(x).

Proof. Let X = (x0, . . . , xn1) be coordinates on Rn1+1, and set

x = |X| =
√
x20 + · · ·+ x2n1

.

The only SO(n1 +1)-invariant (2, 0) tensor fields on Rn1+1 are linear combinations
of |dX|2 and ⟨X,dX⟩2, i.e.,

h = ϕ(x)|dX|2 + ψ(x)⟨X,dX⟩2

for smooth even functions ϕ, ψ : R → R. The Euclidean metric on Rn1+1 is

|dX|2 = (dx)2 + x2ĝ1.

Furthermore, x2 = |X|2 implies that x dx = ⟨X,dX⟩. Therefore, the tensor h may
be written as

h =
(
ϕ(x) + x2ψ(x)

)
(dx)2 + x2ϕ(x)ĝ1.

This implies (6.10) □

Now let λ0 ≥ λ1 ≥ λ2 ≥ · · · > 0 be the sequence of positive eigenvalues for ∆ℓ

with eigentensors hj whose existence we have established above. Our second step
is as follows.

Lemma 6.3. For all j ≥ 0, the η2(0) component of hj is never zero.
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Proof. In § 6.2 above, we represented the Lichnerowicz Laplacian as an ordinary
differential operator

∆ℓη = ηxx +A(x)ηx + B(x)η,
where A(x) and B(x) are defined in terms of the warping functions v1, v2 as in
(6.5) and (6.6). Both A and B are singular at the origin, but xA(x) and x2B(x)
are real analytic functions of x2. Indeed, the warping functions themselves are real
analytic functions, where v1 is odd with v′1(0) = 1, while v2 is even. Thus,

v1(x) = x+

∞∑
k=1

v
(2k+1)
1 (0)

(2k + 1)!
x2k+1 and v2(x) = v2(0) +

∞∑
k=1

v
(2k)
2 (0)

(2k)!
x2k.

Hence we have

w1,x =
1

x
+O(x), w1,xx = − 1

x2
+O(1), w2,x = O(x), w2,xx = O(1),

and

e−2w1 =
n1 − 1

v21
=
n1 − 1

x2
+O(1), e−2w2 =

n2 − 1

v22
= O(1),

where O(1) and O(x) represent even and odd power series in x, respectively. We
also note that w1,xw2,x = O(1).

In this way, we get the following expansions for A(x) and B(x):

xA(x) =
∑
a

na xwa,x = n1 +O(x2)

and

x2B(x) = x2

−2n1w
2
1,x − 2n2w

2
2,x −2n1w1,xx −2n2w2,xx

−2w1,xx 2e−2w1 − 2n1w
2
1,x −2n2w1,xw2,x

−2w2,xx −2n1w1,xw2,x 2e−2w2 − 2n2w
2
2,x


= B0 +O(x2),

with

B0 =

−2n1 2n1 0
2 2(n1 − 1)− 2n1 0
0 0 0

 =

−2n1 2n1 0
2 −2 0
0 0 0

 .

It follows that x = 0 is a regular singular point for the eigentensor equation

(6.11) x2η′′(x) + xA(x)xη′(x) + x2B(x)η(x) = λx2η(x).

Because the coefficients xA(x) and x2B(x) are real analytic functions of x2 in a
neighborhood of the origin of the complex plane, x = 0 is a regular singular point
for the eigentensor equation (6.11). One can therefore use the Fröbenius method
to find a fundamental set of solutions. These solutions are of the form

η(x) = xα
∞∑
k=0

akx
2k or η(x) = xα

∞∑
k=0

{
akx

2k + bkx
2k log x

}
,

for suitable characteristic exponents α ∈ C, and coefficients ak, bk ∈ C3. The second
form appears in case two characteristic exponents differ by an integer.

To find the characteristic exponents, we consider the principal terms of the eigen-
value equation, which are

x2ζ ′′(x) + n1ζ
′(x) + B0ζ(x) = 0.
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The eigenvalues of B0 are

β0 = −(2n1 + 1), β1 = 0, β2 = 0,

with respective eigenvectors

ζ0 =

2n1
−1
0

 , ζ1 =

1
1
0

 , ζ2 =

0
0
1

 .

