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Abstract

In this paper, we first extend the micro-macro decomposition method for multiscale ki-
netic equations from the BGK model to general collisional kinetic equations, including the
Boltzmann and the Fokker-Planck Landau equations. The main idea is to use a relation be-
tween the (numerically stiff) linearized collision operator with the nonlinear quadratic ones,
the later’s stiffness can be overcome using the BGK penalization method of Filbet and Jin
for the Boltzmann, or the linear Fokker-Planck penalization method of Jin and Yan for the
Fokker-Planck Landau equations. Such a scheme allows the computation of multiscale col-
lisional kinetic equations efficiently in all regimes, including the fluid regime in which the
fluid dynamic behavior can be correctly computed even without resolving the small Knudsen
number. A distinguished feature of these schemes is that although they contain implicit
terms, they can be implemented explicitly. These schemes preserve the moments (mass, mo-
mentum and energy) ezactly thanks to the use of the macroscopic system which is naturally
in a conservative form. We further utilize this conservation property for more general kinetic
systems, using the Vlasov-Ampére and Vlasov-Ampére-Boltzmann systems as examples. The
main idea is to evolve both the kinetic equation for the probability density distribution and
the moment system, the later naturally induces a scheme that conserves exactly the moments
numerically if they are physically conserved.
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1 Introduction

The Boltzmann equation and the Fokker-Planck-Landau equation are among the most
important kinetic equations, arising in describing the dynamics of probability density distri-
bution of particles in rarified gas and plasma, respectively. One of the main computational
challenges for these kinetic equations is that the problem may often encounter multiple time
and spatial scales, characterized by the Knudsen number (denoted by ¢), the dimensionless
mean free path, that may vary in orders of magnitude in the computational domain, cover-
ing the regimes from fluid, transition, rarefied to even free streaming regimes. Asymptotic-
Preserving (AP) schemes, which mimics the asymptotic transition from one scale to another
at the discrete level, have been shown to be an effective computational paradigm in the last
two decades [12, [13]. Such schemes allow efficient numerical approximations in all regimes,
and coarse mesh and large time steps can be used even in the fluid dynamic regime, without
numerically resolving the small Knudsen number. For the space inhomogeneous Boltzmann
equation, AP schemes were first designed using BGK-operator based penalty [6]. Other ap-
proaches include the exponential integrator based methods [5 20], or micro-macro (MM)
decomposition [2]. We also mention relevant works |31, 22]. One should note that [2}, [3T]
only dealt with the BGK model, rather than the full Boltzmann equation. For AP schemes
to deal with the stiff Landau collision operator, the BGK-penalization method was extended
to the Fokker-Planck-Landau equation in [I5], using the linear Fokker-Planck operator as
the penalty.

The aim of this paper is not on the comparison of all these different approaches, rather
we will focus on the micro-macro decomposition method, which was formulated in [2] for
the Boltzmann but numerically realized only for the BGK model. One of the difficulties in
this formulation is that one encounters a stiff linearized collision operator whose inversion
could be computationally inefficient. One of the goals of this paper is to show how it can
be extended to the general collision operators, include the Boltzmann and Landau collision
operators. Having its theoretical origin in [25] (see also [24]), the micro-macro decomposition
has also found its advantage in designing AP schemes for radiative heat transfer [I6], linear
transport equation [I8], among others. One of the advantages of the micro-macro approach
is that one can obtain good uniform numerical stability result [23] [10].

Our main idea for the MM method is the usage of a simple relation between a linearized
collision operator (a numerically stiff term) and the quadratically nonlinear collision operator.
For the (stiff) nonlinear collision operators, we then use the BGK-penalty method of Filbet-
Jin [6] for the Boltzmann collision or the Fokker-Planck penalty of Jin-Yan [I5] for the
Fokker-Planck-Landau collision. This allows us to extend the MM method of [2] from the
BGK model to the more physical Boltzmann and Fokker-Planck-Landau equations in a rather
simple fashion.

We would like to point out that in the MM formalism (as well as in the penalty methods in
[6, [15]), one needs to solve the macroscopic system, which is in conservation form, giving rise
the conservation of mass, momentum and total energy. When discretizing the macroscopic
system with a standard spatially conservative scheme, these physically conserved quantities
are naturally conserved numerically. This is not the case if one uses the microscopic equation
for the particle density distribution f and then takes moments from the discrete f, since
many collision solvers, for example the spectral methods [8), 29, [, 28], do not have the ezact
conservation properties, and extra efforts are needed for the exact conservation, see [26], [32}[7].
The advantage of the conservation of moments made from the macro system was noted and

emphasized in [15].



In Section [7| we further extend this idea to design conservative schemes for general (col-
lisional or non-collisional) kinetic systems, using the Vlasov-Poisson and Vlasov-Poisson-
Boltzmann systems as examples. The general principle favored here is that one should solve
the original kinetic equation and the moment system simultaneously. One first obtains the
moment system analytically and then the discrete moment system, when using spatially con-
servative discretizations, automatically yields the exact conservations of moments, if they are
conserved physically. Since the total energy also includes the electric energy, another idea in-
troduced here is to replace the Poisson equation for the electric field by the Ampére equation,
and then the coupled system is discretized in time by a carefully designed explicit-implicit
scheme.

This paper is organized as follows. Section[2|gives an introduction of two kinetic equations:
the Boltzmann and the Fokker-Planck-Landau equations. In Section [3] the basic idea of the
micro-macro decomposition method is reviewed. Section [ studies the fully discretized AP
numerical scheme, especially on how to embed the penalization method in the micro-macro
decomposition framework to solve the full nonlinear Boltzmann and Fokker-Planck-Landau
equations. We also emphasize that our scheme conserves the moments (mass, momentum,
energy) if these moment variables are obtained from the macroscopic system instead of from
the particle density distribution f. Section [f] provides some implementation details, while in
Section |§| a number of numerical examples are used to study the conservation property as
well as the performance of the new schemes in different regimes. In Section [7] we introduce
conservation schemes for the Vlasov-Ampére system and Vlasov-Ampre-Boltzmann system,
with the conservations obtained through solving the moment systems and a specially designed

time discretization. Finally, we conclude and list some future work in Section

2 Introduction of two kinetic equations

2.1 The Boltzmann equation

One of the most celebrated kinetic equations for rarefied gas is the Boltzmann equation,
which describes the time evolution of the density distribution of a dilute gas of particles when

the only interactions considered are binary elastic collisions. A dimensionless form reads

atf‘FU-sz:éQB(f,f), t>0, (z,v) € Qx RY, (2.1)

where f(t,z,v) is the probability density distribution (p.d.f) function, modeling the proba-
bility of finding a particle at time ¢, at position z € Q, with velocity v € R%. The parameter
€ is the Knudsen number defined as the ratio of the mean free path over a typical length
scale such as the size of the spatial domain, which characterizes the degree of rarefaction of
the gas. The Boltzmann collision operator is denoted by Qg, which is a bilinear functional

and only acts on the velocity dependence of f,

o(f,9)t,z,v) = / / B(|v—vs]|, cos 6) (f(t, z,v)g(t, z,v)) — f(t,x, v)g(t,:c,v*)) do dvs .
Rd Jgd—1

(2.2)

We consider the elastic interaction. The velocity pairs before and after the collision (v, vy)

and (v',v,) have the relation,

A v — vl
= — 0,
2 2 (2.3)
o V+ve v — v
2 2



Here o is the scattering direction varying in the unit sphere S%~!, and is defined by

/ /
u u

g )

'l ful
where the pre- and post-collisional relative velocities © = v — v, and u' = v’ — v}, have the
same magnitude, i.e., [u'| = |u].

