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Editors’ Introduction

R. Abgrall* and C.-W. Shu"
“Institut fiir Mathematik, Universitdt Ziirich, Ziirich, Switzerland
"Brown University, Providence, RI, United States

These two volumes represent the volumes 17 and 18 of Handbook of Numer-
ical Analysis. It is entirely devoted to the numerical methods designed for
approximating the solution of hyperbolic equations, or of equations that write
as a sum of operators where the most important, in terms of the behaviour of
the solution, is the hyperbolic one. An example is the Navier—Stokes equa-
tions with high Reynolds number where the solution behaviour is essentially
dictated by the hyperbolic operator (here the Euler system), except in bound-
ary layers because of the boundary conditions.

Hyperbolic partial differential equations appear often in applications. The
most important application, already mentioned, is fluid dynamics, including
specific flows such as multiphase flows, magnetohydrodynamics, water
waves, etc. Other application areas include Maxwell equations, kinetic equa-
tions, traffic flow models and networks, etc. The solutions of hyperbolic
partial differential equations often involve discontinuities, making mathemat-
ical analysis and numerical simulations difficult. In the past few decades
there has been a large amount of literature in the design, analysis and applica-
tion of various numerical algorithms for solving hyperbolic equations. The
current volumes attempt to have experts in different types of algorithms write
concise summaries so that the readers can find a variety of algorithms under
different situations and become familiar with their relative advantages and
limitations.

This is a formidable task. We had to make choices because the field has
grown tremendously since the early ages dating back to von Neumann in
the United States and researchers from the former Soviet Union such as
Rusanov and Godunov. This field has grown up for various reasons. The
demand on diverse high tech areas ranging from airplanes and rockets, to
the nuclear and car industries as well as more recently the green industry, to
name just a few, necessitates to master better and better tools to improve per-
formance. If it was possible in the early ages to rely on analytical solutions
and experimental facilities only, this is no longer the case because of various
constraints: economical, technological (weight, etc.), energy consumption,
etc. This evolution has needed improved algorithms, i.e., more and more

Xvii
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accurate as well as more and more robust ones. Hence the research on algo-
rithm has grown up and then exploded since the early 1970s.

In parallel, and also triggered by the same needs, computers have been
more and more powerful from scalar, to vectors, then parallel and now mas-
sively parallel and hybrid architectures. This evolution of technology has also
had a strong impact on the algorithms development.

Because of its success, it is now possible to compute more and more com-
plicated problems, both in terms of geometry and physics.

There is still a lot to do to improve and understand the numerical methods
designed for hyperbolic problems. The aim of these two volumes is to give a
picture of the current state of the art.

In order to introduce the subject, we have asked Professor Dafermos from
Brown University to provide a short summary on the theory of hyperbolic equa-
tions. Then, if one looks at the table of content, one would realize that we have
tried to cover not only the classical topics, such as the finite volume method and
the Riemann solvers that are the building blocks of many of the algorithms, but
also less standard methods. Examples include algorithms for computing sharp
transition propagated by linearly degenerate waves. Other examples are given
by the ENO/WENO family. In that case we have tried to go over the classical
description, by giving some analysis of the methods. Other high-order methods
are also considered such as the discontinuous Galerkin (DG) ones, the more
recent hybrid DG schemes, high-order finite element methods, front-tracking
methods, methods for Lagrangian hydrodynamics, entropy stable schemes,
etc. Time discretisation is also considered, as well as more specialized problems
like the simulation of flows with low Mach numbers, level set techniques,
numerical methods for Hamilton—Jacobi equations, etc.

Unfortunately, it is not possible, even in two quite thick volumes, to pro-
vide an exhaustive coverage of the state of the art. Even though the table of
content seems to be exhaustive, many topics are still missing. For example,
we have chosen to be quite restrictive on the subject of time stepping: there
is no coverage on ADER and IMEX methods. The handling of problems
with source terms is touched by chapters 5 and 6 (well-balanced schemes
and asymptotic-preserving schemes), but there is no direct coverage on stiff
source terms. If we have a chapter on methods for Cartesian meshes, there is
no direct coverage on the application of immersed boundary methods. Simi-
larly we have chosen to consider the problem of meshing in a specific way;
there is no direct coverage on adaptive mesh refinement (AMR). The prob-
lem on boundary conditions is considered in chapter 2 this volume (volume
18) and chapter 19 previous volume (volume 17) of the handbook (SAT-
SPB schemes and inverse Lax—Wendroff procedure), but much more could
have been said. It was simply impossible to cover the whole field, and we
apologize for this.

