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SIMULATION OF THE TRANSIENT BEHAVIOR OF A ONE-DIMENSIONAL
SEMICONDUCTOR DEVICE II*

IRENE MARTINEZ GAMBAt AND MARIA CRISTINA J. SQUEFF#

Abstract. A numerical method based on treating the potential by a mixed finite-element method and
the electron and hole density equations by a finite-element version of a modification of the method of
characteristics is introduced to simulate the transient behavior of a semiconductor device, for which the
dependence of the coefficients of the conductivity equations on the electric field is considered and the
Einstein relations are not assumed. L?-error estimates that are independent of L*-error estimates for the
approximate electric field are derived for a single space variable model.

Key words. semiconductor simulation, mixed finite elements, modified method of characteristics
AMS(MOS) subject classification. 65

0. Introduction. We assume the reader is familiar with the work of Douglas,
Martinez, and Squeft [4]. General references to the literature were given in the
bibliography of [4] and they are given again herein. We state briefly the problem in
this section.

We consider [1], [8]-[11], [13] the nonlinear parabolic/elliptic system of equations
that describe the transient behavior of a semiconductor device in a closed interval of
R' (6, =9/0x, etc.):

(0.1a) dxg = —0(gd) =—Q(e—p—c),
(0.1b) Qd.e—9.(J.) = QR(e, p),
(0.1¢) Qo,p+9x(J,) = QR(e, p),

where the electric field g and the carrier densities e and p are related through the
current densities

Je=¢"'Qu.(q)eq + QD.(q)ore,  J,=¢'Qu,(q)pg—QD,(q)dp,
with ¢ and Q being positive constants. We assume Dirichlet boundary conditions

(0.2a) Y0, 0)=ro(1),  Y(1,0)=r(1),
(0.2b) e(0, )=fo(1), (1, 1)=£(1),

(0.2¢) p(0,0)=go(1),  p(1,1)=gl(),
and the initial conditions

(0.2d) e(x,0)=e%x), p(x, 0)=p°x).

If w., D, n,, D, are assumed to be positive constants, the equations (0.1) are
quasilinear and have been treated by Douglas, Martinez, and Squeff [4]. In this paper
we generalize their method to the nonlinear system that results from assuming that .,
D., u,, and D, are functions of the electric field q. Actually, these assumptions on
the coefficients are more realistic, since the mobilities u, and u, are the proportionality
factors of the drift velocities to the electric field:

vf = T e, Uﬁ = Mg

* Received by the editors August 5, 1987; accepted for publication (in revised form) June 7, 1988.
T Department of Mathematics, University of Chicago, Chicago, Illinois 60201.
f Department of Mathematics, New Jersey Institute of Technology, Newark, New Jersey 07102.

539



540 I. MARTINEZ GAMBA AND M. C. J. SQUEFF

Also, they allow us to improve the estimates of [4]. Here we derive L?-norm error
estimates for the carrier densities that are independent of the L™-norm of the approxi-
mation g, to the electric field g. Appropriate models for the mobilities are given in
Selberherr [13], and they suggest that u, and D, for a =e or p can be assumed to
satisfy the following conditions.

There exist positive constants D*, M,, L,, L,, and K, such that

(0.3a) D*=inf{D;(q): qe R, i=¢, p},

(03b)  |pa(@)g|=M,, qeR,

(0.3¢) |a(q1) g1 — ma(q2) g2l = Li|q, — g2, |a(q1) — wa(q2)| = Lol g1 — qal,

(0.3d) |D.(q1) — Da(q2)| = Kplg: — g,

for a = e or p. Let us also assume, for this case of single space variable problem, that

[Bqma(@))gl =My, |(9gita(91)) g1 — (9410a(92)) 42| = Li|gy — g3,

(0.3¢e)
fora=eorp,

where M, and L, are positive constants. If u, is a Lipschitz function as, for example,
in Markowich [10],
_ Ko _ Kp

1+ (uilgl/v)’ H T 1+ (uslal/ by
where v{ and v? are the saturation velocities and u; and u, stand for one of the field
independent, scattering mobility models, then assumption (0.3e) can be verified pro-
vided that q and its derivatives are bounded. In the single space variable problem g

and its derivatives are bounded. So, in particular, it follows from the first inequality
of (0.3e) that

(0.3f) [0x(pna(g)@)|=M;,  a=eorp,

where M; is a positive constant depending on M,, the bound for the right-hand side
of the potential equation, and the bound for wu,(q). Without loss of generality we can
take L= M,;.