Cosine of the deviation angle is given by

The collision kernel B is a non-negative function, which is usually written in a form of a
product of a power function of the relative velocity v and a scattering angular function b

depending on cos 6, that is,
B(|v — v.|,cos0) = B(|u|, - 0) = C |u|* b(@ - o), —d< X<, (2.4)

Here A\ > 0 corresponds to the hard potentials, A < 0 the soft potentials, and A = 0 refers to
the Maxwell pseudo-molecules model.
It is not hard to find that
1
QN do = /d Fh (64 6e— & — &) B(lv—valo)dodv.  (25)
R R
equals to zeros if
¢+ e = ¢ + ¢l (2.6)
One can prove that (2.6 holds if and only if ¢(v) lies in the space spanned by the moments

2
of mass, momentum and kinetic energy. We call the d 4 2 test functions 1, v, % collision

invartants associated to Qp. Denote

m(v) = (l,v7 112|2)T,

/]Rd Os(f, fym(v)dv =0, (2.7)

which correspond to the conservation of mass, momentum and kinetic energy of Qp.

then

Define U = (p, pu, E)T as the velocity averages of f multiplying by the collision invariants

m, which is a vector composing of d+2 conserved moments of density, momentum and energy,

1 p p
(mMU))y=U = v fw)dv = U =\|pul. (2.8)
R4
3l splul*+gpT E

If setting ¢(v) = In f(v) in (2.5)), one can prove the following dissipation of entropy

/ Qu(f, f)ln fdv <0, (2.9)
R

which is known as the celebrated Boltzmann’s H-theorem. Furthermore, the Boltzmann

theorem for elastic interaction is given by

[, @n(s.fymfio =0 & Qp(£f) =0 & f =M, (210)
R
where M is the equilibrium state given by a Mazwellian distribution
p v —ul?
MU)(w) = exp (f ) = My (z,0)(v) . (2.11)
(27T) % 2T @0



Here p, u and T are respectively the density, bulk velocity, and temperature defined by

P:/Rd f(v)dv, U= — (v)vdv, T:dip /Rd f(U)\v—u|2dq;,

P Jrd

The fluid limit We introduce the notation () as the velocity averages of the argument,

. = [, s

Multiplying (2.1) by m(v) and integrating with respect to v, by using the conservation
property of Qg given by (2.7, one has

o{mf) + Va - (vmf) =0.

This gives a non-closed system of conservation laws

p pu
O |pu|+Ve-| pu@u+P | =0, (2.12)
E Eu+Pu+Q

where E is the energy defined in (2.8), P = ((v — u) ® (v —u)f) is the pressure tensor, and
Q = 3((v —u)|v — ul*f) is the heat flux vector. When ¢ — 0, f — M (U). Replacing f by
M (U) and using expression (2.11)), P and Q are given by

P=pl, Q =0,

where p = pT is the pressure, I is the identity matrix. Then (2.12)) reduces to the usual
compressible Euler equations

P pu
Ot |pu| +Ve - | pu®@u+pl | =0. (2.13)
E (E+p)u

2.2 The Fokker-Planck-Landau equation

The nonlinear Fokker-Planck-Landau (nFPL) equation is widely used in plasma physics.
The rescaled nFPL equation reads

8tf+v~sz:§QL(f,f), >0, (,v) € Q x RY, (2.14)

with the nFPL operator

Q(f, /) =V /Rd Ao = 0.) (f(v) Vo f (v) = f(v) Vo f(vs)) dow, (2.15)

where the semi-positive definite matrix A(z) is

A(z) = (2) (1 - %) L W) = |2

The parameter v characterizes the type of interaction between particles. The inverse power
law gives v > —3. Similar to Boltzmann collision operator, v > 0 categorizes hard potentials,
v = 0 for Maxwellian molecules and v < 0 for soft potentials. The case v = —3 corresponding
to Coulomb interactions.

The nFPL equation is derived as a limit of the Boltzmann equation when all the collisions
become grazing. Therefore, the nFPL operator possesses similar conservation laws and decay
of entropy (H-theorem) as the Boltzmann collision operator, which are given in -.



3 The micro-macro decomposition method

When no confusion is possible, we set My, 4 (v) = M in the following. Consider the
Hilbert space L3; = {(j) | o M “5 ¢ LQ(]Rd)} endowed with the weighted scalar product

(6, ) = (pv M 1),

It is well-known that the linearized operator Ljs is a non-positive self-adjoint operator on

L2, and that its null space is
N(Lar) = Span {M, [v|M, [v[*M},

whose orthogonal basis is

(S ()

The orthogonal projection of ¢ € L3, onto N (Lar) is given by T (¢):

M (9) = 1 [ty + Lm0 l0 =l (0wl )2 (10wl Do)

We explain the main idea of the micro-macro decomposition, which mostly follows that in
[2], where the BGK equation, with Qpaxk (f, f) = £(M — f), is numerically implemented (7 is
the relaxation time). Let f be the solution of the Boltzmann equation (2.1)). We decompose

f=M+eg(z,tv) (3.1)
where U and M are given in and respectively. Inserting into , one
obtains

OM +v-VoM+e(0ig+v-Veg) = éQ(M +eg, M +eg).
Denote the linearized collision operator
La(g) =2Q(M, g). (3.2)

Since Q is bilinear and Q(M, M) = 0, then
QM +eg, M +eg) = Q(M, M) +2:Q(M, g) +¢°Q(g,9) = eLa(9) +£°Q(9,9),

thus
OM+v-VoM+e(0eg+v-Vag) = Lm(g) +9(g,9)- (3.3)

Applying the operator I — IIs to , one gets
0+ (1= Tar) (v Vag) = Qg,9) = * [Las(9) — (1-Th)(v - VubD. (3.4)
On the other hand, if we take the moments of equation , then
O(mM) + Vo - (vmM) 4+ eV, - (vmg) = 0. (3.5)
Denote the flux vector of U by
ou

FU)=(vmM)=|puu+pT |,
FEu+ pTu



then (3.5 becomes
U + V- F(U)+ eV, - (uvmg) = 0. (3.6)
Therefore, the coupled system (3.4) and (3.6) gives a kinetic/fluid formulation of the Boltz-

mann equation. It has been shown in [2] that this coupled system is equivalent to the
Boltzmann equation (2.1]).

Initial and boundary conditions

For the initial condition, we set

ft=0,2,0) = f(z,0).

x is in a bounded set 2 with boundary I". For the numerical implementation purpose, we
only consider the periodic boundary condition (BC) in z in this paper. Nevertheless, we
briefly mention other types of BC.

