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Editors’ Introduction

R. Abgrall* and C.-W. Shu†
*Institut f€ur Mathematik, Universit€at Z€urich, Z€urich, Switzerland
† Brown University, Providence, RI, United States

These two volumes represent the volumes 17 and 18 of Handbook of Numer-
ical Analysis. It is entirely devoted to the numerical methods designed for
approximating the solution of hyperbolic equations, or of equations that write
as a sum of operators where the most important, in terms of the behaviour of
the solution, is the hyperbolic one. An example is the Navier–Stokes equa-
tions with high Reynolds number where the solution behaviour is essentially
dictated by the hyperbolic operator (here the Euler system), except in bound-
ary layers because of the boundary conditions.

Hyperbolic partial differential equations appear often in applications. The
most important application, already mentioned, is fluid dynamics, including
specific flows such as multiphase flows, magnetohydrodynamics, water
waves, etc. Other application areas include Maxwell equations, kinetic equa-
tions, traffic flow models and networks, etc. The solutions of hyperbolic
partial differential equations often involve discontinuities, making mathemat-
ical analysis and numerical simulations difficult. In the past few decades
there has been a large amount of literature in the design, analysis and applica-
tion of various numerical algorithms for solving hyperbolic equations. The
current volumes attempt to have experts in different types of algorithms write
concise summaries so that the readers can find a variety of algorithms under
different situations and become familiar with their relative advantages and
limitations.

This is a formidable task. We had to make choices because the field has
grown tremendously since the early ages dating back to von Neumann in
the United States and researchers from the former Soviet Union such as
Rusanov and Godunov. This field has grown up for various reasons. The
demand on diverse high tech areas ranging from airplanes and rockets, to
the nuclear and car industries as well as more recently the green industry, to
name just a few, necessitates to master better and better tools to improve per-
formance. If it was possible in the early ages to rely on analytical solutions
and experimental facilities only, this is no longer the case because of various
constraints: economical, technological (weight, etc.), energy consumption,
etc. This evolution has needed improved algorithms, i.e., more and more

xvii



accurate as well as more and more robust ones. Hence the research on algo-
rithm has grown up and then exploded since the early 1970s.

In parallel, and also triggered by the same needs, computers have been
more and more powerful from scalar, to vectors, then parallel and now mas-
sively parallel and hybrid architectures. This evolution of technology has also
had a strong impact on the algorithms development.

Because of its success, it is now possible to compute more and more com-
plicated problems, both in terms of geometry and physics.

There is still a lot to do to improve and understand the numerical methods
designed for hyperbolic problems. The aim of these two volumes is to give a
picture of the current state of the art.

In order to introduce the subject, we have asked Professor Dafermos from
Brown University to provide a short summary on the theory of hyperbolic equa-
tions. Then, if one looks at the table of content, one would realize that we have
tried to cover not only the classical topics, such as the finite volume method and
the Riemann solvers that are the building blocks of many of the algorithms, but
also less standard methods. Examples include algorithms for computing sharp
transition propagated by linearly degenerate waves. Other examples are given
by the ENO/WENO family. In that case we have tried to go over the classical
description, by giving some analysis of the methods. Other high-order methods
are also considered such as the discontinuous Galerkin (DG) ones, the more
recent hybrid DG schemes, high-order finite element methods, front-tracking
methods, methods for Lagrangian hydrodynamics, entropy stable schemes,
etc. Time discretisation is also considered, as well as more specialized problems
like the simulation of flows with low Mach numbers, level set techniques,
numerical methods for Hamilton–Jacobi equations, etc.

Unfortunately, it is not possible, even in two quite thick volumes, to pro-
vide an exhaustive coverage of the state of the art. Even though the table of
content seems to be exhaustive, many topics are still missing. For example,
we have chosen to be quite restrictive on the subject of time stepping: there
is no coverage on ADER and IMEX methods. The handling of problems
with source terms is touched by chapters 5 and 6 (well-balanced schemes
and asymptotic-preserving schemes), but there is no direct coverage on stiff
source terms. If we have a chapter on methods for Cartesian meshes, there is
no direct coverage on the application of immersed boundary methods. Simi-
larly we have chosen to consider the problem of meshing in a specific way;
there is no direct coverage on adaptive mesh refinement (AMR). The prob-
lem on boundary conditions is considered in chapter 2 this volume (volume
18) and chapter 19 previous volume (volume 17) of the handbook (SAT-
SPB schemes and inverse Lax–Wendroff procedure), but much more could
have been said. It was simply impossible to cover the whole field, and we
apologize for this.

To end this introduction, we would like to thank all the contributors to
these volumes, as well as the referees. Both have been extremely efficient.
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ABSTRACT
We present an overview of deterministic solvers for the Boltzmann and Landau equa-
tions inspired by their Fourier space representation as weighted convolutional forms,
where the later can be obtained as a grazing collision limit of the former. This presen-
tation offers an introduction to the area and elaborates on recent results for conservative
spectral Lagrangian schemes applied to several applications ranging from homogeneous
flows for Coulomb potentials given by the Landau equation by an approximating of a
corresponding Boltzmann model with grazing transition scattering rates, to a full con-
servative approach for Vlasov–Poisson–Landau system for electron–ion dynamics. This
conservative method is enforced by a Lagrangian constrained optimization problem that
and conservation correction estimates that give place to semidiscrete error estimates
and long-time convergence to statistical equilibrium states given by Maxwellians
distributions.

Keywords: Nonlinear integral equations, Rarefied gas flows, Boltzmann and Landau
Fokker Plank equations, Deterministic numerical approximations to kinetic equations,
Conservative spectral methods

2010 MSC: 45E99, 35A22, 76X05, 76P05, 82C05, 65C20, 65C30

1 INTRODUCTION

1.1 Kinetic Evolution Models

The numerical solutions of kinetic evolution transport given by integral equa-
tions of Boltzmann type needs the underlying understanding of the problem to
be approximated: the evolution of a probability density function usually
described by a Hamiltonian particle transport encountering interactions. Thus,
before we discuss different aspects of deterministic solvers for such models,
we introduced the basic notions associated to kinetic transport evolution models.

Our starting point is to recall that complex particle model systems with
exchangeability properties yield the propagation of chaos property, that is,
the particle system can be models by the evolution of independent and iden-
tically distributed (iid) continuous random variables or probability density
measures. These models appear in many contexts of classical and quantum
statistical physics, and more recently in novel applications to social dynamics
of multiagent interactions defined by some multiplicatively interacting sto-
chastic processes. The models we shall be considered share is a unified gen-
eral framework of material transport dynamics can be derived from the
so-called Master Equations derived for the time evolution of a particle system
modelled as being in exactly one of the countable number of admissible states
at any given time, where switching between states are treated probabilistically
when interactions occur. Such evolution is described by associating a
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probability density of states through discrete or continuous random variables.
Interactions may be of “mean field” type when macroscopic forces depending
on, either particle distribution averages, or particles of the same kind usually
refer as collisions. Typical examples of “mean field” type interactions result
in the so-called collisionless systems of transport models such as Vlasov–
Poisson or Vlasov–Maxwell systems for plasma dynamics of charged particles.

However, when interactions due to collisions occur and the “switching” of
states are described by a time-independent operator, the model represents a
kinetic evolution and the process is Markovian. Such process may also include
birth and death rates, meaning that probability density is injected in (birth) or
taken away from (death) the system, and so the process is not in equilibrium.
Examples of such models are the transport dynamics of classical kinetic
collisional transport given by Boltzmann or Landau–Fokker–Plank type equa-
tions that may include mean field interactions to obtain a Vlasov–Poisson or
Vlasov–Maxwell collisional plasma transport system (Chapman and Cowling,
1970; Graham and M!el!eard, 1999).

1.2 Binary Collisional Models and Double Mixing Convolution
Forms

Rigorous justification of the propagation of chaos or Stosszahlansatz relies on
contemporary ergodic theory and related areas in probability theory
(Chapman and Cowling, 1970; Pulvirenti et al., 2014). We assume here its
validity, implying that the system of N-particle interactions can be reduced
to a closed form involving products of a single point probability density func-
tion (pdf ) denoted by f (x, v, t) solving a nonlocal, linear or multilinear struc-
ture in state space defined by v 2 n. In the case of binary interactions such
pdf satisfies the following nonlocal weak form

d

dt

Z

d
f ðx, v, tÞ’ðvÞdv :¼

Z

d
Qð f , f Þðx, v, tÞ’ðvÞdv

¼ k
Z

d$d
f ðx, v, tÞ f ðx, v%u, tÞ

Z

O
ð’ðv0Þ%’ðvÞÞBðu,sÞds

! "
dudv

(1)

where the u ¼ v % v* is the relative position for any interacting states pairs
(v, v*) changing into ðv0, v0*Þ, for v fixed and v0 determined by an interaction
law with v0¼ v0ðv, v*, sÞ and v0* ¼ v0*ðv, v*, sÞ, with arbitrary s 2 O a manifold
that determines the postcollisional relative position u0¼ v0% v0*, for an arbitrary
state v* 2

n. Such manifold is the sphere Sn%1 when the interaction correspond
to particles characterized by indistinguishable spheres interacting by conserving
centre of mass and local energies. The parameter k quantifies the scaled mean
free path in between interactions, and it is assumed to be or oder of unity in
rarefied regimes. The material derivative d/dt refers to the Lagrangian formula-
tion of Hamiltonian dynamics of mixing (x, v) states, as in classical to particle
plasma physics, and they are viewed as the divergence-free dynamics of
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space-momentum mixing. The corresponding interacting pairs transition proba-
bility rates from (v, v*) to ðv0,v0*Þ are quantified by the collision kernel B(u, s).
This equation is nonlocal and linear in the case when f (x, v % u, t) is replaced
by a know probability density. Thus, we define the Kac Master equation formu-
lation as a double mixing convolution structure

d

dt

Z

N
f ðx, v, tÞ’ðvÞ dv¼

Z

d
Qðf , f Þðx, v, tÞ’ðvÞdv (2)

¼ k
Z

d$d
f ðx,v, tÞ f ðx,v%u, tÞG’, Bðu,vÞdu dv: (3)

The weight function G’,B (u, v) is a mixing form of premixing and postmixing
positions in v-space that depends only on the state variable v and its relative
position state u. This weight function models the s-average of the interaction
on the O manifold, i.e.

G’, B u, vð Þ¼
Z

O
’ v0ð Þ%’ vð Þð ÞB v, u, sð Þds, (4)

that depends on the s-average of the test function ’ on the exchange law of
states multiplied to the transition probability interaction rates B(u, s). These
weight functions G’,B(u, v) are often nonlinear and encode most of the infor-
mation about, not only, the dynamics of interactions but also the regularity of
the solution to such equation as much the decay rate to equilibrium states.
More precisely,
(1) The interaction law v0¼ v0ðv, v*,sÞ; v0* ¼ v0*ðv, v*sÞ, microreversible or

not, determines the space of collision invariants: all those ’(v)) that nul-
lify the weight function G’,B(u, v). These collision invariants select the
properties of the stationary states.

