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Measure Theory.

Problem 1 (Spring 2019). Let T : R™ — R™ be a Lipschitz transformation. Show that if A is a set
of Lebesgue measure zero, then T(A) also has Lebesgue measure zero.

Solution: Since A is measurable with |A| = 0, for any € > 0 there exists a family of intervals
{1}, such that

Z|Ik| < |A|+€:€.
k=1
Let I, = [ag,bg] for some ag, by € R. By definition, since T is Lipschitz there exists a constant
Lip(T) < oo such that
IT(z) — T(y)| < Lip(T)|z — y|
for any z,y € R. It follows that
| T(Ix)| = [T(bx) — T(ax)| < Lip(T)|bk — ax| = |1x|

SO
oo

> IT(I)| < Lip(T) Y [Ii] <e.

k=1 k=1
Now, if y € T(A) then there exists an @ € A such that T'(z) = y. Because {I;}72, covers A, we
know that x € Ij for some k. Hence, y € T'(I}) for some k and {T'(I})}32, cover T(A). But by

monotonicity,
o0

T(A)] < 3T <
k=1
This holds for any € > 0, and thus |T'(A4)| = 0.

Problem 2 (Spring 2016). For any r > 0 and any = € R?, define the closed unit ball B,.(z) := {y €
R? | |y — x| <r}. Let 0 < ¢ < 1. Let E be a measurable subset of the unit square @ = [0, 1] C R?
with the property that for every x € @ and every r > 0 there exists a y € B,.(z) such that
Bejz—y|(y) C E. Prove that @ \ E has Lebesgue measure zero.

Solution: For each x € @ and r > 0 we can find y € B,.(z) such that B, (y) C E. Consider the
collection

B = {B|m—y\(y) | T e Q\E}
where y is chosen as above. Evidently 2 € B|,_y(y) so that 2 is a covering of @ \ £. XXX

Problem 3 (Spring 2016). Let (X,d) be a compact metric space. Let {iu,}nen be a sequence of
positive Borel measures on X that converge in the weaks topology to a finite positive Borel measure
. Show that for every compact K C X,
p(EK) > limsup i, (K).
n—oo

Solution:

Problem 4 (Spring 2015, Spring 2012). Let Z be a subset of R with measure zero. Show that the
set A= {x? | z € Z} also has measure zero.

Solution: A quick way to prove this is to note that f(z) = 2 is locally Lipschitz, and thus if
A is bounded we have |A| = 0 implies |f(A)| = 0. But, f(A) = Z. If A is not bounded we can define
A, = AN[—n,n] and note that A,, is bounded, so |f(A,)| = 0. Consequently,

U 4

n=1

o0

<> A =0.

n=1

1Z| = ’Zﬁ J0,n%

n=1

G Z N 10,n%
n=1

Let’s prove this from first principles instead. We can still use the same localization procedure —
namely if {E,}>2; is a sequence of measurable sets such that |E,| < co for all n and |, , E,, =R
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(remark: any measure space satisfying this is called o-finite) then we just need to show |[ZNE,| =0
for all n. Then,

oo o0 oo
|Z| = ’Zﬂ UE.=|JZnE.| <) |1ZnE,|=0.
n=1 n=1 n=1
Choose E,, = [-n% n?]. It suffices then to show that if A C [-n,n| then |Z| = 0. Since A is

measurable for any e > 0 there exist closed intervals {Ij}}2, covering A such that

oo

Sl <Al +e=e
k=1
Without loss of generality we may assume [ay,bx] = I C [-n,n]. Now, what happens to this

interval when we square it? We will either get [b7,a?] or [aZ,b?] depending on the magnitude of ay
and by. Either way, the length is

|b%3 — ai| = ‘bk — ak\(bk + ak) < Qn\bk — ak\ = 2n|]k|

since we assumed 0 < ay, by, < n. Denote this squared interval by Ij. Then,

oo . (oo} . [ee]
12| < | JTe| <D [Tl <20 1| = 2ne.
k=1 k=1 k=1

since the Iy cover Z.

Problem 5 (Spring 2015, Spring 2012). Let E C R be a measurable set such that 0 < |F| < oc.
Prove that for every a € (0,1) there is an open interval I such that
[ENI|>alll

Solution: We prove the contrapositive. Suppose there exists an a € (0,1) such that every open
interval I satisfies |[E N I| < a|I|. Since E C R is Lebesgue measurable for every € > 0 there exists
a covering {I;}7° ; of E by open intervals such that

> Lkl < |E| +e.
k=1

oo

Since E C Up—, Ir, applying the above bound we have
|E| = ‘Eﬂ (U Ik) ‘ = UJEnL)| <Y IENLI <a) || < a(|E| + ).
k=1 k=1 k=1 k=1
Thus, |E| < a(|E| + €), and taking e — 0 we get |E| < «|E|. If |E| # oo, it follows that |E| = 0.
Hence either |E| =0 or |E| = co.

Problem 6 (Fall 2013). Assume that p is a finite Borel measure on R™, and that there exists a
constant 0 < R < oo such that the k-th moments of p satisfy the bound

/mk du < R¥  VkeN,
for some 0 < r < 1. Prove that u has bounded support contained in {x € R" | |z| < R} if r = 1 and
in{zeR"||z|<1}if0<r<l.
Solution: First suppose r = 1. Then the k-th moments satisfy the bound

/mk du<RF  VkeN

for some 0 < R < oo. To show that spt(u) C Br(0) we can show that
Br(0)° C R" \ spt(p) = {z € R" | u(B,(x)) = 0 for some r > 0}.
Let 7 > 0 so that
(8,0 < [ T | lalt d < R

n
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and )
. R
1(By(0)°) < g

Hence, for all n > R we see that
u(By(0)%) < €* =0
for some 1 > ¢ > 0. In other words, for all n > R

p(By(0)°) = 0.
Now let € Bgr(0)°. Then |z| > R and by choosing r small enough we have B,(z) C B,(0)¢ for
some 7 > R. By monotonicity, p(B,(x)) = 0 and so Br(0)¢ C R™ \ spt(u).

Now consider the 0 < r < 1 case. Here, we instead get

.
u(B,(0))° < };—

which tends to zero as for any > 1. By the same logic, we get that B;(0)¢ C R™ \ spt(u). Note
that we did not use the condition p a finite measure. The above estimates show that in either case,
the measure of the whole space is the measure of a ball; so we need only locally finite.

Problem 7 (Fall 2012). Let pu be a measure in the plane for which all open squares are measurable,
with the property that there exists o > 1, such that if two open squares Q and @’ are translates of
each other and their closures C1(Q) and C1(Q’) have a non-empty intersection, then

#(CUQ)) < ap(Q') < oo.

(For Lebesgue o = 1, in general o > 1.) Show that horizontal lines have zero measure.

Solution:

Problem 9. Show that the following notions of measurability are equivalent. Here, we let A : 28 —
[0, 0] be the Lebesgue outer measure.

a) E C R is measurable iff for every e > 0 there exists an open set O D F such that A(O\ F) < e.
b) E C R is measurable iff for every set A C R (measurable or not) we have
MANE)+ AANE®) =)\A).

Solution: By definition, £ C R is measurable iff for every € > 0 there exists a collection of open
intervals {Ij,}72, covering E such that

S Il < |El +e.
k=1

Now consider O = J;—, I). It follows that

ONE| <Y L \E[ =) || = Y ILnE[<e+|E[ =) |INE|
k=1 k=1

k=1 k=1
where we have assumed b). But, by monotonicity and the fact that E C O,

Bl = |ENO| = UIkﬂE‘ <N N El.
k=1 k=1

Hence, the difference above is negative and

IO\ E|<e+ <e

Bl =) [N E|

k=1

as desired. Now assume a). Let A C R and € > 0. By subadditivity,
Al =|(ANE)YU(ANE®)| <|ANE|+|ANE°|
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so we need only show the other direction. As before, we can find a collection of open intervals
{I;}32, covering A such that

(oo}
Z [Tx| < |Al + €.
k=1
Now, since E N I, and E°N I}, are measurable and disjoint we have

As the Ij, cover A, we have
ANE|+[ANE| <) (I NE|+|LNE] =) || < |A| +e.
k=1 k=1

Taking € — 0 gives the result.

