RICCI SOLITONS, CONICAL SINGULARITIES, AND NONUNIQUENESS
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ABSTRACT. In dimension n = 3, there is a complete theory of weak solutions of Ricci
flow — the singular Ricci flows introduced by Kleiner and Lott [KL17, KL18] — which
Bamler and Kleiner [BK17] proved are unique across singularities.

In this paper, we show that uniqueness should not be expected to hold for Ricci flow
weak solutions in dimensions n > 5. Specifically, for any integers p1,p2 > 2 with
p1 +p2 < 8 and any K € N, we construct a complete shrinking soliton metric gx on
8P1 x RP2F1 whose forward evolution gy (t) by Ricci flow starting at ¢ = —1 forms a
singularity at time t = 0. As ¢ * 0, the metric gx () converges to a conical metric on
8P1 x 8P2 x (0,00). Moreover there exist at least K distinct, non-isometric, forward
continuations by Ricci flow expanding solitons on 8”1 x RP2+1 and also at least K
non-isometric, forward continuations expanding solitons on RP1+1 x §P2.

In short, there exist initial metrics for Ricci flow whose forward evolutions after a first
singularity forms are not unique, and whose topology may change at the singularity for
some solutions but not for others.
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2 SIGURD B. ANGENENT AND DAN KNOPF
1. INTRODUCTION

In this paper we analyze shrinking and expanding soliton solutions of Ricci flow and
in particular construct solutions that are defined for ¢ < 0, form a singularity at time
t = 0, and then allow more than one smooth continuation for ¢ > 0. To state the result
more precisely, we use the notion of a Ricci Flow spacetime introduced by Kleiner and
Lott [KL17]. Their definition is as follows.

Definition. A Ricci flow spacetime is a tuple (M, t, 9, g) such that:'

o M is a smooth manifold-with-boundary;

o {, the time function, is a submersion t : M — I C R, where I is regarded as a
time interval;

e the boundary of M, if nonempty, corresponds to the endpoint(s) of the interval,
that is, OM = t=1(01);

e 0, is the time vector field, which satisfies 0;t = 1; and

e ¢ is a smooth inner product on the subbundle ker(dt) C T™M which defines a
Ricci flow,

Lo,lg] = —2Rc[g].

Slightly modifying the notation of [KL17], we denote the spacelike timeslice at time a by
M, = t1(a), and similarly define M, = t~*(—o00,a) and M-, = t~1(a, c0).

Main Theorem. Let p1,p2 > 2 be integers withp1 + pa < 8, and let n = p1 + po.

For any integer K € N, there exist Ricci flow spacetimes ML, ..., ME and J\~/[1, e ME
with time functions t : MF — R, t: M* — R, and evolving metrics gj, and jy, respectively,
such that for

t < 0: the sets M’;O and J\N/[k and their metrics gklmio and §k|3\~/[k0 all coincide and are
<

given by a single shrinking gradient soliton — all timeslices M¥ and ff\~/[iC witht <0
are diffeomorphic to 8P* x RP2+1;

t=0: each timeslice M% and M is incomplete and isometric to the same cone metric on
(0,00) x 8Pt x 8P2 with its conical singularity removed; and

t>0: eachME andJW;O is isometric to the flow of a distinct expanding n+1-dimensional
soliton — that is, the spacetimes Mj>0 and 3\7[];0 are isometric if and only if j = k.

These Ricci flow spacetimes are maximal with respect to the partial ordering induced by
inclusion: (M, t,0;,9) = (M, ¥,0;,¢") if M C M, t = t'|\, O, = 0|, and g = ¢'|m.
There is only one singular time, t = 0, i.e., M and M¥ are complete for allt # 0.

Fort > 0, the timeslices Mé‘ are diffeomorphic to RPr+1 % 8Pz wwhile the timeslices J\?[f
are diffeomorphic to 8P+ x RP2+1,

Put succinctly, in dimensions n+1 > 5, Ricci flow spacetimes may not be unique after
their initial singularities: a given initial metric M* ; may admit several distinct Ricci flow
spacetimes, some of which change their topology while others do not.

1To obtain the full strength of their results, Kleiner and Lott impose three other conditions (Definition 1.6)
on the singular Ricci flows they consider involving 3-manifolds and PIC 4-manifolds. We omit those conditions
because they are not relevant to our work on higher-dimensional manifolds in this paper.

2Completeness here is understood with respect to Kleiner and Lott’s spacetime metric gp = § + (dt)2,
where g is the extension of g to a quadratic form on T'M satisfying 9; € ker(g).
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The Main Theorem follows directly from Theorems A, B, and C as stated below.

In the remainder of this introduction, we provide further exposition of these ideas.

2. BACKGROUND

It is well known that Ricci flow solutions (M", g(t)) typically develop local singu-
larities in finite time, after which the flow cannot be continued by classical means. To
deal with this phenomenon, Hamilton [Ham97] introduced and Perelman [Per02, Per03]
further developed Ricci flows with surgery. As implemented by Perelman, these depend
on a fixed positive constant ¢ < 1 and three decreasing positive functions of time: a
surgery parameter (¢), a canonical neighborhood scale 7(t), and a non-collapsing pa-
rameter (t). While Perelman’s construction was brilliantly successful, it suffered from
two limitations that he himself noted: the surgeries violate the PDE where they occur,
and they depend on arbitrary choices, hence are not canonical. A priori, the forward evo-
lution of a solution after a surgery is not known to be independent of those choices. In
drawing attention to these issues, Perelman wrote: “It is likely that by passing to the limit
in this construction one would get a canonically defined Ricci flow through singularities,
but at the moment I don’t have a proof of that” [Per02]; and “Our approach ...is aimed
at eventually constructing a canonical Ricci flow, defined on a largest possible subset of
space-time — a goal that has not been achieved yet in the present work” [Per03].

In the intervening years, there have been a few rigorous examples of Ricci flow singu-
larity recovery without intervening surgeries. For ¢ < 0, the noncompact Kahler “blow-
down soliton” discovered by Feldman, Ilmanen, and one of the authors is a shrinking
gradient soliton with the topology of CV blown up at the origin; as ¢t 0, it converges
to a cone on CV \ {0}; and for ¢ > 0, it desingularizes into an expanding gradient soliton
discovered by Cao [Ca097] on complete CV; see [FIK03] for details. A PDE regularization
scheme, closer in spirit to what Perelman suggested, was used to recover from nondegen-
erate neck pinches by Caputo and the authors of this paper [ACK12]. Similar techniques
were employed by Carson to recover from degenerate neck pinches [Car16] as well as
flows from more general singular initial metrics that need not be warped products glob-
ally [Car18]. There has also been significant progress on flowing through singularities
in the Kahler setting (where the flow reduces to a strictly parabolic equation for a scalar
function); see, e.g., Song-Tian [ST17] and Eyssidieux-Guedj-Zeriahi [EGZ16]. All these
examples can be thought of heuristically as “weak” or “generalized” solutions of Ricci
flow. We note that several other authors have studied existence, uniqueness, and regu-
larity of Ricci flow solutions originating from non-smooth initial data. In chronological
order, see [Sim02], [Sim09], [Top10], [CTZ11], [GT11], [KL12], [Sim12], [Top12], [GT13],
and [Top15].

For dimension n = 2, where Ricci flow is conformal, the instantaneously complete Ricci
flows studied by Topping and collaborators provide a well-posed solution of the Ricci flow
initial value problem starting from a completely general initial surface — see [Top15] and
the references therein.

For dimension n = 3, a complete theory of Ricci flow weak solutions has now been
developed. Kleiner and Lott define and analyze singular Ricci flows, constructed by reg-
ularization of compact 3-dimensional (and 4-dimensional PIC) solutions [KL17, KL18].
Bamler and Kleiner subsequently prove that these singular Ricci flows are unique for
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n = 3 [BK17]. Together, these results elegantly realize Perelman’s hope for a canonically-
defined solution of the Ricci flow initial value problem.

In higher dimensions, far less is currently known. “Super Ricci flows” have been stud-
ied by McCann-Topping [MT10] and Sturm [Stu17] using techniques from optimal trans-
port. An alternate approach to constructing weak solutions, using stochastic analysis, has
been pioneered by Naber—Haslhofer [HN18].

Our main result in this paper demonstrates that, whichever definition(s) of Ricci flow
“weak solutions” emerge(s), one should not expect uniqueness to hold in dimensions five
and above. (Dimension four remains, as is so often the case, a mystery.) As stated above in
our Main Theorem, we construct families of asymptotically conical gradient solitons that
model the formation of and recovery from finite-time singularities that admit non-unique
forward continuations, both geometrically and topologically.

In our construction, we consider cohomogeneity-one metrics on the manifold R, x

8P1 x 8P2 having the form of a doubly-warped product,
2 2

(pr—)s” 2 Ds”
z1(s) z2(s)
where s € Ry, 4 < p; + p2 < 8, and where gsro is the round metric on the p,-
dimensional unit sphere 8P=. In parts of this paper, it is convenient to set s = ¢ and
write the metric in the form

-1 —2
() g=¢€" {(dT)z + b gsr1 + ngspz} ;
z1(7) z2(T)

regarding z, : R — R, as functions of 7. We are interested in smooth metrics that
compactify as s \ 0 and that are complete as s ,** oo, giving the topology of RP1 1 x §Pz2,

(1) g =(ds)*+

Metrics of the form (1) extend to complete metrics on RP1+1 x 872 if 21 and x5 satisfy
(3) z1(s) =p1 — 1+ 0(1) and z5(s) = Cs* + o(s?)
as s — 0, for some constant C' > 0.
Metrics of the form (1) are asymptotically conical as s — oo if the limits
To = Sliﬁrroloacol(s)7 a € {1,2},
exist and are positive. We call the constants z,, the asymptotic apertures of the metric g.
In the very special case in which
(4) x1(s) =xa(s) =n—1

for all s > 0, the metric (1) is that of the unique Ricci flat cone of the form (1). This cone

metric is singular at s = 0: as we show in Appendix A, the norm of its Riemann tensor is
unbounded as s N\ 0.

In this paper, we seek complete metrics having the structure (1) that satisfy the Ricci
soliton condition. We write this in the form

(5a) —2Rclg] = 2\g + Lx(9),

where A € {—1,0,+1} is the dilation rate that corresponds to shrinking, steady, and
expanding solitons, respectively, and
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is the soliton vector field, i.e., the vector field on RP1 1 x 8P2 that generates the diffeomor-
phisms by which the soliton evolves under Ricci flow. If X = grad F' for some potential
function F' (which is the case here), then (5a) is equivalent to

(5b) Rclg] + A\g + V2F = 0.

We show in § 3 below that the soliton equation (5a) applied to the Ansatz (1) gives rise to
a system of opE on R®. Generalizations of this system were investigated analytically and
numerically by Dancer-Hall-Wang [DHW13].

The Ricci-flat cone (4) is a stationary soliton whose soliton vector field is X = 0. But a
consequence of system (8) below is that any Ricci-flat metric may also be regarded as an
expanding or shrinking soliton if one chooses the soliton vector field to be X = —)\s%.

We are particularly interested in complementing pairs of shrinking solitons (G—, X™)
and expanding solitons (G, XT) that are asymptotic to the same conical metric,

(p2 j 1)52

~ —1)s?
ugspl +

(6) G =(ds)* + ( gsea,

€

with apertures Z1, Zo. Given such a pair of solitons, we define the family of metrics

—2t(¢%_) G~ (t<0),
g(t)=< G (t=0),
2t (¢hy) GT (L <0),

where ¢%.. denotes the flow generated by the vector field X+

In Section 15, we show that these choices ¢(t) glue together by isometries to give a
smooth Ricci flow spacetime. For ¢ < 0, the metric g(t) is the unique (see below) smooth
shrinking soliton diffeomorphic to RP1+1 x 8P that converges to its asymptotic cone as
t 0. For t > 0, the solution continues as a smooth expanding soliton diffeomorphic to
either RP1T1 x §P2 or 81 x RP2+! with the same singular conical metric as initial data.
(This construction may be compared to that of Theorem 1.6 in [FIK03].)

A theorem of Kotschwar and Wang [KW15] implies that there can be at most one
shrinking soliton that is asymptotic to a given cone (. There can however be many
expanding solitons G asymptotic to any given cone G. In fact, one of our results is
that the Ricci-flat cone (see below) admits infinitely many smooth expanding solitons as
forward evolutions. Moreover, for cones very close to the Ricci-flat cone, the number
of expanding solitons can be arbitrarily large. More precisely, we have the following
existence result.

Theorem A. Assume the dimensions p,, satisfy p1,p2 > 2 and p1 + p2 < 8. Then there
exists a two-parameter family of expanding solitons, (G, X1)(j, T'), where the parameters
(4, T) take values in [—t,+t] x [Ty, 00) for certain ¢ > 0, Ty < oo, with the following
properties.

The expanding solitons (G, X%)(j, T) as well as their asymptotic apertures x1 (j, T)
and 3 (4, T) are real analytic functions of j, T. For any k € N, there exists a neighborhood
Uy C R? of the point (n — 1,n — 1) € R? such that for each (Z1,%2) € Uy, there exist at
least k distinct expanding solitons (G, X%)(j;, T;), (i = 1, ..., k), with

et (5, Th) = 71, 23 (Jin Th) = Zo (i=1,...k).
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The metrics we find can be thought of as the result of gluing two simpler soliton met-
rics, each of which appears as a one-parameter family of solitons, the parameters being j
for one family and T for the other.

To describe the first family, which is parameterized by j, we recall that the singular
cone 1 = T2 = n — 1, whose metric we denote by

pr—1 po—1
rge = (09)" ST s gan + g g
is Ricci-flat. As follows from system (8) below, the choices of soliton vector field
0
X=As—
y Jds

make it into a shrinking or expanding soliton, respectively. In the case of expanding
solitons, it turns out that there is a one-parameter family of metrics ¢’ (with j € [—¢, (]
for some small ¢+ > 0) of the form

i pr—1 o p2—1
I =(ds)? + ———=5"gsm + ———
G G
where z,,(j; s) are real analytic functions of s? with
21(J;0) = 22(j;0) =n — 1.
Thus the metrics ¢/ are singular at s = 0, and the singularity is asymptotically like the

Ricci-flat cone metric g.j.. These metrics appear as solutions in the unstable manifold
WH(tfc) of a fixed point tfc in the ODE system (11) that we study.

2
S gsr2,

To describe the second family of solutions, which is parameterized by T, we recall the
Ricci-flat Einstein metric found by Bohm [Bo99], which is of the form
2 2

s s
g = (ds)* + (p1 — 1) —g—=9sm + (P2 — 1) 5= gsv=,
zt (s) 23 (s)
where 1% (s) are again real analytic functions of s2, this time with

2P(0)=p1 —1 and 3 (s) = s*+ O(s?), (s = 0).

This metric extends smoothly to a metric on RP**! x 82, As s — oo, the metric grows
asymptotically like a paraboloid, in that z,(s) = As + o(s) for s — oo, and thus

-1 -1
g%w(d5)2+s{p1A gsp1 +p2A ggpg}, (s — 00).

Any multiple of a Ricci-flat metric is again Ricci-flat, so we have a one-parameter family
of Ricci-flat metrics given by e =27 g, with T’ € R.

Heuristically, to produce the metric G*(j,T), one removes a neighborhood of size
O(e~T) of the singular point in the expanding soliton metric g/ on (0,00) x 8P* x 8P
and replaces it by a piece of the same size of the rescaled Bohm metric e =27 g. We
execute this gluing rigorously by analyzing the opE system that describes Ricci solitons.

More precisely, the Bohm metric g3 and the singular metrics g/ appear as complete or-
bits of the oDE system, which meet at a hyperbolic fixed point that represents the Ricci-flat
cone metric g... To glue the two families of orbits, we use techniques from dynamical
systems, notably Palis’s A-lemma. Moreover, we find when linearizing the oDE system
near the tfc fixed point, at which the Bohm and g7 metrics are to be glued, that the dif-
ferences z; — x4 and s%(:cl — Z3) decouple into a subsystem whose eigenvalues are
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complex when n = p; + po satisfies n € {4,5,6,7,8}. Existence of this oscillatory sub-
system was earlier observed by Dancer-Hall-Wang in their analysis of winding numbers
of cohomogeneity-one shrinking solitons [DHW13]. These complex eigenvalues are re-
sponsible for the oscillatory dependence on the parameter 7" of the asymptotic apertures
of the expanding solitons we construct, and thus are the main source of the nonunique-
ness of smooth continuation by Ricci flow of the cone metrics that we find in this paper.
This nonuniqueness is analogous to the phenomenon of “fattening” for Mean Curvature
Flow [Ilm98, Lecture 4], [AIV].

For shrinking solitons, we have the following companion Theorem.

Theorem B. Assume again that the dimensions p,, satisfy p1,p2 > 2 and p1 + p2 < 8.

Then there exists a sequence of smooth shrinking soliton metrics {(G; ,%X;) | i € N} on
RP1 x 8P2 having the form (1), i.e.,

—1)s? —1)s? 0

G, = (ds)® + (291_7)98171 + (102_7)981727 X, =fi ()5

x“(s) 3712(3)

whose asymptotic apertures (%, |, T; ,) satisfy

lim z;, = lim Z;, =n — 1.
i—oo bl i—oo B2

To the best of our knowledge, this construction (at least for p; + pa even) gives the
only known examples of complete, nontrivial, gradient shrinking solitons that are neither
Kihler nor products of compact Einstein spaces with a Gaussian soliton [PW09].

Combining Theorems A and B with the isometric gluing construction in Section 15, we
conclude that there exists sequences of smooth shrinking solitons (Gi_, x; ) for which

the corresponding ancient solutions —2t(<p;f)*G._ of Ricci flow each form a conical

K2
singularity at ¢ = O that admits at least 2k(¢) distinct forward evolutions by expanding
solitons. More precisely, we have the following.

Theorem C. Let (G, X; ) be a family of shrinking solitons constructed in Theorem B on
RPi+L 5 8P2. Let (G, X) be a family of expanding solitons constructed in Theorem A on
either RP1 1 x 8P2 or 871 x RP2 1 with the same asymptotic apertures (T;1,%; 2).