(2) Propagation of chaos assumption and time irreversibility: decorrelation
before the next interaction is encoded in the difference ’ðv0Þ%’ðvÞ of
the weight function and presets stability for the flow. In particular, when
the interaction is microreversible and the transition probability rate func-
tion B(u, s) has symmetric properties consistent with such microreversi-
bility, then setting ’ðvÞ¼ log f ðvÞ, the monotonicity of the logarithmic
function yields the H-theorem (Cercignani et al., 1994)

d

dt

Z

N
f ðx, v, tÞ logðvÞ dv

Z

d
Qðf , f Þðx, v, tÞ logðvÞdv

¼
Z

d$d
f ðx, v, tÞ f ðx, v%u, tÞ

Z

O
logðv0Þ% logðvÞð ÞBðv, u, sÞds

# $
du dv& 0:

(5)

In the particular case of elastic interactions conserving centre of mass and
local energy, both items (1) and (2) imply that the only stationary state is
a Gaussian distribution in v-space, called the equilibrium Maxwellian
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distribution, defined by the moments corresponding to the collision invar-
iants associated with the initial data f0(v)'0 for a.e. v2d andR
d f0ðvÞð1 + jvj2Þ dv<∞: In the limit as t! +∞, we expect that f (v, t)
converges to the equilibrium Maxwellian distribution, i.e.

f ðt, vÞ!M½m0, u0, T0)ðvÞ :¼m0ð2pT0Þ%d=2 exp % jv%u0j2

2T0

 !

, (6)

where, if m0 > 0 is the density mass, and the moments or observables
are defined by

m0 :¼
Z

d
f0ðvÞ dv, u0 :¼

1

m0

Z

d
f0ðvÞ dv, T0 :¼ðdm0Þ%1

Z

d
jv%u0j2 f0ðvÞ dv

while f (v, t) ¼ 0 for a.e. ðv, tÞ2d$ + if m0 ¼ 0. The quantities m0, u0
and T0 are the density mass, mean and variance, associated to probability
density f (v, t).

(3) The transition probability interaction rate operator B(u, s), or collision ker-
nels, encodes not only regularity but also quantitative properties of solu-
tions, as well as decay rates to equilibrium. For example, in the classical
particle physics dynamics case, the dependence of juj ¼ jv % v*j relates to
intermolecular potentials rates between pairs of interacting particles. In
addition, the dependence on s encodes the rate of collisions depending on
the direction of the phase variables before and after the interaction.

(4) The double mixing convolution structure is changed into a weighted
convolution by the Fourier transform: We observed in Gamba and
Tharkabhushanam (2009) that if the interaction law satisfies that the
post–pre difference of states v0% v depends only on the relative variable
u ¼ v % v* and s, i.e., v0% v¼oðu, sÞ (like in most particle systems of
elastic or inelastic interactions) then, when testing the collisional integral
with ’ðvÞ¼ expð%iv * zÞ in (1) and (2), it yields an identity for the
Fourier transformed equation just in the v-variable, classically defined
by *̂ ðzÞ¼F v!zðf ðvÞÞðzÞ¼ ð2pÞd=2

R
d e%iz*v f ðvÞdv, to obtain

Q̂ðf , f ÞðzÞ¼ 1

ð
ffiffiffiffiffiffi
2p
p

Þd

Z

d
e%iz*vQðf , f ÞðvÞdv ¼ k

Z

d
F ðf ðvÞf ðv%uÞÞðzÞGBðz, uÞdu

with the weight function GBðz, uÞ¼
Z

s2O
½e%i 12z*oðu, sÞ %1)Bðu, sÞ ds:

(7)

Consequently, Q̂ðf , f ÞðzÞ is also a weighted convolution of f̂ ðzÞ. In par-
ticular, the Boltzmann evolution in Fourier space is

d

dt
f̂ ðzÞ¼ Q̂ð f , f ÞðzÞ¼ k

Z

x2d
ĜBðz, xÞ f̂ ðxÞ f̂ ðx% zÞdx with ĜBðz, xÞ¼F u!xGBðz, uÞ:

(8)
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Remark. Both GBðz, uÞ and ĜBðz, xÞ can be viewed as symbol of the multi-
linear integral operator (as the analogue to symbols of PDE’s).

1.3 Classical Elastic Collisional Transport Theory:
The Boltzmann Equation

Eqs. (1) and (2) are exactly the weak (or Maxwell) formulation of the collisional
Boltzmann equation for elastic, inelastic interaction or collisional dynamics
given by

v0¼ v+
b
2
ðjujs%uÞ and v0* ¼ v%b

2
ðjujs%uÞwith relative velocity u¼ v% v*,

Bðu,sÞ¼ jujl bðû * sÞ,with d< l& 1, û¼ u

juj
and

cosy¼ðû,sÞ
juj

, with y the scattering angle, 1=2< b& 1,

(9)

with the scattering direction s¼ u0=juj the scattering direction given by the
postcollisional relative velocity u0. The classical elastic case if for b ¼ 1

(i.e. local energy conservation). In particular v0% v¼ b
2
ðjujs%uÞ¼oðu,sÞ.

In addition, a standard assumption is that the space dynamics in between
the interactions evolve according to Hamiltonian dynamics for the evolving
pair in x-space/v-phase space given by (x(t), v(t), position and velocity,
respectively, when

_x¼ @vHðx,vÞ, and _v¼%@xHðx,vÞ (10)

we have the following classical dynamics of rarefied transport associated to the
Liouville equation in between interactions and the collisional or interacting non-
local form given by the Masters equation framework, written in strong form.

Two important cases in the space inhomogeneous setting are binary and
linear interactions, discussed next.
(i) The nonlinear Boltzmann transport equation for binary interactions: mod-

elling monoatomic gases corresponds to binary collisional forms with
Hamiltonian dynamics (10) between interactions defined for f ¼ f (x, v, t),
written in strong form, is

@f

@t
+ v *rx f ¼Qðf , f Þðx,v, tÞ

¼ k
Z Z

ðu,sÞ2d$Sd%1

Blðjuj, û * sÞ Jb f ðx, 0v, tÞf ðx, 0v% 0u, tÞ
&

% f ðx,v, tÞf ðx,v%u, tÞ)dsdu

(11)
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with Blðjuj, û * sÞ¼ jujlbðû * sÞ with %d < l & 1, where 0v denotes a pre-

collisional state with respect to v. The term Jb ¼
@ðv,v*Þ
ð0v, 0v*Þ

is the Jacobian

of the “post” to “pre”-variable transformation and jJ1j ¼ 1. The angular
function bðû * sÞ¼ bðcosyÞ may or may not be an integrable function

on the sphere Sd%1. If integrable, i.e.,
R
Sd%1bðû * sÞ ds<K, we will say

it satisfies the Grad cut-off assumption.
(ii) The linear Boltzmann equation (Forward Kolmogorov equation): The

strong formulation of linear evolution of f ¼ f (x, k, t), a pdf, given by

Dtf ¼Qðf Þðx,k, tÞ¼
Z

Sk,k0ðk k0Þf 0dk0% f ðx,k, tÞ
Z

Sk0 ,kðk0  kÞdk0: (12)

When the Hamiltonian dynamics are included, as for the case of charged
transport with a repulsive potential F(x, t), this linear (12) models the
dynamics of electron transport along an electronic band energy surface
e(k) given by the Hamiltonian H ¼ e(k) %F(x) according to (10). It yields
the material derivative

Dt f ¼ @t f +
1

ℏ
@keðkÞ * @x f +

1

ℏ
@xFðx, tÞ * @k f (13)

corresponding to _x¼ 1

ℏ
@keðkÞ and _v¼ 1

ℏ
@xFðx

!Þ¼%q

ℏ
E
!
ðk, tÞ. In addition,

the potential function F, with its corresponding electric field qE(x, t) ¼
%@xF(x, t), takes into account mean field effects of the total system, and
is determined by the Poisson equation for charges. The band energy func-
tion e(k) is an eigenvalue of the Bloch decomposition associated to the
quantum crystallographic calculation. These equations model hot electron
collisional transport along divergence-free surfaces (e(k),F(x, t)) in nano-
scale semiconductor devices where magnetic forces are negligible.

Both types of collisional models, nonlinear (i) and linear (ii), appear in problems
that range from electron/hole transport in a crystal lattice with a linear colli-
sional transport (Cheng et al., 2009, 2012; Morales Escalante and Gamba,
2016; Morales-Escalante et al., 2015), to classical gas dynamics problems
(Aoki et al., 1993; Aristov, 2001; Bobylev et al., 2000; Brilliantov and
P€oschel, 2004; Chapman and Cowling, 1970; Gamba and Tharkabhushanam,
2009, 2010; Gamba et al., 2004; Munafo et al., 2014; Sone, 2007); to flow of
self-interacting particle systems, network dynamics in social, economic and
information systems (Bobylev et al., 2009; Duffie et al., 2009; Ringhofer, 2010).

1.4 Deterministic Solvers for Integral
Equations of Boltzmann Type

In recent years, there has been a development of deterministic solvers for kinetic
transport equations, whole first high-dimensional simulations were performed
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by Monte Carlo sampling methods for particle systems (Bird, 1994). There are
essentially three alternatives to Monte Carlo approach for the computation of
the Boltzmann equation: conservative finite element methods, conservative
Spectral–Lagrangian methods and discrete velocities methods (DVM). Recent
references for the conservative spectral methods can be found in Alonso et al.
(2016) and Cheng et al. (2009). While in this review presentation we shall focus
mostly on the conservative spectral method for nonlinear binary interactions,
the linear collisional transport as in the case of collisional plasma simulations
for semiconductor transport or Vlasov–Poisson–Maxwell dynamics can be per-
formed by discontinuous Galerkin schemes, where conservation and positivity
propagation is achieved by enhancing basis functions for conservation and
reconstruction fluxes for positivity. This is possible for linear collisional forms
that have only one conserve quantity: density mass. See this type of work in
Cheng et al. (2009, 2012), Morales-Escalante et al. (2015), Morales Escalante
and Gamba (2016) and references therein.

The propagation of numerical positivity for a probability distribution func-
tion f (v, t) defined in all v-space while having its numerical mass, mean and
variance preserved for each time step remains a very difficult task. The avail-
able reconstruction methods for conservation while preserving positivity prop-
agation that worked so well in the Vlasov–Boltzmann equation for linear
interactions (Cheng et al., 2012) fail to work in the nonlinear collisional
setting as they yield overdetermined systems of discrete equations with no
available solutions to guaranty such properties.

2 THE LANDAU AND BOLTZMANN OPERATORS
RELATION THROUGH THEIR DOUBLE MIXING
CONVOLUTIONAL FORMS

The binary interaction problem is the focus of the rest of this chapter. Its par-
ticular conservation and positivity propagation involves the preservation of
several averaged quantities that are difficult to approximate while keeping
the approximate solution positive throughout the flow computational time.
Our goal is to present a method for numerically solve the Boltzmann equation
with a constrained minimization problem that secures the d + 2 collision
invariants conservation property and converge to the unique equilibrium
Maxwellian characterized by the moments of initial state f0(v).

The Landau–Fokker–Plank equation (Landau, 1937; Landau and Lifschitz,
1980) is a limiting model for the Boltzmann equation used to describe binary
elastic collisions (9) that only result in very small deflections of particle tra-
jectories. Such limit is necessary in the case for Coulomb potentials of the
form juj%3, where the classical formulation of the Boltzmann operator is not
well posed. However, without loss of generality, one can consider the general
form of a potential jujl, with %3 & l & 1 in the grazing collision regime.
In particular, the strong form of the Landau–Fokker–Planck equation, written
in 3 % d (omitting the variables x and t for simplicity), is
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@t f ðvÞ¼QLðf , f ÞðvÞ

¼ k div v

Z

3
jujl+ 2 I%u + u

juj2

 !

ðf ðv%uÞrvf ðvÞ% f ðvÞðrvf Þðv%uÞÞdu

 !