We will not assume the Einstein relations for the mobility and diffusion coefficients.

In § 1 we describe the proposed numerical procedure. In § 2 we derive L*>-norm
error estimates for the approximate electric field g,. Finally, in § 3 we obtain L?>-norm
error estimates for the approximations e, and p;, to their respective carrier densities e
and p.

He

1. Description of the numerical procedure. If (0.1) are scaled as in [10], [11], [15],
then

(1.1a) 9xq =0ty =—z(e—p—c),
36 — Ure(q) qoxe — 0x(D.(q)dxe) — qed(Uru.(q)) + Urzu.(q)e(e—p—c)

(1.1b)
=R(e, p),
(110) 3.+ U, (9)q0xp — 9x(D,(q)3xp) + qpox(Urm,(q)) — Urzu,(q)p(e—p —c)
' =R(e, p),

where z is the inverse square of the normed characteristic Debye length of the
device [10].

As in the previous work [4] we will use a mixed finite-element method to approxi-
mate g and ¢ simultaneously and a modified method of characteristics [3], [5], [6],
[12] to approximate the densities e and p.
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To introduce the modified method of characteristics for e and p let 7, =7.(x, 1)
be the unit vector in the direction (—Uru.(q)q, 1) and 7, the unit vector in the direction
(Urs,(q)g, 1). Set ¢, =[1+ (Urp.(q)q)*]"? for @ = e or p. Then the derivatives in the
7, directions are given by

®9/37. =9, — Urpe(q)qdx,  ¢,8/97, =9,+ Uru,(q)qox,
so that equations (1.1b) and (1.1c) can be written in the following form:
(123) ‘Peae/a7e —.ax(De(q)axe) - qeax( UTMe(q)) + UT)u‘e(q)Ze(e iy 2 C) = R(ea P),
(12b) ¢pap/an —ax(Dp(q)axp) + qpax( UT,U/p(q)) - UTI'Lp(q)Zp(e —P— C) = R(e, P)
Now, for a =€ or p,
Oxta(q) =9g1a(q) - 3xq = —(9,1a(q))z(e —p—c),

so that the weak formulation for (1.2a) and (1.2b) is given as the determination of
maps e and p of the time interval J=[0, T] into H'(Q) such that

(¢e0e/07e, {) +(De(q)dxe, 8x8) + Urz([pe(q) + 99, (1c(g))Je(e —p—c), {)

(1.3a)
= (R’ g)’
(1.3b) (¢pop/97p, £)+(Dy(q)3xp, 3:¢) — Urz([p,(q) + gd,(1,(q))Ip(e—p—c), {)
' =(R,{),

for {€ Hy(Q2), and such that the boundary and initial conditions (0.2a)-(0.2d) are
satisfied.

First, consider a partition of J into subintervals [t™~', t™], t" = mAt,At= T/ N,
and a partition of () into subintervals [x;_,, x;], 0 =x, <x,; < - - < x; = 1, with max (x; —
x,-,,) = hd‘ Let

Z,={le CO(Q)3 fl[xjﬂ,xj]e Py([x;_y, x: 1)}
We will seek approximations e, and pj' in Z,, 0=m=N, to e"=e(-,t™) and
p" =p(-,t"),respectively. We denote by g}’ and ' the corresponding approximations
to g™ and ¢™; they lie in different spaces to be discussed later in this section.