These glue together by isometries to form maximal Ricci flow spacetimes. And the number
k(7) of distinct pairs (of either topology) of this type becomes unbounded asi — oo, i.e., the
number of pairs (§,T) € [, 1] x [Ty, 00) such that xf (§,T) = z;1 and x3 (j, T) = Zi 2
satisfies

lim k(i) = co.
1—> 00

The remainder of this paper provides additional analytic details, including the solitons’
asymptotic rates of convergence to the Ricci-flat cone at spatial infinity.

Remark. If k denotes the number of zeroes of 11 — 22, one is led to wonder whether
there exists a unique shrinker for each ¥ € N. Answering this would require a global
analysis of the oDE system; our methods, which are local near tfc U tfes, do not provide
this information.
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3. DERIVATION OF THE SOLITON FLOW

The requirement that a metric of the form (1) be a Ricci soliton is equivalent to a
system of ordinary differential equations for the functions (x1(s), z2(s), f(s)), supple-
mented with boundary conditions that describe whether the metric closes up smoothly
or is asymptotically conical at either end of the s interval. In this section, we rewrite this
system of ODE as an autonomous system on R, which we call the soliton system.

3.1. Derivation of the second-order system. Curvatures of doubly-warped product
metrics are well studied. For brevity, we follow [Pet16] and merely outline the derivation
in Appendix A, referring the reader to that text for further details.

So we begin by considering doubly-warped-product manifolds R x 8P x 82 with
metrics

(7) g = (ds)® + ¢3(s) gsr + ¥3(s) gse2,

where gsr1 and gsr. have constant unit sectional curvatures. Following the derivation in
Appendix A, we see that the Ricci tensor of g is

Re — _ {pl (p1)ss + (<P2)ss}(ds)2

$1 P2
as 1- 2 s(p2)s
n {_(@1) F i —1) (;Pl) o (¢1)s(p2) }w% .
$1 $1 P1p2
as 1- 2 s(p2)s
n {_(@2) b —1) (;ﬂ2) . (¢1)s(p2) }903 Jse.
P2 ¥2 P1p2

and the Lie derivative of g with respect to a gradient vector field grad F = X = f(s) %
of a potential function F(s) is

Lxg= QfS(ds)2 + 2f(f011)s cp%ggm + 2f(fo22)5 @%ggpz.

It follows that equation (5a) is equivalent to the second-order system of three differential
equations

fs (Spl)ss (802)55 N )\7

(8a) =D1 o1 + D2
(8b) (¢1)ss = (pr — 1)1 - (fl)z — (¢1)s(2)s + (901)8]0_’_)\7
$1 ¥1 P1P2 P1
2
(8¢) (¢2)ss = (ps — 1)1 - (;02)5 —p (¢1)s(p2)s + (902)5]0_’_)\.
P2 ¥3 P1P2 P2

We note the curious fact that system (8) is equivalent to a mechanical system on R3.
We outline this correspondence in Appendix B.
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3.2. Reduction to a system of first-order equations. The differential equations (8)
have the disadvantage that the different possible boundary conditions at s = 0 lead to
singularities. If at s = 0 the metric should extend to a complete smooth metric on DP1+1x
8P2 then one of the functions ¢, must vanish at s = 0, which leads to a division by zero
in the corresponding equation for ¢, in (8). It turns out that the choice of variables below
leads to equations that are equivalent to (8) for s > 0, and that also capture all the possible
boundary conditions at s = 0 in the form of hyperbolic fixed points of the corresponding
flow. We arrive at the new variables by writing the metric in the form (1) rather than (7).
The variables =, and ¢,, are related by

32
xa:(pafl)(piga OLG{L?}.

Making these substitutions in (8) leads via further straightforward calculations to a second-
order system for z,, and f.

To get a system of first-order equations, we introduce variables y,, related to x,, via

s dzg, (Pa)s
9 N ————— |
©) Yo 92, ds +s on
Furthermore, we replace the function f in the soliton vector field X by the new quantity
(10) I =sf(s) 4+ A\s? — Z Pa (14 ya).
a=1,2

In those parts of the soliton where s is small, it is advantageous to consider the quantity

0':82

rather than the distance s itself. It is related to 7 via o = €27.

Putting these substitutions into (8), one finds after diligent computations that a metric
of the form (1) is a shrinking (A < 0), steady (A = 0), or expanding (A > 0) gradient
Ricci soliton if and only if (z1, x2, y1, Yy, T, o) satisfy

(11a) 2, = —2T0Ya,

(11b) Yh=2a+ (T +1-A0)ya+T+1,
(11c) I’ :F+Zapa(1+yoz)27

(11d) o' = 20.

We call this system the soliton system. It is the main system of differential equations that
we study in the remainder of this paper. Here the prime ’ indicates differentiation with
respect to 7, i.e., for any differentiable quantity ),

dy d¢
[

V= dr ds
The system of opE (11) defines a vector field X on RS,

(12) X = Z{ 29L‘ay,l —l—[:va—&-(l"—l—l—)\a)ya—l-F—&-l}%}

+ {FJera(l era)Q}i +20%.
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We denote the corresponding soliton flow on RS by g : R® — RC. It has the defining
property that for any solution (2, (7), ya(7),'(7),0(7)) of (11) one has

(.’L‘a(T + t)a ya(T + t)7F<T + t)’ U(T + t)) = gt (ma(T)a ya(T)’F(T)va(T))'

IfI C Risanintervaland E C R is any subset, then we will find the following notation
convenient:

g'p)={g'pltel} and g (E)={d'pltelpcE}

The map g’ may not actually be defined on all of R®. Standard existence and uniqueness
theorems for opE imply that for each p € R, there exist T_(p) < 0 < T’y (p) such that
the solution g*(p) of the soliton system (11) is defined exactly on the interval T_(p) <
t < T4 (p). The domain {(p,t) € RS x R | T_(p) < t < T'-(p)} is open in R7, and the
flow is a real analytic function from this domain to RS.

The objects we seek are R3-valued functions (21 (s), z2(s),'(s)); these are in one-to-
one correspondence with R®-valued functions (1(s), x2(s),y1(s), y2(s),[(s)) satisfy-
ing (9). Instead of the unknown functions (71, x2,%1,%2,L) @ (S0,51) — R, we will
frequently consider their graphs, which are differentiable curves in R = R x R®. The
condition that (1, 22, y1, yo, ') satisfy the first-order differential system is equivalent to
the requirement that the graph of (z1, 2, y1,y2,T") be an orbit of the flow of the vector
field X.

At times it will be more convenient to use s instead of o, especially when we let
o — oo. In the region where o > 0, we may regard (z4,yq,1,0) and (24, Ya, T, 8)
as equivalent sets of coordinates related by o = s2. In the s coordinate, the soliton flow
is given by a nearly identical system, namely

"E/a = _2.’anoz7 FI =TI+ Z(){pa(]‘ +ya)2;
Yh=2a+ (T +1-AsP)y,+T+1, s =s.

In these coordinates, the vector field X is given by
0
— 2 —
X = E { 2xaya +(;ca+(F+1 )\s)ya+r+1)aya}
0 0
+ {F+ > pall Jrz/a)z}—aF o

3.3. Separation into averaged and difference variables. It is useful (especially in the
“gluing region” near the tfc fixed point) to consider the averaged variables

Pa p
(13) T = § T(:l'ou Yy = E ,r(:ya
« «

and the difference variables

T12 = X1 — 22, Y12 = Y1 — Y2

The averaged variables evolve by

(14a) o' = —2xy — 2p71£2 Z12Y12,

(14b) Y =24+ T +1-AsH)y+T +1,

(140) =T+ n(l+y)? + 2222,
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while the difference variables satisfy the difference or oscillating system

b1 — P2

(15a) Thy = —2(yz12 + TY12) + 2 T12Y12,

(15b) Y12 = w12 + (L + 1= As”)y1o.
This system of equations is equivalent to that found by Dancer, Hall, and Wang [DHW13].

3.4. Coordinates near the Ricci-flat cone. The Ricci-flat cone, given by 1 = x5 =
n—1,y1 = yo = 0,and I' = —n is both an expanding and a shrinking soliton, and
plays a central role in our construction. In the second half of this paper, we will mostly
be analyzing orbits of the soliton flow near this special solution. Because of this, it is
convenient to consider new variables £, and ~ defined by

(16) To=&& +n—1 and I'=-n+-,
respectively. In these variables, the soliton flow is given by

&= =200 =1+ &)Ya, Y =7+ Xapa(20a +2)

/

(17)
Yh=Cat(v—n+1-2ys +7, s =s.

4. SPECIAL INVARIANT SUBSETS FOR THE SOLITON FLOW

To explore solutions of the soliton flow, we begin by identifying a number of its in-
variant subsets.

The only solutions of the soliton system (11) that correspond directly to metrics of the
form (1) are those for which o, x1, x5 all are positive. Nevertheless the local flow gt is
defined on all R® and some of the solutions with ¢ = 0 or 2, = 0 for some « are still
relevant to the problem of finding solitons.

4.1. The hyperplane o = 0. It follows directly from (11d) that the hyperplane {oc =
0} = R® x {0} is an invariant subset for the soliton flow. As we just observed, none of the
solutions in this hyperplane correspond directly to soliton metrics. Nonetheless, they do
generate stationary soliton metrics in an indirect way. Namely, if (24 (7), yo(7),I'(7),0)
is a solution of (11) for some value of the parameter A, then for any constant oy > 0, one

finds that
(18) p(T> = (xa (T)7 Ya (7)7 F(T>7 0'0627—)

is a solution of (11) with A = 0. So any solution of the soliton system (11) with arbitrary
A € R that lies in the ¢ = 0 hyperplane generates solutions to the stationary soliton
equations (11) in which A = 0. The free parameter oy > 0 appears because the equation
for stationary solitons is homogeneous: if g is a stationary soliton, then so is oy g for any
oo > 0.

Conversely, any solution of the stationary soliton equations (i.e., (11) with A = 0) is of
the form (18) for some o > 0. Given such a solution, the projection (4 (7), Yo (7), T'(7),0)
onto the o = 0 hyperplane is a solution of the soliton equations (11) for any choice of
AeR

Consequently, complete solutions of the reduced system in the hyperplane {c = 0}
are in one-to-one correspondence with steady soliton metrics on R x 8P* x &P2.
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4.2. The region o < 0. While it is clear from the definition o = s? that solutions to the
soliton equations (11) with ¢ < 0 do not correspond to metrics of the form (1), it is also
trivially true that for any solution (z4(7), ya(7),T'(7),0(7)) of (11) with o(7) < 0, the
RS-valued function

p(T) = (xa (T)7 ya(T)7 F(T)’ _U(T))
satisfies (11) with A replaced by —A.

Thus instead of studying (11) for the three different cases A € {0, £1}, one could in
principle only consider the case A = +1. Then expanding solitons correspond to solutions
with o0 > 0; shrinkers are solutions with ¢ < 0; and stationary solitons correspond to
solutions with & = 0. We find it easier to consider the three cases separately, and so
assume that ¢ > 0 always holds.

4.3. Invariant subsets determined by the sign of x,. It follows directly from the
equation (11a) for ,, that for any o € {1, 2}, the three subsets of R® defined by {z,, = 0},
{4 > 0}, and {z,, < 0} are invariant under the soliton flow g*.

The region z, < 0 is of no interest to us, because it does not lead to metrics of the
form (1).

4.4. Metrics with equal radii. Even though the soliton equations (11) are not invari-
ant under exchange of (z1,y1) and (z2,y2) unless py = po, it is true that the four-
dimensional subspace of R® defined by
Ri={(z1,91,22,92,T,0) | 21 =22 and y1 = 42}
is invariant under the soliton flow (11).
Indeed, if (z1,y1, x2,y2, 1", 0) solves (11), then (z1(t),y1(t)) and (x2(t), y2(t)) are
both solutions of (11a)—(11b) with the same I'(¢). The uniqueness theorem for ODE now

implies that (z1(¢), y1(t)) and (22(t), y2(t)) either coincide for all ¢, or else are different
for all £.

Alternatively, one could simply observe that 12 = y12 = 0 is a solution of the differ-
ence equations (15), no matter what the averaged solutions (x, y,I") are.

5. SPECIAL ORBITS OF THE SOLITON FLOW gt

Fixed points of the flow g* correspond to ¢-independent solutions of (11). Since o’ =
20, fixed points can only occur in the hyperplane o = 0. At a stationary solution in that
hyperplane, system (11) reduces to

(19) TolYa =0, 24=—(T+1)(ys+1), F:—Zapa(l—kya)Q.

We can classify solutions according to the number of o for which z, = 0.

5.1. Ricci-flat Cone (tfc). If (24, Yq, I, 0 = 0) is a fixed point for which neither of the
Zo vanish, then y, = 0 for each o, and thus ' = — )~ p, = —n. The second equation
in (19) then implies that x, = —I' — 1 = n — 1 for both «. Thus we have

($17y17$2»y27 ]-—‘70-) = (n - ]-7 0: n — ]-7 03 —’I'L70) = tfc'

This fixed point corresponds to a Ricci-flat cone that will play a central role in our subse-
quent analysis.
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5.2. Good Fills (gf). If we have a fixed point at which z, = 0 for exactly one a €
{1,2}, then for 8 # « we have g # 0, so that zgyg = 0 implies yg = 0, while
zg=—(T'+1)(yg+1) = —I' — 1 implies I' + 1 # 0. On the other hand, z, = 0 implies
Zo = —(T+1)(ya +1) =0, so that y, = —1.

For each v € {1, 2}, we therefore get a “Good Fill” that smoothly fills one sphere with
a disc. For o = 1, we get

(IlathQavaFaO—) = (Oa -1, p2 — 1,0, 7p2;0)7
while o = 2 yields

(20) gf = (xl,yl,xg,yg,F,a) = (pl -1,0,0,-1, 7p130)'

In what follows, we study orbits of the soliton flow that converge to a Good Fill of one
sphere. We will always assume that the Good Fill is the one with o = 2, i.e., the solution
gf given in (20). The corresponding metrics then satisfy the boundary conditions (3). In
Lemma 6.1.1, we verify that all solutions (21 (7), y1(7), 2(7), y2(7), (), 0(7)) of (11)
attaining these boundary conditions actually are real analytic functions of o = 52, so that
the corresponding metrics are complete as o \, 0 and locally diffeomorphic to DP1 1 x
8Pz,

5.3. Non-Cones. If z, = 0 for both a, then we have two possibilities: either I' = —1,
or else y, = —1 for both a.

In the first case, where I' = —1, we find a continuum of fixed points given by

($1»y17$2,y2,F,0) = (O,yrv Ovy;7 _170)a

where the two parameters ¥ must satisfy the constraint

Sapa(l+ys)? =1

To describe these, we rewrite the metric (1) in the equivalent form (7). Unwrapping vari-
ables, one finds that near a Non-Cone fixed point with I' = —1, the functions ¢, exhibit
the asymptotic behavior

Pa ™~ Ca31+ya ;

where p,, > 2 implies |1 +y%| < %\/ﬁ These points therefore cannot produce Good Fills
as s \, 0. Hence we do not study them further.

The remaining case is that in which z, = 0 and y, = —1 for all o, and thus I" = 0.
These correspond to solutions for which the functions ¢, = (p, —1)s%/x, have nonzero
limits as s \ 0. For such solutions, the system (8) is not singular, and hence the solutions
extend into the region {s < 0}. One such solution is the generalized shrinking cylinder
soliton on R x 8Pt x 8P2, which occurs for A = —1 and in which for all s € R one has

To =582, yo=-—1, I'=Cpys.

The metric and soliton field for this solution are

0
g=(ds)* + (p1 — 1)gses + (p2 — 1)gsr. and X = (Co+ S)E'

In this paper, we will not investigate whether other solitons of this type exist.
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5.4. The Ricci-flat Cone regarded as an expander or shrinker (tfes). There exists a
solution of (11) givenby zo, =1 — 1,y = 0,' = —n, and 0 < ¢ < 0o, namely

(1,91, 22,y2,,0) = (n— 1,0, n—1,0, —n,a), 0< o <oo.

We refer to this as the tfes, and discuss it further in § 7 below.

5.5. The invariant submanifold €. We consider the following quantities:

def
(21a) = 32 uPa{Za+ (1+ya)?} — 307
(21b) Fdéfl”rzapa(Hya)=F+n+2apaya.

The quantity J is related to the invariant Ivey used [Ive94] to construct the steady solitons
he found. The quantity F is related to the vector field X = f(s) % that generates the dif-
feomorphisms by which a soliton flows. Indeed, it follows immediately from equation (10)
that F = sf + A\s2.

Direct substitution shows that both quantities J and F’ vanish at the gf and tfc fixed
points. The differential equations for (24, Ya, [, o) imply that

(22a) J =2J =X, Paya(l+ya),
(22b) F'=T+1)F+2J-XoY_,Pala-

The joint zero-set of F', J, and o is of interest, so we define
&= {(xa,ya,no) ERC|J=F=0= O}.
The definitions of J and F imply that € is a three-dimensional submanifold of R® x {0}
given by

Zapaxoc = Eapa(1+ya)2 - (Eapa(1+ya))2 and '=- Zapa(1+ya)'

The manifold € contains both fixed points gf and tfc as well as the unique heteroclinic
orbit between them discovered by Bohm. We recall Gastel and Kronz’ proof [GK04] of
this fact in § 8.1.

Since & is invariant under the flow ¢‘, the tangent space 7}, € at any point p of the flow
is invariant under the linearization of the flow at p. In the next section, this will help us
organize the eigenvalues of the linearization.

6. LINEARIZATION AT FIXED POINTS

6.1. Linearization at the gf. Here we study the fixed point
gf = (zlaylyaj?a y27ra O') = (pl - 17 07 07 _1a —D1, O)

Recall that X given in (12) denotes the vector field on R® defined by the system (11). At
the gf fixed point, the linearization is given by

0 —2(p1—1) 0 0 0 0
I —(p1—1) 0 0 10
0 0 2 0 0 0
dXei = | 0 I —(p1—1) 0 X
0 2m 0 0 10
0 0 0 0 0 2
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The gf linearization splits into two independent subsystems. The (x2,ys2, o) subsystem
has the matrix

2 0 0
1 7(p171) A y
0 0 2

whose eigenvalues are {—(p; — 1), +2, +2}. The (x1,y1, ') subsystem has the matrix

0 —2(pp—1) 0
1 _(pl - 1) 1 ’
0 2p1 1

whose eigenvalues are {—(p; — 1), —1,+2}.