To end this introduction, we would like to thank all the contributors to
these volumes, as well as the referees. Both have been extremely efficient.
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ABSTRACT

We present an overview of deterministic solvers for the Boltzmann and Landau equa-
tions inspired by their Fourier space representation as weighted convolutional forms,
where the later can be obtained as a grazing collision limit of the former. This presen-
tation offers an introduction to the area and elaborates on recent results for conservative
spectral Lagrangian schemes applied to several applications ranging from homogeneous
flows for Coulomb potentials given by the Landau equation by an approximating of a
corresponding Boltzmann model with grazing transition scattering rates, to a full con-
servative approach for Vlasov—Poisson—Landau system for electron—ion dynamics. This
conservative method is enforced by a Lagrangian constrained optimization problem that
and conservation correction estimates that give place to semidiscrete error estimates
and long-time convergence to statistical equilibrium states given by Maxwellians
distributions.

Keywords: Nonlinear integral equations, Rarefied gas flows, Boltzmann and Landau
Fokker Plank equations, Deterministic numerical approximations to kinetic equations,
Conservative spectral methods

2010 MSC: 45E99, 35A22, 76X05, 76P05, 82C05, 65C20, 65C30

1 INTRODUCTION
1.1 Kinetic Evolution Models

The numerical solutions of kinetic evolution transport given by integral equa-
tions of Boltzmann type needs the underlying understanding of the problem to
be approximated: the evolution of a probability density function usually
described by a Hamiltonian particle transport encountering interactions. Thus,
before we discuss different aspects of deterministic solvers for such models,
we introduced the basic notions associated to kinetic transport evolution models.

Our starting point is to recall that complex particle model systems with
exchangeability properties yield the propagation of chaos property, that is,
the particle system can be models by the evolution of independent and iden-
tically distributed (iid) continuous random variables or probability density
measures. These models appear in many contexts of classical and quantum
statistical physics, and more recently in novel applications to social dynamics
of multiagent interactions defined by some multiplicatively interacting sto-
chastic processes. The models we shall be considered share is a unified gen-
eral framework of material transport dynamics can be derived from the
so-called Master Equations derived for the time evolution of a particle system
modelled as being in exactly one of the countable number of admissible states
at any given time, where switching between states are treated probabilistically
when interactions occur. Such evolution is described by associating a
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probability density of states through discrete or continuous random variables.
Interactions may be of “mean field” type when macroscopic forces depending
on, either particle distribution averages, or particles of the same kind usually
refer as collisions. Typical examples of “mean field” type interactions result
in the so-called collisionless systems of transport models such as Vlasov—
Poisson or Vlasov—Maxwell systems for plasma dynamics of charged particles.

However, when interactions due to collisions occur and the “switching” of
states are described by a time-independent operator, the model represents a
kinetic evolution and the process is Markovian. Such process may also include
birth and death rates, meaning that probability density is injected in (birth) or
taken away from (death) the system, and so the process is not in equilibrium.
Examples of such models are the transport dynamics of classical kinetic
collisional transport given by Boltzmann or Landau—Fokker—Plank type equa-
tions that may include mean field interactions to obtain a Vlasov—Poisson or
Vlasov—Maxwell collisional plasma transport system (Chapman and Cowling,
1970; Graham and Méléard, 1999).

1.2 Binary Collisional Models and Double Mixing Convolution
Forms

Rigorous justification of the propagation of chaos or Stosszahlansatz relies on
contemporary ergodic theory and related areas in probability theory
(Chapman and Cowling, 1970; Pulvirenti et al., 2014). We assume here its
validity, implying that the system of N-particle interactions can be reduced
to a closed form involving products of a single point probability density func-
tion (pdf) denoted by f(x, v, f) solving a nonlocal, linear or multilinear struc-
ture in state space defined by v € R". In the case of binary interactions such
pdf satisfies the following nonlocal weak form