¼ k div v D ijðvÞrvf ðvÞ%Ei f ðvÞ
' (

,

(14)

with D ijðvÞ :¼
R
3 jujl+ 2 I%u + u

juj2

 !

f ðv%uÞdu and EiðvÞ¼
R
3 jujl+ 2 I%u + u

juj2

 !

ðrvf Þðv%uÞdu.
Written in weak form, this operator is a double mixing convolution

Z

3
QLðf , f ÞfðvÞdv

¼ k
Z

6
f ðvÞf ðv%uÞ %4jujlu *rf + jujl+ 2 I%u + u

juj2
:D2f

 ! !

dvdu,

(15)

with a local weight function GLðu,vÞ¼ %4jujlu *rf +

 

jujl+ 2 I%u + u

juj2
:D2f

 !!

:

Its Fourier transform takes the form of the weighted convolution (Gamba
and Haack, 2014)

Q̂Lðf , f ÞðzÞ¼ k
Z

3
Fff ðvÞf ðv%uÞgðzÞ 4ijujlðu * zÞ% jujl+ 2jz? j2

) *
du, (16)

where z? ¼ z % (z * u)/juj2u, the orthogonal component of z to u. Thus, the
corresponding representation with weight function GLðu,zÞ, as in (7), is now
given by the local functions in (u, z)-space, the weight function is
GLðu,zÞ¼ jujlð4iðu * zÞ% juj2jz? j2Þ:

Applying the Fourier transform to the difference of the Boltzmann (1), (9),
(11) and Landau operators (1) and (16), as done in Gamba and Haack (2014),
yields the difference of weighted convolutions

ðQ̂B% Q̂LÞðf , f ÞðzÞ¼
Z

u23
GBðz,uÞ%GLðz,uÞð ÞF ðf ðvÞf ðv%uÞÞðzÞdu, (17)

where GBðz,uÞ is represented in (7) for the case of classical elastic interac-
tions, with an angular dependence of s 2 S2. Considering a collision cross
section that separates in a potential part depending on powers of juj and an
angular part bðû * sÞ, yields
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GBðz,uÞ¼
Z

s2S2
½e%i12z *oðu,sÞ %1) jujlbðû *sÞ ds, with v0% v¼ 1

2
ðjujs%uÞ:

(18)

In order to be able to handle the approximation analysis and actual computa-
tions it is necessary to perform the following fundamental decomposition for
spherical integrations of the weight function Gsðz,uÞ, associated to the Fourier
transform of the Boltzmann collision operator. This decomposition is done
splitting the “polar” direction to the relative velocity u parametrized by the
y-angular parameter, and the corresponding azimuthal direction integration
parametrized by a f-angular parameter. The weight function Gsðz,uÞ form
in (18) can be written as

GBðz,uÞ¼ 2pjujl
Z p

0

beðcosyÞsiny ei
1
2ð1%cosyÞz * uJ0

jujsinyjz? j
2

! "
%1

! "
dy,

(19)

with J0 is the 0th Bessel function of first kind (see Abramowitz and Stegun,
1964, 9.2.21).
Remark. This formulation of the collisional integral does not separate the gain
and loss terms. Cancellation potential singularity is possible in the grazing
collision limit where the states v and v’ are infinitesimally closed.
Defining s with a pole in the direction of u, parametrized by s¼ cosy

u

juj
+

sinyo, o2 Sd%2,

GBðz,uÞ¼ jujl
Z p

0

Z

Sd%2

bðcosyÞsiny ei
1
2ð1%cosyÞz * ue%i12jujsinyðz *oÞ %1

! "
dydo:

(20)

In the relevant case d ¼ 3, the right-hand side of (20) can be written (see
Gamba and Haack, 2014 for the calculation)

2pjujl
Z p

0

bðcosyÞsiny ei
1
2ð1%cosyÞz * uJ0

jujsinyjz? j
2

! "
%1

! "
dy: (21)

The isotropic case when bðcosyÞ is constant, z can be used instead of u as the
polar direction for s, and so the weight (20) is a sinc-function (Gamba and
Tharkabhushanam, 2009).

Finally, letcGb be the Fourier transform ofGb. By symmetry,cGb is real valued.
Then, the convolution weights Ĝbðz,xÞ from (8), written in 3% d, where the inte-
gration with respect to u is performed in spherical coordinates ðr,!Þ2 +$S2,

Ĝbðx,zÞ¼ 2p
Z

3
jujle%ix * u

Z p

0

bðcosyÞsiny e
iz
2 * uð1%cosyÞJ0

1

2
jujjz? jsiny

! "
%1

# $
dydu

¼ 2p
Z ∞

0

Z

S2
rl+ 2

Z p

0

bðcosyÞsiny e%irðx% z
2ð1%cosyÞÞ * !J0

1

2
rjz? jsiny

! "
%e%irx * !

# $

$dyd!dr:
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Taking g the polar angle with respect to z direction for the integration in
! 2 S2

Ĝbðx,zÞ¼ 4p2
Z ∞

0

rl+ 2
Z p

0

Z p

0

bðcosyÞsinysingJ0 r x%x * z
jzj2

z

+++++

+++++sing

 !

$ cos rðx% z
2
ð1% cosyÞÞ * z

jzj
cosg

! "
J0

1

2
rjzjsingsiny

! "#

%cos rx * z
jzj

cosg
! "$

dydgdr,

(22)

This function can be precomputed. This is the actual weight in the weighted
convolutional form in Fourier space (8).

2.1 The Grazing Collision Limit

This identity (21) developed in Gamba and Haack (2014) is used to get a

detailed expansion of e%i12z * ðjujs%uÞ %1 in powers of z * (jujs % u), combined
with the grazing collisions ansatz of short-range cut-off potentials such as of
Rutherford-type potential satisfying the following properties (Villani, 1998):
the family of angular kernels be(y) ¼ ce b(y) 1y'e, for e > 0, satisfy

G1.
R
S2bðû * sÞds unbounded but lim e!04p

R p
0 beðcosyÞsin

2 y
2
sinydy¼

L0 <∞.
G2.

R p
0 beðcosyÞð1% cosyÞ2 + k sinydy! 0 for k' 0,

G3. be(y) ! 0 uniformly on y > y0; 8y0 > 0;

We note that the elastic interaction relation (9) implies jv0% vj2 ¼ juj2 sin2 y
2
,

yielding an angular singularity cancellation by means of the grazing collision
ansatz G1. The constant ce depends on the singularity of the angular function
b(y) and ce! 0 and e! 0. Hence conditions G2 and G3 indicate the interac-
tion is “grazing”, meaning that, as e! 0, then because of the cut-off y! 0 and
so v , v*.

A d, e-family of admissible angular singularities: In the sequel, we consider
the d ¼ 3 dimensional space. Introducing e and d reference parameters, in the
notation of the e-grazing and d-singular angular function bde ðcosyÞsind%2y,
define the functions Hd(x) as the antiderivative from the area differential of
the angular part of the differential cross section as follows

bde û * sð Þds¼% 1

2pHd sin e=2ð Þð Þ
1

sin4+d y=2ð Þ
sin yð Þ1y'e dydo

¼% 4

2pHd sin e=2ð Þð Þ
1

x1 +d
1

x2
1x'sin e=2ð Þdxdo ,

(23)

for x¼ sinðy=2Þ. Thus, equating the last term above to the right-hand side
of relation (21), one can explicitly calculate Hd(x) as the antiderivative of
x%(1+d), to obtain
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Hd xð Þ¼%x%d

d
, for d> 0 and H0 xð Þ¼ logx, for d¼ 0; (24)

where the choice of the exponent dmust satisfy condition G3, for Hd(x).
Finally, an expansion of the weight Gbde ðu,zÞ as calculated in (21), which

recovers an e and sinðy=2Þ free term, labelled GLðu,zÞ in Gamba and Haack
(2014), so that the following theorem holds
Theorem 1. Assume that f de satisfies

jFff de ðv, tÞf de ðv%uÞgðzÞj& Aðz, tÞ
1 + juj3 + a

, (25)

with A(z,t) uniformly bounded by k(1+jzj)%3, k constant, and a > 0. More-

over, assume the angular scattering cross section bde ðcosyÞsiny
d%2 satisfies

conditions G1, G2 and G3 with Hd from (24), with 0 & d< 2, and l ¼ %3.
Then, the rate of convergence from the Boltzmann with grazing collisions to
the Landau collision operator is given by

kcQLðf de , f de Þ% cQbde
ðf de , f de ÞkL∞ &O

1 + ðj logðsinðe=2ÞÞj%1Þ 1fd¼1g
++ ++

Hdðsinðe=2ÞÞj j

! "
!e!0 0:

(26)

The proof of this statement can be found in Gamba and Haack (2014), but
basically consists in showing

Gsðu,zÞ¼GLðu,zÞ+OðbeÞ and
Z

d
OðbeÞF ðf ðvÞf ðv%uÞÞðzÞdu !e!0 0, (27)

if jFff de ðv, tÞf de ðv%uÞgðzÞj satisfies conditions (25), uniformly in time. This
estimate will ensure the asymptotics of solutions to the Boltzmann equation
for Coulombic interactions in the grazing collision limit to solutions of the
Landau equation. It is important to observe that the rate of decay in e
depends on the choice of the angular singularity in bde . In addition, it
is numerically observed different entropy decay rates to equilibrium depend-
ing on the singularity strength measure by d in the angular function
bde û * sð Þsind%2y.

The numerical implementations of a comparison of the Boltzmann equation
for grazing collision limits and the corresponding reduced Landau equation
were extensively performed in Gamba and Haack (2014). The conservative
spectral method (see Sections 3 and 4) was implemented, where the weight
function (22) was precomputed. Numerical simulations of such comparisons
for different cross sections are in Fig. 1.
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3 A CONSERVATIVE SPECTRAL METHOD
FOR THE COLLISIONAL FORM

The following approach and its approximation analysis and error estimates for
the solutions to the Cauchy problem Boltzmann equation were introduced in
Alonso et al. (2016), Gamba and Tharkabhushanam (2009) and Gamba and
Tharkabhushanam (2010) inspired by the work in Bobylev and Rjasanow
(1999) and Pareschi and Russo (2000). We present here a short version of
the strategy to be used. We recall the definition of the Lebesgue’s spaces
LpkðOÞ and the Hilbert spaces Ha

kðOÞ for a measurable set O (for the purpose
of this discussion without loss of generality O is either ð%L, LÞd ord most
of the time.)

LpkðOÞ :¼ f : k fkLpkðOÞ :¼
Z

O
f ðvÞhvik
+++

+++pdv
! "1

p
<∞

8
<

:

9
=

;, with p2 ½1,∞Þ, k2,

Ha
k ðOÞ :¼ f : k fkHa

k ðOÞ :¼
X

b&a

kDbf k2L2kðOÞ

 !1
2

<∞

8
><

>:

9
>=

>;
, with a 2d, k2,

where hvi :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + jvj2

q
. The standard definition is used for the case p¼∞,
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FIG. 1 Comparisons of solutions to Boltzmann using Rutherford cross section (Villani, 1998)
and to Landau equations. Left: Slice of the distribution marginal function at times t ¼ 0, 9, 36,

81, 144, 225, 900. Solid lines: Spline reconstruction of Landau equation solution. Dashed lines
with solid circles: Spline reconstruction of Boltzmann equation. e ¼ 10%4, N ¼ 16. Right: Conver-
gence of entropy to equilibrium: Log of entropy decay for Boltzmann solution with the Rutherford
cross section (24) with d¼ 0 with crosses, and with e-linear cross section with d¼ 1 with circles,
and Landau solution with solid curve. N ¼ 16, e ¼ 10%4. When calculating the entropy H, we
exclude grid points where the distribution is negative. From Gamba, I.M., Haack, J.R., 2014.
A conservative spectral method for the Boltzmann equation with anisotropic scattering and the
grazing collisions limit. J. Comput. Phys. 270, 40–57.
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L∞k ðOÞ :¼ f : k fkL∞k ðOÞ :¼ esssup f ðvÞhvik
+++

+++<∞
n o

, with k2:

It will be commonly used the following shorthand to ease notation when the
domain O is clear from the context

k * kLpkðOÞ ¼ k * kLpk ¼ k * kp,k,

and the subindex k will be omitted in the norms for the classical spaces Lp and
Ha . What follows is short presentation of the extended work in Alonso et al.
(2016).