To obtain the characteristic exponents, we look for solutions having the form
ζ(x) = xαjζj for ζj ∈ R3. We find for all j that

αj(αj − 1) + n1αj + βj = 0,

i.e.,

α0(α0 − 1) + n1α0 − 2(n1 + 1) = 0,

α1(α1 − 1) + n1α1 = α2(α2 − 1) + n1α2 = 0.

Solving the quadratic equations leads to the following six characteristic exponents:

α0 = +2, α̂0 = −(n1 + 1), α1 = α2 = 0, α̂1 = α̂2 = −(n1 − 1).

The leading terms of the six corresponding fundamental solutions ζj(x), ζ̂j(x) are

ζ0(x) = x2ζ0 + o(x2) =

2n1x
2 + o(x2)

−x2 + o(x2)
o(x2)

 ; ζ̂0(x) = x−n1−1ζ0 + o
(
x−n1−1

)
;

ζ1(x) = ζ1 + o(1) =

1 + o(1)
1 + o(1)
o(1)

 ; ζ̂1(x) = x−n1+1ζ1 + o
(
x−n1+1

)
;

ζ2(x) = ζ2 + o(1) =

 o(1)
o(1)

1 + o(1)

 ; ζ̂2(x) = x−n1+1ζ2 + o
(
x−n1+1

)
.

Since any eigentensor h = η0(x)(dx)
2+η1(x)ĝ1+η2(x)ĝ2 is a linear combination of

these fundamental solutions, its behavior as x↘ 0 is given by one of the expressions
above.

The fundamental solutions ζ̂j(x) are excluded because they possess negative
characteristic exponents (remember that n1 ≥ 2) and therefore are unbounded at
x = 0.

The fundamental solutions ζ0(x) and ζ1(x) are also excluded, because they do
not satisfy the smoothness criterion of Lemma 6.2.

It follows that the only possible behavior of an eigentensor at x = 0 is given
by ζ2(x). This implies that η2(0) ̸= 0. □

Now our second main result of this section follows as an easy corollary:

Proposition 6.4. The eigenvalues λj > 0 of ∆ℓ are simple.

Proof. Let

hj = η0(x)(dx)
2 + η1(x)ĝ1 + η2(x)ĝ2, h̃j = η̃0(x)(dx)

2 + η̃1(x)ĝ1 + η̃2(x)ĝ2

be nonzero eigentensors of ∆ℓ for the same eigenvalue λj . Then we can see from
Lemma 6.3 that η2(0) ̸= 0 and η̃2(0) ̸= 0. Consider the eigentensor

ĥj = η2(0)h̃j − η̃2(0)hj ,
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which we can write as

ĥ = η̂0(x)(dx)
2 + η̂1(x)ĝ1 + η̂2(x)ĝ2.

Since η̂2(0) = η2(0)η̃2(0)− η̃2(0)η2(0) = 0, it follows from Lemma 6.3 that ĥj = 0,

and hence that hj and ĥj are linearly dependent. □

7. Distinct instabilities of the nonlinear system

For every solution g in Main Theorem I, there exists a DeTurck vector field Xg.
The metric g(t) is then a solution of Ricci–DeTurck flow,

∂tg = −2Rc[g] + LXg
g.

A family of diffeomorphisms ϕt : M → M is a DeTurck family for the solution g(t)
if

∀p ∈ M, t ≤ 0 :
∂ϕt(p)

∂t
= Xg(ϕt(p)).

Such a family exists with the property that ϕ0(p) = p for all p ∈ M. The following
paragraph shows that we can choose ϕ so that ϕt(p) → p as t→ −∞.