Thus we see gf is a hyperbolic fixed point with a three-dimensional unstable manifold.
There is only one unstable eigenvalue, ;1 = 2, but it has multiplicity three. The eigenspace
corresponding to the eigenvalue 2 is spanned by the vectors

0 0 0
El o _(pl B 1)8$1 + 8y1 +2p1ﬁ’
@) o 0 o 0
E, = D—+— Ey=-A—+—.
2 (pl + )8x2 + 8y27 and 7 Aaxz * (90'

There is no resonance among the unstable eigenvalues, in the sense that none of
the eigenvalues is a nontrivial integer combination of the others (see the chapter on
normal forms in [Arn88]). Thus by Poincaré’s theorem [Arn88], the fixed point gf €
RS has a three-dimensional real analytic unstable manifold, and there is a real analytic
parametrization of W*(gf) that conjugates the flow of X to the flow of its linearization,
ie, & = 2x for x € Ty;;WW*(gf). All of this directly implies:

Lemma 6.1.1. Solutions t — (1,y1, T2, Y2, 0) of (11) that lie in W*"(gf) for which
o > 0 are graphs over the o axis in which the remaining variables x1, Y1, T2, yo2, and I" are

real analytic functions of o = s°.

Indeed, solutions of the linearized flow in T;i; W *(gf) are of the form (t) = e*x(0).

The flow on W*(gf) is analytically conjugate to the linear flow on the tangent space,
so all solutions are analytic functions of €. If & # 0 on a solution, then (11d) implies
that o(t) = o(0)e?, ie., e* = o/0(0). Hence solutions are convergent power series in

o/a(0).

Recall that in § 5.5, we defined € to be the three-dimensional submanifold of R® x {0}
defined by the equations J = F = 0. This submanifold is invariant under the flow g°,
and therefore the tangent space 13;€ is an invariant subspace for the linearization d X y;.

Lemma 6.1.2. The eigenvalues of d X g5 restricted to T4;E are {—(p1 — 1), —1,+2}. The
unique unstable eigenvalue has eigenvector

p2E1 — 3p1 Es.
Proof. The tangent space T;€ is the combined null space of dJg; and dFj;. We compute
that

dJ =13, padza + 30 Pa(l + ya)dye — TdT,
dF = Z(y padya + dr~
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Thus at the gf fixed point,
dJgs = ip1day + $pedas + prdys + prdl,
dFg; = p1dys + podys +dI'.
Unstable eigenvectors are linear combinations of E; and E,. Because®
dJgi - B1 = —3pi(p1 — 1) +p1 + 20} = Epi(py + 1),
dJgi - Eo = 3pa(p1 + 1),
dFys - By = p1 + 2p1 = 3py,
dFy; - Eo = po,
we see that po E1 — 3p1 E2 belongs to the kernels of dJg; and of d Fj;.

To finish the proof, we use similar reasoning to see that
0 0 7 0 0 0 0
2po— — —(p1 —2)— — 2p2—= d 2(m—1)—+ +— —p1==
D2 921 + D2 o (p1 ) Oy D2 ar an (p1 ) 921 + o p1 ar
belong to the subspace ;€ and are eigenvectors of d X5 for the eigenvalues —(p; — 1)
and —1, respectively. m

6.2. Linearization at the tfc. Recall that the fixed point tfc corresponds to (21, y1, T2, y2, [, 0) =
(n—1,0,n—1,0,—n,0). In these coordinates, the matrix of the linearization of (11) at
the tfc is

0 —2(n—1) 0 0 0 0

1 —(n—1) 0 0 10

o 0 0 —2(n—-1) 0 0
AXeje = 1 0 1 —(n—-1) 1 0
0 2p1 0 2ps 10

0 0 0 0 0 2

It is immediately clear that % is an eigenvector with eigenvalue +2.

To understand the dynamics of the soliton system near the tfc, it is useful to use the
averaged and difference variables (x,y, 12, y12), which satisfy equations (14) and (15),
respectively. Recall that in (16), we defined the perturbations {, = o — n + 1 and
v =I' + n, both of which vanish at the tfc. We also introduce the averaged £, namely

(24) §=> P (za—n+1).

Observe that there is no need to consider the difference of the &, separately, because
T1p =1 — o2 =& — 2.

In coordinates (£, y, 7, 12, Y12), the matrix of the linearization of (11) at the tfc, restricted
to the subspace o = 0, admits the block decomposition

0 —2(n—1) 0

1 —(n-1) 1

X =10 20 1
0 —2(n—-1)
1 —(n-1)

3'l'hrc'ughout this paper, we denote the result of a one-form o : RS — T*RS acting on a vector V' € T, RS
by op - V, or just ¢ - V, if the point p € RS of evaluation can be deduced from the context.
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On the 3-dimensional subspace corresponding to the averaged variables (&, y, v), d Xfc
has eigenvalues 1 € {—(n—1), —1, 2} with eigenvectors V', given in the basis {a% o0

’ 37y7 m
by
—(n—-1) 2(n—1) 2
(25) Vo= 1 , V_ = 1 , V_ = 1|1
2n -n -2
If the dimension lies in the range n € {2,...,8}, the eigenvalues of d X, acting on

the 2-dimensional subspace on which £ = y = v = 0 = 0 (spanned by {%, 8512 }) are
complex. They are {w, @}, where

(n—1)(9—n)
5 )

Since we assume that p, > 2 for a = 1, 2, the dimension in our case is always bounded
from below by n > 4. For future use, we note that the following identity holds:

26) w=-A+iQ,  with A:%‘l and Q=

(27) A2+ Q2 =2(n—-1).

Summary. The 2-dimensional unstable manifold of the tfc is spanned by eigenvectors
{8%7 V5} with the same eigenvalue +2. The 4-dimensional stable manifold is spanned
by {V_1,V_(,—1)} and the two complex eigenvectors corresponding to the complex
eigenvalues A + ).

7. LINEARIZATION AT THE tfes SOLITON
7.1. A linear non autonomous system. To analyze the soliton flow near the tfes, we

use the modified average/difference coordinates (&, y, v, 12, y12). According to (14) and
(15), these satisfy

§'=-2n—-1)y—2y— 2%112?/12,

(28) Y =& (n—1+ X%y +7+y7,
Y =4 2y ny? + EE2,
and
(29) Ty = —2(n — 1)y12 — 2yx12 — 26y12 + oL — P2 T12Y12,

Yo = w12 — (n— 1 =5+ As®)y1a.

/ d _ . d
Here, as always, ' stands for 3 =S4
This system can be regarded as a linear system in the difference variables whose co-
efficients depend on the difference and averaged variables. We write this in matrix form

as

(30) P _ —2y — %(Pz —P1)Y12 —2(n—-1)+¢ T1o
yiQ 1 _n+1+,y_)\82 Y1o .
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If we discard the terms in (29) that are quadratic in (£, y, v, €12, ¥12), then we are left
with two non-autonomous systems of linear equations,

5/ = _2(n - 1)y7
(31) Y =6—(n—1+X")y+7,
v = 2ny +7,
and
Ty = —2(n — L)yiz,
(32) , )
Yo = T12 — (n — 14 As )y]_g.

We see that the linearization of the flow around the tfes decouples into two smaller
systems of equations. We group variables accordingly and define

3
(33) d= |y and ¢ = (A+iQ)z1o — (A% + QH)y1o.

v
As noted in (27), A and Q satisfy A% + Q2 = 2(n — 1).

7.2. Reduction to higher-order scalar differential equations.

Lemma 7.2.1. The linear system (31) is equivalent to the third-order scalar oDE
(34) "+ (n—-2¢" —(n+1)E —2n—-1)E+ 12"+ &) =0.
One can recover ® from any solution £ of (34) via

f -1 *2(77' - 1)5
(35) o=yl = m ¢
0 " &'+ (n— 14+ 2s8%)¢ +2(n — 1)¢

Similarly, the linear system (32) is equivalent to the second-order scalar oDE
(36) X"+ (n—=1+Xs%)x +2(n—1)x =0,

where one can recover x12 and y12 from a given solution of (36) via

!
(37) T12 = X, Y12 = —ﬁ; C=(A+iQ)x+x"

Proof. One can use the first equation in (31) to write y in terms of ¢’; then one can use the
second equation in (31) to express v in terms of £, £’, and £”. Substituting all this into the
third equation of (31) then leads to (34). The derivation of (36) proceeds along the same
lines.

The expression for @ follows directly from (31), while { = x’ + (A4 + iQ)x follows
from (33) by using (27), i.e, A% + Q% = 44 = 2(n — 1). V/k
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)\ = +1 S — O s — 00
€o 1/s 1/s
1+o(1 o e
& (n—2)(s")_1 (1 —|—o(1)) g—(n+1) p—s7/2
52 Cct
& v O -5+ 067
X1 Im[(k* + O(s%)) s~ A+] 14+0(s7?)
X§ Im[@kT 4 0(s7) sTATY](CF + 0(s7%) s (D

Table 1. Asymptotics of the solutions of (34), (36) for A = +1. Here Cy, C;f €R,and kT € C
are nonzero constants.

7.3. Fundamental solutions of (31) and (32). Here we take a closer look at the opE
for £ and .

Equation (34) for £ can be simplified by observing that if
v=¢ +¢,
then (34) is equivalent to
V" 4+ (n—3)Y" —2(n — 1) 4+ As?p’ = 0.

Recalling that ' = % = s%, one can rewrite this equation as
n—2 2(n—1
(38) ’(/Jss + ( + AS)QZ}S - %QZ} = 0.
Equation (36) for y is equivalent to
n 2(n—1
(39) Xss + (g+/\s) x3+%x=0.

Both of these equations are of confluent hypergeometric type. We need to classify their
solutions in terms of their asymptotic behaviors at s = 0 and at s = co. Here we have to
distinguish between A = +1 and A = —1.

Lemma 7.3.1. The opE (34) and (36) have linearly independent solutions {&p, fli, fgi} and
{Xf[, Xét}, respectively, whose asymptotic behaviors are displayed in Table 1 for A > 0 and
in Table 2 for A < 0.

Proof. Since 1) = &' + & = s& + & = (s£),, we see that & := s~ ! is an exact solution
of (34) for either value of A\. And it is easy to verify that an exact solution of (38) is
1[’1 _ S*(’I’L*l)ef)\SQ/Q'

Using 7 and reduction of order, will will derive the claimed behaviors of {f and «Eét. We
deal with xi and x5 below.

The case A\ = +1. If A\ > 0, then ¢ (s):= 91(s)|xs0 = s—(n=1)=5"/2 The

corresponding solution ¢ is given by

&) =1 [ vitar
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A=-1 s—0 5 — 00
50 1/5 1/5
& Crs~ (=D 4 9(s~(n=93) 1+ (n—1)s724+0(s7%)
2

— S — — —(n s?
13 m+o(34) (Cy +0(s72)) s~ (e /2
v Im[(k 1 O(s7) s AT 1+ 0(s)
Xo Im[(ik™ 4 O(s?)) s~ A1 (Cy +0(s72)) s~ es*/2

Table 2. Asymptotics of the solutions of (34), (36) for A = —1. Here C}, € Rand k= € Care

nonzero constants, while C; = (n — 2)C] = 2("71)/2F(”T+1).

Clearly & (s) is positive, and its asymptotic behaviors at s = 0 and s = co in Table 1 are
easily verified.

Using reduction of order, one finds that a second linearly independent solution of (38)
is
(w0) vits) = vt [ el
0
At s =0, we get
2
W) = 2y 06, (s 0).

n+1
To find an expansion at large s, we integrate by parts,

/( ,rnerz/er — Sn—lesz/2 _ (n _ 1) / Tn—26r2/2dr’
0 0
which then leads to

YF(s)=1- s*("fl)efsQ/Q/ rn=2e2qp,
0

Integrating by parts again yields an asymptotic expansion whose first few terms are

Ui (s) =1~

The corresponding solution &5 is

&)= [ v

n—1

. +0(s7%), (s — 00).

For s =~ 0, we therefore get

For s — oo, we get

where
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The case A = —1. Here £, = s~ is again a solution.

We will use reduction of order to obtain two linearly independent solutions of (38)
from the exact solution 91 (8)|a=—1 = s~ (n=1)¢5*/2 \with one bounded as s — oo and
the other bounded as s — 0.

The special solution 17 (s)|y=_1 in itself does not lead to a useful solution &; of (34),
but by using reduction of order, we can construct two other solutions ); and 5 of (38)
for which the corresponding ¢ functions are relevant.

To obtain &, we choose

Py (8)= 57(”71)652/2/ e /2 dr.,

S

Integration by parts shows that
/ rhe " /2 dr = 6752/2{87171 +(n—1)s"2+0(s" ")}, (s — 00).

Therefore,

n—1+(n—1)(n—3)

Yr(s) =1+ = +0(s79), (s — 00).

P
Repeated integration by parts shows that for odd values of n, ¥; (s) is a polynomial in
572, For even values of n, one obtains an asymptotic expansion in arbitrarily high powers
of s72.

We define &7 (s) by solving (s€)s = 1. By writing the equation as (s(¢ — 1))3 =
(s€)s — 1 =1 — 1, and taking into account that 1; (s) — 1 = O(s72) as s — 00, so that
17 (s) — 1 is integrable, we arrive at

_ L[>, _
an §e=1-1 [ Gre-D

From the expansion of ¢; (s), we then find the following expansion for £,

517(8):1_~_115—21_~_(71—13)5(:1—3)_’_(n—1)(115;63)(11—5)_~_.“7

which implies the large-s asymptotics in Table 2.

(s = o00),

To verify the asymptotics at small s, we consider that for 0 < s < 1, one has
Yi(s) = (n=2)Crs™ "D+ 0(s™ ),

where (n — 2)C] = fooo rre=" /2 dp = 2(n=1)/2p(2EL) Integration shows that £, (s)
as defined in (41) has the asymptotic behavior claimed in Table 2.

Our second linearly independent solution 15 of (38) is also obtained from the special

(n—1)

solution s~ e through reduction of order,

(42) 5 (s) = s_(”_1)652/2/0 rre 2 dr = (n— 2)(3'175_("_1)652/2 — 7 (s).

For 0 < s < 1, one sees that

by (s) =

82

4
n+1+(9(s ), (s = 0),
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and hence that &, (s) = 1 fo 5 (8) d§ satisfies

s2

3(n+1)
On the other hand, for s > 1, one has

Uy (s) = ((n—2)Cr +0(s?)s™ " De™ /2 (s o0),

& = + 0(sY), (s = 0).

with C] as above. Integration by parts then leads to the asymptotic expression for &5 in
Table 2.

Now we deal with solutions x(s) of (39). Classical theory [Olv91] shows that a pair of
linearly independent solutions is given by {x, x}, where

x(s) = g~ AT Fq ( (—A+1iQ), 1 +1iQ; —352),

where |F, denotes the Kummer confluent hypergeometric function,

1(a,b;q) =

As |q| — oo, with —37/2 < arg(q) < 7/2, one has the asymptotic behaviors

ed a—>b _\—a
Fu(eti) ~ 0 { o+ 150

For a solution in which the first term above dominates, Re (X(s)) ~e

7)\52/257(n+1) as
s — 00. For a solution in which the second term dominates, Re (X(s)) ~ lass — oo.
We choose real solutions 1, X2 so that xy; ~ e=s?/2g=(n+1) apnq x2 = 0(1) as s — oo.
We define X{E = X1|x=+1 and Xli = x2|x=+1. Then these functions behave as claimed in

the tables. The reader may refer to Appendix D for a self-contained justification of these
claims. n

7.4. Asymptotics of ® at s = 0. For each of the solutions {&p, §f, fQi} we choose for
A = +1, we get a solution ®* of the system (31). Similarly, each of the two pairs of
solutions {Xli, XQi} corresponds to solutions (* of the homogeneous system (32). In this
and the next few sections, we translate the asymptotic behaviors of §]i and X;E from
Tables 1 and 2 into asymptotic expansions for ®* and (¥ at either end of the interval
s € (0,00).

For any given solution ¢ of (34), it follows from Lemma 7.2.1 that

—2(n—1)¢
(43) ®=c £
"+ (n—14+ X2 +2(n—1)¢

is a solution of the homogeneous system (31), for any choice of ¢ # 0. For each of the
five fundamental solutions listed below, we choose the constant ¢ so as to simplify the
coeflicients in the asymptotic expansions of the solutions. We will describe the asymptotic
behavior using the eigenvectors V5,V _1,V _(;,_;) that appear in (25).
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Applying (43) to &y = s~ 1, recalling that ' = 5%, and choosing a convenient value of
c, we get
0
(I’() = S_1V_1 + 0
As

We do not have simple explicit expressions for £ li or §2i, but after choosing convenient
. . . +
Valueos for ¢, we can compute the asymptotic expansions of the corresponding @ as
s — U.

We define ®F for A = +1 using £F. From Table 1 and Table 2, we see that £ have

the same leading terms at s = 0, up to a constant. So by making suitable choices ¢, we

get
<I>1i = 57("71)V_(n_1) + 0(57("71)), (s = 0).

Both Tables 1 and 2 list the same asymptotic expansion for f;': at s = 0, so that for
both values A = £1, choosing ¢ = 3(n + 1) gives

df =s2V,y4+0(s?),  (s—0).

7.5. Asymptotics of ® as s — co. For @, the explicit solution we found above is valid
for all s,
0
(I)O = 871V71 + O
As

We note that for this solution, 7 ~ As as s — oc.

If A = +1, using Table 1 and recalling equation (43), one sees that ®, (defined using
&) satisfies

, 2(n— 1)+ 0(s72)
of = Cf s e /2 12+ (n+1)+0(s72) |, (s — 00).
—4n+ 0(s7?)

Using the fact that & = 1 — A\(n—1)s~2 4 O(s~*), one finds that ®J has the asymptotic
behavior
1+0(s72)
dF = C;m O(s7?) , (s = 0).
O(s72?)
We note that our choice of ¢ = 3(n + 1) above forces C’;:OO =—6(n—1)(n+1).