For points z on the boundary I, the distribution function of incoming velocities (i.e., v
with v - n(z) < 0, where n(x) is the outer normal vector of I" at x) should be specified. The
Dirichlet BC reads

flt,z,v) = fr(t,z,v) vz € T, Vo, s.t.v-n(z) < 0. (3.7)
The reflecting BC is given by
flt,z,0) = / " K(z,v,v")f(t,z,0") dv' Vo €T, Yo, s.t.v-n(z) <0, (3.8)
"on(x)>0
where the kernel K satisfies the zero normal mass flux condition across the boundary:

/ v-n(z)f(t,z,v)dv =0.

r

The periodic BC can be used when the shape of 2 is symmetric,
f(t7l‘7v) :f(t’sw7v)7 $€F17vv’

where S is a one-to-one mapping from a part I'y of I onto another part I's of T'.

In general, using the micro-macro decomposition into boundary conditions —
provides relations for M +¢eg, but do not provide the values for M and g separately. Moreover,
f is generally known only for incoming velocities at boundary points, which may induce
difficulties to define the macroscopic moments U. Note that various numerical boundary
conditions based on micro-macro formulation for linear kinetic equations in the diffusion
limit is studied in [I8].

4 Numerical Approximation

4.1 Time discretization

We denote At a fixed time step, ¢, a discrete time with ¢, = nAt, n € N. Let U™ (z) ~
U(tn,x), g"(x,v) = g(tn,z,v). Note that in equation , e 'L (g) is the only collision
term that presents the stiffness, thus one needs to take an implicit discretization for this
term, while the term (I — IIa)(v - VM) is still explicit. The time discretization for is
given by

gt — gn

T I Tam)(v- Vag") = Q(g",9") = é [Larn (g™ ) = (T~ Har) (v - VaM™)]

(4.1)



For the time discretization of the fluid part , the flux F(U) at time ¢, is approximated

by F(U™) = (umM™), and the convection term V, - (vmg) is discretized by V, - (vmg™™),
gttt g

—

In [2] only BGK collision operator was considered, thus avoided the difficulty of inverting
the Lam(¢™") term in , since the implicit BGK operator can be inverted explicitly,
thanks to the conservation property of the operator due to . For general collision oper-

+ Va - F(U™) + eV, - (vmg™™) = 0. (4.2)

ator this is no longer true. In the next subsection, we propose an efficient method to deal

with the term Lan (g™ "), which is one of the main ideas of this paper.

4.2 AP schemes by penalization

To avoid the complication of inverting the stiff, implicit linearized collision operator
Ly (g™ in (4.1), our proposed method is to use the relation

1
and by , namely La(g) = 29(M, g), then

n 1 n n n n n n n n
Lan(g"h) = 5 [QM™ + g™ M" + g™ — QM" — g™ M™ — g™ ] (4.3)
To deal with the implicit collision operator Q, we adopt the penalization method developed
in [6] for the Boltzmann equation, and that in [I5] for the Fokker-Planck-Landau equation.

I. For the Boltzmann equation, the linear BGK collision operator [6]
P(f) = Pserf =B(M - f) (4.4)

is used as the penalty operator. Now we replace Ly (¢" ") in (4.2) by L5 (g™ ™), given
by

n 1 n n n n n n n n n n n n
LEin(g"™) = L[ QoM™ 4 g M7 + g7 — BRI — (07 + 7)) 4 B U = (M 4 g
- (QB(M" LM ) — M — (MT — ™))+ B - (M g"“»ﬂ
1_ n n mn n n n n n
=5 |Q(M" +4", M" +¢") + Bi'g — prttgntt

_QB(Mn_gn7Mn_gn)+ﬁ;gn_ ;L+lgn+1)
1 n n n n n n n n
=5 (Qs(M" +g", M" +¢") = Qp(M" — ¢", M" — g"))

b (B 4 BE)g" — S (BT + B (4.5)

2 2
In the Boltzmann equation, the parameter § > 0 is chosen as an upper bound of

[I[VO(M)|| or some approximation of it, for example,

B = sup| QM+ 9" M+ ") — QM™, M) :Sup'Q(M +9" M +g")|
v gn v gn
v g v g
II. For the nFPL equation, the linear Fokker-Planck (FP) operator
Pf=Pipf=V,: (Mvv (%)) (4.7)



is chosen as the suitable penalty operator [15]. We now replace Ly (g"“) in (4.2) by
LY (g™ (and use the bracket notation {-} to denote P imposed on the argument),

n 1 n n n n n Y n n n 123 n n
Livn (g “):g{QL(M +g", M" +g") = BTP{M" + g"} + Br PTTH{M T 4 g}

_ (QL(Mn _gn7Mn _ gn) _ ﬂ;LPn{Mn _ gn} =+ B;Pn+l{Mn+l _gn+1})

1 n n n n n n n n T n
§[QL(M +g" M" +g¢") = B P"g" + BT P g

—QL(M"™ —g",M" — g") — B3 P"g" + By P"T1g" !

N | —

(Qu(M™ +g", M" +¢") = Qu(M" = g", M" — "))
]' n n n _n 1 n n 3 n
= 5 (BT + BE)Pg" + (BT + B5) P g (4.8)

where the well-balanced property of P, i.e., P"M"™ = P"™ M™*! = 0 is used.
In (4.8), BT and 3 are chosen as

Bt = Bomax A(Da(g" + M")),

55 = fomax A(Dalg" — M™).

Bo is a constant satisfying o > %, and a simple choice is o = 1. A(Da) is the spectral

radius of the positive symmetric matrix D4,

Da(f) = | Alv—wvi)fsdvs,

Rd

4.3 Space and velocity discretizations

Space discretization For simplicity and clarity of notations, we only consider x € R.
As done in [2], a finite volume discretization is used for the transport term in the left-hand-
side of ([{:1)); a central difference scheme is used to discretize the term (I —IIan)(v-VoM™)
via , and the term eV, - (vmg™*!) via .

Consider spatial grid points Tip1 and x; the center of the cell [xi_%,xi_‘_%], for i =
0, Nyz. A uniform space step is Az = Tipl =T 1 =T = Tl Let U* = U(tn, ;) and
gZL% ~ g(tn, Ti1 ). Now we define the following notations for the finite difference operators.
For every grid function ¢ = (¢, 1 ), define the one-sided difference operators:
¢i+% - ¢i—%

+
=g DY

_ ¢l+% - ¢’z+%
Az '

-1
it Az

For every grid function p = (p;), we define the following centered operator:

D¢

0 i1 — My
5ui+%—7Ax .

Velocity discretization We adopt the simple trapezoidal rule to compute the numerical

integral in velocity space. For example, we write the one-dimensional trapezoidal rule,

Ny
[ o o (500 + ) o4 Flove) + 370w ) = D ) w Ao,

j=0

where w = (%,1,~~~ ,1,%).