Problem 8 (Fall 2011). . Let p be a Borel measure on [0, 1]. Assume that

a) u and Lebesgue measure are mutually singular.

b) 1([0,¢]) depends continuously on ¢.

c¢) For any function f :[0,1] — R, if f € L'(Lebesgue) then f € L'(u). (Note that f has a
finite value at every point.)

Show that p = 0.

Solution: XXX
Integration and Limits.

Problem 1 (Spring 2019). Show that C.(R™) := {f € C(R™) | f has compact support} is dense in
LY (R™).

Solution: We know that simple functions are dense in L!(R"), so it suffices to show that C.(R")
is dense in the set of simple functions. Since a simple function is just a finite linear combination
of indicator functions, we just need to approximate an arbitrary indicator function by a function
in C.(R™). So, let E be measurable with 0 < |E| < co. Consider now the case when n = 1. By
Littlewood’s first principle, there exists a finite collection of disjoint open intervals {Ik}szl such

that |[EA Uszl I| < €/2. Now let n = ¢/(2K) and consider the continuous function

1 x € (ar, by)
—1/n(z—bk)+1  z € by, by +n)
I/n(z —ar) +1 x € (ag — 1, ax]
0 else

gr(z) =

which is continuous and

= [Ix| +n.

N3

n
/ng—xzk|=§+
R

Defining g = g1 + ... + gk we then have
€
/ |9 = xuen | = En =5
R
(here we use disjointness of the Ii). Finally, observe that
€

”XE - XUklk”l = ||XEAuka||1 < 2

SO
lg—xel <llg — xurl +lIxe — xor i <e

The higher dimension case is similar, except we approximate boxes rather than intervals.
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Problem 2 (Spring 2019). Find an uncountable family of measurable functions F C {f : R —
R measurable} that satisfies the following two conditions:

a) Forall f € F, |flloc = 1.
b) For all f,g € F, we have ||f — gllcc = 1.

(Bonus: Show that this implies L is not separable.)

Solution: Consider the collection of open intervals (—r/2,r/2). Note that each interval has measure
r >0 and if (—R/2, R/2) is another open interval then

|(=r/2,7/2)A(=R/2,R/2)| > |R — 7| > 0.

By taking F to be the collection of indicator functions of these intervals, the above two statements
show the two necessary conditions. It is clearly an uncountable family.

Suppose now that L is separable. Then there exists a countable dense family {gi}7>,. Con-
sider the balls By (f) (in the L*™ norm) with f € F.

Problem 3 (Spring 2017, Fall 2014). Let 1 <p,q < oo with 1/p+1/qg = 1. Show that if f € LP(R")
and g € LY(R™) then f * g is bounded and continuous on R™.

Solution: We show first f * g is bounded. An easy estimate gives

oot =| [ se-vow af < [ e -viowias [ [ ve-ora]” [ wora]”

= [I£1lpllgllg < o0

by Holder’s inequality and translation invariance. As for continuity, we show that if x,, — x then
(f *g)(xn) = (f *x g)(x). Another estimate gives

79~ @l =| [ e =at) ay = [ 1= natw)

[ 15 =)= @ = platy) dy

< [ 150 =)= £ =)o) dy

<[ [ 1) s ] ol

by Holder’s inequality (justified since translations of f are in LP(R™) as well, and LP(R"™) is a vector
space). Now, since f € LP(R™) there exists a sequence {hy}7°, of compactly supported continuous
functions such that || f — kx|, — 0. Let € > 0. Then there exists a K € N such that if £ > K then
IIf — hillp < €. Moreover, since each hy, is continuous and =, —y — = — y, hp(xn —y) = hi(z —y).
Thus for fixed k, there exists an Ny € N such that if n > Ny then |hg(z, —y) — he(z — y)| < €.
Putting these together, we see that

[ 1f@n-n~fa-ray< [
4 [ e =) = Fa =)l dy

£an =) = hacan =) dy+ [ Yol =) = haclo = )P dy

n

§2ep+/ e dy=12+|(x—-S)U (x, — 95|
(x—=S)U(zp,—S)
< 2[1 4 |5[]e?

where S = spt(hg) is compact, and thus has finite measure. This estimate holds for all n > N,
and thus
|(f * 9) () = (f * 9)(2)] < 2/P[L+[S)"/7e

establishing continuity.
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Problem 4 (Spring 2017). Let B be the closed unit ball in R™, and let f1, f2, f3,... be nonnegative
integrable functions on B. Assume that

i) fr — f almost everywhere.
ii) For every e > 0 there exists M > 0 such that

/ fr(z) de <e, k=1,2,3,..
(2€B | fu(x)>M)

Show that fi — f in L'(B).

Solution: Let’s first show that f € L!(B). let € > 0. Then there exists an M > 0 such that

/ fu(w) dz = / folx) do + / Jol@) do < M|B|+c.
B {+€B | fu(z)<M} (2€B | fu(z)>M}

By Fatou’s lemma, since fr — f almost everywhere

/ f(z) dz :/ liminf fi(z) dox < liminf/ fe(z) de < M|B| +e.
B B k—oo k—oo Jp

Now, since f is integrable, given our € > 0 there exists a § > 0 such that whenever A is measurable

with |A| < 4,
/ f(z) dx < e.
A

Markov’s inequality states that
[{fi > A} < 7”f’“”§1“3>.

Now, we have proven that the f;, are uniformly bounded in L!(B), say by C. Hence, by choosing \
large enough we can guarantee that

{fe > A} <6

for all k¥ € N. Now, since

/ fr(x) dz
{fe>M}

is nonincreasing with M, we can choose M > X so that simultaneously

Ay :|{fk>M}| <(5, /A fk(:r) dr < e

for all £ € N. Thus, we have that

[ir-nl@a= [ rop@as [ 7 ale
’ {fx<M} {fe>M}
- /{fk<M} |/ = fil(z) de + /Ak f(x) dx + " fe(x) dx
</ |f — fel(z) dx + 2e.
{fL<M}

Finally, define gy = |f — felx{f.<my}. Then clearly |gp| < M + |f| € L'(B) since B has finite
measure. Since fr — f a.e. on B, we also get g — 0. Hence by dominated convergence

lim |f — fel(z) dz = 0.
koo J{ fe<n}
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Problem 5 (Fall 2016). Let {fx}32, C LP with 1 < p < oco. If fp — f pointwise a.e. and
I fellp = 1 fllp, show that |[f — fill, — 0.

Solution: Recall the generalized dominated convergence theorem: If {g,}7°, is a sequence of mea-
surable functions such that g — ¢ pointwise a.e., and there is a sequence of integrable functions
{hi}32, such that |gi| < hy for all k then limy_,o0 [ hy = [ h implies limy o0 [ gx = [ g. Here, let
gk = |fx — fIP, g =0, hy = 2P(| fx|? + | f|P), and h = 2PF1|f|P. Note that

gkl < (Sl + 1FDP < 2P max{|fi|, [£1}7 < 2°(1ful” + | f17) = P

So, to apply generalized dominated convergence we need only show

lim /hk — /h
k—oo
lim /Ifk|p=/f
k—o0
but this is assumed. Hence, we get

lim/|fk—f|p: lim /gk:/gzO
k—o0 k—o0

Here’s another way to do it without generalized dominated convergence directly. Define g; by
gr = 2P(|fx|? +|f|P) — | fx — f|P. By the above inequality, each g > 0 and g — 2P*!|f|P a.e. Hence
by Fatou and the hypothesis || fx|lp, = ||.f]lp,

or, alternatively,

as desired.