Next, we approximate ¢.de/d7, via backward differencing along the tangent to
the 7.-characteristics at (x, t™):

(1.4) p.oe/or. ~[e(x, ™) —e(X', t™ —Atm)]/Ar],
where X7 = X7(x) = x+ Uru.(g™)q™At™, with
=x/Urp.(g™)g™ if x+ Urn.(q™)q™ At <0,
At =A10(x) =1 (1=x)/ Urn.(q7)g™ if x+ Umu7(q™)q"At>1,
At otherwise.

Note that, if A™ < At, then X7 € 9Q and e(Z™ t™ —At™) should be evaluated using
the boundary value specification.

Similarly,

(1.5) ¢pop/07, = [p(x, 1™) = p(%y, 1" —At;)]/Aty,
where X, =X, (x)=x— UT;L,,(q’")q'"At;,", with
} x/ Urup(g™)g™  if x = Uru,(q™)q™ At <0,
Rep=Aey(x) =1 (x=1)/ U, (g™)q™ if x— Un,(¢™)q"Ar>1,
At otherwise.

Also, note that x;" and X' cannot be evaluated exactly So, let £, A, £ and
» be defined by the corresponding relations when q™ = g(x, t™) is replaced by q
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Let e} and p}, he 1n Z, and approx1mate e(x, 0) and p(x,0), respectlvely Then,
for m=1, define é; '= e,,(x’”(x), —At ), and pp ' =pu(X£7(x), —At’”) We
remark here that, if At:' = At then &' ' =¢,(£I'(x), t""). Now, we define e} and pj’
as the unique solution of the following (algebraically linear) equations:

((ey—en~")/Ae2, )+ (Do(qh "a.eR, 6.0)
(1.6a) + Urz([pe(qh ™)+ qi 'ogue(gn " )en (€8 = pn ™ = ¢™), )
=(R"0), ez,
((pr =P/ ALy, O+ (D, (qr)a.p, 6:0)
(1.6b) — Urz([pp (g™ )+ qh " 9gu, (g )R (&R =P = ™), 0)
=(R™0), (ez,

where R™™'=R(&7", pr V).
For later convenience, we define approximations to the derivative along the
approximate characteristics by

Pende™ /37, n=08," — Urp. (g " gn™"
©pndp™ /8T, =3,p" + UT:“*p(q;n"_l)q;:l_ axpm'

Finally, we describe the mixed finite-element method to approximate q and ¢
simultaneously, defined as follows. First write the potential equation (1.1a) in the
following form:

(1.7a) q+op=0, xeQ, tel,
(1.7b) 0xq=—z(e—p—c), xe€Q, tel,
(1.7¢) y=r, xedQ, tel

Then, if (1.7a) is tested against a function in H'(Q) and (1.7b) against one in L*(Q),
we find the mixed weak form:

(1.8a) (g, v)—(dv/dx, ¢)=rv(1)=rv(0), veH'(Q),
(1.8b) (3,q, w)=(—z(e—p—c), w), we L¥(Q).

Let Q be partitioned into subintervals [y;_,, y;], 0=y, <y, <---<y,=1, with
max (y; — y;—1) = h,. Let

Vh = {U € CO(Q): vl[Yi—lei] € Pl([yi—-l ) yl])}9
W, ={w: Wl[yi_x,yile Po([yi-1, yiD},

where P;(E) denotes the class of restrictions of polynomials of degree not greater than
j to the set E. Then, for m=0,- - -, N, find {q}, ¢’} € V,, X W, such that

(1.9a) (g, v) = (dv/dx, ¢i) = rg'v(0) = r"v(1),  veV,,
(1.9b) (0xgi', w)=(=z(ey' —pi' —=c™), w), weW,.

Let us note that our computational algorithm is now complete. First, let e and
P’ be the piecewise-linear interpolants of e and p, respectively. Then, given {e}, pi'},
(1.9) can be used to evaluate {qy, ¢'}. Finally, (1.6) can be used to advance e, and
Py to the time level t™*.
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2. Error estimates for the electric field. In this section the following error estimates
will be derived:
(21a) g™ —qRllo=2z{lle™ —eRllo+ ] p™ —pillo} + M|[(e—p—c)"|. A3,
(2.1b)  lox(q™ —gi)llo=z{lle™ —eR o+ p™ — PR llo}+ M| (e—p—c)"|,h,.