Macroscopic equations
The fluid equation (4.2)) is approximated at points x;. The flux 9, F(U"™) at x; is discretized
by

F (U™ —F,_.(U")
n -~ it 5 11—
8:F(U™)|,, ~ - : (4.9)
where upwind-based discretization is used to approximate F(U™) = (vmM™) at points z,

N

1.
3
The first order approximation is given by

Fip1(U") = (m(o" M} + 0" M) (4.10)

A second order approximation of 9, F(U) term will be discussed in section
The flux term 8, (vrg™ ™) at z; on the right-hand-side of (4.2)) is approximated by central
differences,

gn+l _ gnJrl
il i1
Dz (vmg™th) o N <vml+2sz2>. (4.11)
The fully discretized scheme of the equation (4.2]) then reads
n n n+1 n+1
urtt —up Fiy (UT) = F 1 (UT) ol Jiv15 " 9i-1,
AL + 2 As 2 =—e» v;m(v;) # w; Av,  (4.12)
j=0

n ~ )
where 91, ™ g(tn,mi+%,v]).
Next, we prove that the discrete macroscopic equations (4.12)) conserve mass, momentum

and total energy.

Theorem 4.1. (Conservation of moments U)

For periodic or zero flux boundary condition, one has

Ny Ny
SN urtt=>"ur. (4.13)
i=0 i=0

Namely, the total mass, momentum and energy are all numerically conserved.

Proof. Summing up all i =0,---, N; on (4.12)), one has

n n N, n+l _ n+l
S.Uurtt - ur <Fi+§(U )_Fi—%(U )) d Jivl; ~9i-1,
L 2 : +z :fszz v;m(v;) —2——2= w; Av.
At - Az et Az
(4.14)

By the assumption on the boundary condition, the telescoping summation terms vanish, and

then one has (4.13). O
Remark 4.2. If ¢ is spatially dependent, then is written by

Un+1 _ Un
At

and correspondingly becomes
2 UinH -2, U + Z (Fi+é(Un) - Fz;(Un))

+ V.- F(U™) + Vs - (evmg"™") =0,

At Az
Ny e 19" —e,_1g™)
it+3 it ], i i-3,
=_ ZZ v; m(v;) ———2 ]Am 2 2w A, (4.15)
i j=0

with €1 = s(mH%), €1 = 6(581;%)‘ This again has the conservation property .

10



Remark 4.3. Typically, a discrete collision operator, particularly those based on spectral
approzimations in velocity space [8, [29, [9, [28], does not conserve exactly the moments U
{/-13), which needs to be taken care of with extra efforts [26, [32, [7]. What differs here is
that the conserved variables U are obtained from the macroscopic system (@, which has
the zero right hand side, thus the conservation property can be easily guaranteed by
any conservative discretization of the spatial derivative in @) What differs here from
those typical kinetic solvers in [32, [7] is that in the latter cases the moments were obtained
by taking the discrete moments from f, computed from the original kinetic equation for f,
with the collision operator discretized not in an ezxactly conserved way! This observation is
not new, and in fact was already pointed out in [15]. In section@ this point will be further
explored for general kinetic systems and this offers a generic recipe for obtaining (exactly)

conservative schemes through solving the moment systems.

Microscopic equation
Equation 1) is approximated at grid point z;, 1; the term (I —Hpn)(v - Vaeg™) in the
left-hand-side is approximated by a first order upwind scheme

n ~ n +
(I = Tarn) (v Dag ”m% ~ (]I—HH%) (" D™ +v D) gl s (4.16)

The transport term (I — IIym)(v - Vo M"™) in the right-hand-side of (4.1) is discretized by a

central difference scheme
~ 0
Q=T = (T ) (09°30) 1)

where II"" ; is an approximation of Il (v (t,,» ,)). A suitable choice of II7 , is given by
it3 Tt S it3

(2D

n I TR, IUT) +T(UR) Ui + Uiy
ity = 5 = 2 , or HH%:H —s )

MMy
2

(4.18)
and Mﬁr% ~

I. For the Boltzmann equation, the discretized scheme of the microscopic equations (4.1))

is given by
g:fllAtglﬂ (]Ifl'[ﬂ%) (v+ gﬂ%gng_% Y 9?+3A$9?+;> - Onlgl )
é{ (QB( 7-+1 +gl+1 Z_%-I-QZ%)—QB(MZ_%—g?+%aMf+%_9?+%)) (51 +52)1+1
-t - (1o ) (M) @19
thus
9y = 1+ 25087 "1“ + 857 {931% — At (H - in+%) <U+ 9?+%A—x9?_§ o 9f+g;$9?+§>

(QB( z+1 +g7,+1 ZL% +gz‘n+%) - QB(MZZL% - g?+%7MZL+% _QZL%))

(87 + B3)aryy — (1T ) (v#) >] .
(4.20)

N =

n n At
+ At QB(Q¢+%79¢+%) + ?(

l\)\»—t
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Remark 4.4. To improve to second-order spatial discretization of v0zg in the above equa-

tion, one uses a second order upwind (MUSCL) discretization in , and then is
replaced by

G". — G
n+1 _ . o n i+1 (3
+ tQB( 1+ ,ngr ) —_ 5 ( ( z+% +g¢+%: i+l +gi+%) - QB(MiJr% _giJr%?MiJr% _gpr%))
1 n i1 — M
+ 5B+ Bty - (1= mn)@‘i@‘ﬁ)k
(4.21)
where
+ +,n - —n + n - n Az n .
Gy =v"g "+v g " =v _7+—5 “1 +v" g1 ——96g..1 ), 1=0,---,N,
1 2 z z 7,+2 2 z+2
(4.22)

and 0g represents a slope with a slope limiter, given by [19]

n 1 n n n .
6gj7% = A—Immmod{ 9i+1— 951,95 1 —gjfg}, j=0,---,N+1.

II. For the nFPL equation, we first introduce the symmetrized operator in [I5]
~ 1 h
Ph=—V, - MV, | — .
VM " ( ’ <\/M>>
Thus the penalty operator given in (4.7 can be rewritten as
P = VAP
Frf T
Use ([4.8), (4.19) correspondingly becomes

-1 91 =g 1 g9 s — g1
n . o + Jit3 i—3 — ity i+
[gi+% At(L-1tr,y) (” A Y Az >

ngél = (H_ ?5(51 +B3)P +1)

At n n n n n n n
+AtQL( 7.+ 7gl+ 1)+ — c ( (QL( z+%+gi+%v i+%+gi+%)_QL(Mi+%_gi+%>Mi+%_gi+%))

1 n n n _n n :L _ M’Z’L
- = aPry - (- () )
(4.23)

Rewrite the above equation (4.23) as
gi+% e At n n\ pn+1 -t 1 n n

gﬁ_{_l _g"n_l _ gﬁ_&.é _gz_l
'(U+ 1Ty 1= 3 + o 1Ty m’ 2 +AtQL(g?+%,g:L+%)

At n n n n n n
+ 7(* (QL( 7,+1 +gz+17Mi+% +gi+%) - QL(MH-% _9¢+%» it3 _gi+%))

n

Loon | oy s Jitd n i = MY
- 5(51 +52)mp N - (H_Hi“’%) (v -!T) >]}
(4.24)
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9,41 n+1
One can apply the Conjugate Gradient (CG) method to get ( \/% ) , which is used in [15].