3.1 Choosing a Computational Cut-Off Domain VL

Because the computation of this problem entices to numerically solve the evo-
lution of a probability distribution function defined in the whole d-space, it
is relevant to discuss the choice of a computational cut-off domain in such a
way that the numerical error for the flow evolution is negligible regarding this
choice of computational window. This discussion is actually independent of
the choice computational scheme and applies to existing as well new
approaches such as the recently developed in Zhang and Gamba (2016).
The following result is rigorous and applied to the Boltzmann equation for
hard potentials, that is (11) with 1 ' l > 0. Hence, for any f (v, t) solution
of the elastic homogeneous Boltzmann equation lying in C 0,T;Ha ðdÞ

' (
,

with a given initial state f ðv,0Þ¼ f0ðvÞ2Ha ðdÞ. A natural question to ask
is: can one secure the propagation of regularity and tail decay for the solution
of the Boltzmann problem, uniformly in time? What are good functional
spaces for probability distribution functions that are solutions of the Boltz-
mann flow problem? These questions have been recently addressed in
Bobylev et al. (2004) and Gamba et al. (2009) and provide an answer in a suit-
able form for any computational approach of the space homogeneous elastic
Boltzmann equation.

To address this problem, we introduce the following notation for exponen-
tially weighted integrable functions. Define

L1ðr,2Þð
dÞ :¼ g : k gkL1ðr,2Þ :¼

Z

d
gðyÞj j erjyj

2

dy<∞
, -

, with r> 0, (28)

and analogous definition for the spaces Lpðr,2Þð
dÞ with p2 ð1,∞). These func-

tional spaces are comprise of nonnegative elements in L1ðr,2Þð
dÞ that are

Gaussian (or Maxwellian) weighted regular probability densities, meaning
that the probability density g not only has all its moments bounded but also
grow as the moments of a Gaussian distribution. That also means the probability

density g(y) decays like e%rjyj2 with rate r for large jyj in the sense of L1. In
particular, one may view r%1 as the corresponding Gaussian or Maxwellian tail
temperature of the density.
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The following rigorous result was obtained for the elastic homogenous
Boltzmann initial value problem (Gamba et al., 2009) that shows if

f0ðvÞ2 L1ðr0,2Þð
dÞ, then solution f ðv, tÞ2L1ðr,2Þð

d
vÞ, for some 0 < r & r0, uni-

formly in t, where r only depends on a number k0-moments of the initial state
f0, with k0> 2, as well as on the scattering kernel B (i.e. on the potential rate l
and the angular function bðû * sÞ). In addition, if the angular cross section satis-
fies bðû * sÞ2L1 +ðd%1Þ, then the propagation of f ðv, tÞ2 L∞ð#r ,2Þð

dÞ, with

0< #r & r& r0, for all time t> 0was also shown inGamba et al. (2009), provided

the initial data f0ðvÞ2 L∞ðr0,2Þð
dÞ. As a consequence, for any given initial state

f0 2L1ea jvj2 ð
dÞ or f0 2L∞ea jvj2 ð

dÞ, there exists a rate b¼ bðk0ðf0Þ,l,bÞ, for which
these exponentially weighted L1 and L∞ norms propagate uniformly in time.

This propagation property secures a stable numerical simulation of the
Boltzmann equation, provided the numerical preserving the conservation laws
or corresponding collision invariants hold. This property yields the conver-
gence to the analytic solution of the initial value problem and its long-time
behaviour converges to the equilibrium Maxwellian, as defined in (6). In fact
we showed that it is sufficient to choose the domain OL ¼ (%L, L)d large
enough such that, at least, most of the mass and energy of the solution f will
be contained in it throughout the simulation. One possible strategy for choos-
ing the size of the simulation domain is as follows: assume without loss of
generality a bounded initial datum f0 with compact support and having zero
momentum

R
f0 v¼ 0. Then,

f0ðvÞ&C0 m0ð2pT0Þ%d=2 e
% r0jvj2

2T0 , (29)

wherem0 :¼
R
f0 dv is the initial mass, T0 :¼

R
f0jvj2 dv is the initial temperature,

and r0 2 (0, 1] and C0 ' 1 are the stretching and dilating constants. The afore-
mentioned analytical results secure that for some r :¼ r( f0, l, b) 2 (0, r0] and
C :¼ C( f0, l, b) ' 1

f ðt,vÞ&C0 m0ð2pT0Þ%d=2 e
% rjvj2

2T0 ¼:Mð f0,C,rÞ, t> 0:

A simple criteria to pick the segment length L of the simulation domain OL

are to ensure that most of the mass and kinetic energy (or variance) of f will
remain in it throughout the numerical simulation. In other words, we want
that, for some small number m << 1,
Z

Oc
L

f ðv, tÞhvi2dv&
Z

Oc
L

Mð f0,C,rÞhvi2dv& m
Z

OL

f0ðvÞhvi2dv¼ mðm0 + T0Þ:

where m is chosen to be understood as a domain cut-off error tolerance that
remains uniform in time and solely depends on the initial state and OL. Equiv-
alently, one needs to choose the size of L, or equivalently the measure of OL,
such that
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ðm0 + T0Þ%1

Z

Oc
L

Mðf0,C,rÞhvi2dv& m , 0 (30)

In order to minimize the computation effort, one should pick the smallest of
such domains, that is,OL* L* ¼ min L> 0 : suppð f0Þ - OL, Oc

L satisfacesð30Þ
. /

:
The choice of m in (30) depends on the knowledge of precise values for

the constants C and r not so easy to determine for a generic initial data,
Hence, in order to avoid overestimating the size of OL, the simulation domain,
it is best to set r0 ¼ r ¼ 1 and choose C ¼ C0 ' 1 as the smallest constant
satisfying (29) (which always exists for any compactly supported and
bounded f0), and set

max f0, m0 ð2pT0Þ%d=2 e
% jvj

2

2T0

( )

&Mð f0,C,1Þ,

with equality if and only if f0 is the equilibrium Maxwellian as in (6) (in such
a case C ¼ 1). Then the use of classical Normal Table for log-normal
distributions yields the error m incurred in the simulation as a function of the
chosen OL, uniformly in time, for any simulation of the Boltzmann collisional
model homogeneous in x-space.
Remark. In this deterministic approach, as much as with Monte Carlo methods
like the Bird scheme (Bird, 1994), the x-space inhomogeneous Hamiltonian
transport for nonlinear collisional forms is performed by time operator-
splitting algorithms. That means, depending on the problem, the computational
v-domain OL can be updated with respect to the characteristic flow associated
to underlying Hamiltonian dynamics.

3.2 Fourier Series, Projections and Extensions

In the implementation of any spectral method the single most important ana-

lytical tool is the Fourier transform defined by f̂ ðzÞ :¼ð2pÞd=2
R
d f ðvÞe%iz*vdv,

defined for any f 2 L1ðdÞ. Our goal is to approximate the collisional form in
Fourier space, given by the weighted convolution in Fourier space (8), by
making use on the approximant Fourier series in a rather simple and conve-
nient way. Indeed, fixing a domain of work OL :¼ (%L, L)d for L > 0, recall
that for any f 2 L2(OL) the Fourier series of f, denoted from now on by fL is

given by fL . 1=ðð2LÞdÞ
P

k2d f̂ LðzkÞeizk *v, where zk :¼
2pk
L

are the spectral

modes and f̂ LðzkÞ is the Fourier transform of fL evaluated in such modes.
Next, define the operator PN : L2ðOLÞ! L2ðOLÞ as

PNfL
' (

ðvÞ :¼ fPL ðvÞ¼ 1

ð2LÞd
X

jkj&N

f̂ LðzkÞeizk *v
0

@

1

A1OLðvÞ, (31)
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that is, the orthogonal projection on the “first N” basis elements and see that
for any integer a the derivative operator commutes with the projection opera-
tor. In OL

@a PNfL
' (

ðvÞ¼ 1

ð2LÞd
X

jkj&N

d@a f ðzkÞe
izk * v

0

@

1

A1OLðvÞ¼ PN@a f
' (

ðvÞ: (32)

The Parseval’s theorem implies PNfL
00 00

L2ðOLÞ
& fLk kL2ðOLÞ for any N; and

PNfL% fL
00 00

L2ðOLÞ
& 0 as N!∞. Because of the decay properties described

in the procedure of choosing the computational domain OL, we can avoid
the expected aliasing effect for a classical Fourier approximation by series
by using the classical extension theorem in Sobolev spaces as follows.

3.2.1 The Extension Operator

For fixed a 0 ' 0 we introduce the extension operator E : L2ðOLÞ! L2ðdÞ
such that E :Ha ðOLÞ!Ha ðdÞ holds for any a & a 0. The construction of such
operator (Stein, 1970) is well known having the following properties:

E1. Linear and bounded, with kEfkHa ðdÞ &Ca k fkHa ðOLÞ for a & a 0:
E2. Ef ¼ f a.e. in OL. Furthermore, denoting f/ the positive and negative

parts of f one has Efð Þ/ ¼Ef / , a:e: in d:
E3. Outside OL the extension is constructed using a reflexion of f near the

boundary @OL. Thus, for any d ' 1 we can choose an extension with
support in dOL, the dilation of OL by d, and kEfkLpðdOLnOLÞ &C0

k fkLpðOLnd%1OLÞ for 1& p& 2, where the constant C0 is independent of
the support of the extension.

E4. In particular, properties E2 and E3 imply that for any d' 1, there is an
extension such that kEfkLpkðdÞ & 2C0d2k k fkLpkðOLÞ for 1& p& 2, k' 0:

The case d ¼ 1 is only possible using an extension by zero, that is, when
ðEf ÞðvÞ¼ f ðvÞ1OLðvÞ, and so a 0 is restricted to zero.