The error in the approximation of g and ¢ can be considered to come from two
sources. Let {Q}', ¥} € V,xW, be such that

(Q#', v)—(dv/dx, ¥}') =(q", v) - (dv/dx, )

(2.2a)
=rgv(0)—ri'v(1), VEV,,
(2.2b) (0:Q%', w)= (39", w),  we W,;
ie., {Qp, ¥y} is a mixed method approximation to {q”‘, ¢™}. It was noted in [4] that
(2.3a) g™ = QWllo= Mllq™ k5,
(2.3b) l9x(g™ — QM) llo=Mllq™ Ih,.

Now we estimate the error g5 — Qy'. Subtracting (1.9) from (2.2) and using (1.8),
we see that

(2.4a) (qn —Qi, v)—(dv/dx, Y7 —V¥}')=0, veV,,
(2.4b) (0x(qh —Qi), w)=(z[(e™ —er)—(p" —pi)], W), we W,
First, if we let w=09,(qy — Q}') and v=gq; — Q}' in (2.4), then we see that

(2.5) lox(gi — Qillo=zllle™ —exllo+ I p™ = Ph'llo],
and
(2.6) lai - Qi le= 5{zllle™ - eilo+ [ p™ = pi o 1}>+.Sllwi =¥ [3.

To estimate the error ¢} — W' a duality argument will be used. Let ge L*(Q) and
¢ e H*(Q)N Hy(Q) be such that —d,.¢ =g. Then, if I1,: V-V, denotes piecewise
linear interpolation, by dropping momentarily the superscript m, we have

(bh =Y, 8)=Wn —Vh, —0x) = (Y — ¥y, —3,(I1,0,0)).

Thus,
(Un =V, &) = (gn — Qu, ~[4(3x¢))
=(qn — Qn, 3¢ — 11, (8:¢)) + (3x(gn — Qu), @),
and
(¥ =, @)1=l an = Qullolloxe —TTa(3x)[lo+ |6:(gn — Q) [loll ¢ llo
= Kllgn — Qulloll @ ll2hg + 119 (an — Qu) ol ¢ II--
Hence,
(2.7) 19 = ¥allo= Kllgn — Qnllohg + [l9x(an — Qu)lo-

Therefore, replacing (2.7) in (2.6) and using (2.5), we have that
lai = Qillo=v2z[lle™ e+ ™ = pi'llo]+ Kllg3y — Q7 loh,-
Then, for h, sufficiently small, it follows that
(2.8) gk — Qi lo=z"[lle™ —eillo+ | p™ = pillo]-
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Since | q]|.= z||e — p —¢||;, the desired estimates (2.1) now follow from (2.3), (2.5),
and (2.8).

3. L? error estimates for the densities. Consider the projection E X P:J > Z, X Z,
of the solution (e, p) defined by

(313) (De(q)ax(e_E)ﬂgx():Oa gEZha
(3.1b) (D,(q)ax(p—P),0:£)=0, (eZ,

and such that the boundary conditions (0.2b) and (0.2¢) are satisfied.
Wheeler [14] obtained the following bounds:

k k k

(3.2) aat’,’:' th aat’ff =K j-tg H
teJ,a=eorp k=0,1=s5s=00, and

ne=e-E,  m=p-P
Also, set

o.=e,— E, o,=py—P.
Then,

€—ép =", 0, P—Pn="p—0p,

and it follows from (3.2) that it suffices to estimate o,, a = ¢, and p. The argument for
handling o, is quite similar to the one for o., and therefore we will concentrate on
the error equations for o,. Combining (1.3a), (1.6a), and (3.1a), we have