21 flp = [ 277 = [limint g <liminf [ g =27 [liminf || fill2 + |£]2| - limsup [ [ — ful?
p k—o0 k—o0 k—o0 p p k— 00
= 2P f|[p — Timsup || f — fi]|?
k—o0

Rearranging this then gives
limsup |1 — fill2 < 0
k—oo

which completes the proof.

Problem 6 (Fall 2015). Let f € L'(R) and ¢, be a mollifier. This means that ¢.(z) = e tp(z/e)
and ¢ : R — R is a function that satisfies: ¢ > 0, ¢ is compactly supported, and [¢ = 1. Let

fe := f * @.. Show that
[ gt 1< [ 171
R €0 R
Solution: First by Fubini-Tonelli,

[ de < [ 1= lod) avas = [ o) | [ 156 =) |
=171 | o) dy = 171

Then, Fatou’s inequality implies that

/MMWSMMﬁMQm
R e—0 e—0 R

as desired.



Prelim Exam Solutions — By Topic

Problem 7 (Fall 2014). Let f € L*(X, ). Prove that for every e > 0, there exists § > 0 such that

‘/ f du‘ <€
A
for all measurable A C X such that u(A) <6

Solution: Suppose not. Then there exists an € > 0 such that whenever § > 0 there exists an
A C X measurable with p(4s) < 6 and
/ fdu>e
A

Consider 6 = 1/n and set g, = x4, o+ All the g,, are dominated by f, which is integrable, and
gn — 0 since p(A/,) < 1/n — 0. Then by dominated convergence

eglim/ fdu:lim/gndu:/ lim g, dp =0
n— oo Al/n n— oo X X n— oo
a contradiction.

Problem 8 (Fall 2014). Let p € [1,00) and suppose {f,}>2; C LP(R) is a sequence that converges
to 0 in LP(R). Prove that one can find a subsequence {f,,} such that f,, — 0 almost everywhere.

Solution: We show this in two steps. First, we show that LP convergence implies convergence
in measure. Then, we show convergence in measure implies pointwise almost everywhere conver-
gence of a subsequence.

First, recall that convergence in measure means that for every € > 0 the set |[{zx € R | }

Suppose that every subsequence {f,, } does not converge to zero almost everywhere. Choose one
such subsequence and let f be the limiting function (if it exists). Then |f| is nonzero on some
positive measure set; call this set E. Since f,, — 0 in L?(R) so too does f,,. In particular, by Fatou

o</ |f|p:/ limin | £, |7 gnmmf/ o [P gnminf/ P =0
E E k—oc0o k—oco E k— o0 R

yielding a contradiction. Finally, suppose that f,, does not converge on some positive measure set E.

First note that we can, without loss of generality, assume that p = 1; of course if {f,}52, C LP(R)
converges in LP(R) to 0 then f? — 0 in L'(R). Now, Chebyshev’s inequality states that for A > 0

o e R[] > 3} < 1ol

We know that ||f,]l1 — 0 and we want to extract a subsequence f,, such that for almost every
x € R, fn,(z) — 0. This is satisfied if

Hz e R | |fn.] > 1/k}| = 0.
Let A = 1/k, and choose ny so that || f,, |l1 < 27%/k. Then by Chebyshev’s inequality,
{z €R [ |fu.l > 1/k} < 27"

Hence,
Y e eR | fud > 1/k} <> 27k =1
k=1 k=1

and by Borel-Cantelli we get
{z € R [ |fn,| >1/k} = 0.
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Problem 9 (Fall 2014). Show that, if f € L*(R), then

/ FOa) — @)t dz — 0

as A — 1.

Solution: Consider g = xg where E C R is measurable and |E| < co. Let’s first show that

[190) - g(@)l* dz 0.
To do this, we’ll first analyze the symmetric difference of intervals. Let I = [a,b] and A > 0 so that
Al = [Aa, \b]. There are two cases. First, if 0 € I then for all 0 < A < 1 we have AI C I and thus
[TAAD| = (b —Ab) + (Aa—a)=(1—-A)(b—a).
On the other hand, if A > 1 then
[TAA)| = (Ab—b) + (a—Aa) = (A—1)(b—a).

Either way, if 0 € I then

[TAM)| = |1 = A|(b—a).
Now suppose 0 ¢ I. Assume first a > 0. Let A\ = a/b and Ay = b/a. For all 0 < A < A; and
A > Ao we have that I and Al are disjoint. These cases are irrelevant since we take A — 1, and
A1 < 1 < Ag. For a/b < A < b/a, A translates to the right and increases in size, filling in more
and more of I. Eventually, it becomes all of I. Then, while still increasing in size, it continues to
translate rightwards and empty I. Thus, for a/b < A <1

[IAM)|=b—X+a—da=(1—-X)(b+a)
for 1 < A < b/a we have
[IAM)|=X—b+Ara—a=(A—-1)(b+a)
Similar analysis holds when b < 0. In all cases, we end up getting
[TAMAD| =[x = 1[([o] + [al).
It is clear then that as A — 1, [TA(X])| — 0.

Now, if E C R is measurable with |F| < oo, then by Littlewood’s first principle of analysis for
€ > 0 there exists a disjoint finite collection of intervals I, = [ag,bx], k = 1, ..., K such that

e (0] <«

k=1

K

UEan)

k=1

By dilation properties of the Lebesgue measure, we also have that
K K
J MEAL) U (()\E)A()\Ik.))‘ < e

k=1 k=1

when A > 0. Now, as previously seen
kAL = [Ae — 1|(Jbk| + |ak])
for Ax small. Since we have finitely many intervals, we can choose A\ small so that

€
[Tk AN = A = 1(Jbg| + ax]) < —

K
for k =1, ..., K. Finally, with this A,
K K K
|[EAOE)| < | |J(BAL)| + ) ILANL)| + | | J(AE)AML))| < (24 Me < Ce
k=1 k=1 k=1

where C' > 0 is a constant independent of A (we chose A small, so it is bounded by some constant).
It follows too that |[EA(AE)| — 0 as A — 1. Since |g(Azx) — g(2)| = [xaE — XE| = XEA(\E) this
completes the first part of the proof.
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Finally, let f € L*(R). Then for € > 0 there exists a simple function g € L*(R) such that

/\f Ydr < e

By a change of variables, we see that

/|fo g\t do = < /|f dx<§,
By taking, say, A > 1/2 we get that

/|f (A\z) — g(\a)|* do < 2e.

We already saw that [, |g(Az) — g(z)|*dz — 0 by the previous step. Hence, for A close to 1 we get
[ 100) = @) do < [ 1700) - g0a)l* do + [ 1g0) = g(o)l! do+ [ loto) = @) do < 3+ C)e
Problem 10 (Spring 2014). Let f,g be bounded measurable functions on R™. Assume that g is
integrable and satisfies [ g = 0. Define g;(z) = k"g(kz) for k € N. Show that f * g — 0 pointwise

a.e. as k — oo.

Solution: First note that

/n (@) dz = / K g(ka) dr — / o(z) dz = 0.