3.3 A Conservative Spectral Method for the Homogeneous
Boltzmann Equation

After the cut-off domain OL has been fixed, the projection operator is applied
to both sides of Eq. (8) to obtain

@PNf

@t
ðv, tÞ¼PNQðf , f Þðv, tÞ, in ð0,T)$OL:

Hence, for such a domain OL and sufficiently large number of modes N, it is
expected that the approximation PNQ(f, f ) . PNQ(PNf, PNf ), in (0, T] $ OL

will be valid, leading to pose and solve the problem
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@g

@t
ðv, tÞ¼PNQðg,gÞðv, tÞ, in ð0,T)$OL,

with initial condition g0 ¼ PNf0, and expect that it should be a good approxi-
mation to PNf. In other words we define the numerical solution to be gN :¼ g
and expect to show that this discrete solution will be a good approximation to
the solution of the Boltzmann problem in the cut-off domain, that is, g , f in
OL, provided the number of modes N used is sufficiently large. This formal-
ism has been shown in Alonso et al. (2016), under some assumptions for
the space homogeneous Boltzmann equation. To this end, we much study a
modified problem, namely, the convergence towards f of the solution g of
the semidiscrete problem

@g

@t
ðv, tÞ¼Qcðg,gÞðv, tÞ in ð0,T)$OL, (33)

with initial condition g0 :¼ gN0 ¼PNf0. The operator Qc(g) is defined as the
L2(OL)-closest function to PNQ(Eg, Eg) having null mass, momentum and
energy. Since the gain collision operator is global in velocity, it turns out that
a good approximation to f will be obtained as long as OL and N are sufficiently
large. The extension operator E has a subtle job to do in the approximation
scheme which is related precisely to the global behaviour of the gain collision
operator. Since solutions of the approximation problem (33) lie in OL, they are
truncated versions of f. The gain operator does not possess higher derivatives
in OL when acting on truncated functions due to the singularity created in the
boundary @OL. The extension smooths out the gain collision operator at the price
of extending the domain. In the case of discontinuous solutions where only
L2-error estimate is expected, the correct extension to use in the scheme is the
extension by zero. We discuss this more carefully in the following sections.

Before continue with the discussion, we are now in position to summarize
the main results on convergence, error estimates and asymptotic behaviour.
These statements are stated in the following theorem. Rigorous proofs can
be found at Alonso et al. (2016).
Theorem 2 (Error estimates and convergence to the equilibrium Maxwellian).
Fix an initial nonnegative initial data f0 2 L12\L

2
' (

ðdÞ. Then, for any time
T > 0 there exist a lateral size L :¼ L(T, f0) and a number of modes N0 :¼
N(T, L, f0) such that

1. Semidiscrete existence and uniqueness: The semidiscrete problem (33)
has a unique solution g2C 0,T;L2ðOLÞ

' (
for any N ' N0.

2. L2k-error estimates: if f0 2 L1\L2ð Þk0 + k + 1

2

ðdÞ for some k0, k' 0, then

sup
t2½0,T)

k f %gkL2kðOLÞ &CL%lk0ecT , for any N'N0,

where N0 :¼ N(T, L, f0, k), C :¼ C(k, f0), c :¼ c(k, f0) and f is the solution
of the Boltzmann equation (11).
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3. Ha-error estimates: For the smooth case f0 2 L12\H
a 0
q

) *
ðdÞ, with a 0 > 0

and q¼ maxfk0 + k,1 + d

2l
g, with k’ ' 2, it follows for any a & a 0

sup
t2½0,T)

k f %gkHa
k ðOLÞ &Ck0e

ckT O
Llk + ja 0j

Nja 0j%ja j

! "
+O L%lk0

) *! "
, for any N'N0,

where N0 :¼ N(T, L, f0, k, a ). And finally,
4. Convergence to the equilibrium Maxwellian: for every d> 0 there exist a

simulation time T :¼ T(d) > 0, corresponding lateral size L :¼ L(T, f0)
and baseline number of modes N0 :¼ N0(T, L, f0, a ) such that for any a & a 0

sup
t2½T

2
,T)
kM0%gkHa ðOLÞ &d, N'N0,

where M0 is the equilibrium Maxwellian (6) having the same mass,
momentum and kinetic energy of the initial configuration f0(v).

The sketch of the proof of Theorem 2, presented next, relies on the control
problem that enforces conservation at the numerical level.

3.4 Conservation Method—An Extended Isoperimetric Problem

This is the procedure that secures the conservation of the necessary collision
invariants. This procedure is posed as a standard L2(OL)-optimization prob-
lem. Therefore, due to the truncation of the velocity domain the projection
of Q( f, f ), namely PNQ( f, f ), does not preserve mass, momentum and energy.
In order to accomplish these conservation properties, the problem is posed as
constraints in a optimization problem to a conserved state. We denote, for the
sake of brevity,

Quðf ÞðvÞ :¼PN QðEf ,Ef Þ 1OLð ÞðvÞ: (34)

The indicator function 1OLðvÞ is due to the fact that the domain of Q(Ef, Ef )
most likely be larger than OL, and thus the extension operator helps to avoid
introducing spurious nonsmoothness within the domain OL due to the domain
cut-off, as described in Section 3.2.

The conservation optimization problem consists into minimize, in the
Banach space

Be ¼ X2 L2ðOLÞ :
Z

OL

X¼
Z

OL

Xv¼
Z

OL

Xjvj2 ¼ 0

, -
,

the functional, defined for a computed and unconserved collision operator
Qu(f ), by

AeðXÞ :¼
Z

OL

Quðf ÞðvÞ%Xð Þ2dv: (35)
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In other words, minimize the L2-distance to the projected collision operator
subject to mass, momentum and energy conservation. The following lemma
plays is fundamental for error estimates as well as the convergence to the
equilibrium Maxwellian (6).
Lemma 1 (Elastic Lagrange estimate). The problem (35) has a unique mini-
mizer given by

X? ¼Quðf ÞðvÞ%
1

2
g1 +

Xd

j¼1

gj+ 1vj + gd + 2jvj
2

 !

,

where gj, for 1& j& d + 2, are Lagrange multipliers associated with the elastic
optimization problem. Furthermore, these Lagrange multipliers are given by

g1 ¼Odru +Od + 2eu; gj+ 1 ¼Od + 2mju, j¼ 1,2,…,d; gd + 2 ¼Od + 2ru +Od + 4eu:

The parameters ru,eu, mju are defined below in (38) and Or :¼ O(L%r) only
depends inversely on diameter OLj j. The minimized objective function is

Ae X*ð Þ¼ Qu fð Þ%X*k k2L2 OLð Þ &C dð Þ 2g21L
d +

Xd

j¼1

g2j + 1

 !

Ld + 2 + g2d + 2L
d + 4

 !

&C dð Þ
Ld

r2u +
e2u

Ld + 1
+
Xd + 1

j¼2

m2j

 !

(36)

The proof of this lemma is constructive and very fundamental. When the
objective function is an integral equation and the constraints are integrals,
the optimization problem can be solved by forming the Lagrangian functional
and finding its critical points. Indeed, set for all j ¼ 1, 2, …, d,

c1ðXÞ :¼
Z

OL

XðvÞdv; cj+ 1ðXÞ :¼
Z

OL

vjXðvÞdv ; cd + 2ðXÞ :¼
Z

OL

jvj2XðvÞdv,

and define

HðX, X0,gÞ :¼AeðXÞ+
Xd + 2

i¼1

giciðXÞ¼
Z

OL

hðv, X, X0,gÞdv:

then, introduced hðv,X,X0,gÞ :¼ Quðf ÞðvÞ%XðvÞð Þ2 + g1 +
Xd

j¼1
gj+ 1vj + gd + 2jvj

2
) *

XðvÞ:

In order to find the critical points compute DXH and DgjH and note that

the derivatives DgjH just retrieve the constraint integrals. Hence, for multiple

independent variables vj and a single dependent function X(v) the Euler–
Lagrange equations are

D2hðv, X, X0,gÞ¼
Xd

j¼1

@D3h

@vj
ðv, X, X0,gÞ¼ 0:
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We used the fact that h is independent of X0. This gives the following equation
for the conservation correction in terms of the Lagrange multipliers

2ðXðvÞ%Quðf ÞðvÞÞ + g1 +
Xd

j¼1

gj+ 1vj + gd + 2jvj
2 ¼ 0,

and therefore, X?ðvÞ¼Quðf ÞðvÞ%
1

2
g1 +

Xd

j¼1

gj+ 1vj + gd + 2jvj
2

 !

:

(37)

Letting gðv,gÞ¼ g1 +
Pd

j¼1gj+ 1vj + gd + 2jvj
2 and substituting (37) into the con-

straints cj(X
?) ¼ 0 yields

ru :¼
Z

OL

Quðf ÞðvÞdv¼
1

2

Z

OL

gðv,gÞdv

mju :¼
Z

OL

vjQuðf ÞðvÞdv¼
1

2

Z

OL

vjgðv,gÞdv, j¼ 1, 2,…, d,

eu :¼
Z

OL

jvj2Quðf ÞðvÞdv¼
1

2

Z

OL

jvj2gðv,gÞdv:

(38)

Identities (38) form a d + 2 by d + 2 system of linear equations that can be
uniquely solved. Indeed, solving for the critical g0, gj+1, j ¼ 1, 2, …, d and
gj+2 yields

g1 ¼Odru +Od + 2eu; gj+ 1 ¼Odmju ; gd + 2 ¼Od + 2ru +Od + 4eu, (39)

where Or :¼ O(L%r). In particular, Or depends inversely on OLj j. Substituting
these values of critical Lagrange multipliers (39) into (37) gives explicitly the
critical X?(v). Moreover, the objective function AeðXÞ can be computed at its
minimum as

AeðX?Þ¼kQuðf Þ%X? k2L2ðOLÞ¼
Z

OL

Quðf ÞðvÞ%X?ðvÞð Þ2dv

¼ 1

4

Z

OL

g1 +
Xd

j¼1

gj + 1vj + gd + 2jvj
2

 !2

dv:

Upon simplification, taking OL ¼ (%L, L)d and expressing the Lagrange multi-
pliers gj, j¼ 1…d + 2 in terms of the unconserved moments ru, mu, j+ 1, j¼ 1…d
and eu from relation (39), one obtains

kQu fð Þ%X* k2L2 OLð Þ &C dð Þ 2g21L
d +

2

d

Xd

j¼1

g2j+ 1

 !

L2d%1 + g2d + 2L
d + 4

 !

& 1

Ld
O ru +

eu
L d + 1ð Þ=2

) *2
+
Xd + 1

j¼1

m2j + 1

 !