%/Rdf(x, v, )p(v)dv = /Rdg(f,f)(x, v, 1) p(v)dv

:K/]R"xR”f(x’ v, 1) f(x,v—u,t) (/Q(gp(v’) *QO(V))B(M,U)dO')dudV
)]

where the u = v — v, is the relative position for any interacting states pairs
(v, v.) changing into (v/,v}), for v fixed and V' determined by an interaction
law with V' =V (v, v, 0) and v =V, (v, v, 0), with arbitrary ¢ € Q a manifold
that determines the postcollisional relative position u' =v' — v, for an arbitrary
state v, € R”. Such manifold is the sphere $"~' when the interaction correspond
to particles characterized by indistinguishable spheres interacting by conserving
centre of mass and local energies. The parameter x quantifies the scaled mean
free path in between interactions, and it is assumed to be or oder of unity in
rarefied regimes. The material derivative d/df refers to the Lagrangian formula-
tion of Hamiltonian dynamics of mixing (x, v) states, as in classical to particle
plasma physics, and they are viewed as the divergence-free dynamics of
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space-momentum mixing. The corresponding interacting pairs transition proba-
bility rates from (v, v.) to (v/,v%) are quantified by the collision kernel B(u, o).
This equation is nonlocal and linear in the case when f(x, v — u, ) is replaced
by a know probability density. Thus, we define the Kac Master equation formu-
lation as a double mixing convolution structure

G L fenneman= [ 00w o @

d[ RN
= K/ flv,) f(x,v—u, )Gy p(u,v)dudv. (3)
RYxRY

The weight function G, g (u, v) is a mixing form of premixing and postmixing
positions in v-space that depends only on the state variable v and its relative
position state u. This weight function models the g-average of the interaction
on the Q manifold, i.e.

Gy, p(u,v)= /Q(go(v’) —(v))B(v,u,0)da, 4

that depends on the g-average of the test function ¢ on the exchange law of

states multiplied to the transition probability interaction rates B(u, o). These

weight functions G, g(u, v) are often nonlinear and encode most of the infor-
mation about, not only, the dynamics of interactions but also the regularity of
the solution to such equation as much the decay rate to equilibrium states.

More precisely,

(1) The interaction law v =v/'(v,v,,0); vi =v.(v,v.0), microreversible or
not, determines the space of collision invariants: all those ¢(v)) that nul-
lify the weight function G, g(u, v). These collision invariants select the
properties of the stationary states.

(2) Propagation of chaos assumption and time irreversibility: decorrelation
before the next interaction is encoded in the difference (V') —¢(v) of
the weight function and presets stability for the flow. In particular, when
the interaction is microreversible and the transition probability rate func-
tion B(u, o) has symmetric properties consistent with such microreversi-
bility, then setting ¢(v) = log f(v), the monotonicity of the logarithmic
function yields the H-theorem (Cercignani et al., 1994)

d%/RNf(x, v, 1)log (v) dv/RdQ(f’f)(x, v, 1)log (v)dv

= / Fv, 0)f(x,v—u,t) [/ (log(v') — log (v))B(v,u, ¢)do | dudv <O0.
RYxR? Q
&)

In the particular case of elastic interactions conserving centre of mass and
local energy, both items (/) and (2) imply that the only stationary state is
a Gaussian distribution in v-space, called the equilibrium Maxwellian
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distribution, defined by the moments corresponding to the collision invar-
iants associated with the initial data fy(v)>0 for a.e. ve RY and
Jrafo(w)(1+ [v|*) dv < co. In the limit as f — + oo, we expect that f(v, 1)
converges to the equilibrium Maxwellian distribution, i.e.

2
f(t,v) — M[mo, uo, To](v) := mo(27rT0)7d/2 exp (— VZTL;O|> , (6)

where, if my > 0 is the density mass, and the moments or observables
are defined by

L hwyan, To= (dmo)”/ v —uol” fo(v) dv
mo Jrd R¢

while f(v, £) = 0 for a.e. (v,£) €RY x R* if my = 0. The quantities m1, g
and T, are the density mass, mean and variance, associated to probability
density f(v, ).

The transition probability interaction rate operator B(u, o), or collision ker-
nels, encodes not only regularity but also quantitative properties of solu-
tions, as well as decay rates to equilibrium. For example, in the classical
particle physics dynamics case, the dependence of |u| = |v — v.| relates to
intermolecular potentials rates between pairs of interacting particles. In
addition, the dependence on ¢ encodes the rate of collisions depending on
the direction of the phase variables before and after the interaction.