F(@)gi(y) dy = f(z) / ge(y) dy =0
RTL

n

We then have that

and so
f oo / f(z — v)gnly) dy —/ @ — 1) — F@)]o(y) dy.
Now let § > 0 and consider the following splitting:
froe) = [ - - @) dy+ [ =) - f@lonly) dy
ly|<o ly|>d

For the first integral, we have

‘/ [f (& —y) = f(@)]gry) dy‘ S/ [f(z = y) = f(2)|gn(y) dy < HgHook"/ [f(z —y) = f(2)] dy
lyl<é lyl<é lyl<é
=lglk” [ 1)~ S dy = ook [ 1506) S

s(z)
We now recognize the integral from the Lebesgue differentiation theorem. Recall that it states

lim — ) dy = ()

6—0 |B5| Bs()
for almost every . For Lebesgue points (which also occur almost everywhere), we have the stronger
statement that

lim = ) — F(@)] dy

6—0 |B6| Bs(w)

So, we need to introduce a factor of 1/|Bs|. Observe that we already have a factor of k™, so we are
inclined to use § = C'/k, where C is a constant to be chosen. We will see the importance of C' later.
Regardless, we have

/|<5[f("”—y> ~ F@)ox(v) dy‘ < lgllocCm1B1|

— d 0
Tl o= @) >
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for k large enough. For the second integral, we have

[ ve-v-1@law) dy' <2/l [
[y|>4 ly

where we have applied the fact that f is bounded and a change of variable ky — y. Notice if we did
not have control over C' (i.e., if we just carelessly chose § = 1/k previously) we would not be able
to proceed. But, as C — oo the sets |y| > C decrease to the empty set. It follows by dominated
convergence that

19(0)] dy = 2] £l / l9(w)| dy

ly|>C

[>kd

Jim l9(y)| dy = 0.
—o0Jly|>C

Problem 11 (Fall 2013). Suppose that {f,}>2 is a sequence of integrable functions on [0, 1] such
that || fn | £1(0,1) < n~? for all n € N. Show that f, — 0 pointwise a.e.

Solution: Define f := |fi| + |f2| + .... (which is well defined in the extended reals). Now, by
the triangle inequality we have

oo oo 1
Il o)) < Z [ fallzroa < Z IS

n=1 n=1

This tells us that f is integrable, and hence is finite almost everywhere. Now, consider the series
oo
F@) =3 [fala)] < 0
n=1

for almost every . It follows for these x that |f,(z)| — 0, otherwise the series would diverge.

Problem 12 (Spring 2013). Let f € L*(u) be a nonnegative bounded p-measurable function. Con-
sider the set Ry consisting of all positive real numbers w such that p({z | |f(z) — w| < e€}) > 0 for
every € > 0.

a) Prove that Ry is compact.
b) Prove that | f||o = sup Ry.

Solution:

a) Clearly Ry is bounded. We show now it is closed. Let w, — w € [0, c0) such that w is a limit
point of Ry. Let € > 0; then there exists an N € N such that if n > N then |w,, —w| < €/2.
By definition of w,, we have for all n that

pl{z | [f(x) —wnl <€/2}) >0
Now, by the triangle inequality, if |f(z) — w,| < €/2 then
(@) —w| <|f(z) = wn| + |wn —w] <e
for all n > N. Hence
{z | [f(x) —wa| <€¢/2} C{z | |f(2) —w| <}

for n > N, and by monotonicity we find that w € Ry.
b) Clearly if f = 0 there is nothing to do. By definition,

1 flloo :==1inf{M > 0| |f(z)| < M for almost every x}
= inf{M >0 [ u({z | |f(z)| = M}) = 0}.
We show that, equivalently,

[flloe = sup{w = 0 [ p({z [ [f(2) —w| < €}) > 0}

for all e > 0. Denote the above sup by S. Suppose that ||f||cc > S. Then there exists
an € > 0 such that pu({z | |f(z)] > ||fllc — €}) = 0. But, this contradicts the definition
of ||f|lec since we would have || f|lcc — € as an admissible M in the inf definition. Hence
|| fllse < S. On the other hand, suppose || f|loc < S. Then there exists an € > 0 such that



Prelim Exam Solutions — By Topic

[flloo <[ flloc +3€/2 < S. By definition of || f[|oc we have pu({z | [f(z)| = [[fllo +€/2}) = 0.
This implies, in particular, that

p({z | 1f(x) = ([fllec +€)l < €/2}) =0

by monotonicity. It follows that S < || f||« + €, a contradiction. Hence || f|o = 5.
Problem 13 (Spring 2013). Let f, f1, fa, ... be functions in L'(]0,1]) such that f, — f pointwise
almost everywhere. Show that ||f — fx|l1 — 0 if and only if for every € > 0 there exists 6 > 0, such
that | [, fx dz| < e for all k and all measurable sets A C [0, 1] with measure |A| < 4.
Solution: That ||f — fx|l1 — 0 implies that
/ |f = fel dz— 0
[0.1]
In particular, on any measurable subset A C [0, 1] we have
[lr=sldes [ 1= nlde—o
A [0,1]
Now since f is integrable, if € > 0 there exists a 6 > 0 such that

/Iflda:<§

for all measurable A C [0,1] with |A| < § (see Problem 7). Consequently,

]/fkdx [ 1= sl ass [ 111

Now, choose K large enough so that for all k£ > K we have

/A|f*fk|d33<§

/Afkdx

for k > K. However, we need this statement for all k. So, we reapply Problem 7 with fi,..., fr—1
and extract 1, ...,0;_1 such that
/ fi dx
A

for all measurable A C [0,1] with |A| < §;. Hence, taking 6’ = min{4, d1, ..., 0k—1} we get

/Afkd«T

for all k£ whenever A C [0, 1] is measurable with |A| < ¢’.

from which we immediately deduce

<€

<e€

<€

Suppose the latter and let € > 0. Then there exists a § > 0 such that

/Afkdx

for all k& and measurable A C [0, 1] with measure |A| < §. Define A} := {fx > 0} and 4, = {f}, <

0}. Then,
/A|fk-|da::/Az fk|dx+/Ak |fk-|dm=/A:fk dot [ () da

k
<‘ fkdff-f"/ (_fk)dx:‘/ fdeC-F’ fr dz
Al N Af Ay

<6
2

<€
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since monotonicity implies that |A$| < d and |4, | < d. Now, we apply Problem 7 once more and,
by taking a minimum if necessary, find a § > 0 such that whenever |A| < ¢ then

/|f|dz<e, /|fk|dm<e Vk € N.
A A

Since [0, 1] is compact, we can cover it with finitely many balls Bs(x,,), n =1,..., N. Then,

N N
/ o — f |d:c<Z/ fk—f|d:c§Z/ |fk|da:+2/ | dx < 2Ne
[O 1]ﬂBé In) n=1 An n=1 Ay,

)

where A,, = [0,1] N Bs(z,,) is a measurable subset of [0,1] with |4, | < d. XXX

Problem 14 (Spring 2012). Let fr — f a.e. on R. Show that given ¢ > 0, there exists E, with
|E| < €, so that fr — f uniformly on I\ E, for any given finite interval I.

Solution:

Problem 15 (Fall 2012). Let (X, A, u) be a measure space with p(X) < co. Show that a measurable
function f: X — [0, 00) is integrable if and only if Y, u({z € X | f(z) > n}) converges.