(o7 =677 /A7, ) +(D.(q ")oser — D.(g™):E™, 3.)
= (@.0e" /3T, — @ pde™ [0Tep, {)
(3.3) +(@epde™ /07— (™ =™ /AL, O+ (T =777 /ALD, 0)
— Urz([pe(qn ™)+ i " 0gme(gr™)]en (67 = pr~" = c™), )
+ Urz([pe(g™) +q 0,me(g™)]e™ (€™ —p™ —c™), {) —(R™ = R™ ', 1),

for every (€ Z,.
Set

Qr={xeQ: A" =A1}, Qr=Q\Qr
Then, since o, vanishes on 6Q, 67" =0 in Q2, and
(o0 =60 /A, )= (a7 =l ™)/AL oy
(3.4) +((1/At o7, Do = (G0 =) /AL Oan, leZ,.
Next, write

(3.5)  D.(qi aser = D(q™)3E™ = D.(q 8,05 +[D.(qr ") — Do(g™)19:E™.
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Hence, combining (3.3)-(3.5), we obtain the following equality:

(a0 =0 ™)/AL Oap +((1+A11) 0T, Doy +(D.(qr a0l §)
=((67 7" =oAL Oap +([De(q™) — De(gi ™) 10<E™, L)

+(pede™ /a7, — @opoe™07in, {)
+(@.pe™ /07, — (e — &™) /AL2, {)
+((7 = A0/ A, )
— Urz([pe(qn™) + g "ague(an )len(en " —pn~" = c™), {)
+ Urz([ue(@™) + 9" 0g1e(g™)]e™ (e —p™ —c™), {)
—(R™"=R™,{)

8

=T+ L+ T+ T+ Ts+ T+ T+ Ty= Y T;(L), leZ,.
i=1

For an L*-estimate choose as test function { = o". Note that
QAo 3= o M IR=((ar — ol ™)/ AL 0T )y +((1/A17) 0T, ooy,
and by (0.3a)
D*||o,a?'[|3= (De(gi'™")ox02", 0,0°%").

Therefore, replacing { by o in each T;, we get the following inequality:

8
(3.6) QAN'[lodll5— loe 131+ D*[la.oe 5= gl Ti(o?).
Consider first T;. Since
ol =g = j ax(a0™") dy,
x+Umme(qh~Dah At
it follows from (0.3b) that
(3.7) [om = =67 Y on, = UrM Ao,
Hence,
(3.8) Ty =1((ed ' =677 )/AL o )ar| = K|a? Y ilo e llo

WhCI’e K = K(Ml, UT)‘
Next, by (0.3d),

|D.(¢™)— D.(q7 ") =Kplg™ — g3,
so that
ITy|=|([D.(q™)— D.(qi' " )10,E™, 8,5%")|
=KIE" 1 o0l = i2nAt+1a™ 7 = g Moo,

where K = K(Kp, Q).
To estimate T; note that

3.9)

®.0e" /07, — o pde™ /3T, = Ur[ (™) g™ — po(gh™")gn '10.e™
=L, Urlq" —q7 |0 e™|,

545
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where, by (0.3c), L, is the Holder constant for the function wu(q)q. Therefore,
(3.10) T3l = Kle™ || {0l 2 20ndt+ 19" =g okl o' [lo,

where K=K (U, L,, Q).
Next, for the estimation of T, we note that

Pende™ 37,y — (™ — &™) /AL = 50,407 /07 [(x — £7) 2+ (A1)?]V3,

where 3 e/GTe » is evaluated at some point on the segment between (x,t™) and
(X7, ¢ —At’”) Now, since

| =271 =Uno(q7 ") ar ~'AeT| = M, UrAs?,
and A" = At, then
[(x—%mM>2+(Arm>2]2 = M, UrA.
Also, (0.3b) implies that |¢, ,| =1+ M, Ur. Thus,

|Ta =|(@ende™/a7op— (e — &™) /A1, o)

(3.11)
= KAt||al|o,

where K = K(M;, M, Ur, |0xellL=u;120)), 19x€l 1= 125 [10u€ | 1=, 120)))-
The estimation of T is rather long and it will be done in four steps. Note that 1,
vanishes on Q5. Thus,

T = (& =72 )/A1Z, o)