The fact that the metrics g(t) converge exponentially to g in backward time
implies that the DeTurck vector field Xg decays exponentially as t → −∞. This
implies that the DeTurck diffeomorphisms ϕt : M → M converge at an exponential
rate to a fixed map that must itself be a diffeomorphism. Label it ϕ−∞ : M → M,

and let ϕ̌t =
(
ϕ−∞

)−1◦ϕt. Then the diffeomorphisms ϕ̌t also evolve by the DeTurck
vector field, and for t→ −∞ they converge to the identity map. It follows that

ǧ(t) = ϕ̌∗t g(t)

is a solution of Hamilton’s Ricci flow with g(t) → g as t→ −∞.
While our construction guarantees that the solutions of Ricci–DeTurck flow in

the Nδ-dimensional family are distinct, it does not immediately follow that the
corresponding solutions ǧ(t) of Ricci flow are geometrically distinct: imagine that
g1(t), g2(t) are two solutions of the Ricci–DeTurck flow, and suppose that their
corresponding Ricci flows ǧ1(t), ǧ2(t) are equivalent, i.e., suppose there exists a
diffeomorphism ψ : M → M such that ǧ2(t) = ψ∗[ǧ1(t)] for all t.

We show below that this cannot happen under the assumption that the Ricci-
DeTurck solutions g1(t), g2(t) both are invariant under the isometry group G of
(M, g). This assumption holds in the case of doubly warped solutions emanating
from the Böhm soliton that appear in Main Theorem II, for in this case the full
isometry group of the Ricci-flat soliton is G = O(n1 + 1) × O(n2 + 1), and the
solutions we construct all have the same symmetry.

By construction, we have ǧ1,2(t) → g as t → −∞. This implies that g = ψ∗g,
i.e., that ψ belongs to the isometry group G of g.

Let ϕ̌t,i : M → M be the DeTurck diffeomorphisms with ϕ̌t,i → idM as t→ −∞.
Because the Ricci-flat metric g and the DeTurck metrics gi(t) are G-invariant, their
DeTurck vector fields and diffeomorphisms are also G-invariant. Therefore they
commute with the isometry ψ, which implies

ǧ2(t) = ψ∗[ǧ1(t)] = ψ∗[ϕ̌∗t,1g1(t)] = ϕ̌∗t,1
[
ψ∗g1(t)

]
= ϕ̌∗t,1

[
g1(t)

]
= ǧ1(t).

Therefore, the two solutions of Ricci–DeTurck flow are the same. It follows that if
solutions of Ricci–DeTurck flow are pairwise distinct, then the same is true for the
corresponding solutions of Ricci flow.



30 SIGURD B. ANGENENT AND DAN KNOPF

This argument completes the proof of Main Theorem II.

Appendix A. Review of doubly warped product geometries

Both the background metrics gB and the perturbed metrics g̃ we consider here
are examples of doubly warped product metrics. In this Appendix, we recall basic
facts about the geometry of such metrics, suppressing decorations throughout.

Given Riemannian manifolds (Mn1
1 , ĝ1) and (Mn2

2 , ĝ2) and an interval I ⊆ R,
one may form (Mn+1, g), where M = I ×M1 ×M2, n = n1 + n2, and

g = ds2 + g1 + g2(A.1a)

= v20 dx
2 + v21 ĝ1 + v22 ĝ2.(A.1b)

Specifically, for increased generality, we take x ∈ R+ as a fixed coordinate but do
not assume here that v0(x) is constant.

A.1. The Levi–Civita connection. We compute Christoffel symbols inductively.
In the first step, temporarily set ḡ = ds2 + g1. We compute with respect to the
vector field

e0 =
∂

∂s
= v−1

0

∂

∂x
,

and use indices 1 ≤ i, j, k ≤ n1. We find that the connection of ḡ is determined by

Γ0
00 =

v0,x
v0

= v0,s,

Γk00 = Γ0
i0 = 0,

Γ0
ij = −1

2

(
∂s(v

2
1)
)
(ĝ1)ij , Γk0j =

1

2
u−1
1

(
∂s(v

2
1)
)
δkj ,

Γkij = (Γ̂1)
k
ij .

In the second step, we note that g = ḡ + g2. We temporarily let 0 ≤ i, j, k ≤ n1
and n1 + 1 ≤ α, β, γ ≤ n1 + n2 = n. We find that the connection of g is given by

Γ0
00 and Γkij as above,

Γγij = Γkαj = 0,

Γkαβ = −1

2
gkℓ∗
(
∂ℓ(v

2
2)
)
)(ĝ2)αβ , Γγiβ =

1

2
u−1
2

(
∂i(v

2
2)
)
δγβ ,

Γγαβ = (Γ̂2)
γ
αβ .