Solution: Suppose first that the series converges. Construct the function

o0
=Y Xz ()
n=0

Observe that g(x) < f(x). Suppose that N < f(zg) < N + 1 for some N € N. Then z( € {f > n}
for 0 <n < N but zg ¢ {f > n} for n > N. Hence,

ZX{J‘>"} (z0) Zl—N+1>f(x0)

n=0
Consequently,

/X f() du(z) < /X 9(@) du(x) = 3" u({f > n}) < oo

n=0

Now suppose f is integrable. Construct the function

2) =Y X(szn}(@)

Once more, if N < f(z9) < N + 1 then

N
:leNSf(fCo)

n=1

>oulr =np = [ @) dute) < [ 1(a) duto) < o0

But, since u(X) < oo we know also u({f > 0}) < co. In total, the entire series converges.

and so

Problem 16 (Spring 2012). Let (2, F, i) be a probability space and f € L*(£2). Prove that
1/p

i | [ 111 a| = xo | [ o151 ]

p—0 Q Q
where exp[—oc] = 0. To simplify the problem, you may assume log |f| € L'(Q2).
Solution: If f = 0 a.e. we have equality, so assume that f # 0 on a set of positive measure.
Then

/ |fIP dp >0
Q
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- [/Qfl” du] v

so that a(p) > 0 for all p. Then by continuity of the logarithm,

o (i () ) = iy log a(p) = Ty (S1ox ([ 1117 du) ).

As p — 0, |f|P — 1, and since p is a probability measure the integral tends to 1. Hence, the
logarithm tends to zero while the denominator does too. Applying L’hopital’s rule gives

(s ([ 1)) =ty (2o [ 1)) — g (L b 0
%o(pk’g(/g'f' d“)) M(dplog /Q'f‘ W) )=\ e de )

Once more, as p — 0, we have |f|? — 1 and p is a probability measure. Thus

1/p
log (133) [/Qmp du} >:/Qlogf| .

Problem 17 (Spring 2012). Let h be a bounded, measurable function, such that, for any interval I

/Ih

Let h. = h(z/€). Show that for any A with |A4| < oo,

for all p. Define a,, by

< |I|1/2

/he(x) dx — 0, as e = 0.
A

Solution: Since A is measurable with |A| < co for § > 0 there exist a collection of finite intervals
{I;;}%2, which cover A and

Z|Ik| < |A[+5.

[

It suffices to show that

— 0

as € — 0. To this end, note that

[ <S5 [ 0@] =S| [ < 5 S vitaen

Since |A| 4+ 6 < oo, taking € — 0 gives the result. XXX

Problem 18 (Fall 2011). For 1/p+1/q¢=1,1et S = {f € LP(R) | spt(f) C [-1,1], and || f||, < 1},
and let g be a fixed but arbitrary function in L!(R), with spt(g) C [-1,1]. Show that the image of
S under the map f — f * g is a compact set in C°([-2,2]).

Solution:

Problem 19 (Fall 2011). Let fo, f1, f2, ... be nonnegative Lebesgue-integrable functions on R™, such

that
Z/(fk — fro1)T < oo, lim [ fr=0.
=1 k—oo

Show that limsup,,_, . fr = 0 almost everywhere.

Solution: Define g,, by

n

gn = Z(fk - fk—1)+

k=1
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so that g1 < g2 < .... Then, by monotone convergence

/é(fk — )’ = /nh—?;og” - nh_{[olo/gn = nlgngog/(fk — frm)t < o0

Next, observe that for each k
S = from1 < (fo — fom1) ™
and thus
fo=fo=> fr—fo1 <D (o= Fi1) T =gn < 9.
k=1 k=1

Hence, the f,, are dominated by g + fo and g + fo € L*(R™). It follows that

0= lim [ f,= /lim sup frn

n—oo n—00

from which we discover limsup,, ., frn = 0.
Convergence in Measure.

Problem 1 (Spring 2019). Let the sequence of measurable functions fi(x) converge in measure to
zero in By (R™) and satisfy || fx|| 72 less or equal than M for all k. Show that f, converges to zero in L!.

Solution: We show first that fr — 0 in L?*(B;1(R")) (Note: this problem seems open to interpreta-
tion on which domain the convergence takes place; I do not think it can be all of R™ though since
you can just take a constant sequence which is zero on B (R™) and nonzero but integrable elsewhere).

By the layer-cake formula we have

[ nfdo= [ e B | 2 0 dr
Bi(R™) 0
Let gi(t) = {z € B1(R"™) | | fx(x)|* > t}|. By Chebyshev’s inequality,

. | fll L2 (B, (mn M
ge(®) = l{o € Bi®") | [fula)? = 8} < =B < =2

— t2 .
Thus far we have not used the fact that f; — 0 in measure on B;(R"). Let € > 0 and note that
/ 1l de < By ().
{zeB1(R") | [fx(w)|<e}

Moreover, on [e,00) the function M/t? is integrable. Since fx — 0 in measure on B;(R"), g, — 0.
By dominated convergence, it follows that

o

(o)
lim gr(t) dt = / lim gx(t) dt =0
e k—oo

k—oo [,

Consequently, for k large enough
/ |fxl? da :/ | fxl? dx+/ gr(t) di
Bi(R™) {z€B1(R™) | |fr(z)|<e} €
< By (R™)| + ¢
It follows that fr — 0 in L?(B(R™)). But, by Holder’s inequality,

I fill LBy @)y < VIB1(R™)|| fill2 (B, ®n)) — 0.
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Problem 2 (Fall 2016). Prove that, on a finite measure space, if fy — f in measure and gp — ¢ in
measure, then frgr — fg in measure.

Solution: Suppose that the fi and g are uniformly bounded by M > 0. Then we have that

|fegre — f9l < | fegr — frgl + | frg — fal < |fellge — gl + gl fr — FI < M| fx — f|+ |gr — gl)-

Now for € > 0 if @ € {|frgr — fg| > €} then = € {|fx — f| > €/(2M)} or similarly for g, otherwise
the above triangle inequality would be violated. But, fy — f in measure and gy — g in measure, so
for k> K

pl{lfe = flze/2M)}) <e/2,  p({lfx — fl = €/(2M)}) < €/2.

Hence, by monotonicity,

p({lfrgr — fal = €}) < p({[fx = fI = ¢/2M)}) + p({lgr — gl = €/(2M)}) <€

and so frgr — fg in measure. The above didn’t use the fact that we’re on a finite measure space, so
we should use this to help with the boundedness condition we assumed. Since p is a finite measure
and the sets {|f| > 1/n}, {|g| > 1/n} are decreasing to the empty set, by dominated convergence of
sets we get

lim pu({|f] > 1/n}) =0 = lim_u({lg] > 1/n}).

Hence, for € > 0 there exists an n such that

p(lf1=1/2n)}) <6 p({lgl 2 1/2n)}) <e

Now, there exists a K such that for all £ > K we have

p({|fr — f1 > 1/(2n)}) < e

If ¢ € {|fr] > 1/n} with k > K then it must be that x € {|fx — f| > 1/(2n)} or z € {|f| > 1/(2n)}.
Consequently,

plfel = 1/n}) < p({Ife = f1 = 1/@2n)}) + p({1f] = 1/(2n)}) < 2e.

In total, we have for &k > K that

p({lfel <1/@2n)}1) > p(X) —e,  p({lfI <1/@2n)}) > p(X) —¢,  p({lgl <1/(2n)}) > p(X) e

It follows from this that the fi (for k large enough), f, and g are uniformly bounded on set of almost
full measure.

Problem 3 (Fall 2014). Recall that a sequence {f;}32; of real-valued measurable functions on the
real line is said to converge in measure to a function f if

lim A({z € R [ |fi(z) = f(z)] 2 €}) =0, Ve>0

where A\ denotes Lebesgue measure on R. Suppose that in addition to this, there exists an integrable
function g such that |f;| < g for all i. Prove that {f;}3°, converges to f in L'(R).

Solution: Recall that if a sequence of real numbers is such that every subsequence has a further
subsequence which converges to the same limit, then the original sequence does too. To this end,
since f; — f in measure, all of its subsequences do, and there exists a subsubsequence {f;, } which
converges to f almost everywhere. Hence, by dominated convergence f;, — f in LY(R). By the
above observation, f; — f in L'(R).
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Problem 4 (Spring 2014). Let (X, %, ) be a finite measure space and 1 < ¢ < p < oo. Let fi,
fa,... € LP(X, pn) with || fx|l, <1 for all k. Assuming fr — f in measure, show that f € LP(X, u),
and that || fr — fllqg = 0.