If A = —1, using Table 2 and equation (43), one sees that ®; (defined with £;") satisfies
1+0(s72)
P =Cio| OG72) |, (s = 0).
0(s72)
For ®; , we have

—2(n— 1)+ 0(s72)
(44) o, = Cims_(n+l)6+52/2 s2—(n+1)+0(s72)|, (s = ),
4n + O(s72)

where C5 , = 2(”*1)/21-\(%-1-1)'
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7.6. Asymptotics of ¢ at s = 0. To recover the asymptotic expansion of ¢ from y, we
use (37), i.e, ( = x' 4+ (A+iQ)x.

A short computation shows that if f(s) = Im(ks~47*?) with k complex, then
f+ Af = Im(iQks™*?) = QRe(ks™ 1Y),
so that f/(s) + (A +iQ) f(s) = Qks™ A+,
Referring back to Tables 1 and 2, this implies that as s — 0,
45)  (E(s) = (Qki + 0(82))87A+i9 and (F(s) = (iQk‘i + 0(32))87‘4”9.

We remind the reader that the equation for sz is only real linear, so the constants
Qk‘li and szf above can only be adjusted by a real multiple.

We do not derive the asymptotics of the complex function ¢ as s — oo, because we
find it more convenient to deal directly with the real functions x* in that region.

8. THE BOHM STATIONARY SOLITON

As a step in their construction of expanding solitons, Gastel and Kronz prove existence
of a complete steady (A = 0) soliton B(¢) solving (11). This Ricci-flat soliton, whose
existence follows from a more general result obtained earlier by B6hm [B099], plays a
central role in their construction as well as ours, so we outline the proof of [GK04] here
using our notation.

8.1. The Gastel-Kronz construction of the Bohm stationary soliton. The unstable
manifold W*(gf) and the stable manifold W*(tfc) intersect in exactly one orbit {B(t) |
t € R} of the soliton flow g*. The metric corresponding to this connecting orbit from gf to
tfc is Ricci-flat. It is thus a steady soliton and an Einstein metric.

Sketch of the construction. Since o/ = 20, all connecting orbits between fixed points of
the soliton flow must lie in the hyperplane o = 0. In that subspace, we have J' = 2J,
so that J also must vanish along connecting orbits. All connecting orbits are therefore
contained in the submanifold of R® defined by J = ¢ = 0. On this submanifold, it follows
from (22b) that the quantity F defined in (21) satisfies F' = (I' + 1) F".

Ast ™\, —oo,onehas FF — 0andI'+1 — 1—p, < 0, which forces F' = 0 everywhere,
i.e., that any connecting orbit lies in the invariant submanifold &, a fact that we use below.
Furthermore, we also note that J = 0 implies that

C+1)=>,Pa(l+ya)?+T=T24+T =3 pora <T(+1).
SinceI' +1 = —p, +1 < 0att =—o0, it follows that I" + 1 < 0 on the entire orbit.

Thus far, we have shown that any connecting orbit from gf to tfc must lie in the portion
of the submanifold € of R® on which I' < —1. We now show that this region contains
exactly one such orbit.

The unstable manifold W*(gf) is three-dimensional, but the part of this manifold that
lies in € is one-dimensional. There are therefore two orbits that emanate from gf and that
can converge to tfc as t — oco.
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According to Lemma 6.1.2, the unstable eigendirection in € at gf is given by
0 0 0 0 0
E, -3p1Ey=— —-1)— — =3 1)——-3pi—+2 —.
2By = 3p1 By = =pa(pr = 1) — + p2 o0 P11+ 15— =3P g T 22 5p

In particular, it has a nonzero component in the o direction. Since zo = 0 at gf, we see
that only one of the two orbits on the unstable manifold of gf lies in the region x5 > 0.
This is the orbit we now consider.

To show convergence to the tfc fixed point as ¢ * co, we follow Gastel and Kronz by
considering the Lyapunov function

W =33 Pa{ra — (n—1)log(za) + 2}
Along any orbit of the soliton flow, we have
W' =3, pa{ (T +1)ya + (C+Dya} < (T +n) X, Paya = —(T +n)? <0,

In the final step, we used the fact that the quantity F’ defined in (21) satisfies /' = 0 along
the orbit. It follows that W is monotonically decreasing along the orbit and achieves its
minimum at the stationary solution tfc = (n — 1,0,n — 1,0, —n, 0).

To explain the claim that these metrics are in fact Ricci-flat, we recall that if
B(7) = (za(7),ya(7),I(7),0)
is the Bohm soliton that results from the construction above, then according to (18),
p(7) = (2a(7),yal7), T (1), €7

is a solution of (11) for A = 0. For this solution, we also have F/(7) =T'(7) +>__ pa(1+
Ya(7)) = 0 for all 7 € R. The soliton vector field X = f0/0s (which generates the

diffeomorphisms by which the soliton metric flows) satisfies sf = F — Ao = 0, as
follows easily from (10). Hence we have both X = 0 and A = 0, so that the B6hm soliton
B is Ricci-flat. m

9. TRANSVERSALITY OF STABLE AND UNSTABLE MANIFOLDS

We have shown so far that the Bohm steady soliton ‘B is the unique orbit in the inter-
section of the unstable and stable manifolds of the gf and tf¢, respectively. This section is
devoted to a proof of the fact that the intersection is transverse, i.e.,

(46) W (gf)  W*(xfe).

9.1. Defining equations for W*(tfc). Ifp € W*(tfc), then J = o = 0 at p, and there
is a small neighborhood N C RS of p such that

(47) Wefe) NN ={peN:0o(p)=J(p) =0}.
Moreover, the differentials do and dJ are linearly independent along W* (tfc).

Proof. Consider any point py € W?*(tfc), and let p(¢) be the orbit of the soliton flow
starting at p(0) = po. By definition, p(t) — tfcast — oo, so that ¢’ = 20 implies that we
must have o (p(¢)) = 0forall¢ € R. Since o vanishes along the orbit p(t), it follows from
equations (22) that J' = 2.J along the trajectory p(t); since .J (p(t)) remains bounded as
t — o0, this then implies that J(p(t)) = 0. It follows that W*(¢fc) is contained in the
joint zero-set of o and J. By definition of J, this joint zero-set is given by the equations

o=0, Zapafa:FQ*QZpaya(l‘i’ya)v
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from which it is clear that o=1(0) N J~1(0) C R® is a smooth embedded submanifold.

In § 6.2, we found that the tfc is a hyperbolic fixed point of the soliton flow with four
stable eigenvalues, so general oDE theory implies that the stable manifold W* (tfc) is a
real analytic immersed submanifold of R® of codimension two. As it is contained in the
four dimensional embedded submanifold ~*(0) N J~1(0), it must be a relatively open
subset of ¢~ 1(0) N J~1(0), which we claimed in (47).

To complete the proof, we note that

dJ =3, %padxa + >0 Pa(l 4 2ys)dy, — I'dI.

The dx,, components of d.J are thus everywhere nonzero, so that do and d.J are indeed
linearly independent everywhere. m

9.2. Proof of transversality. The intersection W*(gf) N W#(tfc) contains exactly one
orbit, namely the Bohm steady soliton 8. The tangent spaces to invariant manifolds for
the soliton flow g* are themselves invariant under the tangent flow dg?, so we only have
to prove that W*(gf) and WW*(tfc) meet transversally at one point B(¢) along the orbit.
Since we have a global description of W *(tfc) as an open subset of o ~1(0)N.J ~*(0), while
we only have local description of W*(gf), it will be to our advantage if we consider a point
B(t) that is very close to W*(gf).

We found in § 6.1 — see (23) — that the tangent space to W*"(gf) at gf is spanned by
the vectors

0 0 0
Ei=—(p—1)— +-2 4o, L
1= = Vgt gy TP
0 0 0 0
E; = 1)— 4+ — d E,=-)2A—+—.
2=t g+, an Dy | 00
At the gf fixed point, we have
do-E, =1, do-E1 =0,
A
dJ'Ea=—§p2, dJ-E; = 3pi(p +1).

This implies that at the fixed point gf, the unstable manifold W*(gf) intersects the sub-
manifold =1 (0) N J~1(0) transversally. By continuity of the tangent spaces, W*(gf)
o~1(0) N J~1(0) holds in a neighborhood U of gf. If we choose ¢ € R sufficiently close
to —oo, then B(¢) € U, and it follows that W*(gf) M W*(tfc) at B(¢), because near
2B (t), the submanifolds W*(xfc) and ~1(0) N J~1(0) coincide. This completes the proof
of (46).

10. BEHAVIOR OF SMOOTH SOLUTIONS NEAR ‘B N tfes = tfc

10.1. The unstable manifold of the tfc. In § 6.2, we saw that the eigenvalues of the
linearization d Xj are {—(n — 1), —A £iQ, —1,+2,42}. So the tfc is hyperbolic and
has a two-dimensional unstable manifold. Just as in the case of the gf fixed points, there
are again no resonances between the unstable eigenvalues, so the flow g'|IW*(xfc) is
analytically conjugate to the linear flow & > e?‘x on R2.

Those orbits in the unstable manifold W*(tfc) that extend to 0 < o < oo correspond
to metrics on (0, 00) x 8P x 8”2 that define expanding or shrinking Ricci flow solitons
with a singularity at o = 0 that is asymptotically like the Ricci-flat cone.
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Lemma 10.1.1. The unstable manifold W*" (tfc) is contained in the equal radii subspace R,
i.e., the difference variables x12,y12 vanish on W (tfc).

Proof. As we observed in § 4.4, the equal radii subspace R C R® consisting of all points
with 212 = y12 = 0 is invariant under the soliton flow g*. This subspace contains the
fixed point tfc, and the unstable eigenvectors of the linearization of the flow at tfc are
tangential to R. Therefore the flow ¢g*|R has a smooth two-dimensional unstable manifold
at tfc. Since the unstable manifold at tfc of the flow g* on the whole space R also is a
two-dimensional immersed submanifold, it must coincide with the unstable manifold of
g'|R at vfc. Hence W (rfc) C R. /A

10.2. The tangent space Ty W " (tfc). Ina small neighborhood of the tfc, the variables
(0,J) form analytic coordinates on W*"(tfc), so that we have a parametrization p =

(o, j) of a small neighborhood of tfc in W (tfc).

The tangent space to the tfes is therefore the range of dw", which is spanned by the

partial derivatives % (o, 0) = 92° and i (o,0) = %. Of these, the first derivative is

7 2s0s’
which is a multiple of the tangent vector % to the tfes.

To get a second tangent vector to the tfes, we choose a particular small value of s, say
s = a, and let W(a) = w(a?,0). Since W"(tfc) is invariant under the soliton flow,
the vector dg’ - W (a) is tangential to W*(xfc) at g’ (0% (a?,0)) = w*((e’a)?,0). We
therefore define for any s > 0,
W (s) = dgss/9) . W (a).

Then W(s) € Tyjes W (xfc), W(s) # 0, and ds - W (s) = 0 for all s > 0. This implies
that {%, W (s)} is a basis for Tyjes W " (tfc) at each point. Moreover, W (s) is a solution
of the linearization (31) of the system for the averaged variables (&, y,~). Thus

W(s) = coPo(s) + cliq)li(s) + c%@zi(s)
for some constants c?[.

We also know that W (s) — 0 as s — 0, because dg* decays exponentially on W*(rfc)
ast — —oc. Both ®(s) and ®1(s) become unbounded as s — 0, so we must have
co = ¢ = 0. Hence W (s) is a nonzero multiple of ®3 (s).

A consequence of this is that
(48) w'(0%,j) = ¢ j®5(a) + 0%, (i —0).

Therefore, m}‘(a2, 0) = ¢ ®3 (a). Moreover, because 1" is a real analytic function, we
have

(49) wh(a®,j) = ;5 (a) + 0(j),  (j —0).
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Figure 1. W*(tfc) near tfc

10.3. An isolating block for tfc. Since the tfc is a hyperbolic fixed point, we can write
RS = E* @ E*, where E* and E* are the unstable and stable subspaces of RS, respec-
tively, for the linearization d X .. Let 7° : R® — E°, 7% : RS — E* be the projections
onto those invariant subspaces, with null spaces N(7%) = E® and N(7®*) = E“. Since
the stable eigenvalues of d X, are {—1,—A £ iQ, —(n — 1)}, one can find* an inner
product (-, -)s on E* such that

(v,dX e - v)s < — (v, V)5
forallv € ES.

By the Grobman-Hartman theorem [Gro62, Ha60], there is a neighborhood U C RS
of the tfc on which the flow g? is topologically conjugate to the linearized flow near the
origin. In particular, we can choose the neighborhood U so that any point p € U with
g1%>)(p) C U belongs to W*(tfc). Similarly, any p € U with g(=>l(p) C U belongs
to W (xfe).

For small @ > 0, we now consider the compact neighborhood of the tfc defined by
50 Qu={peR®||o(p)] < a?, [Jm)| < a?, [l tfO)s < a?},
where ||v||s = v/(v,V)s.

For sufficiently small a > 0, Q, C U, and 9Q, is an isolating block in the sense of
Conley and Easton [CE71, Con78]: for any p € 99,, one has

d
61 o)l =a® = ZlolaD)l|_, >0,
d
52) )| =a? = S| _ >0,
, d
(53) In*(p —io)lls = a* = Z [|=*(g"(0) = eFe)|, |, _ <O.

4f Vi, Vo &+ iV3, and Vy are eigenvectors of dX‘.f( corresponding to the eigenvalues —1, —A + €2, and
—n + 1, then define (-, -)s by declaring {V1, V2, V3, V4 } to be orthonormal.
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Thus the flow has no internal tangencies to the boundary 0Q,, i.e., for every q € 0Q,,
there exists 79 > 0 such that g(%7)(q) ¢ RS\ Q, or g(~7:0)(q) € R®\ Q, (or both). It
follows that for every p € Q,, the exit time

To(p) € inf{t > 0| g'(p) ¢ Q)
is well defined. If g*(p) € Q, for all t > 0, then we define T, (p) = +oo. We note that
the exit time T, : Q, — [0, o0] is a continuous function.

10.4. A slice within W*(gf) transverse to the B soliton. Let 9(¢,) be a point on
the Bohm soliton with ¢, so large that B(t,) lies in the interior of Q,. Since W*(gf) M
W (tfc), there is a two-dimensional slice 3, : D? < W*(gf) N Q, with $,(0) = B(t,),
and such that ¥, M W#(cfc). We will abuse notation and identify the map X, with its
image, and write X, for both.

We choose ¥, so small that the only intersection of ¥, and W#(tfc) is the point B (¢,)
on the Béhm soliton. It follows that T,,(p) < oo for allp € X, \ {B(t,)}.

Orbits in Q, exit either through the sides 0 = +a?, the sides J = +a?, or through the
edges on which 0 = +a? and J = 4a? both hold. If the orbit starting at p € 3, exits
through a point on 9Q, with ¢ = +a?, then we have a simple expression for the exit
time in terms of the o coordinate of p. Namely, since a? = a(gTa(")p) = 2TP) g (p), we
have

1
T.(p) = loga — 5 logo(p).

Figure 2. Application of the A\-lemma to a slice X, transverse to 8. For all large enough ¢, there is
asubset Ly C %, suchthat g L is C* close to the given rectangle W* (tjc)n{|o| < a2, |J| < a®}.

10.5. Application of the A\-lemma. In general, if g* is a smooth local flow on a manifold
M with a hyperbolic fixed point p € M, then the flow has smooth immersed stable and
unstable manifolds W*(p) and W*(p), respectively. Jacob Palis’ A-lemma [Pal68] states
that if a smooth submanifold ¥, C M with the same dimension as W*(p) is transverse
to W#(p), and if K C W*(p) is compact, then for any > 0 and all sufficiently large
t > 0, there is a compact subset L; C ¥, such that g*(L;) is n-close to K in C.
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We intend to apply this lemma to the slice X, and the fixed point tfc. The A\-lemma as
we have just stated it is a local result, so we may consider only those parts of W*(tfc)
and ¢*Y, that remain in the neighborhood Q,.

For small a > 0, the intersection of W*"(tfc) with Q, is
u def u u
Ry = W) N Qa = {p € W(xfo) : [o(p)| < a?, |J(p)] < a®},

which we will take as our compact set K and whose boundary is diffeomorphic to a
rectangle

W (xfe)NIQ, = {p € W(xfc) : 0 = +a?,|J| < a®}U{p € W¥(tfc) : J = +a?,|o| < a?}.
Using our analytic local parametrization to* of W (tfc), we parametrize the edge of
W (tfc) N 9Q, on which o = +a? by an analytic curve

W (xfe) N0, N {0 = a®} = {w"(a?,j) | —a® < j < a?}.

For large T" and small @ > 0, we consider the intersection gTEa N 09,, or more
precisely,
ea,T = {ng | peX,and T = Ta(p)}'
The A-lemma implies that for any 7 > 0, there is a t,, > 0 such that €, 7 is n-close in C*
to RY for all T > t,. In fact, C, 7 is a graph of a C! function over R¥.

Lemma 10.5.1. Forall j € [—a?,a®] and sufficiently large T > 0, there exists a unique
a(5,T) € W*(gf) N 9, with

J@GT) =4, o@GT)=a* g "a(,T) € Sa.
The map (5,T) — q(j,T) is smooth.

AsT — oo, one has

09, T) _, o' (a?, )

. wr .2 -
q(j, T) = w"“(a”, j) and T 9

uniformly for|j| < a?.
Proof. This follows from the \-lemma. m

The map (j, T) + q(j, T) is well-defined and smooth for |j| < a? and Ty < T < oo,
if Tp is sufficiently large. If we now extend q by setting

q(j, 00) = w"(a*, ),
then q : [—a?, a?] x [Ty, 00] — R is a continuous map.

This lemma provides an approximation for the orbits in W*(gf) that pass close to the
tfc as they exit the isolating block Q,. The description can be improved by considering
the (712, 912)-component of q(j, 7). While it is much smaller than q(j,7) — n%(a?,T),
it satisfies a set of homogeneous linear equations, and this allows us to give a precise
estimate for (x12, y12) at exit points in W*(gf) N 0Q,,.

We therefore consider orbit segments {g’p} of the flow that spend a long time in the
block Q. Our first observation is that such orbits must be close to the stable and unstable
manifolds of the fixed point tfc.
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Lemma 10.5.2. Letp; € 3, be a sequence of points withp; — B(t,). Define T; = T, (p;)
and assume that q; = g7 (p;) converges toq € 0Q, . Then the orbit segments starting at p;
and ending at the exit point q; converge in the Hausdorff metric:

g0 (p;) —> B ([ta, 00)) U {ic} U g~ (q).