,
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which is just an O(L%d) proportional to these unconserved moments that are
shown to be uniformly bounded in time in Lemma 3 in Section 4.2. In a sense
this result is better described as an isomoment estimate, which yields estimate
(36). The strict convexity of Ae implies that this critical point is the unique
minimizer. This results clearly shows that the last estimate secures, after a
few iterations of the conservation algorithm (to be fully described in the next
section) that, for a fixed L and a number of modes N the solution of the mini-
mization problem will converge to an approximate of the collision operator
whose first d + 2 moments are null. This is the tool that will allows us to
construct error estimates for the approximation to the true solution to the
Boltzmann equation and the numerically calculated one for the spectral-
conserved algorithm. In addition these conservation correction estimates from
Lemma 2 in (42), provide the necessary tool to prove that the numerical solu-
tion converges to the equilibrium Maxwellian (6) (see Alonso et al., 2016 for
details.) □

Summarizing, we are now in conditions to define the conserved projection
operator Qc( f ) as follows.
Definition. For any fixed f 2 L2(OL) the conserved projection operator Qc( f )
is defined as the minimizer of problem (E) That is,

Qcðf Þ :¼X?: (40)

From Lemma 1, the minimized objective function (36) in the elastic optimiza-
tion problem depends only on the nonconserved moments ru, mju, and eu
of Qu( f ). These quantities are to be approximating the d + 2 dimensional
zero vector, therefore, the conserved projection operator is a perturbation
ofQu( f ) by a second order polynomial. Denoting the moments of a function f by

mkðf Þ :¼
Z

d
f ðvÞj j jvjlk dv: (41)

Lemma 2 (Conservation correction estimate). Fix f 2 L2(OL), then the
accuracy of the conservation minimization problem is proportional to the
spectral accuracy. That is, for any k,k0' 0 and d> 1 there exists an extension
E such that

k Qcðf Þ%Quðf Þð ÞjvjlkkL2ðOLÞ &
Cffiffiffiffiffiffiffiffiffi
k + d
p Llk kQðEf ,Ef Þ%Quðf ÞkL2ðOLÞ

+
d2lk

0

ffiffiffiffiffiffiffiffiffi
k + d
p Oðd=2 + lðk0%kÞÞ mk0 + 1ðf Þm0ðf Þ + Zk0ðf Þð Þ,

(42)

where C is a universal constant and Zk0ðf Þ depending on the moments up to
order k0.
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3.5 Discrete in Time Conservation Method: Lagrange Multiplier
Method

In this section we consider the discrete version of the conservation scheme.
For such a discrete formulation, the conservation routine is implemented as
a Lagrange multiplier method where the conservation properties of the discrete
distribution are set as constraints. Let M ¼ Nd, the total number of Fourier
modes. For elastic collisions, r ¼ 0, m ¼ (m1, …, md) ¼ (0, …, 0) and
e ¼ 0 are conserved. Let oj > 0 be the integration weights for 1 & j & M
and define

Qu ¼ Qu,1 Qu,2 ⋯ Qu,Mð ÞT

as the distribution vector at the computed time step, and

Qc ¼ Qc,1 Qc,2 ⋯ Qc,Mð ÞT

as the corrected distribution vector with the required moments conserved. For
the elastic case, let

Ce
ðd + 2Þ$M ¼

oj

v1 oj

⋯
vd oj

jvjj2 oj

0

BBBBB@

1

CCCCCA
1& j&M, (43)

be the integration matrix, and aeðd + 2Þ$1 ¼
d

dt
r

d

dt
m1 ⋯

d

dt
md

d

dt
e

! "T

be the

vector of conserved quantities (note that ae is null d + 2-dimensional null vec-
tor in the case of elastic theory, but may not be in general). With this notation
in mind, the discrete conservation method can be written as a constrained
optimization problem: find Qc such that is the unique solutions of

A Qcð Þ¼ min kQu%Qck22:C
eQc ¼ ae withCe 2d + 2$M, Qu 2M, ae 2d + 2

. /
:

The Lagrange multiplier is used to solve the minimization problem A Qcð Þ.
Let g 2d + 2 be the Lagrange multiplier vector. Then the scalar objective
function to be optimized is given by

L Qc,gð Þ¼
XM

j¼1

Qu, j%Qc, j

++ ++2 +gTðCeQc%aeÞ: (44)

Eq. (44) can be solved explicitly for the corrected distribution value and the
resulting equation of correction be implemented numerically in the code.
Indeed, taking the derivative of L Qc,gð Þ with respect to Qc, j, for 1 & j & M
and gi, for 1 & i & d + 2
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@L

@Qc, j
¼ 0, j¼ 1,…,M ) Qc ¼Qu +

1

2
ðCeÞTg: (45)

Moreover,

@L

@gi
¼ 0, i¼ 1,…,d + 2 ) CeQc ¼ ae,

retrieves the constraints. Hence, one needs to solve for g the following equation

CeðCeÞTg¼ 2ðae%CeQuÞ: (46)

Now, since Ce(Ce)T is symmetric and Ce is an integration matrix, then Ce is
also positive definite. As a consequence, the inverse of Ce(Ce)T exists and
one can compute the value of g simply by

g¼ 2ðCeðCeÞTÞ%1ðae%CeQuÞ:

Substituting g into (45) and recalling that ae ¼ 0 for the elastic case,

Qc ¼Qu + ðCeÞT CeðCeÞT
) *%1

ð%CeQuÞ¼ %ðCeÞT CeðCeÞT
) *%1

Ce

# $
Qu :

¼LNðCeÞQu,

(47)

where ¼N$N identity matrix. In the sequel, we regard this conservation
routine as Conserve. Thus,

ConserveðQuÞ¼Qc ¼LNðCeÞ Qu: (48)

Define Dt to be any time discretization operator of arbitrary order. Then, the
discrete problem that we solve reads

Dtf¼LNðCeÞQu: (49)

Thus, multiplying (49) by Ce it follows the conservation of observables

Dt C
efð Þ¼CeDtf¼CeLNðCeÞQu ¼ 0, (50)

where we used the commutation CeDt ¼ DtC
e valid since Ce is independent of

time, see Gamba and Tharkabhushanam (2009) for additional comments.

4 LOCAL EXISTENCE, CONVERGENCE AND REGULARITY FOR
THE SEMIDISCRETE SCHEME

In this section we enunciate L1k and L
2
k estimates for the approximation solutions

{gN} of the problem (33) in the elastic case. The reader must refer to reference
Alonso et al. (2016) for rigorous details. For the purpose of this presentation
we use several well-known results that require different integrability properties
for the angular kernel b, by assuming bðû *sÞ bounded from s2 Sd%1 like it is the
case for hard spheres in three dimensions (generalization for b2 L1ðd%1Þ can be
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made at the cost of technical work). What is important that we work with hard
potentials and so 1' l> 0 in (9). The theory forMaxwellmolecules l¼ 0 needs
a slightly different approach.

Recall that we have imposed conservation of mass, momentum and energy by
building the operator Qc(g) with a constrained minimization procedure. Thus,

Z

OL

gðv, tÞcðvÞdv¼
Z

OL

g0ðvÞcðvÞdv

for any collision invariant c(v) ¼ {1, v, jvj2}. However, due to velocity trunca-
tion, the approximating solution g in general may be negative in some small por-
tions of the domain. This is precisely the technical difficulty that we have to
overcome. In Section 4.1, we present the statement of the proof of convergence
of the proposed approximation in the number of modes N in a time interval
(0, T(L)] where T(L) is a time depending on the lateral size L of the velocity
domain OL. We find a control on the negative mass that can be formed in such
interval characterized in terms of L. In Sections 4.2 and 4.3, we improve the
estimates assuming that the approximating solutions behaves well, that is, its
negative mass does not increases too fast in the time interval in question.

4.1 Local Existence

Since the natural space to study the spectral scheme is L2 OLð Þ, thus we start
proving that the problem is well posed in this space. Due to velocity trunca-
tion, we do not have the standard a priori estimates in L1 that help in the the-
ory, however, the constrain method permits to extend the time where the
scheme gives an accurate solution of the original Boltzmann problem.
Proposition 1. Let g0 2 L2(OL) and fix the domain (0, T(L)] $ OL with TðLÞ .
ðLd + 2ðl+ 1Þ k g0kL2ðOLÞÞ

%1: Then the approximating problem (33) has a unique
solution g2C 0,TðLÞ; L2ðOLÞ

' (
with initial condition g0.

a In addition,
the approximating sequence {gN} to solutions of (33), with initial condition
g0N ¼PNg0, converges strongly in C 0,TðLÞ; L2ðOLÞ

' (
as N!∞. In particular,

sup
t2½0,TðLÞ)

kQðEgN ,EgNÞ%QuðgNÞkL2ðOLÞ! 0 as N! 0, (51)

and the strong limit #g is the unique solution of the equation

@#g

@t
¼QðE#g,E#gÞ1OL %

1

2
g1 +

Xd

j¼1

gj+ 1vj + gd + 2jvj
2

 !

, #gð0Þ¼ g0: (52)

Thecoefficients of the quadratic polynomial are given in Lemma1with parameters
(38) evaluated at QðE#g,E#gÞ. Furthermore, the negative mass of g is quantified as

sup
t2½0,TðLÞ)

k g%kL2ðOLÞ ¼k g
%
0 kL2ðOLÞ +Od=2 + l+ 2 k g0kL2ðOLÞ: (53)

aNote that g actually depends on N since Qc depends on N. We omit this dependence to ease

notation.
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4.2 Uniform Propagation of Numerical Unconserved Moments

We assume now that a solution g2C 0,T; L2ðOLÞ
' (

for problem (33) with ini-
tial condition g0 2 L2(OL) exists. The conservation scheme and the following
stability condition implies that moments up to order 2 are controlled by the
initial datum.

4.2.1 Stability Condition

We denote TE 2 [0, T] the time where the smallness relation for the negative
mass and energy of g and the boundedness of sequence {gN} :¼ {g} in L2

holds, that is for some fixed E > 0,

sup
t2½0,TE)

Z

fg<0g
jgðv, tÞjhvi2dv

Z

fg'0g
gðv, tÞhvi2dv

& E, sup
N2 +

sup
t2½0,TE)

k gðtÞkL2ðOLÞ <∞: (54)

Remark. This stability condition even holds for the scheme to compute the
Boltzmann equation with an anisotropic grazing-Coulomb collision cross sec-
tion (23) as shown in Fig. 2 in the grazing collision limit approximating the
Landau equation. The conservation Spectral–Lagrangian scheme secures that
after 800 mean free times, the value of E < 0.05 in the relation (54), meaning
that the relative proportion of negative energy is very small, and so the solu-
tions keeps essentially positive, and so stabilizes the scheme.
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FIG. 2 Left: Ratio of energy in negative grid points to energy in positive grid points from the
stability condition (54). The grazing parameter is e ¼ 10%4, N ¼ 16. Right: Temperatures evolu-

tion for the a benchmark component plasma system: solid blue, ion temperature Ti; dash-dot blue,
electron temperature Te; solid black, total conserved temperature #T ¼ Ti +Te; dash-dot red, tem-

perature difference jTi % Tej evolution. Left panel from Gamba, I.M., Haack, J.R., 2014.
A conservative spectral method for the Boltzmann equation with anisotropic scattering and the
grazing collisions limit. J. Comput. Phys. 270, 40–57. Right panel from Zhang, C., Gamba,
I.M., 2016. A Conservative Scheme for Vlasov Poisson Landau Modeling Collisional Plasmas.
arXiv:1605.05787 (e-prints, section 7.1.2).
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Indeed, for k ¼ {0, 2}
Z

OL

jgjjvjk ¼
Z

OL

g0jvjk%2

Z

OL

g%jvjk &
Z

OL

g0jvjk

+ 2E
Z

OL

g +jvjk &
Z

OL

g0jvjk + 2E
Z

OL

jgjjvjk:

Hence, choosing E & 1/4 it follows
Z

OL

jgðv, tÞjjvjkdv& 2

Z

OL

g0jvjkdv, for t2 ½0,TE), k¼ 1,2; (55)

and the following lemma holds.
Lemma 3 (Numerical moments bounds). For any lateral size L > 0 and
moment k > 0 there exist an extension E and a number of modes N0(TE, L, k)
such that

sup
t2½0,TE)

k gkL1kðOLÞ &Ck k g0kL1
2
, mk0ðg0Þ

) *
, 8 N'N0, (56)

with Ck(*) a constant depending only on k, k g0kL1
2
, and mk0ðg0Þ with

k0¼ maxfk,k0g. The number k0 > 0 it is uniquely determined by k g0kL1
2
.