Solution: First, since fr — f in measure there exists a subsequence fj, which converges to f

p-almost everywhere in X. In particular, |fi, | — |f| p-almost everywhere. It follows by Fatou’s
lemma that

/ |fIP du :/ liminf | f, [P du < liminf/ |fk, [P dp = liminf || fi, [} < 1.

It follows f € LP(X,u). Now, consider the following decomposition for ¢ > 0

/|fk—f|p du:/ i — £ du+/ e — f17 du.
X {If—fl<e} {Ife—f|>€}

Recall the layer-cake formula, which says that

J i duzjommm > 1)) dt

Applying this with |fr — f|P gives

J A= gpdu= [ uttin - gp = ey ae
b's 0
Define gi(t) by gx(t) = n({|fx — f|? > t}). By Chebyshev’s inequality we have that

p 1
gk () = n{lfx — fIP > 1)) < ”f;i“ <L

In particular, on [n, o) for n > 0 we have that

[ 5=
, P (p—1t

whenever p > 1. By dominated convergence on L'(7, 00) it follows that

< 1

- _ —1
. =1

oo

im [ gu(t) di = /Oc T pu({lfe— £ > 1) dt =0
n

k—o0 n

since convergence in measure implies the integrand tends to zero as k — oo. So, for € > 0 there
exists a K (depending on €) such that

/ gr(t) dt < e

for all £k > K. In particular,

[ 1= 117 d = /E({m _fr = dt+/oogk<t> dt < (14 u(X))e
X 0 €

for k > K. To show convergence in L1(X, u) for 1 < ¢ < p, by Holder we have that

1—q/p a/p
— 119 dy = d — fP d — u(Xx)1-a/p _ fle
/X|fk fl7 dp [/Xl M} {/ka fl M} w(X) [ fx = FII7

where we have used the exponent p/q and its conjugate exponent p/(p — q).

Weak LP and Fubini.
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Problem 1 (Spring 2019). Let H be a monotone function of f(z), a non-negative measurable func-

tion. Write
/ H(f(2)) de

Solution: Since H is monotone, it has a derivative almost everywhere. We may also assume that
H(0) = 0. By the fundamental theorem of calculus we have that

in terms of g(A) = |[{f > A}

f(z) 0o
@) = [ H / Xoup(e (DH'(2) dt.

Then, applying Fubini’s theorem

/H dm—// X[0,(2)] dtdx—/ H'(t [/X[U’f(m)](t) dx} dtz/_o;H'(t)g(t) dt.

Problem 2 (Spring 2016). Show that if p > 1 and f € LP([0,c0),m) then the ‘mean functional’ of f,

:;/Oyf(t) dt:/olf(wy) dz

is also in LP([0, 00), m) and moreover
p
17l < L1

Hint: consider f(zy) as a function of two variables on [0, 1] X [0, o0) and use the generalized Minkowski
inequality (which states that if g : X x ¥ — R is any measurable function on the direct product of
two sigma-finite measure spaces (X, u), (Y, v) then

gl xm e vy < MgllLe v llor xw)-

Solution: Using the hint, let’s define g(z,y) = f(zy) on X x Y = [0,1] x [0,00). Both (X, m) and
(Y, m) are sigma-finite measure spaces so that we can apply generalized Minkowski:

[/OOO Uol l9(z, y)l dxrdyl " < /01 [/OOC lg(z, y)|P dyr/pdx,
y)l S/Ollf(:cy) dw—/o1 lg(z,y)| da

so the left hand side is bounded below by
o0 1/p
> | [ rwra) =1,
0

Vooo [ 1 dxrdyl

It suffices now to bound the right-hand side in terms of p/(p — 1) f||,. We have that

1 oo 1/p 1 0o 1/p 1 0 q 1/p
LU wtwr as]ae= [ [T irep a]ae= [T Siwr a] - as
1y 00 ) 1/p 1y
[ [ e a] =, [

' p
=L\l

Note that

1/p

_ Ml a1y
ISV

by a change of variables zy — y. Note that p > 1 is vital, since we need 1 —1/p > 0 in order for the
lower limit to be defined.

0
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Problem 3 (Fall 2016). Let f be a locally integrable function on R2. Assume that, for any given
real numbers a and b outside some set of measure zero, f(z,a) = f(x,b) for almost every x € R and
fla,y) = f(b,y) for almost every y € R. Show that f is constant almost everywhere on R?.

Solution: Let E C R be such that |[E| = 0 and for all a,b € E we have f(z,a) = f(z,b) for
almost every x € R and f(a,y) = f(b,y) for almost every y € R. Choose a,b € E such that
fla,y) = f(b,y) for almost every y € R. Now, since E has full measure there exist ¢,d € E such
that f(z,c) = f(z,d) for almost every z € R and both f(a,c¢) = f(a,d) and f(b,c) = f(b,d).
Consider now the following difference of integrals:

/cd/abf(x,y) dmdy—/cd/a:éf(x,y) dmdyZ/cd/ab[f(x,y)—f(x,y+6)] dxdy

Let a,b,¢,d € R, § > 0 and consider the following difference of integrals:

/cd/abf(x,y) dxdy—/cd/aij f(z,y) dedy = /cd/ab[f(ac,y) — f(x,y + )] dzdy.

Define g,(z) = f(z,y) — f(z,y+ ). If y is such that y and y + ¢ are in E then g,(x) = 0 for almost
every x. But, F has full measure, so F + ¢ does too. Hence E N (E + §) has full measure, and in
particular for every y € [c, d] we have y and y+ § are in E. It follows that g,(x) = 0 a.e. for almost
every y € [c,d]. Hence, the above difference is zero and

/Cd /ab f(z,y) dedy = /Cd /(1:6 f(z,y) dzdy.

A similar conclusion holds by translating the y coordinate instead. Hence, we see that | 0 fz,y)dzdy
depends only on |Q|. Let I(Q) := fQ f(z,y) dxdy. Lebesgue differentiation says that for almost
every (x07y0) € R27

f(xo,y0) = lim —/ f(z,y) dedy = lim 1(@Qr) = c.
Qr(z0,y0) =0 Q

1
r—0 ‘Qr| r
Where Q,(x0,y0) is a square of side length r centered at (g, yo)-

Problem J (Fall 2015). Let f and g be real valued measurable integrable functions on a measure
space (X, ) and let

Fi={zeX | flz)>t}, Gi={zeX]|glx)>t}
Prove that N
If =gl = / W(FAG,) di

where

FAGy = (Fy \ Gy) U (G \ Fy).
Solution: Note the resemblance to the layer-cake formula. We use this as our inspiration for solving
the problem. First, break up the integral as follows

I — gl = /X 1F(@)(@)] du(z) = /{f> 1)~ g0} dn(a) + / l9(x) — £(2)] du(a).

{g>f}
We compute the first integral and note the second will be the same, except with f replaced by g
(and vice verse). If  is such that f(z) > g(z) then

f(x) oo o)
flx) —g(x) = / Ldt= / Xig(z),f(2)] (1) dt = / X{g<t} ()X {r>}(2) dt.
g(z) —o0 —0o0

Observe that if g(z) > f(z) then for almost every ¢t € R we never have that x € {t > g} N {f > t}.
Hence we can actually conclude that

X @) — g(a)) = [ T ety @)X yon () di = / T o<t @xma, (@) dt
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Next, by Fubini’s theorem

oo

/{ 7@ = o) dutr) = [ @l - gl duw) = [ | [ xrie. o) dr] auto)

= /_o:o [/x XFAG, (2) dﬂ(w)] dt = /_O; u(Fy\ Gy) di.