Proof. Let m; = g'p; be a subsequence of points on the orbit gl®7(p;) for which m =
lim m; exists. We will show that m € B ([t,, 00)) U {tfc} U g(=>0(q).

If ¢; is bounded, then we may assume that ¢; — t, for some ¢, > 0, and thus m; =
gtip; — g B(t,). In this case we have m € B([t,, 00)).

If on the other hand t; = T; — t; is bounded, then we may assume that —t; — ¢, > 0,
and we find that gtip; = g’t;qi — ¢~ q. In this case m € g(~>%q.

The remaining possibility is that both ¢; — co and T; — ¢; — oco. In this situation we
have gl=*T=%l(m;) C Q, for all i > 1 so that in the limit we find that the entire orbit
{g'm | t € R} lies in Q,. The only m € Q, with this property is m = tfc. VA

Lemma 10.5.3. There exist a constant C', > 0 and a continuous complex-valued function
€a(j, T) such that

(54) C(a(, 1)) = (1 + eals, T))e” T DTC(B(ta)),
where

[€a (5, T)| < Cua®
for j € [—a?,a?], all sufficiently large T' < oo, and all small enough a > 0.

Proof. Equation (54) effectively defines the function ¢, (j,7"), so we really only have to
prove that |e,| < C.a? for some constant C,

Consider p(j,T) = g~ 7(q(4,T)) € .. Then the orbit segment ¢gl®Tl(p(j,T)) is
contained in Q,, and if T' is sufficiently large, then Lemma 10.5.2 implies that p(j, T") will
be close to B(t,).

By rewriting the difference system (30) in terms of the complex quantity ¢, we find
that along the orbit segment ¢!®71(p(4, T")), one has

¢=M(g'p(5.T))¢+ N(g'p(5. T))C,
where M, N are complex-valued functions that satisfy
M(p)=—-A+iQ+O(lp—vfell)  and  N(p) = O([lp —fe]]).
Since p(j, T') is close to B(t,), the ¢ component ¢ (p(j, 7)) is close to ((B(t,)).
For t > 0, we then have

d
(55) = log¢(g'p(4,T)) = —A+iQ+ O(|lg'p(5,T) — tfcl]).

The Analysis Lemma C.2 in Appendix C implies that there is a constant C' > 0 that does
not depend on a such that

T
/ lg'p (. T) — tfc]| dt < C sup [|g'p(GT) — vjc|| < O,
0 0<t<T

for all sufficiently small a, all j € [—a?, a?], and all sufficiently large T (depending on a).
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Upon integrating (55), we find that
i, T

log & (a2, 7))

¢(p(5. 1))

For large enough T, the initial point p(j, T') is arbitrarily close to B(¢,). So there exists
T, < oo such that for T > T,, we have

IRACERD)
8 (B(1,)

Combining the last two estimates then shows us that

= —(A—i)T + O(a?).

2

j, T
og SOUT)) (A—iQ)T| < Ca?,
C(B(ta))
which implies that |e(j, T')| < C,a? for some constant C.. /A

11. CONTINUATION OF THE SOLITON FLOW FROM § = @ TO § ~ {

11.1. Definition of q(s;j, 7). We consider orbits {g*(q(j,T")) | t > 0} of the soliton
flow for sufficiently small j and sufficiently large 7', and follow them until they reach the
hyperplane s = £ for some fixed large £ >> a. For ¢ > 0, the s-coordinate of g (q(j,T))

is s = e'a, so we consider the orbit gt(q(j7 T)) for t € [0,log g] We simplify notation
by writing
(56) a(s: 5, T) = g%/ (a(j, 1))

Similarly we write
q(s3 4, 00) = g5/ (q(j, 00))

for the result of flowing q(j, 00) = w%(a?, j) by log s/a.

Lemma 11.1.1. There exist 1o ¢ > 0 and T, ¢ < oo such that q(s; j,T) is defined for all
J € (—tasstar), T € [Ty, 00], and s € [a,£]. Furthermore, the limit

q(s; j,00) = Tli_{r;OCI(S;jvT)

exists C-uniformly for |j| < 1q¢ anda < s < L.

Proof. For j = 0and T = oo, we have
(57) q(s;0,00) = (5,0,0,0,0,0) = tfes(s)

in (s, &, y,7, T12, y12) coordinates. In particular, '8 */%(q(0, o0)) is defined for all s > a.
Continuity of the local flow g* implies that g'°¢/%(q(j,T)) is defined for all s € [a, /]
for any fixed ¢ > a, provided T is large and |j| is small enough, say for |j| < ¢4, and
T2>T,,.

As T — 0o, we saw in Lemma 10.5.1 that q(j, ') — q(j, o0) = w“(a?, j). Since the
flow g' is smooth, it follows that q(s; j,T) — q(s;j,00) as T — oo. m
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For |j| < tqp, T > Ty, and all s > £, we write ®.(s;4,T) and (.(s; j,T) for the
averaged and difference components of ¢(s; j,T); in other words, we have

(58) (55, T) = (5, 9u(s:5,T),¢u(5:4, 7))

in (s,&,y,, () coordinates. The coordinate functions ®, : [a,¢] — R3 and (. : [a, /] —
C are solutions of the nonlinear equations (28) and (29), respectively.

Lemma 11.1.2. The limits
lim ®,(¢;7,T) = ®(q(¢; 5
Jim @, (6, T) = (q(¢; j,00)),
lim C.(6;4,T) =0,
T—o00
exist C'-uniformly for |j| < ta.0. In particular,
Jim @, (65,T) = 5 j®5 (0 +0(%), (G —0),
—00
where ch are as in (48).
Proof. We know that q(j,T) — q(j,00) = r0%(a?, j) as T — oc. Since g’ is continuous,
the limiting values ®.(s; j, 00) and (. (s; 7, 00) follow.
The second assertion follows from (48). m
11.2. Asymptotics of the difference variables. Lemma 11.1.2 gives us a good approx-
imation of @, (¢; j,T) as T — oo for small j. But for (,, it only says that ¢, — 0, without

providing more details. To get more information, we use the matrix form (30) of the
homogeneous equation (29) satisfied by {z12, y12},

d 9612} , {’512}
— =M(s; 4, T ,
Sds [ym (535, T) Y12

o |y F 2 —p)yi2 —2(n—1)+¢
M(S’J’T)_[ 1 —n+1+v—As?|’

and where (£, y, v, x12,y12) are to be evaluated at q(s; j, T).

where

The coeflicient matrix M(s; j, T') depends continuously on (s, j, ') € [a, £]X[—ta,r, La,¢] X
[Ta¢, ], and thus as T — oo and |j| — 0, we get
W ) |0 —2(n —1)
M(s;5,T) — M(s;0,00) = [1 4y )\52] .

We denote the fundamental solution starting at s = a of the linear system by U(s; 7, T).
So by definition, U satisfies

d ) ) . . 10
ng,L(s,j,T) - M(S7]7T)u(57jaT)7 u(a7]7T) - |:0 1:| ’

and the solution {zizézj;” is given by
r12(8; 5, T) - z12(a; j,T)
g =U(s; 5, T g .
[yu(S;J,T)} (5:5,T) {ylz(a;J,T)

Continuous dependence of solutions of differential equations on their parameters implies
that as |j| — 0 and T — oo, the fundamental solution U also converges, namely,

U(s; 4, T) — U(s;0,00),
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where U(s; 0, 00) satisfies

SEU(S;O,OO) = M(s; 0, 00)U(s;0, 00), U(a; 0, 00) = {1 0] '

ds 0 1
This last system of equations for [y12] is equivalent to the second order equation (36)
for x = x13, for which we have found fundamental solutions {Xli, XQi} described in

Tables 1, 2.

We now have

12065, 7)) _ o/ 0). UL 0. 00) UL 7. T - r12(a; 5, T)
[ZJm(&%T)} = U(50, 00) - U0, 00) UL, T) |:912(a§j7T):|.

The solution at s = ¢ is therefore given by

i) =00 [Ge 7]

where

et )~ w0 ey [ .

In other words, the solution of the nonlinear differential system is given by the so-
lution of the linearization at the tfes with a slightly modified initial value at s = a,
T12(4,T)
912(3,T)
of [zgggjg] with the matrix U(¢; 0, 00) " U(¥; 5, T), which converges to the identity
asT — ooand j — 0, ie,

namely [ } . This modified initial value is obtained by multiplying the actual value

N , T ()

z12(a;3,T)
y12(a;5,T)
expression (54) for (q(j,T)). In doing so, we have to go back and forth between the
real variables (z12,y12) and the complex variable ¢, which will be easier if we define a

real-linear map C : R? — C and its inverse C~! : C — R? by

We next derive an asymptotic description of the actual initial value [ } from

e m —(A+iQ)z— (A24+Q%y and €= % [Im(c/l(ji m))] .

We have then just shown that the { component of the solution at s = ¢ coincides with
the solution to the linearized equation for ¢ with initial data at s = a given by

dgm=e [T,

Recall from equation (37) that (¥ = (x7°)' + (A +iQ)xi and ¢ = (x3)" + (A +
ZQ)XQi are a pair of linearly independent solutions of the linearized ( equations, where
the asymptotic behaviors of sz are given in Tables 1 and 2. Thus we have

(59) (45, T) = (G, T)CGE(0) + e (5, T)GE (1),
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where the real constants ¢ (j, T') should satisfy

A (TG (@) + 63 (3, T)G (a) = € Eﬁ& g]

- eueo. - uesm) - [0
= CU(£;0,00) UL, T) - €¢ (q(j, T))
— (I+0(1)) - ¢(qa(4, T)).

Here I is the 2 x 2 identity matrix, and o(1) is a real-linear transformation of C. It follows
that there is a complex number €(j, T') with |e(j, T')| = o(1) such that

(60) et (4, T)GE (a) + ¢3 (5, T)¢5 () = (1+€(3, 7)) - ¢(a(3, 7))
Recall that according to Lemma 10.5.3, for large 1" and small j, we have
(61) C(aG. 1)) = (1 + €a(d, T))¢ (Blta) J e~ AT,
with |e, (4, T)| < Ca®. According to (45), we also have
(62) i (i (a) +¢5 Cala) = Q™ (e +icy )a™ ™ + (1707 (a) + 5 0a(a))a™ 4
= (1465 (a))QkE (cf +icy)a 4T,

in which §; are complex functions with §;f (a) = O(a?). Combining (59), (60), (61), and
(62), we find that

ik = (1+ €0, T))(i‘F €a(4, 1)) C(%(ia))aA—iQe(—A-i-iQ)T
(1465 (a)) Qk
C(%(ta))aA—iQe(—A-i-iQ)T
Qk*+ ’
where |e2(a; 7, T)| < d4(a) for sufficiently small j and large T, and d4(a) — O asa — 0.

We now define R(a, j,T') and ¢(a, j,T) by

= (14 e2(a;4,T))

R(a, j, T)@W(a,j,T) = (1 + ea(as g, T))w A=

Qk=*
We then have
(63) R(a,j,T) = a® a JCCB( )||1+62ajT)|
& Kt |
and
. B(t, .
(64) ¢(a,j,T) :arg% — Qloga + O(lex(a; 5,T))),
which imply that
& +icE = R(a, j, T)el~ATDT+id(a. 1)
and hence
3) ¢i (a,5,T) = R(a, j, T)e” " cos(QT + ¢(a, 5, T)),
¢3(a,5,T) = R(a, j, T)e*"'sin(QT + ¢(a, j, T)).
This leads to

(66) C(4;5,T) = Re™ AT cos(QT + ¢)E(0) + Re™ AT sin(QT + ¢)¢E(4),
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where ¢ = ¢(a,j,T) and R = R(a, j, T). We note that the CftQ(é) that appear in this
expression are the exact solutions of the linearized equation, and that all error terms have
been absorbed in the coefficients R(a, j, T') and ¢(a, j, T'). Thus we have the following.

Lemma 11.2.1. For any d > 0, there exist 15 > 0, Ts < 0o, and a5 > 0 such that for all
a < ag, |j| < s, and T > Ty, one has

R(a,j,T) = Ra(1 + €3(a,5,T))  and  ¢(a,j,T) = da + €a(a,j,T),
where
|€3(a7j7T)‘ + |€4(a7ja T)| S 6;

and where the constants R, and ¢, are given by

R, = aAK(S;B]S:R)' and ¢q = arg

((B(ta))

e — Qloga.

Our next step is to translate the complex variable ¢ at s = ¢ back to the difference
variables x12 and y15. Applying C~! to both sides of (66), we get

oG TY] N 2 5(0)
Lﬁi 5 T)] = Re™ M cos(OT + ) [yi w)} + Re” T sin(QT + 9) [yi MJ :

where we have defined
le(S;jﬂ T) = T12 (Cl(&]» T))7 ylZ(s;jvT) = Y12 (Q(S»J»T))a

and where xlizl(s) and yfm(s) are the solutions of the linearized equations (32) corre-
sponding to X?E (s) from Tables 1 and 2. Using (37), we can write this as

z12(6;5,T)] AT cos XE(0)
[ym(z;j,T)} =R (O +¢) (ﬁ)'(ﬁ)/ml)]
AT 50
+ e sin(OT + 9) [(ﬁ)'@)/z(nl) '

Our expansion of xi(s) as s — oo implies that as £ — oo,

XEO =140072),  (F)©=0(?),
and
() = (O +0(C2)) 1R (3G) (0 = (CF +0(e2))e R,

We then get these expressions for [312]:

1'12(€;j, T)

(67) [yu(zz;j,T)] = Re 4T cos(QT + ¢) [1 + 0(52)}

0(t?)

5 —2
+ Re~AT in(QT + ¢)¢—"+ e+ /2{ () ]

CE+0(67?)

Here R = R(a,j,T) and ¢ = ¢(a,j,T) are as in Lemma 11.2.1.
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12. STABLE MANIFOLDS OF THE CONICAL ENDS

12.1. Definition of W, W.,, and Wy},. Metrics with conical ends correspond to solu-
tions of the soliton flow for which z, = n — 1 + &£,,00 > 0 as s — co. Here we study
such solutions for s > 0.

We define the stable set of conical ends to be the set of all p € RS whose forward
trajectory {g'p | t > 0} under the soliton flow satisfies
(68) sup |€a| < o0, sup |ya| < oo, sup E’ < 0.
We denote this set by Wy, for shrinkers (A = —1) and Wy for expanders (A = +1), and
we write W to refer to either Wy}, or Wey.

The sets W are invariant under the soliton flow g%, and they are nonempty because
they always contain the tfes orbit.

For any € > 0 and ¢ > 0, we define
Wet = {(€arYar7.8) €W : s> L[] <€ lyal <€ || <es}.

It seems very likely that W is a smooth submanifold of R®. In this paper, we will only
need to know that the part of W that is close to the tfes is smooth, which is what we
show in this section:

Theorem 12.1.1. For small enough ¢ > 0 and large enough £ > 0, W' is a smooth
submanifold of RS. More precisely:

(1) W is an open subset of RS; and
(2) thl is a 4-dimensional submanifold of RS.

The tangent space to W at the tfes orbit is spanned by solutions of the linearized flow dg*
along the tfes that are O(s) as s — oc.

Our proof proceeds by rewriting the system (11) of differential equations as a fixed-
point problem involving integral equations, and then using the Implicit Function Theorem
to conclude smoothness of W near the tfes. We will begin by showing that orbits in W
actually have more precise asymptotics for s — oo; but before we do that, we record
some elementary estimates involving Gaussian integrals that will show up a few times.

Lemma 12.1.2. Ifv : [¢,00) — R is bounded and measurable, then

o0 2 2 1
/ e =2y (¢) ds| < = sup |v(s)|,
s S ¢>¢
and
s 2
/ 2 () de| < Zsup (o).
14 S >

Proof. To prove the first inequality, we note that for ¢ > s > £, we have
(> =s)/2=(s—s)(s+5)/2>s(s — ),

so that if M = sup,>, [v(s)|, then

/ e =512, (¢) de

< / e 5 M de = %
s s
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For the second inequality, we argue that for 0 < ¢ < s, one has
(s =<)/2=(s = )(s +9)/2 > (s = <)s/2,
so that

/ e =5)/2() de

L
as claimed. /A

< M/S e($=5M/2 ¢ < M/S es=9)8/2 ¢ < gM,
‘ ’ s

Lemma 12.1.3. If ({4, Ya,7Y) is a solution whose graph lies in'W, then as s — 0o, we have
o :foz,oc'i_o(l/s)v Ya :O(]./S), ’YZKOOS+O(1/S)7

for certain constants £, o and K.

Proof. We rewrite the soliton system (11) as integral equations. To integrate the equation
for y,, we first rewrite it by using I' = v — n, obtaining
dy

d: +>\32ya:§a+(77n+1)ya+’y'

We integrate this equation using the integrating factor s~1e*5*/2_ We have to choose the
domain of integration according to the sign of \. In the case of expanders, where A = +1,
we assume initial values y, ({) = yq.¢ are given at s = ¢, and find for s > ¢ that

(69) S

s d
(702) ya(s) = 6(22_32)/2ya,f+/ e(<2—sz)/2{£a(g>+ (7(<)—n+1)ya(<)+7(<)} ?c
¢
In the case of shrinkers, where A = —1, we cannot specify the values of y,(¢). Instead

we get

00 vl == [ 60+ () —nt Dyal) (0} .

If &, = O(s),y = O(s), and y, = O(1) as s — 00, then we have
§a+(7_n+1)ya+fy —
s

In either case, (70a) or (70b) combined with Lemma 12.1.2 implies that y, = O(1/s) as
5 — 00,

0(1) (s = 00).

Next we consider &,. The equation
dx,
s

for 2,(s) can be integrated as follows:

ZTa(8) = Taoo exp(Q/:o Ya(S) g)

S

= _2(5043104

For &, = x4 — (n — 1), this implies that
(71) €al8) = Eapoe STV 4 (n - 1>{6_2f:° el - 1}'

Since we have just shown that y, = O(1/s), we can estimate the integral and conclude
that

ga = ga}ooe(‘)(l/s) + (n - 1){60(1/8) - 1} = gaoo + 0(1/8)7

as claimed.
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Finally, we consider «y. Again using v = I' + n, we rewrite equation (11c) as

dy
SE -7 = _n+zapa(1 +2ya +yi) = Zapa{zya +yi}-

Then we multiply with the integrating factor s~2 and integrate, obtaining

72) () = Ko —s [ TS pa{200() + (0”&

<

Here K is a constant of integration, and we again use y, = O(1/s) to justify conver-
gence of the integral and to conclude that 7 = K5 + O(1/s). VA

Lemma 12.1.4. For each N > 0 there exist constants £, Yo, K such that

(733) ga(s)zga,m+%+%++é:7NN+O(87N71)
(73b) ya(8)1%+%+...+%+0(87N71)

K K
(73¢) ’7(8):Koos—|—?l+...+?]]\y+o(s—N—1)

for s — oo. These expansions may be differentiated indefinitely.