A second order discretization of (I — ) (v d29™) can also be used as in (4.22)).
Velocity discretization of P As was done in [15], the discretization of P in one

dimension is given by

(Ph); = (Ai;)? \/ETJ{ My My ((ﬂﬁ)m - (\/hM>]> — VMM ((x/hﬁ)] - (x/hﬂ)j_1> }

/M, M;_
= ! hj+1 — i1t It hj + hj_l . (4.25)
v/ M

It is obvious that P is symmetric. We discretize dimension-by-dimension in velocity space.

4.4 The Asymptotic-Preserving property of the scheme

In this section, we investigate the formal fluid dynamics behavior (for & < 1) of the
discretized numerical scheme given by and for the Boltzmann equation, in
order to show that the scheme is Asymptotic-Preserving (AP)[12] [13] in the fluid dynamic
regime. For notation simplicity, rewrite the term

n 1 n n n n n n n n
EM?+% (9i+%) = by (Q(MH-% +gi+%7Mi+% +9¢+%) - i+l _gi-i,-%? i+td T gi+%)) .

From the right hand side of (4.19)), one can see

1 1 1
(BT + B3 gl
2

N =

n 1 n n n
EM;?'+% (9¢+%) + 5@1 + B2)9; ¢

1
2

We make the following assumptions [6]: there exists a constant C' > 0 such that

n+l _ n
Il + | 5 < . a.27)
and +1
wy L JUmt —
1% |\+HT <c. (4.28)

Denote 8 = %(,81 + f32), we have in (4.26)
1 1
term [ := 5(/6{1 + B?)gﬁ% — 5( ;H-l + ﬁg-kl)g?:%l — Bng::r% _ ﬂnﬂg?:%l
=B g" =g+ (8" = B")g"
Under the assumption (4.27) and (4.28)), and since 8™ only depends on U™, one gets

[[term I|| = O(AR).
From ll gﬁr 1 is approximated by

" _ " M, — M
a1 = Lat | { (H - Hi+%) (v jT> } +0(e) + O(Ab),

itd
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n+1

thus ¢’ 41 is approximated by
it

, { (r1-1,s) (U #) } +0(c) + O(AY). (4.29)

n+1 —1
gi 1 =Lyn
7.+2 .

T2

Plug (4.29) into (£.12),

n+l _ prn Fi l(Un)_Fi,l(Un) i1 — 3
U; U; G 2 :i<vm{c;;n [(]I—H’.L )(v“iMﬂ

At Az Az Nl 3 Az
_ " M} — M-
szli,i% {(H,Hi_%) (v Tl)] }> + O(eAt + &%). (4.30)

Following the same calculation as |2} [6], one obtains

(I—-TIm)(v-VaM) = (B: (Vzu—i— (Vou)" — %(Vz ~u)]I> +A- %) M+ O(e),
where
A:(|U—u‘27d+2)v7u le((v—u)@)(v—u)i\v_uﬁﬂ)
2T 2 VT ' 2 2T dT ’
Therefore,

V.T
VT~
Thus (4.30) is a consistent time discretization scheme to the compressible Navier—Stokes

system, with the order of € term given by

Lot (=T )0V M™) ) = L35 (BM) : (Vo + (Vou)” — 2(Va - w)1 ) +L 35 (AM).-
d

0
eV - wo(w) ;
puo(uw)u + &V, T
with
o(u) =Vu+ (qu)T - gvx -l

where the viscosity 4 = u(T') and the thermal conductivity £ = k(T') only depend on the
temperature and whose general expressions can be found in [I].

We summarize the conclusions in the following theorem. Compared to Proposition 4.3 in
[2], the result here is valid for the full Boltzmann instead of the BGK equation.

Theorem 4.5. Consider the time and space discretizations of the Boltzmann equation, given
by equation and , then
(i) In the limit € — 0, the moments U™ satisfy the following discretization of the Euler
equations
vptt—up | U - Fog
At Ax
(i) The scheme and is asymptotically equivalent, with an error of O(g?),

to the following scheme,

vt up | Fuy @ - F,

i—

] (Un) e MY, — MP
T3 _ < —1 1" i+1 Q
At + Az T Az <Um{£Min+% [(H H”%) (v Ax )}

- L {(H ) (” %” }>

which is a consistent approximation of the compressible Navier-Stokes equation, provided that

@)
=0.

[NE

the viscous terms are resolved numerically.

From (ii), it shows that one needs the mesh size and time step to be O(e) in order to
capture the Navier-Stokes approximation. This is necessary for any scheme since the viscosity

and heat conductivity are of O(e).
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5 Numerical Implementation

We mention some details in the numerical implementation. Assume we have all the values

of U and g at time t", namely g" ,,--- 79;(74_;7 and U2y, Ug', -+ ,Uny1, Unya-
2 2

(i) Step 1. g is calculated at staggered grids T, Ty L
We use equation ([4.21) for the Boltzmann or (4.23)) for the Landau equation (with a
rewritten form of (4.24))). The projection operator is given in (4.18]). Here the second choice

is used. Denote
M(Ui) + M(Uit1)

M =
2 )

by definition of II, one has

My (9) = £ [+ 20 llomed | (ool Y20 (ol 8y ) o,

where p, u, T are associated with M* as in (2.8). If one assumes the periodic in = boundary

condition, then

g1 =9gn_1 In+i =91 (5.1)

1
2 2

Free-flow boundary condition is used in the shock-tube tests, that is,

g1 =91,  Inyl=In_L, (5.2)

and similarly for U.
.. . . n+1 n+1
(i) Step 2. U iscalculated ati = 1,--- , N, by using li where values ofg . ,gN+ 1

are used. The numerical flux F is calculated by first or second order splitting Wlth slope lim-
iters. We apply a second-order TVD method. Following [2], we use a simple reconstruction
of the upwind flux Fi (U™) (i=0,---,N) from the flux splitting that is naturally derived

from its kinetic formulation:
FU) = (v"mM(U)) + (v mM(U)) := FT(U) + F~(U). (5.3)

A second order approximation of the positive and negative flux is obtained by a linear
piecewise polynomial Fy for i = 0,---,N + 1. Then we reconstruct the numerical flux

FH%(U) (i=0,---,N) in a split form,

,nAa:

n Az — n
TS+ F(UR) — st 5

5 (5.4)

g

where a slope limiter sf is introduced to suppress possible spurious oscillations near dis-

continuities. We use a second order TVD minmod slope limiter [19],

sEm = A%: minmod { F=(U}4,) — FE(U}), FX(U}') — FX(U1)}. (5.5)

Note that we need F(U-1), F(Us), F(Un+1), F(Uny2) when computing s, sy, thus two
ghost cells are needed. For periodic BC, we let

Uo = Uy, U_y =Un-1, Uny1=Un, Uni2 = Us.