=|((ne=a" /AL oD)an|+ (07 /Ate, al)azl

Next, we write the first term as the sum of the following terms:
(& =72/ AL oMoy =((ne' = )/ AL ooy +(ne ™ =707/ AL 0Dy

+H((7 =97/ Bt 0T )ay
=Ts;+ Ts,+ Ts;.
A simple computation shows that
(3.12) A Ts o[ = At]dme |l =2 an o2 lo-

For the estimation of Ts,, let Q] ={xec Q7": At” = At} and Q73 =Q"\Q7. Next,
let F(x) be the function defined as follows:

y=F(x)=x+Um.(q9")g"At,  xeQf
Assumption (0.3f) implies that F is invertible for small At and
lldx/dy|—1|= UrM;At as At~ 0.

Note that 7, =0 on Q7}. Thus,

AtTS,Z:J [nZ"“—ﬁZ"“‘]rr'e”dX+J ne o dx.
ati

m
Q2



SEMICONDUCTOR SIMULATION 11 547

Now if QF = F(Q1}), then by using an argument similar to ones in [4] and [12]
and dropping momentarily m, m—1, and e, we can write

dy+J m n(x)o(x) dx

12

d
AT, = L n(x)o(x) dx - Jm (o (F(y) |d—§

[ e e vt aoron(i-|2)) a

nnNay

dx.

+J (D)o (x) dx+f n(x)o(x) dx—j n'(y)U(F“(y))’%)—(
Q,\0f Q, Q y

N

The first term of the expression above can be bounded by

(3.13) =Klnlollolh UrMAtL,

J n(Wlo(y)—o(F ' (y)]dy
aQuNnay
and the second term by

(3.14)

_ dx
J n(y)o(F 1(y))(l - l;') dy' = K| nlollelloUrM;At.
QNay y
For the last three terms, we observe that
meas (Q\Q,,) = UrM, A1, meas (Q\QF) = UrM,At, meas (Q,,) =2UM,At.

Therefore, since ,,, Q,,, and QF are contained in Q and o, =0, it follows from an
argument of [4] that

(3.15) J n(x)o(x) dx| = K| nlollo|, UrM,At
@ \QPHUQ >
and
B dx
(3.16) J n(y)o(F 1(y))l‘—i; dyl = K| nllollo |l UrM,At(1 + UrM;At).
Ny,

Then it follows from (3.13)-(3.16) that
(3.17) |52l = UrK (M3 [lolloe'llo (e + M) [[n &~ [lollo'll1)

where K = K(M,, Q,).
To estimate Ts; write

e gm j (0m)(G(8))|G/(0)] db

0
where G(0)=(1—0)x+ 0%. Since, by (0.3¢),
|G'(9)| =% — %] = UrAt|p.(q" g™ " — u.(qn™ g ™|
= UrAtLi|g™ "' — g7,
then

1

ITesl= UL, j

0

{J |oxm.(G(ONIg™ " = g3 "o dX} do
o,

(3.18) -1 1 m
=K|nllieola™ " =an ollod o,

where K = K(U, L, Q).
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To complete the estimation of T, we still have to analyze the term (n;'/ Ao , 02 )ay-
First, note that

QY <0, UM At]U[1 - UM, At 1].
Next, if Q,,=Q7"N[0, UrM,At], then
7 (52)(5)
At

|(ng/AtT, 0)a, |= J
[0,UrM,Ar]

=( UTM1)3/2” ne llollo?| 1,ooAt1/2,

dx

since |,q =0. Therefore
(3.19) (02 /ALT, o0)a, | = (UML) T lo(At/ ha) o2,

The same estimate can be derived for the integral over the region (2,,=
Q7 N[1- UM, At, 1], with the corresponding specification of At:,”.