In the final step, using e0 = ∂
∂s , 1 ≤ i, j, k ≤ n1, and n1 + 1 ≤ α, β, γ ≤ n1 + n2,

we combine the results above to see that the only potentially nonzero symbols are

Γ0
00 = v0,s,(A.2a)

Γ0
ij = −v1,s

v1
(g1)ij , Γk0j =

v1,s
v1

δkj ,(A.2b)

Γkij = (Γ̂1)
k
ij ,(A.2c)

Γ0
αβ = −v2,s

v2
(g2)αβ , Γγ0β =

v2,s
v2

δγβ ,(A.2d)

Γγαβ = (Γ̂2)
γ
αβ .(A.2e)
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A.2. The curvatures. Let uppercase Roman indices lie in {0, 1, . . . , n1 + n2},
lowercase Romans in {1, . . . , n1}, and lowercase Greeks in {n1 + 1, . . . , n1 + n2}.

We recall the standard formula RDABC = ∂AΓ
D
BC−∂BΓDAC+ΓDAEΓ

E
BC−ΓDBEΓ

E
AC .

In general, multiply-warped products have four flavors of sectional curvature corre-
sponding to the following pairings of tangent planes: (a) base with base, (b) fiber
with itself, (c) fiber with distinct fiber, and (d) base with fiber.

Because our base is one-dimensional, only the last three flavors are relevant here,
all of which may be obtained from the following formulas:

Rijkℓ = gℓmR
m
ijk = v21R̂ijkℓ −

v21,s
v21

(
(g1)iℓ(g1)jk − (g1)ik(g1)jℓ

)
,

Rαβγδ = gδηR
η
αβγ = v22R̂αβγδ −

v22,s
v22

(
(g2)αδ(g2)βγ − (g2)αγ(g2)βδ

)
,

Riβγk = gkℓR
ℓ
iβγ = gkℓ

(
∂iΓ

ℓ
βγ − ∂βΓ

ℓ
iγ + ΓℓiEΓ

E
βγ − ΓℓβEΓ

E
iγ

)
= gkℓΓ

ℓ
i0Γ

0
βγ

= −v1,s
v1

v2,s
v2

(g1)ik(g2)βγ ,

Ri00ℓ = gkℓR
k
i00 = gkℓ

(
− ∂sΓ

k
i0 − Γk0pΓ

p
i0

)
= −v1,ss

v1
(g1)iℓ,

Rα00δ = gδηR
η
α00 = gδη

(
− ∂sΓ

η
α0 − Γη0εΓ

ε
α0

)
= −v2,ss

v2
(g2)αδ.

Now let a, b ∈ {1, 2}. Then it follows from the formulas above that the Ricci
curvature is determined by

R00 = −

(∑
a

na
(va)ss
va

)
ds2,(A.3a)

(Rca)αβ =

− (va)ss
va

+ (na − 1)
1− (va)

2
s

v2a
−
∑
b ̸=a

nb
(va)s(vb)s
vavb

 (ga)αβ .(A.3b)

The scalar curvature is

(A.4) R = −2
∑
a

na
(va)ss
va

+
∑
a

na(na − 1)
1− (va)

2
s

v2a
−
∑
a

∑
b̸=a

nanb
(va)s(vb)s
vavb

.

Appendix B. Details of the ∆h computation

In this appendix, we continue the notational conventions of Appendix A and
compute ∇2

ABhCD for a metric (A.1), where uppercase Roman indices again range
over all possible values in {0, 1, . . . , n1 + n2}.