Implementation details of solving (4.2)) are shown in the Appendix.
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6 Numerical Examples

Test I: The micro-macro scheme for the Boltzmann equation

Consider the spatial variable z € [0,1]. Periodic boundary condition is used except for
the shock tube tests. The velocity variable v € [—Ly, L,)> with L, = 8.4. N, = 100,
At = Ax/20. Note that the velocity domain should be chosen large enough so that the
numerical solution f is essentially zero at its boundary. The fast spectral method in [30] is
applied to evaluate the collision operator Q and 32 points are used in each velocity dimension.

In order to compare different schemes, we denote by ‘FJ’ the Filbet-Jin AP method with
penalty proposed in [6] for the Boltzmann equation; by ‘JY’ the Jin-Yan AP method with
penalty in [I5] for the Landau equation. ‘MM’ stands for the micro-macro scheme for the
full Boltzmann and Landau equations we propose in the current paper. ‘DS’ represents a di-

rect, explicit 4th order Runge-Kutta time discretization solver for the Boltzmann or Landau

equations.
Test I (a)
The initial data is given by
Plz) = H%(Zﬂm)y W° = (0.2,0), T°(z) = 3"*‘#5(27”5), (6.1)
The following non-equilibrium double-peak initial distribution is considered,
0 w02 vtu0)2
fo(inU) = 47fT0 (e_l QTO‘ + e_l ;rTO‘ ) . (62)

Test I (b)
In this example, we consider a mixed regime with the Knudsen number ¢ varying in space,
where x € [0,1], v € [-6, 6],

107 + £ (tanh(25 — 202) + tanh(—5 + 20z)) , z < 0.65,
e(z) = (6.3)
1072, x> 0.65.

The initial data is given by (6.1))—(6.2)).

Test I (c). We study a Sod shock tube test problem for the Boltzmann equation. The
equilibrium initial distribution is given by

po 7\71—u0|2

fo(%v):ﬁe 210
™

where the initial data for p°, u® and T° are given by

=1 u; = (0,0 T =1, z < 0.5,
: (0,0), (6.4)
pr = 0.125, ur = (0,0), T, =0.25, z > 0.5.

There are different choices of the free parameter 8 in the penalty operators. We list below:
Choice 1. In the BGK penalty operator, P = 8(M — f), where 8 is a positive constant
chosen for stability. One can split the collision operator Q into the gaining part and the
losing part Q(f,f) = QT — fQ~. In order to obtain positivity, it is sufficient to require
B> Q7 ([14]). In our case,
pr>Qr,  f2>Qs,

16



where Q1, Q2 represent the collision operator Q(M"™+g", M"+g") and Q(M" —g™, M" —g™)
respectively. Here 87, 83 are space and time dependent.
Choice 2. Another choice is given in [6], recall (4.6)), we let

1 = sup QM™ +g", M" +g") , (6.5)
v g"

. Q Mn _ n’Mn_ n

8 :sup‘ ( L ) (6.6)

Now we present and compare numerical results using difference schemes. Property of
conservation of moments will also be verified. In the figure titles, Py, Pi1, P> represent the
mass, momentum (in v; direction) and the total energy respectively. For Test I (a), Figure
(for ¢ = 1) and Figure [2| (for ¢ = 10™*) show the time evolution of mass, momentum and
energy obtained from f (using f = M + eg), denoted by ‘Mf’ (see Remark , and from
solving the macroscopic equations, denoted by ‘ME’ (moment equations) below. Figure
uses ‘DS’ and Figure [2| uses ‘MM’ for small €. One can observe that the moments calculated
from ‘ME’ are perfectly conserved with values unchanged as time propagates, while the
conservation is not guaranteed if the moments are obtained from f itself, however Figure [J]
later shows that the error in total energy conservation is bounded for long time. This
phenomenon verifies the proof that moments solved from ‘ME’ are conserved as shown in
. Moments computed from f, although not exactly conserved, however owes an spectral
accuracy due to the numerical error of the spectral method used for the collision operators.
One observes that if not using the moments systems to obtain the conserved quantities,
third moments usually own a larger error than lower (first and second) moments by using
the same discretization, a phenomenon that is also observed in several other tests in the
following sections. The reason might be due to that the error in f is enlarged more when
multiplying by |v|* (instead of 1 or v) in the integration to get third moments.

In Section[7]we will use this idea to obtain the conservative solvers for more general kinetic
equations and for general numerical schemes, not just the micro-macro decomposition based
[2] or penalty based [6l [I5] approaches.

The density p, bulk velocity u1 and temperature T defined as the following:

_ 1
20 Jpe

P :/ fdv, u; = 1/ vifdv(i =1,2), T (v —u)?fdv.

R2 P Jr2
The numerical solutions are shown in Figure |3| for Test I (a). Here us = 0 and we omit
plotting it. MM uses the penalty parameters in Choice 1. One can observe that the two
different approaches ‘FJ’ and ‘MM’ are consistent and produce the same results.

For Test I (b), the function ¢ is plotted in Figure 4} whose values range from 1072 to 1,
and is discontinuous at = 0.65. Figure [5|shows that by comparing with the ‘DS’ solutions
as a reference, ‘MM’ is able to capture the macroscopic behavior efficiently with coarse mesh
size and time steps when ¢ is discontinuous, by using the penalty parameter 5 in Choice 1.

One can observe from Figure @, for Test I (c), that the macroscopic quantities are well
approximated although the mesh size and time steps are larger than e, by using both the

‘FJ’” and ‘MM’ schemes, which give similar numerical results for the Sod problem.
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PO %x107° Pl
0.66667 3 0.51334
— Mf
ME
* 0.51332 |-
0.666665 |- o5l |
0.5133 |
0.66666 |-
2t 4 051328 |
0.666655 |- 0.51326
15} .
0.51324 |-
0.66665 |-
1k 4 051322
0.666645 |-
0.5132 |
05Ff .
0.66664 |- 0.51318 |-
0.666635 - | 0 0.51316 |-
0.51314 |
0.66663 ‘ ‘ 0.5 ‘ ‘ ‘ L
0 2 4 6 0 2 4 6 0 2 4 6
t t t

Figure 1: Test I (a). Time evolution of mass, momentum and energy by DS. ‘Mf’ versus ‘ME’.

e=1.

PO %1079 Pl P2
0.66666667 ; 1.5 ‘ 0.513334 ‘
— Mf —— Mf — Mf
* ME * ME %* ME
0.666666669 1 0.5133339 .
1L J
0.666666668 |- 1 0.5133338 |- .
0.666666667 |- 1 0.5F 1 0.5133337 .
0.666666666 - 1 0.5133336 |- .
0
0.666666665 |- . 0.5133335 - .
05| .
0.666666664 | . 0.5133334 - .
0.666666663 - 1 L | 0.5133333 | —
0.666666662 - 1 0.5133332 - .
,1 5 |- -
0.666666661 - 1 0.5133331 |- .
0.66666666 : : 2 : ‘ 0.513333 ‘ ‘
0 1 2 3 0 1 2 3 0 1 2 3
t t t

Figure 2: Test I (a). Time evolution of mass, momentum and energy by MM: ‘Mf’ versus ‘ME’.
e=10"%t=1.
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Figure 6: Test I (c). ‘FJ” versus ‘MM’. Numerical solutions at ¢t = 0.2. ¢ = 10~%.