The double mixing convolution structure is changed into a weighted
convolution by the Fourier transform: We observed in Gamba and
Tharkabhushanam (2009) that if the interaction law satisfies that the
post—pre difference of states v/ —v depends only on the relative variable
u=v—v,and o, i.e.,, vV —v=0w(u,0) (like in most particle systems of
elastic or inelastic interactions) then, when testing the collisional integral
with @(v)=exp(—iv-{) in (1) and (2), it yields an identity for the
Fourier transformed equation just in the v-variable, classically defined
by () =Foic(F)(0) = (21)"2 e £ (v)dv, to obtain

) - e iy vidv =k vf(v— u)du
010 =3 [ 00wyt = [ F 0 =) O (C00
with the weight function Gg({, u) :/ [eii%g'("w‘ 9 _1]B(u, o) do.
geQ

)

Consequently, O(f, f)({) is also a weighted convolution of f({). In par-
ticular, the Boltzmann evolution in Fourier space is

GFO=00.N0O=rx [ CaCOFEFE-0dE with Gall.)=Furcallon).
eR

®)
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Remark. Both Gg({,u) and Gg({, &) can be viewed as symbol of the multi-
linear integral operator (as the analogue to symbols of PDE’s).

1.3 Classical Elastic Collisional Transport Theory:
The Boltzmann Equation

Egs. (1) and (2) are exactly the weak (or Maxwell) formulation of the collisional
Boltzmann equation for elastic, inelastic interaction or collisional dynamics
given by

V=v+ §(|u|afu) and v :vf§(|u|afu)withrelative velocity u=v—v,,

B(u,0) = [ul’ b(ii- ¢),with d < 1 < 1, ﬁ:ﬁ and
u

(T’—U), with 0 the scattering angle, 1/2<f<1,

©))

with the scattering direction o =u'/|u| the scattering direction given by the
postcollisional relative velocity u’. The classical elastic case if for f = 1

(i.e. local energy conservation). In particular v/ —v :§(|u|o —u)=ow(u,0).

In addition, a standard assumption is that the space dynamics in between
the interactions evolve according to Hamiltonian dynamics for the evolving
pair in x-space/v-phase space given by (x(f), v(f), position and velocity,
respectively, when

X =0,H(x,v), and v = —9,H(x,v) (10)

we have the following classical dynamics of rarefied transport associated to the

Liouville equation in between interactions and the collisional or interacting non-

local form given by the Masters equation framework, written in strong form.
Two important cases in the space inhomogeneous setting are binary and

linear interactions, discussed next.

(i) The nonlinear Boltzmann transport equation for binary interactions: mod-
elling monoatomic gases corresponds to binary collisional forms with
Hamiltonian dynamics (10) between interactions defined for f = f(x, v, 1),
written in strong form, is

T v V=0 )

t
/[ Byl o) Upf o —y (D
(u,0)€RY x §d-1
—f(x,v,0)f (x,v —u,t)]dodu
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with B, (|ul.ii - o) = [u|"b(ii- o) with —d < A < 1, where /v denotes a pre-

O(v,vs)

(v.vs)
of the “post” to “pre”-variable transformation and |J;| = 1. The angular
function b(ii- ) =b(cosf) may or may not be an integrable function
on the sphere S~ If integrable, i.e., fsd,]b(ﬁ-a) do <K, we will say
it satisfies the Grad cut-off assumption.

(ii) The linear Boltzmann equation (Forward Kolmogorov equation): The
strong formulation of linear evolution of f = f(x, k, ¢), a pdf, given by

D =0(f)(x.k,1) = / Sew (k= K)F'Ak —f (x,k,1) / Spx(K —k)ydk'. (12)

collisional state with respect to v. The term Jg = is the Jacobian

When the Hamiltonian dynamics are included, as for the case of charged
transport with a repulsive potential @(x, ¢), this linear (12) models the
dynamics of electron transport along an electronic band energy surface
&(k) given by the Hamiltonian H = ¢(k) —®(x) according to (10). It yields
the material derivative

th:(’),f+%8ks(k)-axf+%8xcb(x,t)-8kf (13)

corresponding to X = %8k8(k) and v = %&((D(?) = —%E (k,t). In addition,
the potential function ®, with its corresponding electric field gE(x, ) =
—0,D(x, 1), takes into account mean field effects of the total system, and
is determined by the Poisson equation for charges. The band energy func-
tion &(k) is an eigenvalue of the Bloch decomposition associated to the
quantum crystallographic calculation. These equations model kot electron
collisional transport along divergence-free surfaces (e(k), ®(x, ¢)) in nano-
scale semiconductor devices where magnetic forces are negligible.