Without loss of generality, we may work in normal coordinates for ĝ1 and ĝ2.
We start with ∇BhCD and find that the only nonvanishing components are of

the form

∇0h00 = η0,s, ∇0hij = η1,sgij , ∇0hαβ = η2,sgαβ ,

∇ihj0 =
v1,s
v1

(η0 − η1)gij , ∇αhβ0 =
v2,s
v2

(η0 − η2)gαβ .
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We proceed to ∇A∇BhCD, noting that the only components of interest occur
for compatible choices of A,B and C,D. For these, we obtain

∇0∇0h00 = η0,ss,

∇i∇jh00 =
{v1,s
v1

η0,s − 2
v21,s
v21

(η0 − η1)
}
gij ,

∇α∇βh00 =
{v2,s
v2

η0,s − 2
v22,s
v22

(η0 − η2)
}
gαβ ,

∇0∇0hij = η1,ss gij ,

∇0∇0hαβ = η2,ss gαβ ,

∇i∇jhkℓ =
v1,s
v1

η1,s gijgkℓ −
v21,s
v21

(η1 − η0) (gikgjℓ + giℓgjk),

∇α∇βhγδ =
v2,s
v2

η2,s gαβgγδ −
v22,s
v22

(η2 − η0) (gαγgβδ + gαδgβγ),

∇i∇jhαβ =
v1,s
v1

η2,s gijgαβ ,

∇α∇βhij =
v2,s
v2

η1,s gijgαβ .

Tracing these identities yields the formulas stated in § 6.

Appendix C. Invariant manifolds

In this appendix, we sketch the proof of Theorem 3.3 adapted to our application,
using notation we introduced in § 3.3.

Let E be a Banach space, U ⊂ E an open subset, and f : U → E a Cr map with
a fixed point p ∈ U . Assume that T = dfp satisfies the a-hyperbolicity condition
for some a > 1. We thus have E = Es ⊕ Eu, and

T = T s ⊕ Tu, with T s : Es → Es and Tu : Eu → Eu.

Assuming without loss of generality that p = 0E and hence that f(0E) = 0E , we
expand f in a Taylor series,

f(x) = Tx+ g(x),

where g(0E) = 0E and dg0 = 0. The key step in the proof of Theorem 3.3 is then
to establish the following result:

Lemma C.1. For every v ∈ Eu, there exists a unique ancient orbit (xi)i≤0 in U
such that πu(x0) = v and such that ∥xi∥ ≤ Cai for some C > 0 and all i ≤ 0.

In this Lemma the map f is not assumed to be a local diffeomorphism or even
injective. The only assumptions are that f be C1 in the sense of Fréchet derivatives,
and that the spectrum dfp admit a splitting as described above.

Sketch of proof. If ε > 0 is sufficiently small, then the spectrum σ(T ) does not
intersect the annulus

{λ ∈ C : a− ε ≤ |λ| ≤ a+ ε}.
We may replace the norm on E by an equivalent norm in which

∀v ∈ Es : ∥Tv∥ ≤ (a− ε)∥v∥ and ∀v ∈ Eu : ∥Tv∥ ≥ (a+ ε)∥v∥.
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Split xi = xsi ⊕ xui . Then the equation xi = f(xi−1) is equivalent to the pair

(C.1) xsi = Txsi−1 + gs(xi−1) and xui = Txui−1 + gu(xi−1).

The first recurrence equation implies that

xsi = TNxsi−N + gs(xsi−1) + Tgs(xsi−2) + · · ·+ TN−1gs(xsi−N ).

If we only consider sequences xi for which ∥xi∥ ≤ Cai for some constant C > 0,
then their stable components also decay like ai, and thus we have

∥TNxsi−N∥ ≤ (a− ε)NCai−N = Cai
(
1− ε

a

)N
→ 0 as N → ∞.

The first equation in (C.1) is therefore equivalent to

(C.2) xsi =
∞∑
j=0

T jgs(xsi−j−1).

We can rewrite the second recurrence equation in (C.1) in a similar manner if
we use the fact that that T |Eu is invertible — this holds because σ(T ) lies outside
the circle with radius a+ ε, which implies that 0 ̸∈ σ(T ). Thus we have

xui = T−1xui+1 − T−1gu(xi+1).

Iterating this recurrence i times, we find that for any i ≤ 0,

(C.3) xui = T−ixu0 −
i∑

j=1

T−jgu(xi+j).

We are looking for orbits xi for which π
ux0 = xu0 = v. The set of orbits we are

interested in is therefore determined by the pair of equations

(C.4)

xsi −
∞∑
j=0

T jgs(xsi−j−1) = 0,

xui +

i∑
j=1

T−jgu(xi+j) = T−iv.