Hence, it follows from (3.12), (3.17)-(3.19), and the equivalent estimate to (3.19)
for ,, that

ITSI = K{[Ilane/atlle(J;Lz(n))At+ M3||n:l—l IIO
(3.20) +”77':”1,00”‘1'"_1_q;.mﬂ“o]”o";'”()
L M o 2 le(ae/ ) 71,

where K = K(Up, M,, L,, Q).
To estimate Tg+ Ty, let A(q) = Urz[u.(q) +gdgum.(q)]. Thus,

Ts+ T, =(A(g™)e™(e™ —p™ —c™) = Agy ey (&r " —pn ' —c™), al).
Next, we write
Ay Ner(én ' —pr'—c™)—A(q")em(em —p" —c™)
=[A(gr ™) - A(g™)]er(ér =P =™+ A(g™),
where
y=en(er = pi =M —em (e —p" —c")
=& =i =M = (e —p" =)
+E"[(E = e~ (B = p™)].
At this point we introduce the induction hypothesis that
(3.21) ler oot | P7 llo.0 = Ma, m=0,

provided that (At+h}+h2)h;"/? is bounded as At and h =max (hy, h,) tend to zero.
We delay the proof of this statement to the end of the paper.

Denote by K, , a bound for the L*-norms in space and time of e, p, E, P, e, p-
Now, we want to get an estimate for the L*>-norms of €' —e™ and py ' —p™ that is
independent of the L*-norm of g,. We shall derive the estimate for & ' —e™. The
one for pj ' —p™ can be obtained by a similar argument. To do this, write

le™ —&x " lo=lle™ =& flo+ €™ = &xllo.

By the definition of the derivative in the direction 7.,

le™—ém o= KAt

3Tl 1120y



SEMICONDUCTOR SIMULATION II 549

For the other term, we write
é'm—l_é‘hm—l — ﬁren——1+Em~1_Em-—l_a_;n-d_&;n—l_'_o_;n—l.

Let us first consider the term E™~'—E™ ', If we proceed as in the estimate of

Am—1

na'—=n07, then
| = Em o= UL E™illa™ " = a7l
Next, the same argument used to estimate T, leads to
lo?™ =67 o= UrMiAt|jo 77,
Also,
[7e o= (1+M;UA) [0 o,
where M, is from (0.3f). Therefore,

2e

a7,

HIE™ M illa™ ™ =g o

le™—&r o= K [At

LY, L3(Q))
+At||a:'-‘ul+(1+M3U,At>un;"-‘no+||a:"-‘uo],

where K = K(Up, M,, L,, Q).
. Hence, when we combine the estimates above, it follows that

Jau
L*(J,L3(Q))

+UE™ L +1P™ )la™ ™ =47 o

de d
defl |lop.

aT,

(Ata™y, o2 = KMk, |2

(3.22)
+(ler M+ llop AL+ o o+ lloe ™ o

Hlog o+ I llo

F Iz ot I3 1o+ M UAD ol
with K = K(Uy, M, Q).
Next,
|A(gw ™) = A(g™)| = 2Ur{lp(qi ™) — (g™ +|gh ' 94me (g7 ™) — g™ 9quee(q™)I},
and it follows from (0.3¢) and (0.3¢) that
|A(g7 ™) — A(@™)| = 2Ur(Ly+ Ly) g™ — g3 'l.
Thus, combining this last inequality with (3.21) and recalling that L; = M;, we have

I([A(gR ™) —A(g™)]en &y~ = pi~" —c™), o)

(323) 2 m m—1 m
=2(K.,)"M;K|[q™ — g5 [lollo? llo,

with K = K(Uy, M, L,, Q).
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Therefore, inequalities (3.21) and (3.23) imply that

oe [¢)

| To+ Ty = zM, K, K{( 2 +[[22
s P

07llL>Ly 197,

)
LE(J,L*(Q))
+(IE™ i+ 1P+ Ke pllg™ =g o

(3.24) + K. (0.9l c=¢.i20n + o+ oy )AL
oot 1o ot oo+ 2o
F (2 o Iz o) (1+ M uTm} =N

with K = K(Ur, M;, L,, Q).
Finally, to estimate Ty, we note that since

|R™™' = R™|= Le{|&7 ™" —e™| =57 —p"I},

then
0
lTsléK{< 2 o )At
Tl > 2y N97pllL>u, 12y
(3.25) +UE™ M+ 1P )lg™ ™ = g7 o
(o i+ o MDAt + o o+ oy o
F Uz ot Iy I+ M UAD o2l

where K = K(Lg, Ur, M;, L, Q).
Then, estimates (3.8)-(3.11), (3.20), (3.24), and (3.25) imply that
op

de
aT,

a7,
ol L°°<J,L2(m>+||02"_1||1+IIUL"_1||1+1)At

+

L¥(J,L3(Q))