Test II: The micro-macro scheme for the nFPL equation
Test IT (a). The initial data is given by

2+ sin(wx)

) = 2RI = 02,0), T°(a) = S+ cos(mz).

4
Consider the double-peak initial distribution (6.2)). Let z € [~1,1], v € [~6,6]® and N, =
100, N, = 32, At = Az/20. e = 1.
Test II (b).
We consider a Sod shock tube test for the nFPL equation with an equilibrium initial distri-

bution:
0 po _lv—uf?
f(z,v) = e T0 ¢ 270
where the initial data for p°, u® and T° are given by
(p,ur,T) = (1,0,1), if —0.5<2<0,

(p,u1,T) = (0.125,0,0.25),  if 0 <z <O0.5.

Let « € [-0.5,0.5], v € [~6,6]? and N, = 100, N, = 32, At = Az/20. ¢ = 107%.

Figure |7 shows the numerical solutions of Test II (a) by ‘MM’ compared with ‘DS’, for
both O(1) or moderately small e, in good agreement. In Figure [8| for Test II (b), one can
see that the macroscopic quantities are well approximated for the Sod shock tube test for

the nFPL equation, although the mesh size and time steps are coarse, thus it verifies the AP

property.
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Figure 8: Test II (b). Numerical solutions by ‘MM’. ¢ = 1073, ¢ = 0.2.
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7 A Conservative Scheme for the Vlasov-Ampére-

Boltzmann system

In order to further elaborate the issue of numerical conservative of moments in kinetic
solvers, in this section, we develop a conservative scheme for the Vlasov-Ampére-Boltzmann
system with or without the collisional term, which is not only of interest for the systems under
study, but also gives a general guidance on how to obtain numerically the exact conservation

of moments for a general kinetic solver.

7.1 The collisionless Vlasov-Poisson and Vlasov-Ampére sys-

tems
First, we consider the Vlasov-Poisson (VP) system without collisions between particles,
Ouf+v-Vof —E-Vuf =0,

(7.1)
Vx-E:c(:r)—/Rdfdv.

Here E is the electric field, while ¢(x) is the background density. The domain is given by
Qo =0 X% R?. This system arises in modeling collisionless plasmas [21]. For simplicity, we

will always assume periodic boundary condition in x for f. Denote the moments as

1
p:/ fdv, pu:/ vf dv, EKinz/ ~|v? fdv.
Rd RA Rd 2
Moment equations for (7.1]) are given by

Oep+ Vo - (pu) =0,

at(pu)—i—vm-/ v@ufdv+ Ep=0, (7.2)
R4

2
at/ 1|v|2fdv—f—Vz-/ |U—|vfdv+E~(pu):0.
]Rd2 RrRd 2

It is easy to check that the system ([7.1) conserves the total energy defined

1 1
Erotal = 5/ /d |v|2fdvd1:+§/ |E|? da.
Q JR Q

While there have been previous works to develop schemes that conserve this total energy, for
example see [3, 4], our strategy is different, and it serves the purpose for a generic strategy
to develop energy conserving schemes for collisional system, see the next section. We also
refer to [27] for Discontinuous Galerkin solvers for the Boltzmann-Poisson system.

In order to construct a scheme that conserves Frotal, We solve the following Vlasov-

Ampére (VA) system by adopting the Ampére’s law, instead of solving the Vlasov-Poisson

system (7.1)),
Orf +v-Vaof —E-V,f=0, (7.3)
BtE = pu. (74)

Note that the VA and VP systems are equivalent when the charge solves the continuity
equation
Otp+ Vg - pu=0.
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Step 1. Update f*** by solving (7.3) explicitly, that is,
== At (v Vo f" + E" Vo). (7.5)
Here the transport term v - V. f is approximated by a non-oscillatory high resolution shock-
capturing method, and a spectral discretization in the velocity space is used for the term
E-V,f.
Step 2. Update E™™' by using a forward Euler solver of (7.4)),
E" = E™ + At (pu)™. (7.6)

Step 3. Update the moments at t"*! by solving equations (7.2)) and using f™.

n—+1 7
PP ) gy —
AL + V. /Rd vf"dv =0,
n+1
(pu) 5 — " g, / v@uf dv+ E" - pt =0, (7.7)
EH _ ER E™ + Et! n
K'“A —Kin X0 1V, - / +%-(pu) =0.

Theorem 7.1. Let (p,u, Exin, E); be the numerical approzimation of the corresponding
quantities at grid point x;. If one discretizes the divergence term in by a conserva-

tive spatial discretization, then one has the conservations of total mass and energy

i . Z ot Z (Eiéfnl) - %(Ei”“f) = NZ ((E;;m)ﬁ %(EZ‘)Q). (7.8)

i=0 =0 =0

Proof. Sum over all i for the spatial discretized system of the first equation in (7.7) gives

Nz
sz ittt = sz o7 (7.9)
i=0
Also the third equation of (7.7)), after using (7.6)), gives

T

=0 1=0
Using (|7.6)), one obtains (7.8]. O

Since the goal of this section is to preserve the total energy in time, we will only conduct

numerical examples to check the conservation property, and not consider other discretization

issues for the system.

Test II1
Let the initial data be

o102
V2

Periodic boundary condition in space is assumed for f, F and ¢. The initial condition of the

ft=0,2,v) = (1 + cos(2z))

electric field E can be obtained from the Poisson equation

—Azd =c(z) — /Rd fdv,
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by using a second-order finite-difference Poisson solver and central difference spacial dis-
cretization for £ = —V;¢. To make the solution unique, we also set the boundary data for
?,
p(zr) = ¢(zr) = 0.

Set ¢(z) = 1.

Let z € [0, 7], v € [-2m, 27|, Ny = 200, N, = 64 and At = Az/20 in the following test.
In Figure EI, the first figure shows the density p(z) at time ¢t = 0.5, computed from either
solving the moment equations (‘ME’) or from the solution f (‘Mf’). In the second figure,
the electric field E(x) is compared between using the Poisson equation or the Ampére’s Law.
In the third figure, we plot mass as a function of time and compare it between using ‘ME’
and ‘Mf’. One can see that the two solutions match well in the first three figures. In the
fourth figure, the total energy, which is obtained from solving the Vlasov-Poisson (‘Mf-Poiss’),
Vlasov-Ampére system (‘Mf-Amp’), or the moment equations and the Ampére’s Law (‘ME-
Amp’) respectively. This verifies the proof shown in that the numerical total energy is
perfectly conserved for ‘ME-Amp’. The other two lines of ‘Mf-Poiss’ and ‘Mf-Amp’, though
non-conserved, has a small numerical error (in the order of numerical consistency error).
However, it is remarkable to observe that the numerical total energy has an O(10™2) error
for long time which is exactly the same order of magnitude of the numerical total error in the
simulation of the Vlasov—Poisson—Landau system computed by means of operator splitting
of a DG scheme for the collisionless Vlasov—Poisson advection coupled to the collisional

conservative step in Figure 12 of [32], under the same boundary conditions as assumed here.
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Figure 9: Test III. p, E at t = 0.5 in the first row; mass and total energy with respect to time in
the second row.