Because of the decay condition that we impose on the orbits, we are looking for
solutions (xi)i≤0 to these equations in the sequence space

ℓ∞a (E)
def
=
{
(xi)i≤0 : ∥(xi)∥a <∞

}
, where ∥(xi)∥a

def
= sup

i≤0
a−i∥xi∥.

To complete the proof, one verifies that the map Υ : (xi)i≤0 7→ (yi)i≤0 given by

yi =

−
∞∑
j=0

T jgs(xsi−j−1)

⊕

 i∑
j=1

T−jgu(xi+j)


is a continuously Fréchet differentiable map Υ: ℓ∞a (E) → ℓ∞a (E) with derivative
dΥ0 = 0. One can then apply the Implicit Function Theorem to the equations (C.4)
to conclude that a unique solution (xi)i≤0 ∈ ℓ∞a (E) exists for any small prescribed
v ∈ Eu.

□
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Appendix D. Bounded oscillations

In this Appendix we record an observation, which we do not use in this paper
but which might be of independent interest.

We consider a doubly warped product M = Rn1+1×Sn2 evolving by the nonlin-
ear Ricci–DeTurck flow. We specialize to Ricci–DeTurck flow of G = O(n1 + 1) ×
O(n2 + 1)-invariant metrics. Accordingly, we proceed to consider the evolution of

(D.1) g̃ = ds2 + g1 + g2
def
= v20(dx

2) + v21 ĝ1 + v22 ĝ2

by Ricci–DeTruck flow (2.5). As background metric, we choose one of the Ricci-flat
Böhm metrics we considered in [5], which we write in this appendix as

(D.2) gB = (dx)2 + V1(x)
2ĝ1 + V2(x)

2ĝ2(x).

Our objective here is to prove:

Lemma D.1. If
(
M = R1+n1 ×Sn2 , g̃ = v20 dx

2+ v21 ĝ1+ v
2
2 ĝ2
)
is a doubly warped

product manifold evolving by Ricci–DeTurck flow (2.5), then the number of x > 0
for which

v1(x, t)√
n1 − 1

=
v2(x, t)√
n2 − 1

does not increase in time.

D.1. Regularity of the flow near a Böhm soliton. Our short-time existence
theorem provides solutions g̃(t, ·) = gB + h where ϵgB < g̃ < ϵ−1gB for some ϵ > 0.
Metrics that start out as doubly warped products remain doubly warped products.
We will therefore consider solutions where h has the form

h = h0(x, t)(dx)
2 + h1(x, t)ĝ1 + h2(x, t)ĝ2,

with

h0 = v20 − 1, h1 = v21 − V 2
1 , h2 = v22 − V 2

2 .

D.2. The DeTurck vector field. As in Appendix A, we let uppercase Roman
indices lie in {0, 1, . . . , n1 + n2}, lowercase Romans in {1, . . . , n1}, and lowercase
Greeks in {n1 + 1, . . . , n1 + n2}. Here writing g̃AB = (g̃−1)AB , we apply (2.6) to
see that the DeTurck vector field X has components

XA = g̃BC(Γ̃ABC − ΓABC)

= g̃00(Γ̃A00 − ΓA00) + g̃ij(Γ̃Aij − ΓAij) + g̃αβ(Γ̃Aαβ − ΓAαβ).

By the formulas in Appendix A.1, this vanishes unless A = 0, whereupon we obtain
X = f(s) ∂

∂s , where

(D.3) f(s) = v0,s − n1
v1,s
v1

− n2
v2,s
v2

=
v0,x
v0

− n1
v1,s
v1

− n2
v2,s
v2

.

D.3. A simplification of the system. In formula (A.3) of Appendix A.2, we
show that

−R̃c =

{∑
a

na
va,ss
va

}
v20 (dx)

2

+
∑
a

{(va,s
va

)
s
− na − 1

v2a
+
va,s
va

∑
b

nb
vb,s
vb

}
v2a ĝa,
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where a, b ∈ {1, 2}. As shown above, the Lie derivative we need is

LX g̃ = 2fs(ds)
2 + 2

(∑
a

f
va,s
va

)
v2a ĝa.