Using our previous symmetry observation,

o0

/ l9(x) — f(2)] du(z) :/ w(Gy \ Fy) dt.
{g>f}

— 00

Finally, note that F; \ Gy and Gy \ F; are disjoint for all ¢, so that

If—glh = /OOMFt\Gt)dH/ W(G\F) dt = / W((FAGHU[G\F]) dt = / W(EAG,) dt.

—0o0 — 00 — 00 —0o0

oo o0

Problem 5 (Spring 2014). Let 0 < ¢ < p < co. Let E C R™ be measurable with measure |E| < cc.
Let f be a measurable function on R" such that N := supy.q AP|{z € R™ | |f(z)| > A} is finite.

a) Prove that [, |f|¢ is finite.
b) Refine the argument of a) to prove that

/ |f]e < CNQ/:D|E|1*Q/P’
E

where C' is a constant that depends only on n, p, and q.
Solution:
a) Let 0 < g < p < 0o so there exists an € > 0 such that p — ¢ = € > 0. Then by the layer-cake

formula,
B [e%) B [e%) g
/E\flqé/Rn W—/O {1f19 > Al dA—/O {1f] > AV} dx

_ = q—1
—q/o XL ] > A} dA

where we applied a change of variables A'/7 — \. Notice that the integrand is almost in the
form of N, so we need to introduce a AP. We transform it as follows:

- = AP[{1f] > Al
_ 1
L =a [ x> aypaneg [ A

6_ﬂoo qN

< 6)\q‘1E d\ TN =B

<o [ wnplaneg [ =m0 e <
whenever 6 > 0. Note that we have to take § > 0; if not, it would be as if we took § = 0 in
the above, which clearly diverges.

b) To refine this, notice that we can optimize in § That is, let g(&) = |E[69+gN/((p — q)6P~ 7).
Then, the derivative of this is

— |Bl5" +

qgN
T gp—aqtl

N1 N 1/p
El§a— 1 = q 5= —
aEl s~ = o=z

This point is a local minimum of g, and thus is the best § to use to bound [}, |f|9. We have
that

q'(8) = q|E|6*"

and this is zero if

N q/p gN N (q—p)/p
9(0) 2 || (|E> p_q(,E)

= N9/?|g|\-a/p 4 < q >N1+q/p—1|E|(p—q)/p — < p ) IN|9/P|E|1=a/p
p—q pb—q
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q §) = p> N/ g|i-a/p.
/Em §/5>09() (p_q N9/ B

Problem 6 (Spring 2013). . Let p > 0, and denote by L
f: R — R for which

Hence,

P ook (R) the space of all measurable functions

Np(f) = supa?l{z € R | |f(2)] > o}
a>
is finite. Prove that the simple functions are not dense in L? | (R), in the sense that there exists a
function f € L? . (R) such that N,(f — hi) — 0 fails to hold for every sequence of simple functions
hi,ha, ...

weak

Solution: XXX

Problem 7 (Fall 2011). Let 1 < p < oo and f(z) = |z|~™P for = € R™ Prove that f is
not the limit of a sequence f; € C§°(R™) in the sense of convergence in L? . (R™). That is,
lim supy,_, o supyso AP|{z € R™ | [f(z) — fr(z) > A}| > 0 for any such sequence.

Solution: XXX
Maximal Functions.

Problem 1 (Spring 2017). For f € L*(R) denote by M f be the restricted maximal function defined
by
x+t

MP@ = s 5 [ 1)
0<t<1 ¢

Show that M (f xg) < (Mf)* (Mg) for all f, g € LI(R).

Solution: By Fubini we have

sup —
O<t<1 2t

/ f— ) )dy\dz<sup1 °°|g<y>|M+tf<z—y>|dz]dy

o<t<1 2t J_o i

=/Oo Ig(y)l{sup L W\f(z—y)l dz] dy

—0 o<t<12t J, 4

= [ o) [ up = x_y+t\f<z>| dz} dy

oo 0<t<1 2t Jo_yy

= /DQ lg(y)|M f(z —y) dy

—00
By Lebesgue differentiation, we have for almost every z € R that

T+r
lim i/ lg(y)| dy = |gl(x)

r—0 27 r—7

In particular, for fixed 0 < r < 1 we have
1 xT+T
o lg(y)| dy < (Mg)(x)

and by taking r — 0 we see |g|(z) < (Mg)(x) almost everywhere. Hence,

/ T @I —y) dy < / T MF(e - y)Mg(y) = (M) * (Mg)(a).

—0o0
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Problem 2 (Fall 2016). For a function f € L'(R?) let M f be the unrestricted maximal function

31 o, 0) = sup / |z, y)| dedy,

Q|
where the supremum is over all Q = [xg — k,x0 + k] X [yo — I, yo + {] with k,1 > 0.

a) Show that Mf(xo,yo) < My Ms f(x0,y0), where

1 zo+k 1 Yo+l
Mifan) =sww o [\l de Mafen) s [ @] dy
k>0 —k 1>0 yo—1
b) Show that there exists C' > 0 such that if f € L2(R?) then
M fll 22y < CIlFIlL2re)-
Solution:
a) Let Q = [xo — k,zo + k] X [yo — I, yo + I]. Then clearly by Fubini,

1 ro+k yo+1
T dydxr = / T, dy| dx
o1 el dvir =g [0 [ st ay

1 zo+k 1 Yo+l 1 zo+k
-1 1 / o y) dy| de < = / Mo f (2, yo)de
Y —k

% Joyn |20, = 2
1 zo+k

< — M, f(x,y0) drv < My M f(x0,y0)-
2k Io*k

It follows from this that Mf(xo, yo) < My Ms f(z0,y0)-
b) T suspect there is a more direct way to do this (likely with part a...), but I'm not sure how.
Rather, we know that M is a bounded operator from L'(R?) to LL . (R?) — this is the
well known Hardy-Littlewood maximal theorem. We can also show that M is a bounded

operator from L*°(R?) to L>°(R?). Indeed, if f € L>°(R?) then,

~ 1 1
W1 () = s /Q £, 0)] o < sup e s @1 = 11 e

Q| Q|

It follows by the Marcinkiewicz interpolation theorem that M is a bounded operator from
LP(R)? to LP(R?) for any 1 < p < oo.

Problem 3 (Spring 2014). Consider the Hardy-Littlewood maximal function (for balls)

1 iffe] <1,
M = - e R,
fayi=sw o [ 17 1) {0 R

Prove that M f belongs to L} ., (R™).

Solution: Recall the Vitali covering lemma, which says if we have a collection of open balls B
in R™ then there exist disjoint By, ..., By € B such that

U B‘<3"Z|B|

BeB

The proof proceeds by using a compact subset which approximates the union, extracting a finite
subcover, then applying a greedy algorithm Now let E; = {Mf > t}. For each z € E; we can
choose an r, > 0 and ¢, such that B, := B,_(c,) contains x and

|B|/ 1>t
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Applying the Vitali covering lemma to the collection B = {B,, | « € E;} yields a finite subcollection
B1, ..., B¥ such that

k k ,
n n 1 3” 3’1/
|Et| < UB’§3 Z|Bi|§3 Z;/If\=7/ |f|§7||f”1
BeB i=1 = 7B Ui B

=1

where we used the disjointness of the B’ to combine the integrals. The above says that

3n
{MF >t} < —lflls

so that M f € L} ., (R™).

weak

Weak Derivatives and Absolute Continuity.

Problem 1 (Spring 2017). Let f, fi, fa,... be increasing functions on [a,b]. If ), fi converges
pointwise to f on [a,b], show that ), f; converges to f’ almost everywhere on [a, b].