The coefficients £aj, Yo, and K can be computed inductively. In particular, one finds
Ya1 = AI(oo

Proof. Lemma 12.1.3 implies the case N = 0. To obtain the expansions for larger N apply
induction to the integral equations (70a), (70b), (71), (72).

The differential equations (17) imply similar expansions for the derivatives. Once one
has obtained expansions for the functions &4, ¥4,y and their derivatives it follows that
the expansions for the derivatives are those obtained by formally differentiating the ex-
pansions (73). m

12.2. Proof of Theorem 12.1.1. For expanders (A = +1), we have the following integral
equations for (&4, Ya,Y):

(74a)
6a(s) = Eae 7 09% 4 (1) 200 1},
(74b)
2 2 8 2 2 d
Yals) = e~ 2y, + /e =20 (0 + (1) =+ 1)pa(6) +9(9) | T

(74c)

v(s) = w% + 8/; > Pa{20a(c) + yals)®} do

?7

where &4 ¢ = £0(0), Yot = Yo (£), and vy, = y(¢) are the values of the solution at s = ¢.
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For shrinkers (A = —1), we have

(050 €als) = Eape 2O L (o) [ n©% 1),

00 vals) = [ eI e+ (0 0+ Do) 40} £,
@50 2l) =5+ 5 [ Tapal20a6) + (0} 5.

The orbits of the soliton flow that model expander solitons with conical ends are solutions
of (74) in which &, ¢, Yo, ¢, and 7y, are five free parameters. Shrinkers with conical ends are
modeled by solutions of (75), and for these we only have three free parameters, namely
Zo,e and 7.

To use the Implicit Function Theorem, we introduce a family of norms defined for
functions f : [¢,00) — R. Let r € R be any constant. Then we define

(76) £l = sups™| f(s)].
s>/

The tfes soliton given by £,(s) = 0, yo(s) = 0, and y(s) = 0 is a solution of these
integral equations. In order to apply the Implicit Function Theorem, we introduce the
function space X of all continuous (£, Ya, ) : [¢,00) — R for which the norm

1(8ecs Yoo Ml = max{[|€allo, 1yall /2, 171 & = 1,2}

is finite, and for which the limits

€aoo = lim &,(s) and K, = lim @
§—»00 s—o0 8

exist. With this norm, X is a Banach space.

The integral equations (74abc) for expanders are the fixed-point equations for the map

(77) Scx(ga,faya,z,’ﬂ | €as Yo Y) = (fa,ze2 Jiva s +(n— 1){672 Jiwa s — 1};

s d
E(ZZ*SZ)/an,Z + / 6(8782)/2{50& + (v =n+Dya +7} g’
¢

s s ds
Ve + 8/ Yapaf{20a+y2} = |
/ ¢ S
while the equations (75abc) that describe shrinkers are the fixed point equations for the
map

s dg — 3 de
(78)  sn(€ats Ve | Tavs Yo Y) = (»:a,ee”e Yo 4 (n—1){e 2 ive T 1),
(&4

2 d¢
*/ (s* §2)/2{§a+(77n+1)ya+7} ?7

s 5 dg
’YZZ"’S/E Zapa{aneri} >

§2

Using Lemma 12.1.2, it is straightforward to verify that Fex : R5 x X — X and §q :
R? x X — X are well defined. Ty is linear in the parameters (£, ¢, Yoo, Ve); Ssn is



RICCI SOLITONS, CONICAL SINGULARITIES, AND NONUNIQUENESS 41

linear in (£4,¢,7¢); and both are real analytic in ({q,Ya,y) € X. Hence the Implicit
Function Theorem applies, provided we can show that the appropriate derivatives are
invertible. We define £qx, £4, : X — X to be the partial Fréchet derivatives of §ox and
Ssh, respectively, with respect to the X variables, i.e.,

d
Sex . (5€o¢7 5you 67) = digs'ex (07 07 0 | 55&017 55%7 567)

e=0
and

d
Lan - (65047 6ya7 5'7) = &Ssh (07 0,0 | 555047 €5ym 567)

e=0
Concretely, these linearizations are given by

Lo (8as 000 07) = (T1a[060, 69 57, T, 1060, 60 57, T31060, 30 7]

Lo+ (0, 090, 67) = (101060 00as 07, T3, 060, 60 07, 51660, 00 7))
where the integral operators are

10060, 890, 07] = 2(n — 1) / 5ya %
YA

s 2_ 2 d¢
i[5, 64es 6] = /K N5, — (n = 1iya + 07} 2,

320060 Yo 0] = —/ e =25 — (n = 1)dya + 67} %,

S dg
321660 e 7] = 25 |5, padn -
¢
Lemma 12.2.1. The operator norms of the Fréchet derivatives are bounded by
4an an
[[Lexllx—x < 7 and || Lsnllxox < i

Hence if { > 16n2, then the operators £o, : X — X and £, : X — X are contractions.

Proof. We estimate || £ox ||x—x. Let (084, 0Ya, 0) € Xbe given, and set M = ||(5€n, 0Yas 0Y) || x,
so that for all s > ¢, one has

M
[0a(s) < M, [0ya(s)] < N [0v(s)| < M.
Then w1, = J14[080, 0Ya, 0] satisfies
* dg 4(n—1)
[wia(s)] < 2(n — I)M/z 3z TM

+ +

For wy,, (s) = J3,,[0¢a, 0Ya, 07Y], we have

s 2 2 d
Jwia(s)] < M/ N2 4 (- 1) V2 g} S
¢ S
Since ¢ > s > £ > 1, we have 1+ (n — 1)~ /2 < n < ng. So by Lemma 12.1.2, we find

that

M.

s 9 1
|w2+a(8)|§(n+1)M/ e(cz—szwzdggw
¢ s
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Hence for all s > /¢, we have
2(n+1)
Ve

For wy,, (s) = J5,,[08; 0Ya, 07|, we have a similar estimate,

Vslwi, (s)] < M.
= : d
[wy,, (s)| < M/ 6(527&)/2{1 +(n—1)" V24 <} ?g

S (n+ 1)M/ 6(827§2)/2 dg

n+1
s

< M.

Thus for all s > ¢, we have

n+1
Ve

Finally, we consider w3(s) = J3[d€n, 0Yq, 97|, which satisfies

1 o Mdg 4n
;\w3(s)| < 2/@ Zapag‘:jﬁ = WM

Vs [wy(s)] < M.

forall s > /.
Together these estimates imply that
4n—1) 2(n+1) 4n 4n
VAR R
The same estimate holds for £¢,. It follows that both £., and £, are contractions if
> 16n2. m

| Sexllx < max{

Lemma 12.2.2. Assume { > 16n2.

For all (€40, Yae,Ve) € R® in a small neighborhood of (0,0,0,0,0), there is a unique
orbit (£, Yo, 7) € X of the soliton flow with A = +1 for which

Eall) =ty Yall) = Yo, Y(E) =
The solution (§u, Yo,y) € X is a real analytic function of the parameters (§u. ¢, Yoo, Ve)-

For all (£,.0,7v¢) € R3 in a small neighborhood of (0,0,0), there is a unique orbit
(€as Yo, ¥) € X of the soliton flow with A\ = —1 for which

Call) =&ae, V() =
The solutions ({4, Ya,y) € X again depend analytically on the parameters (&4 ¢, Vo).

Proof. In the first case, the solutions in question are solutions of

(ﬁa,yaﬁ) = Sex(fa,bya,éarw | fmyaﬁ)

We have one solution, the tfes, given by (€4, ¥Ya,7y) = (0,0,0,0,0). Then the Implicit
Function Theorem on Banach Spaces, together with Lemma 12.2.1, immediately implies
the existence, uniqueness, and smooth dependence of solutions for small nonzero values
of the parameters.

The other case, where A = —1, deals with solutions of

(ﬁa,ya,’)’) = ‘Ssh(ga,f7’yf | gomyoza’w'
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We again have one solution, the tfes, given by (€4, ya,7) = (0,0,0,0,0). As in the case
of expanders, the Implicit Function Theorem again applies. /4

13. EXPANDING SOLITONS

13.1. Notation. In this section, we consider expanders and thus assume that A = +1.

It will be more natural to regard (£,(s), ya (5),7(s)) as an R®-valued function of s. We
will use lower-case boldface letters for vectors in R and also for R®-valued functions.
The solutions provided by Lemma 12.2.2 are functions @ : [¢,00) — RS that belong to
the Banach space X, with

z(s) = (§a(s),ya(s),7(s))-

For any « € X, the limits

&0(x) = lim éa(s) and K°(x):= lim 2(s)

s—o0 8§

are by definition of X well-defined. Both £2° : X — R and K*° : X — R are bounded
linear functionals.

Lemma 12.2.2 provides a map = : U — X, where U C R? is a small neighborhood
of the origin, and where x(q) € X is the solution of the expander soliton equations that
passes through (¢, q) € R°. We denote the value of z(q) € X at s € [¢, 00] by

(z(q))(s) = =(s; ).
With this notation, we then have
z(6;q) = q.
When we need the components of x, we will also write
z(s;1q) = ((a(5:0),ya(s:0),7(s:9))-

13.2. Asymptotic slopes of expanding solitons. The quantities we are interested in
are

¢ (x(g) = lim &a(siq),
in which g comes from the unstable manifold of the gf. More precisely, if
gt (a(4, 1)) = (¢.q(, 7)),
then we will show the following:
Lemma 13.2.1. One has
(79) Jim &a(s:q(5, 7)) = € (2(q(4. 1)) = ¢35+ 0(5% + €5, 7)),

with c;' as in (48).

Proof. We found in Lemma 11.1.2 that
q(j:T) = c3 j®3 (£) + 0(*) + (4, T).
We substitute this in « and expand using the Fréchet derivative of  : U — X to obtain
x(q(j,T)) = dz(0) - q(5,T) + O(|la(s, 7))
=cFjdz(0) - ®F + O(5% + €(4,T)).
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For any vector v € R®, the function w = dz(0) - v € X is given by
w=—x(v ‘
Because x(6v) is the solution of the soliton equations with x(¢; 0v) = fv, it follows that

w(s) is a solution of the linearized equation around the tfes with w(£) = v. Since ®3 (s)
is such a solution, we have

0=0

(d2(0) - 7) (s) = B (5).
Therefore,

£ (dz(0) - ®3) = lim & (®5(s) = 1,

as we see from the asymptotics of ®7 (s) at s = oo derived in § 7.5. The conclusion is
then that (79) does indeed hold. m

13.3. The difference of the asymptotic slopes. Expression (79) provides the depen-
dence of the asymptotic slopes £, (00; j,T) on j. Unfortunately, the T' dependence in the
expressions we have thus far is contained in the error terms. To exhibit the 7" dependence
of £, (003 4, T), we must consider the difference &1 — £2 = x12(¢; 5, T).

Lemma 13.3.1. Assume [|€allo, [|yall1/2, [7][-1 < € Then
(80) z12(00; 5, T) = Re= 4T cos(QT + ¢) + Re=4Te(0, §,T),
where R and ¢ are nearly constant, in the precise sense given by Lemma 11.2.1.

Proof. The following arguments allow us to estimate the difference z12(c0) — x12(¢). We
begin by subtracting equations (74a) for £; and &5, obtaining

(81) 1‘12(5) = Ty =2 JZ () ‘% + (’fl — 14+ 5%) {6_2 2 vi(s) dT‘ _e2 J2 y2(s) %}

— o207 n(s) %{wm Y -1+ &) (1 2 S e —)}
Then we let s — oo to see that
w12(00) = e 2T {93124 +(n — 1+ &) (1 —e?J () di) }
In the following estimates, we use the facts that ||y ||1/2 < € and [|{4lo < € < 1, which
imply in particular that

/OO| 1% <yl /m$<in e < 2
, Yo A ya1/2£ g3/2_\/zya1/2_\/z.

We will also frequently use the calculus inequality |e* — 1| < (e — 1)|z| < 2|z| for
all |z| < 1. Finally, we will regularly use the assumption that ¢ is sufficiently large, for
example, to ensure that 8¢/v/¢ < 1 (which will hold if £ > 64).

We obtain
[era(oe) — 1a(B)] < [ 7O 1] (o)

+ (n— 14 &y)e? JZ @I 11 — @27 v2(e)

<) 01+ ) 4 [t
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and hence

8¢ 16n
82 Z12(00) — 212(0)| < —=|x12(0)| + —= .
(82) |z12(00) — 212(¢)| < \/Z| 12(0)] \/ZHyqu/z

It also follows from (81) by a very similar computation that

8e 16n
(5) Izizllo < (1+ 72 a0+ - el

holds. We note that the constant A never entered this part of our derivation, so that
estimate (83) holds not only here but also for solutions of the shrinker equations, in which
A = —1 rather than \ = +1.

To get an analogous estimate for g2, we subtract equations (74b) with o = 1, 2, which
leads to

2_ 42 s 2_ 42 d§
y12(s) = el )/22112(6) +/ el )/2{$12(<) + (y(s) = n+ 1)y12(<)} ?7
0

and thus
2_ g2
Vlyia(s)] < vsel T2 yp5(0)]
_s? H$12||0
G R R P PR TRy P P S £

Using ||v]|=1 < €, and also the fact that s — \/56_32/2 is decreasing for s > %\/5, one
finds that

9 llhys < Vi@l + L lloralo + 22 alye + el e
The bounds (83) and (84) together imply the following improved bounds:
(852) [212]l0 < 2[x12(€)| + 32n[y12(£)],
16
(85b) lvnzllyz < oz lana(O)] + 2V (0]

We combine these estimates with (82) to obtain, after some algebra,

(56) [212(00) — 212(0)] < (8[ ;}) 1a(0)] + 320lya(0).

This bound holds for all orbits close to the tfes in the region s > ¢. To apply the bound to
the orbits coming out of the gf, we recall that in § 11, we found that if z,,, Y, 7y are given
by q(¢; 4, T), then we have, in the case of expanders,

iy ) = e ener o [0

—AT _. —n4+1_—£%/2 5(0)
+ Re sin(QT + ¢)¢ e [C;—&—d(é) .
Here R = R,(1 4 €3(5,T)) and ¢ = ¢4 + €4(j,T) are as in Lemma 11.2.1, and in
particular are close to the constants R, ¢, that only depend on the parameter a that
determines the size of the isolating block Q,,. The generic error terms () all are functions
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of ¢ that are bounded by 6(¢) = O(¢~2). Taking into account that for large ¢, we have
(7 H1e=0?/2 « §=2 e conclude that

212(¢; j,T) = Re= 4T (COS(QT +¢)+el, g, T))7
ly12(6;4,T)| < CL2Re 47,
Finally, we combine this with (86) to get (80). /4

To complete the existence proof of expanding solitons with prescribed conical ends,
we consider the map

Zoo: (3, T) — (f(oo;j,T),:clg(oo;j,T)),

whose domain is the rectangle

R2.

mr—¢q (Mm+ 1)1 — dq c

Rom = |—¢,
[—¢, 0] x O q

Recall that § = ) B=&,,.

Lemma 13.3.2. If¢ > 0 is large enough, a > 0 small enough, and . > 0 small enough,
then for all large enough m € N, the image = (R,,) contains an open neighborhood of
the origin in R,

Proof. The rectangle fR,,,, has four sides. Two of these are given by QT + ¢, = k7 with
k =m or k = m + 1. The other two are given by j = +..

On the sides where QT + ¢, = km, we have
le(& Js T) = R(]v T)eiAT (COS(}C’]T + d)(]v T) - ¢a) + 65(j; T))
= R(j, T)e™ " ((=1)" cos(6(j, T) = ¢a) + (3, T))
= (_l)kR(jv T)e_AT(]- + 63(047j, T) + 65(j7 T))
By Lemma 11.2.1, we can choose a > 0 so small that |e3(a, j,T')| < 1 for all |j| < ¢ and
T > T, If T is sufficiently large, we also have |e5(j,T')| < 1. So we see that z12(¢; j, T)

has the same sign as (—1)*. In particular, x5 is positive on one of the sides where 7 is
constant and negative on the other.

For the average £(j,T) of the asymptotic slopes, we see from (79) that
. Pa . . . .
(0055, T) = —Ea(0015,T) = ¢5j + 0(3° + €3, T)).

We assume now that ¢ is so small and T so large that the error term (12 + (¢, T)) is
smaller than ¢} ¢. Then on the edges of R,,,, where j = 41, we have ¢ > 0if j = 4+ and
E<0ifyj = —u.

These observations imply that Z..|0R,,,, maps into R? \ {0} with winding number
+1 and therefore that 2, (R,,,,) does indeed contain an open neighborhood of the origin.

m

This completes the proof of Theorem A.
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14. SHRINKING SOLITONS

We now turn to the case of shrinking solitons and so set A\ = —1. In this setting, the
orbits under the soliton flow g* starting from most points p = ({4, Ya, 7, £) near the tfes
do not continue for all ¢ > 0 and thus do not generate complete metrics with conical ends.
We saw in § 12 that the set of points p that do generate complete metrics form a smooth
submanifold T of R® x {¢} of codimension two. (See below for the precise definition of
T.) On the other hand, the orbits coming from gf form a two dimensional submanifold
of R x {¢}. In this section, we construct shrinking solitons by finding intersections of

W (gf) and Y.