L¥(J,L3(Q))

2T(ol)=(zM;:K, ,+ 1)K {(

+Kiep(lg™ " =gk Mlo+AD)
oo+ o2 o+ llogllo+lloy ™ o+ lImllo

(3.26)
F (ot I o) (14 My UTAn} =

AR\?
ke =ar 120+ (3) Izt inz o o1,
With K = K( UT, Mla Ll’ LZ, LR! “e“2s ||p“29 Q) and Kl,e,p = Kl,E,p(Ke,ps ”e”],oo, “p“l,oo)
Then if we combine inequalities (2.1), (3.2), (3.6), and (3.26) it follows that
-1 m||2 m-—1|2 * m| 2 D* m—1)|2
@07 o3~ o 1+ Do~ ( 5-) low 1
=kK{MZ AP+ ||aZ |3+ |or e+ loy 15+ haiAt+(1+ ] c|)hg+ hil,

(3.27)
with « = ZZM3Ke,pK1,e,p +ZK1,e,ps K= K( UT, Mls Lla L29 LRa ”eHZa HPHZa Q)’ and
oe ap
M, ={ + | + |0 <, LX) T 1}.
P 0Tl Loy 1971l L=,y lo:all iz, vy
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An estimate for o, can be derived in a similar way. Now set
lorll; =lloeli +llo,ll; forj=0or1,

and add (3.27) and its analogue. Then

D*
@07l 13- llo™ 1+ Do 1= (57) o1

=kK{|o™ |3+ lo™ Mo+ M2 AP+ hAt+(1+ || c|l )k + R}

Now multiply by At and sum on m from m =1 to m =n. If 1 — kKAt is bounded
below by, say, .5, then by applying the Gronwall lemma [7] it follows that

n
max [o"5+ ¥ [lo™[[{Ar=K exp k([|o”|5+] oAt
1=m=n m=1

+ M2 AC+RIAL+(1+ ||| A+ hY),

provided that induction hypothesis (3.21) holds for 0=m=n—1.
Hence, if we take e} and p) to be the linear interpolants of the initial data, i.e.,
E° and P°, respectively, then

n 1/2
(3.28)  max ||0'm||0+< z ||o'"||‘fAt) = F{At+h2+h3+(h3A0Y?,
=m=n m=1

where F = F(K, k, M, ,, | c|l,), if (3.21) holds for 1=m=n—1.
Let us verify (3.21). We have seen that (3.21) holds for n=1, so we assume it
valid for n—1. It follows from (3.28) that

1/2

max |ep o= max |e"|oot+hz"? max |olo,
=m=n I1=m=n I=m=n

1
= C+ Fh;'?{At+h2+h5+ (kA2

since e is bounded. A similar inequality can be derived for p}’. Therefore (3.21) holds
for n provided that h;'/*{At+h’+ h}} to be bounded as At and h tend to zero.

The following theorem has then been proved.

THEOREM. Let g, e, and p lie in L*(J, H*(Q)) N W"*(Q), and let n,(q) and D,(q)
be functions of q satisfying (0.3), for a = e or p. If we choose e} =E°, p5 = P°, and let
(At+h%+h,)h;"? be bounded as At and h tend to zero, then

max {[le” —exllo+ | p" ~ pillo+ 1" — ghllo}

=Kexp (5) {Me pAt+(1+ el )by + ha+(h3A0) 2,

with M, , = M, , T, where T is the final time, and K, k, and M, , are as described in (3.27).
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