It follows that Ricci–DeTurck flow (2.5) is equivalent to the strictly parabolic
system of equations

v0
∂v0
∂t

=
{∑

a

na
va,ss
va

+ fs

}
v20 ,

va
∂va
∂t

=

{(va,s
va

)
s
− na − 1

v2a
+
va,s
va

(
f +

∑
b

nb
vb,s
vb

)}
v2a,

which in turn are the same as

∂v0
∂t

=
{
fs +

∑
a

na
va,ss
va

}
v0,

∂va
∂t

=

{(va,s
va

)
s
− na − 1

v2a
+
va,s
va

(
f +

∑
b

nb
vb,s
vb

)}
va.

This system becomes even simpler if one writes it in terms of

w0
def
= log(v0) and the previously defined wa = log

( va√
na − 1

)
, (a = 1, 2).

Then (D.3) implies that f = w0,x − n1w1,s − n2w2,s, and one obtains

∂w0

∂t
=
(
f +

∑
a

nawa,s
)
s
+
∑
a

naw
2
a,s,(D.4a)

∂wa
∂t

= wa,ss +
(
f +

∑
b

nbwb,s
)
wa,s − e−2wa ,(D.4b)

in which both wa and wb satisfy identical equations.

We note that the difference w12
def
= w1 −w2 satisfies a linear parabolic equation,

∂

∂t
w12 = a(x, t)w12,xx + b(x, t)w12,x + c(x, t)w12

where the relation s = v0 x implies that

a(x, t) = v−2
0 , b(x, t) = v−1

0

{
f+
∑
a

nawa,s−v−2
0 v0,s

}
, c(x, t) =

e−2w2 − e−2w1

w1 − w2
.

Proof of Lemma D.1. We wish to apply the Sturmian theorem [2]. We note that
v0 > 0 is a necessary condition for the solution to exist. Therefore, on any time
interval [0, T ] on which the solution remains smooth, one verifies from (D.4) that
a, ax, axx, at, a

−1 ∈ L∞ and that b, bx, bt ∈ L∞. Then writing

c = e−2w2

(1− e−2w12

w12

)
,

one readily sees that c ∈ L∞ as well. The necessary conditions for the metric to
close smoothly at the boundary s = 0 imply that w1 → −∞ as s ↘ 0, while w2

remains bounded. This implies that no zeroes of w12 come in from the boundary.
The result then follows directly from [2]. □
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Appendix E. Function spaces

In this appendix, we review properties of little-Hölder spaces on Riemannian
manifolds of bounded geometry. For details, we refer to Aubin’s book [6], as well
as papers by Hans Triebel [27, 28].8

E.1. A covering lemma.

Definition E.1. The dimension of a covering Ba (a ∈ N) is the smallest N ∈ N
such that Ba0 ∩ Ba1 ∩ · · · ∩ BaN = ∅ for all a0 < a1 < · · · < aN ∈ N.
Lemma E.2. Suppose (M, g) has bounded geometry. Then there are N ∈ N and
r0 > 0 such that for every r ∈ (0, r0), a sequence pa ∈ M exists for which {Ba :=
B(pa, r)}a∈N is an open cover of M of dimension at most N .

This result appears in [27, 28]. A proof is indicated in [6, Lemma 2.26]. The
reader may also wish to consult [18].

The idea behind the proof is to use the Vitali covering lemma to find a sequence
{pa}a∈N such that M =

⋃
a B(pa, r), while the smaller balls B(pa, 15r) are pairwise

disjoint. The curvature bounds on the metric imply that for small enough r > 0
one has

vol
(
B(p, 15r)

)
≥ crn and vol

(
B(p, 3r)

)
≤ Crn

for every p ∈ M, where c, C > 0 do not depend on r or p.
If

B(pa0 , r) ∩ · · · ∩ B(paN , r) ̸= ∅,
then pa1 , . . . , paN ∈ B(pa0 , 2r), and thus the disjoint balls B(pa0 , 15r), . . . , B(paN ,

1
5r)

are subsets of B(pa0 , 3r).
Comparing the volumes of ∪Ni=0B(pai , 15r) and B(pa0 , 3r) we find that

(N + 1)crn ≤ Crn.