14.1. Boundary conditions at s = /for conical ends. Lemma (12.2.2) provides us with
a real analytic map « : U — X from a small neighborhood U C R? of the origin into the
solution space X such that for each (&1 ¢,&2,0,7¢) € U, the function x(s; &1 ¢, 2.0, Ye) is
a solution of the soliton equations with initial values at s = ¢ given by

x(0;€1,0,62,0,70) = (€16, 62,0, Y1 (€10, 62,0, 7e), Y2 (€10, €20, 7e), Ye)-

Moreover, these are the only initial values in U that correspond to some solution € X
of the soliton equations with the prescribed values at s = £ and with ||z||x < e. We write

T ={x(l;n 0, ve) : (Eaesve) € UL

for the set of initial values at s = ¢ that generate a conical end. We have just argued that
T C R® is a real analytic submanifold that contains the origin. It follows directly from
the construction of Y that it is a graph over the (&1, &2, 7) subspace of R?, i.e., that it is
given by equations of the form

(87) Yo = Y(X (§1,€7 §2,€7 PY)
To construct shrinking solitons, we must now see which points

q(t;5,T) = (€a(65,T),ya (6 5,T),v(6;5,T))
coming from the unstable manifold of the gf satisfy (87).

14.2. Estimating Y,,. One could approximate Y, (£, y) for small £, v by using the vari-
ational equation and analyzing the asymptotics of the fundamental solutions we have
already obtained. Alternatively, one can use the integral equations (75) that describe
(a0, 7e). We use the latter approach to prove the following:

Lemma 14.2.1. If[£a|lo, [[yall1/2, [|7]]=1 < € with € small and { large enough, then

5
Iz m§X|§a,€| + ?2|’Y€|-

(88) max Yo (1,6, €20, 70)| <
Proof. The assumption that ||y ||1/2 < € implies that

[ 0 < Sl <
; Ya _\/Zya 1/2 >

S

2¢

NG

We will also use the fact that for any real number || < 1, one has [e* — 1| < (e—1)|z| <
2|z|. The integral equation (75a) implies that

4(n —
eae] + X

1
[€allo < (1+ \/Z)”yanl/Q'

8e
)
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For y,, we conclude from the integral equation (75b) that

> 2_ 2 dg
lyall/2 Ssg}gx/g/ e 2L+ (n = Dlyal + (1 + ya) Iy} <

22 1 n—1
<sup 5 | el s>/2{f||sa||o+3—/2||yau1/2+2<|m|71}d<

763/2||£aHo+ IIyaII1/2+\/IIWII 1.

Finally, for v, we have

bl | [ s
o< 5 [ S slusl2+ws) 5
B

< el > dg
< Dt snme [ lslya 555
Dyl | 2n
=7 + 7 maXHyﬁHlm
By combining the inequalities for ||y ||1 /2 and ||y|| -1, we get
1 -1 2
maX ||ya||1/2 =~ 63/2 max ||§o¢||0 + T max ||ya||1/2 + W + — Hlo?X ||ya||1/2

n—1
= m{mgx €allo + 2lvel} + T max [Yall1/2-

For sufficiently large ¢, we have 5’251 < % and hence

2 4
max 1Yalli2 < B2 max l€allo + WWL

Applying this to our inequality for ||,

0, We arrive at

n—1)
/2

8e 8 16(n —1
mase € o < (1+ 0 ) gl + 00Dy,

Ve

For sufficiently large ¢, we can again remove the term with ||, ||o on the right and estimate

32n
(59) max allo < 2max Ea.el + el

max ||€q o +
«

Going back to [|ya ||1 /2, We conclude that for large enough /, one has

4 5
m3X||ya||1/2 < VEe] m3X|§a,€| + WWL
Because |V, | < £71/2||y, [|1/2, this implies (88). VA
14.3. Estimating the difference Y; — Y5. The approximations we have for Y7 and Y5

are identical, and differ only in the error terms. As in the case of expanders, we can find
a better estimate for the difference Y12 = Y7 — Y5 in terms of the difference &1 — &2 .

Lemma 14.3.1. If [|£a |0, [[yall1/2, 7] -1 < €, with € small and ¢ large enough, then

(90) 1Y1(&1,e5 €20, 7e) — Yo (€16, €20, 7e) 1,6 — &2,0]-

<o
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Proof. In (83), we found an initial estimate for |12
one has

0, namely that for ¢ large enough,

8e 16n
Izizllo < (1+ 72 )01+ 2 el

In the case of shrinkers, we subtract equations (75) for y1, y2, which yields the integral
equation

(91) y12(s) _ /oo e_(§2_52)/2{x12(§) + (’y({) —-n—+ 1)y12(§)} %

Assuming as above that ||, ||o, [|[¥all1/2, [[7][=1 < €, this integral equation for y,5 implies
that
dg

o0 2 2 _
ly12(8)] < / els™—s )/2{||x12|\0 + (n — 1+ €5)[ly12l]1 /28 1/2} .
S
1 n—1 €
< ;2\|$12||0 + Wﬂyuﬂl/z + W”Z/u\h/z-

Hence,

1 n—1 €
1212 = sup Vslyia(s)| < MmeHo + 7”?/12”1/2 + E||y12H1/2-

If £ is large enough to ensure that (n — 1)¢~3/% + e/~ < 1, then we get

2
llyi2ll/2 < W”%z”o-

We already have (83), which combined with our new estimate for ||y12||; /2 implies that

[#12]l0 < (1 + %) [z12(0)] + 3an||$12||0~
For large enough /, this leads to
[z12ll0 < 2[x12(£)],
and hence also yields
[y12ll1/2 < E;%Wm(m-
Because |Y12(€1,0, 62,0, 72)| < 6_1/2||y12|\1/2, estimate (90) follows. /A

14.4. Matching q(¢;j, T) and Y. We now consider the map
’ y12(£7]7T) 7Y12(£o¢(€;jaT)77(£;jaT))

Since y = ELy; + P2y, and y12 = y1 — yo, while the functions Y} and Y5 satisfy similar
relations, the equations

yi1(65.T) = Y1 (&6 5,T),v(6;5,T)),
Y2(6;5.T) = Yo (Ea (6 5,T),v(4; 5, T)),

that determine which points q(¢; j, T') belong to Y are equivalent to the equation £(j, T") =
0.

To evaluate the terms in this map, we revisit the approximations we found for q(¢; j, T)
in the context of shrinking solitons. It follows from Lemma 11.1.2 that

(44, T) = c; j®5 () + 5°B(j) + E(j, T),
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where B(j) is bounded as j — 0, and E(j,T) — 0 uniformly in j as T'— co. Using the
asymptotic expansion (44) of @, (¢) for large values of ¢, we find that

(92a) £(6;5,T) = Ce(0)je e/ £ be(5)5% + ec(j, T),
(92b) y(6:4,T) = Cy ()i 1% 41, ()% + €, (5, T),
(92¢) (63, T) = C (0 % 4 b, ()52 + €3, T).

Here, b¢, by, by and ¢, €,, €, are the components of B(j) and E(j, T), respectively, while
Ce(£), Cy(?), and C.,(¢) are the coefficients in the expansion (44) of ®; (¢). For large ¢,
they satisfy

Ce(l) = Ceoo +O(7?),  Cy(l) = Cyuoa +O((7?),  Cy(0) = Cy 0 + O(L72),
in which none of the constants C¢ o, Cy o0, and C,, o vanish.

From equation (67) for the difference variables, we know that at q(¢; j, T'), one has
(93a) 219 = CR(j, T)e AT~ 1l 2 Lsin(OT + ¢) + (4,5, T)},
(93b) y12 = CR(j, T)e ATe= "1 2 [6in(OT + ¢) + €(£, 5, T)}.

As in the case of expanding solitons, we consider a sequence of rectangles and compute
the degree of the map = on these rectangles. Specifically, we consider the domains

(m— 1w —da (m+L)m— 4

R = [—t, 1] X O , Q

Lemma 14.4.1. If¢ > 0 is small enough, then = maps OR},, into R? \ {(0,0)} with
winding number +1 for each large enough m € N.

Proof. We first consider the sides of R}, on which |j| = ¢. Since we assume ¢ is small
enough, we may assume that

1
(94) [B(i] < 5 min{|Ce.ool |Cy.ocls |Gl /2.
By (92), it then follows that for all j € [—¢, ¢], one has

1
95) (6. T)] 2 51Cy gl —maee, (7).
JISt

For j = +¢, we find that
1
(6 £0,T)| = 71y ool e/
if T is large enough, because €,(j,T) — 0 uniformly in j € [—¢,¢] as T — oo.

It also follows from our expression (92b) for y(¢; j, T') that y(¢; +¢, T') have opposite
signs once 7' is large enough, assuming that ¢ > 0 is so small that (94) holds.

According to (88), we further have

¥ (€alls 5, 7)1 (65, T < 5 (max (63, + h(&5,7)])

Using assumption (94) again, we find that

Y O+, T 0T )| < Cr—n=3e8/2,,
¥ (a6 7)1 (650, 7) )|
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The constants C' and Cy o, do not depend on ¢, ¢, or T'. So we may assume that £ is
so large that C¢=2 < 1|Cy «|. This lets us conclude that for {, = &, (¢;+¢,T) and
v = v(4; £¢,T), one has

1 2
(96) [y(6 %, T) = Y (€ay 1| = 7ICy oo™ e /2 = ¢ (42, T) > 0

for all large enough T'. Since |Y'| is smaller than |y(¢; ¢, T)| if T is large enough, the signs
of y(¢;+¢,T) and y(¢; +¢,T) — Y (&4,y) coincide, and hence the terms y(¢; +¢,T) —
Y (&n,v) and y(¢; —, T) — Y (€4, ) have opposite signs.

We now consider the sides of 99R%,, where T' = T/ is constant, i.e., where

1
QT = (m:l:2> T — dg.
Here we have, because of (93),

212(6; 5, T) = CR(j, TE)eATm 712 1(—1)™ cos(d(j, TE) — ba) + €(4, 5, T },

Y124, TE) = CR(j, T )eATm 0716 2 {4 (—1)™ cos(0(j, TE) — da) + (£, 4, TE) }.

We recall that in § 10.5 we chose a > 0 so small that cos(¢(j, TE) — ¢,) > 3 for all
J € [—t,¢] and for all large enough m € N. We have also shown in Lemma 14.3.1 that

)

) . 4 )
[Yi2(€a(t, T) 1 (65. To))| < 5 212065, T)

so that we have

. . ) . 4 )
[12(6:5, T) = Yi2(€al6 5, Tn) 163, T)) | = 2 (65, Tl = g5 1212(65, T3]

1 C
> CR(j, T,f)eATﬂiLE_”Helz/Q{i —aT e(4; 7, Ti)}
Since €(¢; j, T£) — 0 as m — 00, and since we may assume that 1 — & > 1, it follows
that for all large enough m, one has

1
ly12(6:5, TE) = Yia(6a (65, T35) 7 (6 4. T35))| > gCR(j,Ti)-eAT’if_’“”le‘ﬂ/2 >0

for j € [—¢,¢], while y12(¢; 5, 7)) — Yi2(£; 4, T,) and y12(¢; 5, Ty, ) — Yi2(4; 4, T,,, ) have
opposite signs.

It follows from these considerations that Z(j,T') # 0 for all (j, T') € OR},,,. Moreover,
by checking the signs of the coordinates of Z(j,T) on opposite sides of the rectangle
OR},,, one sees that = has winding number 1. The final conclusion is that there exist
(Jm>Tm) € R, such that Z(j,,, T5,) = 0, and thus that the orbit {9'40m, Tm) | t € R}
is complete and yields a soliton metric with a good fill compactification at s = 0 and a

conical end at s = cc. VA

At this point we have proved the existence claim in Theorem B, and we only have to
prove that the asymptotic apertures x,, ,(00) converge to those of the Ricci-flat cone as
m — oo. This is the content of the following Lemma.

Lemma 14.4.2. We have

lim j,, =0, lim T, = oo,
m—» 00 m— o0
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and hence

m

Proof. By definition of R}, we have T, = & + O(1) as m — oo, so T3, — oo. Since

Lm>

\ jm| <, we may assume that, after passing to a subsequence, j,,, — j« for some j, €
[—t,t]. We will show that j. = 0 is the only possible limit and hence that the whole
sequence j,, converges to zero.

It follows from (93) that z12(¢; jim, Trn) — 0 and y12(¢; jm, Trm) — 0.

For the averaged variables, we have
E; Gimy Tin) = €655 5u,00), Y4 s Tin) = (655 G, 00)s V(&5 Jims Tin) —> ¥ (65, G, 00).
For all m, we have
So averaging over « and taking the limit as m — oo, we get

Y(l; juy 00) = Y (E(; i, 00), £(£; i, 00), V(£ i, 00) ).
Passing to the limit 7" — oo in (95), we get
. 1 n 29, .

(97) (W (6 s 00)| = SICy (O) €™ e/,

On the other hand, it follows from (88) that

4
(98) ’Y(f(f;j*, oo),é(f;j*,oo),*y(g;j*,oo)ﬂ < ﬁ|£(€§j*a 00)| + %h(&j*,oo)\.

To bound the right-hand side, we let T — oo in (92). As T — oo, both €(j,T) and
€+(j, T') vanish, so that

|E(6; Gy 00)] < [Ce(O)10 12 4| + e ()] i),
V(8 s 00)| < |C ()16 2 G| + [y ()] 1]

The hypothesis (94) combined with the facts that C¢ (¢) — C¢ o and C(¢) — C, » for
¢ — oo allow us to bound the right-hand sides here as follows:

. —n— g2 .
|(; Gy 00)] < 2| C ool ™ e ],
. —_n— 2 .
V(6 i, 00)| < 2/Cy ol e /2]
Applying this to (98), we find that
. . . —_n— 2 .
Y (£(6; 5, 00), £(6; i, 00),7(£; i, 00)) | < CLT73eE/2|j, .

We combine this upper bound for |Y'(- - - )| with the lower bound (97) we have for |y(- - - )|
to obtain

1
§|C ,w|€—n+1622/2|j*‘ < Cg_n_3€£2/2|j*|.

The constants C' and Cy, o, do not depend on ¢, so we may assume one more time that ¢
is so large that

1 2 2
i‘cy,oowinjqel /2 > Cefnfl%ef /27
which then implies j, = 0, as claimed.

At this point, we have shown that T;,, — oo and j,,, — 0. It follows that &, (¢; jim, Trm) —
0 and y(4; jm, Tm) — 0 as m — oo. The upper bound (88) for Y, further implies that
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Yo (; Jm, Tm) — 0 as m — oo. Next, we apply the upper bound (89) to conclude that
€a(8;m, Tm) — Ouniformly in s > ¢, which proves the last claim in the Lemma, namely
that &, (00; Jm, Tm) — 0 as m — . m

15. CONSTRUCTING RicCI FLOW SPACETIMES

15.1. Ricci flows from solitons. We have constructed Ricci-solitons (G, X, A) on the
manifold (0, co) x M, where M = 8P* x 8P2 and where the expansion factoris A € {£1}.
The metric and soliton vector field are of the form

G = (ds)? + s%gn(s) and X=f(s)=—
where

gm(s) = - 1gsm i 195@
z1(s) z2(s) ’

and where z,,(s) are solutions of the soliton equations (11a)-(11d).

Given such a soliton, there exists a family of diffeomorphisms ¢ : (0,00) x M —
(0, 00) x M defined for At > 0 and generated by the time dependent vector field (2\¢t) 1 X.
Thus Lo, (p) = (2At) 71 X(¢¢(p)) forallt > 0if A = +1 or t < 0if A = —1; moreover,
#1/2x = idy. Then the time-dependent family of metrics g(t) given by

9(t) = 2Xt ¢7(G)
evolves by Ricci flow. See [Cetal07, § 1.1] with A = 2e.

15.2. Properties of the soliton vector field. The form of the soliton vector field X =
f(s)0s allows us to write the diffeomorphisms ¢; as
def 1

de(s,w) = (Sg(t)(s),w) , 0(t) = )
where {Sp | 6 € R} is the flow on [0, 00) obtained by solving

0Sp(s)
06

log 2)t,

(99) = f(Se(s)) withinitial condition Sy(s) = s.

Lemma 15.2.1.

(1) f is an odd real analytic function of s. In particular, f(0) = 0.
(2) Forany N € N there exist Koo, K1, Ko, ..., KN € R such that

Kl KN —N—l)

(100) f(s):—)\s—i-Koo—i-?-i--“-l-S—N—&-O(s , (s = ).

The expansion may be differentiated indefinitely.

(3) There exists a largest sg > 0 such that f(so) = 0.

(4) The flow Sy(s) is defined for all s > 0 and 6 € R.

(5) The interval [0, o) is invariant under the flow Sp; i.e., Sp([0, so]) = [0, so] for all
0 R

(6) Foreach s € (sg,0), one has Sg(s) — 0o as A0 — —o0.

Proof. Statement (1) follows from Lemma 6.1.1 on the unstable manifold of the Good Fill
fixed points and the relation v(s) = I'(s) + n = sf(s) + As? — >, Paya; see (10).

(2) follows from the asymptotic expansion (73) of I'(s) = v(s) — n for large s and the
relation between I" and f.
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Statement (2) directly implies (3). It may well be that so = 0 for the solitons that we
construct here. However, we did not see an easy argument that would prove this.

(4) follows from the fact that f(0) = 0 and that f(s) grows linearly for large s.
(5) holds because f(0) = f(sg) = 0.

(6) follows from the asymptotic expansion in (2), which implies that Af(s) > 0 for
s> S0. V/A

15.3. Convergence of the evolving metrics as ¢ — 0. The evolving metrics g(¢) on
(0,00) x M are given by

2 2
(101) g(t) = 2Xt(Spp) (5)) 7 (ds)® + 2Mt(Sp(e) (5)) g (Sace (5))-

The form of this metric simplifies if we introduce a different coordinate. For each ¢ with
At > 0, we define a diffeomorphism g, : [0, 00) — [0, c0) by setting

Qt(S) = V2t S@(t) (S)
In terms of 7 = ¢;(s), we have dr = V2AtS) ;) (s)ds, and thus
t) = X id *_t, where  g(t) = (dr)? 4+ r? <T>
g(t) (é’t J\/[) (9( )) g(t) = (dr) gm NGV
The metrics §(t) are defined on {(r,wy,ws) € R x 81 x 8P2 | r > 0}.
Since x4 (8) — To as s — 00, we have

-1 -1
gm(s) = ;017 gse1 + p2, gsre2, (s — 00),
Z1 To

so that the metrics §(t) converge smoothly on (0,00) x 8P x 8P2 to a cone metric as
in (6),

, 1 1
G(t) = G = (dr)? + 72 pli gswpiE gsea |, (AEN0).
1 2

To construct a global Ricci flow spacetime, we show that the metrics g(¢) themselves
converge. This will follow from the convergence of o;(s) as At \, 0.
Lemma 15.3.1. The limit

li —
i, 0:(s) = 0o(s)

exists for all s > 0. The convergence is uniform for s > 0, and in C}\. for s > sg. For all
s € [0, s0], we have g;(s) — 0.