7.2 The Vlasov-Ampére-Boltzmann system

We can easily extend the scheme introduced in section [7.1] to the collisional problems,
for example the Vlasov-Ampére-Boltzmann system that will be studied in this section. This
system models collisional plasma [17].

Consider the Vlasov-Ampére-Boltzmann system,

Ouf + 0 Vaf ~ B-Vof = 2Qn(f.), _—

O E = pu.

The time-discretized scheme for the moments equations of (7.11) are the same as the
Vlasov-Poisson and is given in ([7.2). With p, pu and Fxin, one can get the temperature T'
using the relation Fxin = % pu? + % pT" and thus compute the local equilibrium

___ ra) (v —u(@))?
Meq(z,v) = @nT () Va7 exp (7T(1’)> . (7.12)

To overcome the stiffness of the collision operator in the fluid regime, we simply use the
Filbet-Jin penalty AP schemes here.

Step 2 and Step 3 given by and to update E and the moments quantities are
exactly the same as the scheme given in section With the collision term in , step
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1 correspondingly becomes

P e~ QU= PUT) | PUTY
At € €

which gives
BA

(f" = Abw- Vo + ALE" - Vo f") 4 A S+ s Mot

with M™% defined through the moments quantities solved from (7.7).
In the following numerical experiments we use Az = /200, At = Az/20.

n+1l _ €
= e+ BAL

In Figure we show a similar set of figures as Figure [J] above. The first row shows
the numerical solution at output time ¢ = 0.5, with ¢ = 1. The numerical solutions such as
p, E match well no matter whether the Ampére’s Law or the Poisson equation is used. In
this test, moments (mass and total energy) are perfectly conserved if obtained from "ME’
or 'ME-Amp’, as shown in the second row of Figure [[I] The red line in the third figure
indicates that the mass obtained from f is not perfectly conserved but has a spectrally small
error. The green (‘Mf-Amp’) and red (‘Mf-Poiss’) lines in the fourth figure show that the
energy, if obtained from f coupled with the Ampére’s Law or the Poisson equation for FE, is
not perfectly conserved but still have a small error.

For the last test, we will only use the exactly conservative scheme and check the penalty
method for the Vlasov-Ampére-Boltzmann equation, for the case of small . Figure[L1]|shows
in the first row the numerical solution p, E at output time ¢ = 0.1, with € = 0.05. In the

second row, we show that mass and total energy are perfectly conserved if using the moments
equations given by ([7.7)).
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Figure 10: € = 1. Numerical solutions p, E' at t = 0.5 in the first row; mass and total energy with

respect to time in the second row.
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Figure 11: & = 0.05. Numerical solutions p, E' of the Vlasov-Ampére-Boltzmann equation at
t = 0.1 in the first row (blue circle uses N, = 100, At = Az/20, red line is as reference solution
using fine mesh N, = 200, At = 10~%); mass and total energy with respect to time in the second

Trow.

Remark 7.2. The schemes proposed in this section give the desired comservation property
thanks to the use of moment equations. Here we obtain the moment system first (so the right
hand side vanishes) and then discretize it. If one obtains the moments from the discretized
f equation, due to the non-conservation of the approximate collision operator, the discrete
moments are not necessarily conserved. This has already been addressed in [15] for a different
purpose, but here it serves the purpose as a generic strategy to devise conservative schemes for
general collision kinetic system. The only price paid is the extra effort to solve the moment

system.

8 Conclusions and future work

The micro-macro decomposition based method for multiscale kinetic equations has found
many applications as an effective method to derive Asymptotic-Preserving schemes that work
efficiently in all regimes, including both the kinetic and fluid regimes. However, so far it has
been developed only for the BGK model. In this paper we extend it to general collisional
kinetic equations, including the Boltzmann and the Fokker-Planck Landau equations. One
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of the difficulty in this formulation is the numerical stiff linearized collision operator, which
needs to be treated implicitly thus becomes numerically difficult. Our main idea is to use
a relation between the (numerically stiff) linearized collision operator with the nonlinear
quadratic ones, the later’s stiffness can be overcome using the BGK penalization method of
Filbet and Jin for the Boltzmann, or the linear Fokker-Planck penalization method of Jin
and Yan for the Fokker-Planck Landau equations. Such a scheme allows the computation
of multiscale collisional kinetic equations efficiently in all regimes, including the fluid regime
in which the fluid dynamic behavior can be correctly computed even without numerically
resolving the small Knudsen number. It is implicit but can be implemented explicitly.

This scheme preserves the moments (mass, momentum and energy) ezactly due to the
use of the macroscopic system which is naturally in a conservative form. We then utilize
this conservation property for more general kinetic equations, using the Vlasov-Ampére and
Vlasov-Ampére-Boltzmann systems as examples. The main idea is to evolve both the kinetic
equation for the probability density distribution and the moment system, the later naturally
induces a scheme that conserves exactly the moments numerically if they are physically
conserved. This recipe is generic and applies to all kinetic equations.

Numerical examples demonstrate the conservation properties of our schemes, as well as it
robustness in the fluid dynamic and mixed regimes. Notice that the numerical total energy
exhibited an O(107?) error persistent for long time that coincides with the order of magnitude
of the numerical total energy error in the implementation of the Vlasov—Poisson—Landau
system by operator splitting of a DG scheme for the collisionless Vlasov—Poisson advection
coupled to the collisional conservative step in [32]. This observation opens an interesting
problem of understanding how to diminish this computational error on obtaining the total
energy evolution from the kinetic pdf that solves the Vlasov—Poisson with either Boltzmann
or Landau collisional forms, by perhaps either imposing a conservation constraint in the
kinetic simulation of our proposed scheme or to address operator splitting improvements in
the approach used in [32].

To extend the micro-macro method for multi-dimensional problems remain to be pursued.
Here one needs to extend the staggered grid to higher dimension, a task that was investigated

for hyperbolic systems of conservative laws [II] but yet to be studied for kinetic equations.

Appendix: Details of Numerical Implementation

Details of solving (4.2)) are shown below. In the case of z € R, v € R? (d = 2),

1 1
Uy = — fui1 dv, Up = — fv2 dv.

R P Jrd
We then have

dp
AL xF = — xT b
5 T OeF1 = —e0:{g)
1o} 2
a(ﬂul) + 0xFo = —c 0 (v1 g),
0
g puz) + 0cks = —e 0x{v1029),
) _ |v]?
at +8xF4—_58x<v1 2 9)7

where

Fi= (M), F=wM, F=@uwuM), F=@ %M}.



with M associated with p, u1, uz, T as defined in (2.11]).

The kinetic formulation of the flux splitting (5.3)) is given by

Ff = (@iM),  Ff=(@fuM), Ff=0feM), Ff=@o

with v = (v1 £ |v1])/2, vE = (v £ |v2])/2.
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