This is a contradiction if N ≥ C/c, so that the intersection of more than C/c + 1
balls B(pa, r) is always empty.

E.2. Partition of unity adapted to a covering. Let Ba := B(pa, r) be an open
cover of a manifold (M, g) of bounded geometry, as in Lemma E.1. Then there
exists a set {φa ∈ C∞

c (M) : a ∈ N} with suppφa = Ba such that∑
a

φa(x)
2 = 1

for all x ∈ M.
Furthermore, we can choose the φa so that

(E.1) r|∇φa|+ r2|∇∇φa|+ r3|∇∇∇φa| ≤ C

for all small r > 0, and for some constant C that does not depend on r.
Indeed, choose ψ ∈ C∞(R) with ψ(t) = 0 for t ≥ 1 and ψ(t) > 0 for t < 1. Then

let
ϕa(x) = ψ

(
d(x, pa)

2/r2
)
for x ∈ B, ϕa(x) = 0 elsewhere,

and define

φa(x) =
ϕa(x)√∑
b ϕb(x)

2
.

8Note that Triebel treats the Besov spaces Bs
pq(M) of which the Hölder spaces are a special

case: hk,α = Bk+α
∞∞ , provided that α ∈ (0, 1) and k ∈ Z.
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We can estimate the gradient of ϕa using

|∇d(x, p)2| = 2d(x, p),

which implies that

∇ϕa =
ψ′(d2/r2)

r2
∇(d2) =⇒ |∇ϕa| =

2d

r2
|ψ′(d2/r2)| ≤ C

r
.

For the Hessian, we have

∇∇ϕa =
ψ′′(d2/r2)

r4
∇(d2)⊗∇(d2) +

ψ′(d2/r2)

r2
∇∇(d2) =⇒ |∇∇ϕa| ≤

C

r2
.

Reasoning similarly, one sees that

|∇3ϕa| ≤
C

r3
.

E.3. Little-Hölder spaces. If (K, d) is a compact metric space, one says that a
function f : K → R is Hölder continuous of exponent α if

sup
x ̸=y

|f(x)− f(y)|
d(x, y)α

<∞.

The set of α-Hölder continuous functions on K becomes a Banach space if one gives
it the norm

∥f∥0,α := sup
x

|f(x)|+ sup
x ̸=y

|f(x)− f(y)|
d(x, y)α

.

Recall that smooth functions are not dense in C0,α. For example, one can verify
that the distance in C0,1/2([−1, 1]) between f(x) =

√
|x| and any Lipschitz function

g : [−1, 1] → R is at least 1.
A function f : K → R is little-Hölder continuous if

lim
ϵ↘0

ϵ−α sup
{
|f(x)− f(y)| : d(x, y) < ϵ

}
= 0.

We write h0,α(K) for the set of little-Hölder continuous functions on K. h0,α(K)
is a closed subspace of C0,α(K). If K = B(0, R) ⊂ Rn, then it is the closure of
C∞(K) in C0,α(K).

E.4. Little-Hölder sections of a tensor bundle. Let (M, g) be a manifold with
bounded geometry, and let T (p,q)M → M be the bundle of (p, q) tensors on M.
For simplicity of notation we describe the case of (0, 2)-tensors (such as the metric
and Ricci tensor).

Consider a covering Ba := B(pa, r) as in Lemma E.1, and parameterize each Ba by
the exponential map at pa, i.e., by ψa : B → B(pa, r) given by ψa(ξ) = exp ppa(rξ).
We say that a (0, 2)-tensor T is Hölder continuous of exponent α if its components
Tjk (defined by T (ξ) = Tjk(ξ) dξ

j dξk) are Hölder continuous functions in all of the
coordinate patches Ba, and if

∥T∥0,α
def
= sup

a
max
j,k

∥Tjk(ξ)∥h0,α(Ba) <∞.

The quantity ∥T∥0,α is the α-Hölder norm. Changing the cover {Ba} leads to a
different but equivalent norm, provided that r > 0 is small enough.
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