Proof. We have v/2)\t = e*?, which implies that g,(s) = e*?Sy(s).

Since the smooth function f is bounded on any compact interval [0, s1], the large-s
asymptotic expansion (100) for f(s) implies that for all s > 0, we have

|f(s)+As| <C

for some C > 0. Hence

i6)‘059(5)

a0 = e|ASy(s) + f(Sa(s))| < CeM.
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Integrating this, we find that e*? Sy (s) converges as A — —oc, and that if e*? Sp(s) —
00(s), then

|e)‘959(5) —00(s)] < Cer = CV2X
for all s > 0 and At > 0. We have shown that e*? Sp(s) converges uniformly.

If0 < s < 80 then 0 < Sy(s) < sg so that eng(s) — 0 uniformly. This implies that
00(s) =0forall s € [0, s0).

Finally, we show that g,(s) converges in C° in the region (sg,00). Let s > s¢ be

given. Then Sy(s) > s for all A0 < 0. Integrating the differential equation -5Sp(s) =

f(Sp(s)), we find that
So(s) ¢
0= —.
/s f()

We differentiate with respect to s to get

sis) 1 0 (Sh(s)
Foole)  F -0 T S =T
Hence
€>\9 S
O I
_ 250 | Ga(s) + £(Sa(s)))-

_|_ _
f(s) f(s)
Since f(S) + AS is uniformly bounded and e*? Sy (s) converges uniformly as A — —oc,
we conclude that
20(s)
f(s)

uniformly for s > sy, for any s; > sg. This proves local C'!' convergence of o;(s).

0t(s) = =

To get local C? convergence, we differentiate again and use Sj(s) = f(Sg(s))/f(s)
to find that

neoy _ F(S6(8))S5(s)  f(Sa(s))f"(s) _ f(Sa(s))
SG (S) - 2

— = ' (Sa(s) — f'(s)}-

15) JoE g NI
As A0 — —oo, we have Sy(s) — oo, and thus f/(Sp(s)) — —A by part(3) of Lemma 15.2.1.
We already have shown that e*? f(Sp(s)) — —Aoo(s). It follows that o} (s) = e*? S} (s)
also converges uniformly as At \ 0 for s > sy, for any s1 > s0.

By repeating these arguments, one proves that all higher derivatives 97 g;(s) also con-
verge locally uniformly for s > sq. /4

15.4. Gluing solitons. For a given shrinking soliton (G_,X_) with X_ = f_(s)0s, we
define an ancient spacetime (Q_,t_, 0, g_ ), where

Q_ = (—00,0) x RP1T1 5 gP2,

and where t_ is the projection on the first factor (—oo, 0), with 9; determined by d¢t = 1
and the requirement that the projection of d; on the second factor RP1*1 x 8§P2 vanishes.
The metric g_(t) on {t} x (RP**1\ {0}) x 87> is given by g(t) = V=2t¢* ,(G).
Since our soliton metric satisfies the Good Fill boundary condition, these metrics extend
to smooth metrics on the spacelike timeslice t~*(t) = {t} x RP11 x 872 for each ¢ < 0.
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Let s_ be the largest s € [0, 00) with f_(s_) = 0, and define
e = (Rm“ \ 231;1“) X 8P2 = (5_,00) X 871 x §P2.

Then Lemma 15.3.1 implies that the metrics g_ (¢) converge smoothly to a metric g_(0)
on &_ast / 0. Moreover, there is a smooth isometry ®_ from (€_,g_(0)) to the
cone metric G on (0,00) x 8P x 8P2 given by (6). It follows that the ancient spacetime
(Q_,t_, 0, g_(t)) extends to a Ricci flow spacetime-with-boundary (Q_,t_, d;, g_(t)),
in which

O_=Q_uUd0_, 09 ={0}xé&_.

We repeat the same construction for our expanding soliton (G4, X ), this time ob-
taining a future spacetime (Q, ty, 0y, g+ ), with Q4 = (0,00) x RP1+L x §P2_ in which
ty is again projection on the first component, and J; is determined by the same con-
ditions as in the case of shrinkers. Let sy be the largest s > 0 for which fi(s) = 0,
and define £, = (s4,00) x 8P x 8P2. The metrics g (t) = \/ﬂ¢i,t(G+) converge
smoothly on € as ¢\, 0, which allows us to extend the spacetime to include a boundary
004 = {0} x &;. We again have a smooth isometry & from (&, ¢4 (0)) to a cone
metric.

Since we have chosen the two solitons so that their asymptotic cones have the same
apertures, it follows that the isometry @ is with the same cone (6) as the isometry ®_.
Therefore one can glue the two spacetimes ({24, t1, d, g+ ) into a larger spacetime M =
Q_ Us, Q4 by identifying the two boundary components JQ via the isometries @,
and by choosing the differentiable structure on Q4 Lgp, Q. so that the vector field d;
is smooth across the common boundary at t = 0. The two metrics g+ together induce a
smooth quadratic form §(¢) on the tangent space to each spacelike timeslice t7* (t). This
metric g is a smooth solution of Ricci flow on the (compact, incomplete) manifold M in
the precise sense that £y, § = —2 Rc[g]. Hence M is a Ricci flow spacetime.

15.5. Solutions with changing topology. A minor variation on the preceding con-
struction leads us to Ricci flow spacetimes whose time slices change topology at t = 0.
Namely, one can exchange the order of the factors 8P* x 8§72 for ¢ > 0 while keeping the
same cone aperture to obtain the change in topology claimed in the Main Theorem, and
also Theorem C. This completes our construction of Ricci flow spacetimes.

15.6. Maximality of the glued spacetime. Theorem C and our Main Theorem claim
that the spacetimes we construct are maximal. To show this, suppose (M, t,0¢, g) is an
extension of one of the Ricci flow spacetimes (M, t, 0y, g) we construct above. Consider
the spacetime metric g = (dt)? + g, which is canonically associated to a Ricci flow space-
time, and let M* and M* be the metric space completions of M and M with respect to the
spacetime metric g. Since M C M, we get a natural inclusion M* C M*. It follows from
our construction that M* is the one-point compactification of M that adds the vertex V'
of the cone at time t = 0.

MG M, then the closure of M in M contains at least one point v ¢ M. This point
must be a limit in M of a sequence of points v; € M. The sequence v; is a Cauchy sequence
for the spacetime metric g on M, and hence also a Cauchy sequence in M. Therefore v;
either converges to a point in M, which is impossible because then v = lim v; would
belong to M, or the sequence converges to the vertex V in the metric completion M*.
The sectional curvatures of the metric g on the time slice t~1(0) are unbounded near
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the vertex V' (see Appendix A.2). It follows that the sectional curvatures of M are also
unbounded near the point v, which contradicts the assumption that M is a smooth Ricci
flow spacetime.

APPENDIX A. DOUBLY-WARPED PRODUCT GEOMETRIES

We observe that the Ricci flow spacetimes that we have constructed above are maximal
in the sense that

A.1. The general case. Itis well known (see, e.g., [Pet16]) that all curvatures of a doubly-
warped product metric

g = (ds)* + ¢ gsrr + ¢35 gsra
on R, x 8P' x 8P2 are convex linear combinations of the five sectional curvatures’

2
_ 1- (poz,s ~ Pa,ss _ P1,5¥2,s
K:Oz,l - 2 ) K/Oz,Q - ) ’%12,1 - .
Pa Pa P1p2

We note that the functions s, 1 (o € {1, 2}) are the sectional curvatures of orthonormal
planes tangent to §P~. The functions k4 2 are the sectional curvatures of orthonormal
planes spanned by % and vectors tangent to 87>. And k12 is the sectional curvature of
a plane spanned by one vector tangent to 8P' and one tangent to §P2.

It follows easily that the Ricci tensor of such a metric is given by
Re = {pﬂ’vl,z +P2/€2,2}(d5)2
+ {k12 4 (p1 — 1)k1,1 + p2ki121 }pTgsm
+ {K2,2 + (p2 — k2 +p1f€12,1}80§95P2~

Now let X = f(s) 6% denote the gradient of a potential function F'(s). Applying the
general formula

(ngg)(Vl, V2) = x{g(vlv VQ)} + g(vVl X, ‘/2) + g(‘/la VV2$)
for the Lie derivative of a covariant 2-tensor to this special case, one sees that

Lxg=2f(ds)? + 2fp11,5 gspr + 2fopa s gsra .

In the main body of this work, we apply the equations above to the soliton condition
—2Rclg] =2Xg + Lxy,
were A € {—1,0,+1} controls the rescaling of the soliton.’

A.2. Cones. In the case of a cone metric,

_ ;=1 . [p2—1
Y1 =S5 — and P2 =5 —
€ T2

with asymptotic apertures Z1, Z», the sectional curvature ;2 1 is given by
1

K121 = ——-
In particular, the norm of the curvature tensor of the cone becomes unbounded as s ™\ 0.
50ur notation here is as follows: the first parameter denotes the spherical factor(s) involved, while the

second indicates the highest-order derivative that appears.
6Compare to equation (1.8) of [Cetal07], with € = 2.
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APPENDIX B. A REPRESENTATION AS A MECHANICAL SYSTEM ON R3

As a curiosity, we observe that our assumption that p, > 2 allows us to define

du du
o =logpa — 3(pe —1), a€{l,2}, and  w=f-pi-pgt
In these variables, the differential equations (8) become
(102a) i = Ul + e 24 4 )\ a € {1,2},
(102b) 0 = prid + patis — .

These equations can be interpreted as a mechanical system in which s is “time” and where
(in this section only) we write s-derivatives as fluxions. In this interpretation, u; and ug
are the coordinates of two unit-mass particles on the real line that are each subject to
a force field given by F(u) = e~2* + ), and whose motion is subject to friction with
friction coefficient v. The only unusual aspect of this system from the point of view of
mechanics is that the friction coefficient v can be either positive or negative, and that it
is itself a function of time that satisfies an oDE.

The derivation of the equations for w1, ug, v from (8) is a simple calculus exercise. Even
though it appears simpler than the original equations (8), we will not use the mechanical
system (102) in this paper. It does however make several cameo appearances. For ex-
ample, the Ivey invariant for the stationary soliton flow can be interpreted as the energy
dissipation in the mechanical system. Indeed, if A = 0, then any solution of (102) satisfies

d (p1,. _ P2 /. _ o dde?
&{E(U%‘Fe 2u1)+5(u§+€ 2u1)}:’01}: (213 s

which implies that the quantity I = py (43 + e~ 2%1) + po(u3 + e~ 2%2) — v? is preserved
along solutions of (102). Similarly, the non-obvious Lyapunov function W in Gastel and
Kronz’ construction of the Bohm soliton (see § 8.1) can be interpreted as Kinetic+Potential
Energy for a renormalized version of the mechanical system (102).

APPENDIX C. AN ESTIMATE FOR ORBITS NEAR A HYPERBOLIC FIXED POINT

C.1. A model nonlinear system. Consider a system
(103) ¥ =-A_x_+ B_(v)x, ! = Ajz, + Bi(z)z,

where z = (z_,7;) € RF- x R¥+ where A_ : R¥~ — RF- A, : R¥+ — R+ are
constant linear maps, and where B4 are smooth functions on some neighborhood of the
origin in R*-*%+ such that B_(z) is a linear map from R¥-+#+ to R*- and B, (z) is a
linear map from R*-+#+ to R¥+. We assume furthermore that B4 (0) = 0.

The origin (0, 0) is a fixed point for our system (103). The linearization of this system
at the origin has the matrix
—A_ 0
oA

We make one more assumption, namely that the eigenvalues of both A all have strictly
positive real parts.



RICCI SOLITONS, CONICAL SINGULARITIES, AND NONUNIQUENESS 59

C.2. An Analysis Lemma. There is a constant C' € R that only depends on the matrices
AL and the nonlinear functions By, such that for all T > 0 and for any solution = :
[0, T] — RF=TF+ of (103) such that supg<,< ||z (t)|| is sufficiently small, one has

lz@)]| < Cle +e ") sup |[|lz(t)]|
0<t<T

and

T
/ le@ldt < C sup [z(®)]l-
0 0<t<T

Proof. Briefly, we use a Gronwall-type argument to establish an exponential upper bound
for ||z (t)|| in the interval [0, T, and then integrate this upper bound to get the claimed
estimate.

There is a § > 0 such that all eigenvalues p of A, and A_ satisfy Re x > d. Further-
more, there is a constant C'4 > 0 such that

||e*tAi ” < CAefét

holds for all ¢ > 0. Applying the variation of constants formula to the system (103), we
find that on the interval [0, T, both = and z_ are given by

z_(t) = e -2_(0) +/0 e~ =DA-B_ (x(s))z(s)ds,

T
2o () = e~ T=DAsg (T) - / =044 B (2(s))x(s) ds.

t

Since B4 (0) = 0, there is a constant Cg > 0 such that | B4 (x)| < Cg||z|| holds for all
sufficiently small z. Thus we get

t
lz—(®)]| < Cae™**[lz—(0)]] +CACB/ e |(s)||? ds,
0

T
e+ (0)]] < Cae™®T Dl (T)]| + CACB/ eV e (s)]* ds.
t

For K to be fixed below, we may assume that ||z(s)|| < K for all s € [0, 7], whence we
get

t
le_ (1] < CaKe—5t + CaCuK / 3= a(s)] s,
0

T
o, (O] < CaKe5T=D 4 CACpE / e=56=0) |z (5) | ds.
t

After adding these two inequalities, we find there exists Cy = C(C 4, Cp) such that that
for all ¢ € [0, T, one has

le@I < llz— @O + llz+ @)1l

T
(104) < CoK (e7% 4 e70T=1) 4 CoK/ el )z (s)] ds.
0

If we define

T
o) = g5 [ o) s,



60 SIGURD B. ANGENENT AND DAN KNOPF

then since G(t) = (28) ‘e~ !"! is the Green’s function for 7$ + 62, the quantity p
satisfies

=0 (1) + 6%p(t) = [|l=(t)]|
forall t € (0,T). We can therefore rewrite the integral inequality (104) as
(105) = p"(t) + (0% — 26CoK) p(t) < Co(e ™ +e°T=D), (0 <t <T).
Moreover, we have the boundary conditions

1t s K
(106) p(0) = = / e e dt < K, and p(T) < .

For any constant M, the function p(t) = M (e™“" + e_e(T_t)) satisfies p”' = €2p, so
that
—p"(t) + (6* = 20CoK)p = (6° — 26Co K — €°) .
If we now choose K small enough that 2Cy K < %(5 and then choose € = %(5, we have
82 —20CK — €% > %(52 —e= iéQ.

So the function p becomes a supersolution of the boundary-value problem (105, 106) pro-
vided that M = () K, where C is a constant that depends on §, ¢, and Cy. By the
maximum principle, we conclude that p < p, and thus that

p(t) < C1K (e " + e_e(T_t)).
Applying this to (104) and using the fact that ¢ < § implies that
e 0t 4 o=O(T—t) < gmet 4 —e(T—1).
Since we may assume that K < 1, we find that

lz(@®)| < (CoK + CgKQ)(e_Et + e_E(T_t)) < CgK(e_Et + e_e(T_t)).
We complete the proof by integrating over [0, T, obtaining
T
2C:-
/ z(t)||dt < T‘*K = C4K,
0

where the constant C only depends on ¢, C'4, and Cg, but not on 7T.. /A

APPENDIX D. ASYMPTOTICS OF X(S) AS § — 00

Asymptotic expansions for the solutions x of (39) are well documented and can be
derived in a number of ways. Here we indicate one possible real-variable approach.

If x : R — Ris a solution of (39), namely

n 2(n—1
X55+<7+>\3)X5+¥X207
S S

then the function

_ Xs(8)
e = sx(5)
satisfies
(107) G(s, Z) = 1%:2(”11)f”t127/\2722.
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As s — 00, this equation becomes

dz
= Z(Z+\)+0(s?
which has two constant (approximate) solutions, Z = 0 and Z = —\.

Direct substitution reveals that Z,(s) = 2(n — 1)/s* satisfies

e g5, Zu(s) =07, (5 o0),
while
Zf@%:ﬂnlyil
satisfies
1dzf

A
_ + AN —6
- ds S(s, Z; (s)) i34 + 0(s7%), (s = 0).
If A > 0, then this implies that Z, (s) < Z; (s) are lower and upper barriers for the onE
(107), and therefore that there is a solution Z(s) with Z; (s) < Z(s) < Z; (s) for large
s. In fact, if sp > 1, then any solution Z(s) of (107) that satisfies Z; (so) < Z(sg) <
Z (s0) will continue to satisfy Z; (s) < Z(s) < Z; (s) for all s > s,.

If A < 0, then Z; (s) is an upper barrier, and Z; (s) is a lower barrier. Since Z; (s) <
Zf(s) for all s > sq if sq is large enough, we can apply a Wazewski argument and
conclude that there exists at least one Z* € (Z; (so), Z; (s0)) such that the solution
of (107) with Z(sg) = Z* satisfies Z; (s) < Z(s) < Z] (s) for all s > s.

In either case, the conclusion is that there exists a solution Z(s) of (107) with
Z(s) = (2(n— 1)+ 0(1))s™*, (s = 00).

By repeating this argument, one finds that for any m € N, there exists a solution that
satisfies the expansion

Ay Ag A Agm
Zs)="F+ g+ gt ot g

S2m + 0(572"%2), (s — 00).

The coefficients Ay; can be computed inductively by substituting the formal expansion;
one finds for example that A, = 2\(n — 1).

Integration then shows that y satisfies

it o(s ~1
X(s) = ef Z()sds — (O-AEFHO(™Y) ec{l - An82 + 0(3*4)}, (5 — o0).

As we noted above, there exists another solution with Z(s) = —\ + o(1) for large s.
Similar reasoning then leads to an expansion of the form

7’L+1 B4
S

Z(s)=—-A+ =

which after integration leads to

x(s) = 64\52/23*"*1{1 + (9(372)}7 (s — 00).
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