The proof of this fundamental results relies on the conservative scheme estimate
Z

OL

gðw, tÞjv%wj2dw¼
Z

OL

g0ðwÞjv%wj2dw: (57)

and condition (54) to obtain an uniform lower bound for the collision operator
negative part. The following result implies stability of the conservative
scheme as well as convergence to the equilibrium Maxwellian. This lower
bound is shown in Alonso et al. (2016) with the assumption that the entropyR
gðvÞ loggðvÞ dv is bounded, since the numerical approximant g(v) may not

be positive at all its point of definition.
Lemma 4 (Lower bound for the discrete collision frequency). Assume the

uniform propagation of some moment
2 + m
l

, and that supt2½0,TE)
R
OL

jgðw, tÞjjwj2 + mdw&Cðg0Þ<∞ for some m > 0. Then,

g*jujl
) *

ðvÞ'Cðg0Þhvil, (58)

with C(g0)> 0 depending only on the mass, energy and the
2 + m
l

-moment of g0.

4.3 Uniform L2k Integrability Propagation

The result from Lemma 4 is fundamental to obtain the following weighted
Sobolev estimates for the approximate solution to the collisional equation.
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Lemma 5 (L2k-propagation estimates). For any lateral size L > 0 and moment
k > 0 there exist an extension E and a number of modes N0(TE, L, k) such that

sup
t2½0,TE)

k gkL2kðOLÞ & max k g0kL2kðOLÞ, Ck mkðg0Þð Þ
n o

, N'N0:

Moreover, the negative mass of g can be estimated as

sup
t2½0,TE)

k g%kL2ðOLÞ & e
C kg0kL1

2
ðOLÞ

) *
TE

k g%0 kL2ðOLÞ +Od=2 + lk C
.
k mk + 1ðg0Þð Þ max 1,TEf g

) *
, N'N0:

The constants Ck and C
.
k are independent of the asymptotic parameters TE, L

and N.
The nest results gather the necessary information to estimate the propagation
of higher order Sobolev regularity for the approximate solution, if initially so.

4.4 Uniform Semidiscrete Hk Sobolev Regularity Propagation

At last, we obtain the extend the discrete L2k integrability estimates from
Lemma 5 to the derivatives of g. Indeed, the follow result has been shown
as well.
Lemma 6 Assume g0 2Ha

k + 2ðOLÞ with a 2 [0, a 0] and k ' 0. For any lateral
size L > 0 there exist an extension Ea 0 and a number of modes N0(TE, L, k, a )
such that

sup
t2½0,TE)

k gkHa
k ðOLÞ & max k g0kHa

k + 2ðOLÞ,Ck mkðg0Þð Þ
n o

, N'N0,

where Ck(*) depends on k and the k-moment of g0.

Remark. The initial restriction a 2 [0, a 0] is due to the fact that in general
Q(Eg, Eg) possesses at most a 0 derivatives.
Finally, gathering the results of Sections 3.4 and 3.5, with the results of global
existence, L1k and L2k moment estimates, as well the higher order Sobolev reg-
ularity estimates form (6) of last section as well as spectral accuracy for the
collisional integral shown in Gamba and Tharkabhushanam (2009), one can
obtain both error estimates for the spectral scheme in the case of smooth
and nonsmooth initial data, and convergence to the equilibrium Maxwellian
(6). The first result removes the small negative mass and energy assumption
(54) needed for the a priori estimates throughout the previous section. The
results hold for any initial state f0(v) associated to the Cauchy problem for
the Boltzmann equation, assumed to be L2ðdÞ and nonnegative (see Alonso
et al., 2016 for rigorous details).
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5 FINAL COMMENTS AND CONCLUSIONS

The conservative spectral Lagrangian method for the Boltzmann equation was
applied for a system of such equations in the modelling of a multienergy level
gas (Munafo et al., 2014). In this case, the formulation of the numerical
method accounts for both elastic and inelastic collisions. It was also be used
for the particular case of a mixture of monatomic gases without internal
energy. The conservation of mass, momentum and energy during collisions
is enforced through the solution of constrained optimization problem to keep
the collision invariances associated to the mixtures (see Munafo et al., 2014,
section 4.3). The effectiveness have been compared with the results obtained
by means of the DSMC method and excellent agreement has been observed.
More recently this conservative spectral Lagrangian approach has been imple-
mented for a system of electron–ions in plasma modelled by a 2 $ 2 system of
Poisson–Vlasov–Landau equations (Zhang and Gamba, 2016), implemented
by time-splitting methods staggering the time steps for advection of the
Vlasov–Poisson system and the collisional system including recombinations.
The constrained optimization problem is applied to the collisional step in a
revised version from Gamba and Tharkabhushanam (2009) where the matrix
Ce defined in (43) was calculated in Fourier space given by the Fourier of
the collision invariant polynomials to obtain a more accurate formulation.
The benchmarking for the constrained optimization implementation for the
mixing problem was done for an example of a space homogeneous system
where the explicit decay the difference for electron and ion temperatures is
known (Zhang and Gamba, 2016, section 7.1.2). Yet the used scheme captures
the total conserved temperature being the sum of the Ions and electron tem-
peratures, respectively (see Fig. 2, right side).

To end, we point out that the conservative spectral Lagrangian scheme for
approximating solutions for the Boltzmann equation for elastic interactions
converges to the equilibrium Maxwellian (6) if the equation is scalar, as is
it shown in Theorem 2, part 4. One should note that it is the conservation sub-
scheme the one that enforces the convergence to the equilibrium Maxwellian
state by enforcing the collision invariants. This is exactly how the Boltzmann
and H-theorems (Cercignani et al., 1994) work: the equilibrium Maxwellian
(6) is proven to be the stationary state due to the conservation properties com-
bined with the elastic collision law.

In other words for the case of inelastic collision (when the collision invar-
iants are just d + 1) or for space inhomogeneous multicomponent Boltzmann
systems flow models, it is not correct to assume that the stationary state is a
Maxwellian distribution density (i.e. a Gaussian in v-space) as, for instance,
asymptotic preserving schemes assume. Just the enforcing the conserved
quantities for the system by the constrain minimization problem, the Conser-
vation Correction Estimate of Lemma 2 will select the correct equilibrium
states for each of the system components.
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Multidimensional upwinding

bicharacteristic methods, 67–68
CIR scheme, 65
corners, 64–65
corner transport methods, 62–64
dimensional splitting, 58–60
dimensional upwinding, 60–61
edges, 64–65
oblique wave methods, 61–62
Poisson formulas, 75–78
residual distribution

elliptic–hyperbolic splitting, 73–75
NN scheme, 71–72
N scheme, 70–71

systems of equations, 72
unsteady problems, 72–73
wave models, 73

Multilevel Monte Carlo (MLMC) method
efficient implementation, 528

error and complexity analysis, 527–528
MLMC-FVM algorithm, 526–527
parallelization, 528

Multiphase flows, in porous media, 481–482
Multiple low MACH number

acoustic–incompressible interactions,

208–213
acoustic limit, 207–208
diagnosis, 215–217
finite volume schemes, 213–214
incompressible limit, 205–207
remedies, 217–221

Multiscale finite element method (MsFEM),

553–555
Multiscale methods, heterogeneous media

Aubin–Nitsche duality argument, 546–548
computational complexity, 548

finite element space, 546–548
finite element spaces, 546–548
higher order spatial approximations,

546–548
leap-frog method, 548
multiscale coefficient, 546–548
oscillatory hyperbolic problems, 546–548

MUSCL method, 163, 164–165f, 307

N
Naive explicit scheme, 105–106
NASA Common Research Model, 343, 344f
Navier–Stokes equations, 121–122, 196,

304–308, 363, 448–449
dimensional upwinding, 60–61

N-body method, 472
Newton-Krylov methods

additional considerations and algorithm

parameters, 340–342
globalization, 338–339
GMRES, 334, 343f
implicit methods, 335

inexact, 335–336
Jacobian-free, 336–337
NASA common research model, 343, 344f
nonsymmetric linear systems, 334

parallelization, 337–338
parallel scaling algorithm, 343, 344f
preconditioning, 337–338
pseudo-transient continuation, 334
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Spalart–Allmaras one-equation turbulence
model, 342

steady and unsteady flows, 332

NIRVANA, 474
NN scheme, 71–72
Nonbarotropic flows, 209

Nonflat bottom topography, 368–369
Nonlinear equation, of state, 355–356
Nonlinear hyperbolic conservation laws

dual problem, 249–250
formal adjoint problem, 249

Fr!echet derivative, 248
Galerkin orthogonality property, 247–248,

250

mean-value linearization, 248

one-dimensional scalar hyperbolic equation,
249

PDE problem, 247–248
Nonlinear wave equation net problem,

443–446, 444f
discontinuous Galerkin method for, 452–454
weak formulation, 444–446, 445f

Nonstandard discretization, 370
Nonstiff convection, 108

Nonsymmetric linear systems, 334

Nonuniqueness, 486

No-penetration boundary condition, 37
for inviscid flows, 38–39

N scheme, 70–71
Numerical extrema, 82–83
Numerical fluxes, 93–94

aligned schemes, 491–492
higher-order schemes, 494

staggered schemes, 493
Numerical homogenization method

asymptotic expansion, 564

long-time wave propagation, 569–574
short-time wave propagation

FD-HMM, 567–569
FE-HMM, 565–566

Numerical illustrations

cell-centred triangular meshes, 224–226
quadrangular Cartesian grids, 221–222
vertex-centred triangular meshes, 223–224,

226–227
Numerical methods

astrophysics

discontinuous Galerkin method, 471–472
finite difference methods, 469–470
finite volume methods, 470–471
grid-free method, 472–473
N-body method, 472

homogeneous equations, 364–368

positivity-preserving methods, 374–377
well-balanced methods, 368–374

O
Oblique wave methods, 61–62
ODE system, 178

Ohm’s law, 396–397
One-dimensional scalar conservation laws,

496–497
with discontinuous flux, 497–498, 497f
with flux function, 496–497, 496f
smooth solutions

inverse Lax–Wendroff procedure, for

inflow boundary conditions, 28–29
Lagrange Extrapolation, for outflow
boundary conditions, 29–30

linear stability, 31

simplified inverse Lax–Wendroff

procedure, 30–31
solutions containing discontinuities,

31–33
well-posedness theory for, 501

One dimensional sweeps, 356

Onera M6 model, 266–267
Operator splitting, 60, 76–78
Optimal entropy connection, 496–498
Oscillations, 224, 486

Osher–Solomon scheme, 148

P
Parallelization, 473
Parallel scaling algorithm, 343, 344f
Parametric representation, 267, 268f
Parametrized flux limiter, 95

Partial differential equations (PDEs), 26, 234,
264–265

metric-based error estimates, 275

shallow water fluids, 132–133
Particle distortion, remeshing for, 190–194
Particle function approximation, 186–190

accuracy, 188–189
efficiency, 189–190
smooth vs. discontinuous solutions, 189

Particle merger, local redistribution technique,

193–194
Particle method, 178–179, 181–190

particle approximation of initial data, 182

particle function approximation, 186–190
accuracy, 188–189
efficiency, 189–190
smooth vs. discontinuous solutions, 189

time evolution of particles, 183–186
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Particle weights redistribution, 191–193
convolution, 191–192
interpolation, 192–193

Path-conservative methods, 369–370
Path-conservative numerical schemes,

138–142
convergence and choice, 166–169
entropy conservative methods, 148
entropy-stable methods, 148

functional viscosity matrix methods,

145–148
Godunov method, 142
Osher–Solomon scheme, 148

Roe methods, 144–145
simple Riemann solvers, 142–144

PDE-ODE coupling conditions
moving bottleneck simulation approaches,

457–460, 460f
toll-gates and flux constraints, 456–457

Penalization method

BGK operator, 111–112, 114
first-order IMEX discretization, 112

Fokker–Planck–Landau equation, 113–114
gas dynamics, 113–114
linear/simpler operator, 113–114
for nonlinear Boltzmann equation, 111–112
nonlinear hyperbolic system, 113
physical viscosity, 113–114
stiff relaxation, 113–114