Solution: XXX

Problem 2 (Spring 2016). Let 1 < p < co. Assume f € LP(R) satisfies
h) — p
p [ [He= 1)

— | dx < oo.
0<|h|<1

h

Show that f has a weak derivative g € LP, which by definition satisfies [ g = — [¢'[ for every
C*° function 9 on R with compact support.

Solution: XXX

Problem & (Spring 2016). Assuming f : [0,1] — R is absolutely continuous, prove that f is Lipschitz
if and only if f’ belongs to L*°([0, 1]).

Solution: A function f : I — R is absolutely continuous if for every € > 0 there exists a § > 0
such that for any finite collection of disjoint intervals I, = (ag,bx) C I, k =1,..., K with

K K
Z'Ik‘ :Zlbk_ak‘ <6
k=1 k=1

we have

K
ST1fbk) = flaw)| < e
k=1

XXX

Problem 4 (Fall 2015). Let f be a nondecreasing function on [0,1]. You may assume that f is
differentiable almost everywhere.

a) Prove that

Afwwnsﬂn—ﬂm

b) Let {f,} be a sequence of non-decreasing functions on [0, 1] such that F(z) = > 7 fu(z)
converges for z € [a,b]. Prove that F'(z) =Y ° | f/(z) almost-everywhere.

Solution: XXX
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Problem 5 (Spring 2014). Is the function f : [0,1] — R defined by
~ Jwsin(l/z) ifz >0,
f(x){o if 2 =0,

absolutely continuous on [0, 1]7 Explain fully.

Solution: Recall that absolutely continuous functions are of bounded variation, so it suffices to
show that f is not of bounded variation. Recall that f is of bounded variation on [a, b] if

np—1

V(f) := sup Z |[f(ziv1) — f(zi)] < o0

PEP =0
where P is the set of partitions P = {xq, ..., Zn, } of [a,b] (that is, z; < 2,41 for all 0 < i < np and
the partition is formed by [zo, z1], [21, 2], [Tnp—1,1])-

Let n > 0 be even and choose the partition P = {x¢, 1, ..., Zn, Tp 241} With
2

(n—2i+ )7

fori=1,..,n/2 and g = 0, 7, /511 = 1. XXX

Ty =

Problem 6 (Spring 2013). Let f : R — R be absolutely continuous with compact support, and let
g € L'(R). Prove that f * g is absolutely continuous on R.

Solution: XXX

Explicit Computations and Counterexamples.

Problem 1 (Fall 2015). Find a non-empty closed set in L?([0, 1]) which does not contain an element
of minimal norm.

Solution: XXX

Problem 2 (Fall 2015). Give an example of a sequence {fs}neny C L*(R) such that f;, — 0 a.e. on
R but f), does not converge to 0 in L{ (R).

Solution: We let fn(x) = hxjo,1/n(x) so that fn(z) — 0 a.e. but |[fullz10,1) = 1 for all h. If
frn— 0in L _(R), then f, — 0 in L}(Q) for each Q cC R. With Q = (0,1), we see that f, cannot
converge to 0 in L (R).

Problem 8 (Spring 2015). For any natural number n construct a function f € L*(R™) such that for
any ball B C R™, f is not essentially bounded on B.

Solution: First define g : R™ — (0, 00) by
1/|z|—1/2 z| <1,

1/|z|"*? else

Then,

/ Ig(m)lde/ [/ g(r)r" =t ds" 1} dr = |5 1\/ r) dr+|S"" 1I/
n 0 Sn 1
Sn 1‘/ dr—|—|Sn 1‘/ — dr—3‘S" 1|

So, g € L'(R™) but is not essentially bounded for any ball B containing the origin. Now let {q;}?2,
be an enumeration of Q™. Define f by
= 27%g(x — q).
k=1
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Note that

[o@iar <> g [ late—aolde =30 g [ late)] do =315 2 = a5 < .
" k=1 " k=1 :

k=1

So, f € LY(R™) too. Yet, for any ball B C R" surely there exists a g, € B. Now, all the g(x —g¢;) are
non-negative, and in particular g(z — ¢) is not essentially bounded on B. Hence, f is not essentially
bounded on B either.

Problem 4 (Spring 2015). Let g € L*(R™), ||lg|l 1=y < 1. Prove that there is a unique f € L'(R™)
such that

f@) + (fxg)x)=e "’ zeR"ae.

Solution: Suppose that such an f exists. Taking the Fourier transform of both sides gives
Ff@)](t) + @m)"2Z[f(@)](6) Zlg(@)](t) = Fle” ] (1)

Recall that
1
Fle 2| (t) = M2 Z(f(ra))(t) = < Z[f(t/r).
T
Putting the two together, we see that

1 2 1 2
S Ple P VR) = e P

ZleP)(t) = Z[e V22 (1) = L

Hence,
e—\t|2/4/2n/2 e—|t‘2/4
C 1+ @m)nR2Zg(a))(t) 22+ 2nan 2P [g(a))(t)

Thus, if such an f exists it is unique. We can also use this to show existence. Since ||g[|z1rn) < 1
we have

Ff(@)](t)

| Zg(x)](t)] < (271_1)71/2/7 lg(x)] dz < W

It follows that
1

|7 [g(x)](t) @

IN

for some € > 0 and thus
1 1

N .
ongn/2¢ — 9n/2 + Qan/zy[g(x)](t)

Consequently,
. 6_‘t|2/4

and thus .Z[f(x)](t) € L'(R"). By L' inversion we conclude that such an f exists.

Problem 5 (Fall 2013). Provide an example of a sequence of measurable functions on [0, 1] which
converges in L' to the zero function but does not converge pointwise a.e.

Solution: Consider the sequence {f,}n2, defined by fn = X|m—2k)/2k (n—2t41)/2¢) for & > 0 and
2F <'n < 2k What this effectively does is produce an interval of size 1/2* starting at [0, 1/2¥],
translate it rightward in steps of 1/2* until it gets to [1 — 1/2 1], then increase k by 1 and repeat.
Hence for any x € [0, 1] there exist infinitely many n such that f,(z) = 0 and infinitely many n
where f,(x) = 1. It follows that f,, does not converge pointwise for any x. However, for every
2% < n < 281 we obviously have ||f,|/z1 = 1/2¥ which tends to zero. So, f, — 0 in L!. This
sequence is commonly called the typewriter sequence.
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Problem 6 (Fall 2013). Let (x1,x2,...) be an arbitrary sequence of real numbers in [0, 1] (possibly
dense). Show that the series
Zk73/2|1, _ xk|71/2
k

converges for almost every x € [0, 1].

Solution: XXX

Problem 7 (Fall 2013). Let f be a continuous function on [0, 1]. Find
1
lim n/ 2" f(x) dx.
n—oo 0

Justify your answer.

Solution: We first make the change of variables ™ — x to find

1 1
n/o " f(x) da::/ 27 f (2™ de.

0

Define g, (z) := /" f(2'/"). We have that g, (0) = f(0) for all n, but for 0 < # < 1 notice that
/™ — 0 as n — co. Hence g,(x) — f(1) on (0,1]. Since f is continuous, it is bounded on [0, 1],
say by M. Then, note that

lgn(@)] = [a /"I (@) < [f V)] < M

since 2/ maps [0,1] to [0,1]. But M is integrable over [0, 1], so by dominated convergence

lim n/o 2" f(z) de = lim g,(z) dac:/o lim g, (z) dm:/o f@) dz = f(1).

n—oo n—oo n— oo

Problem 8 (Fall 2012). If f(z,y) € L*(R?), show that f(z + 23,y +y%) € L'(R?).

Solution: XXX
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