Petrov–Galerkin problem, 558
Piecewise linear reconstruction, 494

PLUTO, 474

Point insertion, 280–282, 281f
Point smoothing, 282–283
Point values, 86

Poisson equation, 387–388
Poisson formulas, 75–78
Euler equations, application to, 76–78

Polymer flooding model, 495–496
Polynomial approximation, 393–394
Polynomial reconstruction, 358–359
Polynomial viscosity matrix (PVM), 147, 147t
Positivity-preserving methods, 470–471
mesh adaption technique, 374–375
SWEs, 374–375

Posteriori error estimation

classification, 243

error representation formula, 243–244
indicator, 246–247
linear advection, 246f
numerical scheme, 243–244
Type I, 244

Type II, 245–246

Postprocessing reconstruction, 374–375
Preconditioned dissipation, 217–218
Predictor–corrector formulation, 392–393
Pressure contour, 45, 46–47f
Pressure extractions, 289–290, 292f
Pressure fluctuations, 209–212, 222, 222–223f
cell-centred triangular meshes,

224–225, 225f
isolines, 226, 227f
vertex-centred triangular meshes, 226–227,

227f
Primitive variables, 37
Pseudo-transient continuation, 334

Q
Quadrangular cartesian grids, 221–222
Quadratic surface model, 277–278
Quasi-neutral limit, in plasmas, 120–121
Quasi-neutral regime, 120

R
RAMSES, 474

Random entropy solutions, 514–515
Rankine–Hugoniot conditions, 45, 139, 486
Rational viscosity matrix (RVM) methods, 148

Raviart–Thomas elements, 394–395
Real gas effects
gases, mixture of, 353–355
nonlinear equation, of state, 355–356

Reconstruction operator, 149

Reconstruction polynomial, 82–83
Residual averaging, 321–323
Residual distribution

elliptic–hyperbolic splitting, 73–75
NN scheme, 71–72
N scheme, 70–71
systems of equations, 72

to unsteady problems, 72–73
wave models, 73

Residual distribution (RD) scheme, 55–56, 368
Reynolds-averaged (RANS) equations, 308

Riccati equation, 320
Riemann invariants, 105–106
Riemann problem (RP), 142, 153, 364, 446–447
aligned schemes, 492

staggered schemes, 493–494
Riemann solvers, 470–471
accuracy effects, 358–360
multidimensional effects, 356–358
real gas effects

gases, mixture of, 353–355
nonlinear equation, of state, 355–356
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Rieper fix, 220–221
Rieper scheme, 226

Rock permeability, 481–482
Roe linearization, 144
Roe matrix, 156–157, 328–329
Roe methods, 213–214, 217–218, 226

path-conservative numerical schemes,

144–145
well-balanced schemes, 156–157

Roe–Turkel scheme, 217–220
Runge–Kutta discontinuous Galerkin (RKDG)

method, 83
Runge–Kutta (RK) method, 115–116, 311,

377, 392–393, 451–452
Runge–Kutta (RK) time discretization, 455

Rusanov scheme, 357

S
Saint-Venant equations. See Shallow water

equations (SWEs)
Saint-Venant system of equation, 448

Scalar conservation law, 82, 93–94
Second-order finite volume method, 471
Second-order hyperbolic problems.

See Multiscale methods, heterogeneous

media

Shallow water equations (SWEs)
difficulties, 362–363
mathematical model, 363–364
numerical methods

homogeneous equations, 364–368
positivity-preserving methods, 374–377
well-balanced methods, 368–374

roles, 362–363
shallow water

flows, channels with irregular geometry,

377–378
on sphere, 378–379
two-layer equations, 379–380

Shallow water-related models

channels with irregular geometry, 377–378
on sphere, 378–379
two-layer shallow water equations,

379–380
Shallow water system

C-property, 134
functional viscosity matrix methods, 145

hydrostatic reconstruction technique,

160–161
Roe methods, 157

stationary solution, 160

Shockwave, 61

Short-time wave propagation
FD-HMM, 567–569
FE-HMM, 565–566
macroscopic computational domain, 564
periodic oscillatory tensors, 564

Simple Riemann solvers (SRS), 142–144
well-balanced property for, 154–156

Simplified inverse Lax–Wendroff procedure,
30–31

Simplified limiter, 90–91
Singularmapping technique, 493

SLH, 475
Slope limiter procedure, 368, 370–371
Smoothed particle hydrodynamics (SPH)

method, 473

Smoothing procedure, 284
Smoothness indicators, 32–33
Source terms, 67, 468

Spalart–Allmaras model, 308, 341
Spalart–Allmaras one-equation turbulence

model, 342

Spatial scales, 466

Spectral element methods, 394, 564
Sputtering yield, 483

SSBJ design, Dassault Aviation, 288, 288f
SSP high-order time discretizations, 91–92
Staggered schemes, 493–494
Standard explicit numerical method, 122

Static geometry

numerical boundary conditions for, 28–38
two-dimensional Euler equations in, 34–38

Stationary solutions, 133

high-order well-balanced schemes, 161–162
perturbation of, 135, 136–137f
point values, 151

well-balanced methods for, 160–161
Steady-state solution techniques, 12–13
Stiff collision, 108
Stiff relaxation, 113–114, 119
Stochastic AP schemes, 122–123
Stochastic collocation methods, 511

standard collocation method, 520–521
stochastic finite volume method, 521–524

Stochastic finite volume method, 521–524
Stochastic Galerkin (sG) methods, 511,

517–518
finite-dimensional noise assumption, 515

generalized polynomial chaos (gPC), 516

Strain-rate tensor, 73
Strang splitting, 109–110
Strong stability preserving (SSP) Runge–Kutta

method, 91–94
Superfluous dissipation, 59–60, 60f
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Supersonic flow, business jet, 269–270
Surface integrals, 394

Surface mesh generation, 266–267, 267f
Surface metric, 277–278
Surface remeshing, 277–278
Swanson–Turkel–Rossow implementation, 327

T
Temporal scales, 466–467
Thermodynamic pressure, 206–207
Time advancing scheme, 221
Time-dependent coefficients, 495

Time-marching methods

acceleration methods, 318–323
alternative approach, 304–305
implicit schemes, 312–318
model problem, 308–309
multigrid methods, 323–327
multistage schemes, 309–312
RANS equations, 327–332

Total variation bounded (TVB) limiter, 83, 368

Total variation diminishing (TVD), 82
Traffic flow, 482–483
Transonic flow, Onera-M6 wing, 286–288, 287f
Trapezium rule, 68

Travelling wave, 167
Two-dimensional Euler equations, in static

geometry, 34–38
fifth-order boundary treatment, 35
ghost point, 38

ILW procedure, 36–37
Jacobian matrix, 35

local coordinate system, 34, 34f
no-penetration boundary condition, 37

primitive variables, 37

Two-layer shallow water equations, 379–380

U
Uncertainty quantification (UQ), 501

challenges, 511

compressible Euler Equations, 529–530
entropy measure-valued solution, 536–537
Lituya Bay mega-tsunami, 533–534, 534f
Monte Carlo method

error and complexity analysis, 525–526
probability space, 524

Multilevel Monte Carlo (MLMC) method

efficient implementation, 528
error and complexity analysis, 527–528
MLMC-FVM algorithm, 526–527
parallelization, 528

numerical methods, 509–510
random entropy solutions, 514–515
random fields

concrete representations, 512–514
covariance function, 513

E-valued random variable, 511

Karhunen–Loeve expansion, 513–514
random Kelvin–Helmholtz problem,

534–536, 535f
sG methods, 517–518

finite-dimensional noise assumption, 515

generalized polynomial chaos (gPC), 516
statistical solutions, 537–538
stochastic collocation methods

standard collocation method, 520–521
stochastic finite volume method, 521–524

uncertain Orszag–Tang Vortex, 530–533,
531–532f

water flooding, 510
Uniform propagation

L2k Integrability, 430

lower bounds, 429

numerical moments bounds, 429
Semidiscrete Hk Sobolev Regularity, 430

stability condition, 428–429
Unit mesh, 270, 280

Unsplit methods, 60–61
Unsteady problems, 72–73
Unstructured mesh

adaptation
boundary layers metric, 278–280
error estimates, 274–276
geometric estimate, for surfaces, 277–278
interpolation error, 276–277
metric tensors in, 271–272
robustness and performance, 272–274

anisotropic meshes

insertion and collapse, 280–282
unsteady simulations, 282–283

generation

surface mesh, 266–267
volume mesh, 267–269

numerical illustrations

adaptive loop, 284–285
blast prediction, 294–296
boundary layer shock interaction,

290–294
direct sonic boom simulation, 288–290
double mach reflection, 294–296
transonic flow around M6 wing, 286–288
wing-body configuration, 285

Upstream mobility flux scheme, 496–498,
496–497f
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Upwind schemes
multiple low MACH number

acoustic–incompressible interactions,

208–213
acoustic limit, 207–208
diagnosis, 215–217
finite volume schemes, 213–214
incompressible limit, 205–207
remedies, 217–221

numerical illustrations

cell-centred triangular meshes, 224–226
quadrangular Cartesian grids, 221–222
vertex-centred triangular meshes,

223–224, 226–227
relative errors, 134, 134t

V
Vanishing diffusion limit, 167

Variable local time stepping, 318–319
Vascular stent net problem, 439–443
Vector processing, 473
Vector-valued functions, 392

Velocity difference, 61

Velocity divergence, 76

Velocity waves, 208
Vertex-based formula, 65–66
Vertex-centred triangular meshes, 223–224,

226–227, 227f
Vertex fluxes, 65

Viscosity-free methods, 168

Viscous profile, 167

Vlasov equation, 179
Vlasov–Maxwell solvers, 387

Vlasov–Poisson–Fokker–Planck system,

119–120
Volume mesh generation, 267–269
Vorticity, business jet, 269–270

W
Wave equation

in heterogeneous media without scale
separation

engineering applications, 549–550
flux-transfer transformations, 555–558
G-convergence and perturbation
arguments, 561–563

global fine scale computations, 553

global fine scale quadrature rules, 553

harmonic coordinate transformations,
551–553

LOD, 558–561
MsFEM, limited global information,
553–555

operator upscaling, 551

semidiscrete approximation, 550

in heterogeneous media with scale
separation

long-time wave propagation, 569–574
short-time wave propagation, 564–569

homogenization of, 549
Wave models, 73

Wave propagation

in heterogeneous media, 484

in outer solar atmosphere, 485
two-dimensional solar upper atmosphere,

499, 500f
Weak formulation, 393
Weak solution, 487

Weighted average flux (WAF) method, 148

Weighted essentially nonoscillatory

(WENO) method, 25–26, 32–33, 83,
86, 365–367

Weighted particle method, 179, 195–196
Well-balanced HLL scheme, 155–156
Well-balanced methods, 151–166

functional viscosity matrix methods,

157–158
generalized hydrostatic reconstruction

(GHR), 158–160
high-order, 161–166
HLL scheme, 155–156
for moving water, 372–374
Roe method, 156–157
for SRSs, 154–156
for still water, 369–371
subset of stationary solutions, 160–161

Well-posedness theory, 501

Wing-body configuration, 285, 286f
WOLF, 284

Y
Yee scheme, 389

Yin–Yang mesh, 379

Z
Zero relaxation limit, 105–106
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