Both types of collisional models, nonlinear (i) and linear (i), appear in problems
that range from electron/hole transport in a crystal lattice with a linear colli-
sional transport (Cheng et al., 2009, 2012; Morales Escalante and Gamba,
2016; Morales-Escalante et al., 2015), to classical gas dynamics problems
(Aoki et al.,, 1993; Aristov, 2001; Bobylev et al., 2000; Brilliantov and
Poschel, 2004; Chapman and Cowling, 1970; Gamba and Tharkabhushanam,
2009, 2010; Gamba et al., 2004; Munafo et al., 2014; Sone, 2007); to flow of
self-interacting particle systems, network dynamics in social, economic and
information systems (Bobylev et al., 2009; Duffie et al., 2009; Ringhofer, 2010).

1.4 Deterministic Solvers for Integral
Equations of Boltzmann Type

In recent years, there has been a development of deterministic solvers for kinetic
transport equations, whole first high-dimensional simulations were performed
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by Monte Carlo sampling methods for particle systems (Bird, 1994). There are
essentially three alternatives to Monte Carlo approach for the computation of
the Boltzmann equation: conservative finite element methods, conservative
Spectral-Lagrangian methods and discrete velocities methods (DVM). Recent
references for the conservative spectral methods can be found in Alonso et al.
(2016) and Cheng et al. (2009). While in this review presentation we shall focus
mostly on the conservative spectral method for nonlinear binary interactions,
the linear collisional transport as in the case of collisional plasma simulations
for semiconductor transport or Vlasov—Poisson—Maxwell dynamics can be per-
formed by discontinuous Galerkin schemes, where conservation and positivity
propagation is achieved by enhancing basis functions for conservation and
reconstruction fluxes for positivity. This is possible for linear collisional forms
that have only one conserve quantity: density mass. See this type of work in
Cheng et al. (2009, 2012), Morales-Escalante et al. (2015), Morales Escalante
and Gamba (2016) and references therein.

The propagation of numerical positivity for a probability distribution func-
tion f(v, f) defined in all v-space while having its numerical mass, mean and
variance preserved for each time step remains a very difficult task. The avail-
able reconstruction methods for conservation while preserving positivity prop-
agation that worked so well in the Vlasov—Boltzmann equation for linear
interactions (Cheng et al., 2012) fail to work in the nonlinear collisional
setting as they yield overdetermined systems of discrete equations with no
available solutions to guaranty such properties.

2 THE LANDAU AND BOLTZMANN OPERATORS
RELATION THROUGH THEIR DOUBLE MIXING
CONVOLUTIONAL FORMS

The binary interaction problem is the focus of the rest of this chapter. Its par-
ticular conservation and positivity propagation involves the preservation of
several averaged quantities that are difficult to approximate while keeping
the approximate solution positive throughout the flow computational time.
Our goal is to present a method for numerically solve the Boltzmann equation
with a constrained minimization problem that secures the d + 2 collision
invariants conservation property and converge to the unique equilibrium
Maxwellian characterized by the moments of initial state fy(v).

The Landau—Fokker—Plank equation (Landau, 1937; Landau and Lifschitz,
1980) is a limiting model for the Boltzmann equation used to describe binary
elastic collisions (9) that only result in very small deflections of particle tra-
Jjectories. Such limit is necessary in the case for Coulomb potentials of the
form |u| >, where the classical formulation of the Boltzmann operator is not
well posed. However, without loss of generality, one can consider the general
form of a potential |u|*, with —3 < 4 < 1 in the grazing collision regime.
In particular, the strong form of the Landau—Fokker—Planck equation, written
in 3 — d (omitting the variables x and ¢ for simplicity), is



Deterministic Solvers for Nonlinear Collisional Kinetic Flows Chapter | 15 411

Of(v)=0u(f.f)(v)

—kdiv, ( [ Jul? ( - ﬁ)) (=) Vf () = F () (Vf (v — u))du)

=xdiv, (DU(V)V\JC(V) - gif("»’
(14)

with Dy(v) == falu|"*? (I—u® u)f(v—u)du and &(v) = [palul*? <I—u® u)

2 2
Jul Juf
(v‘f) (V - u)du'
Written in weak form, this operator is a double mixing convolution

[ ous.p1o0)a
.

=i [ FO(v—u) (—4|u|)~u Y+ ful <I—|@|’ :D%))dvdu,
R® u

5)

with  a  local  weight function  Gp(u,v)= | —4ful'u-V+

|u|).+z< M|STZM:D2¢>>'

Its Fourier transform takes the form of the weighted convolution (Gamba
and Haack, 2014)

Our- ()= | FUCU =)0 (4l -0 = P, 16

where (= — (- u)/|u|2u, the orthogonal component of { to u. Thus, the
corresponding representation with weight function G (u,(), as in (7), is now
given by the local functions in (u,()-space, the weight function is
G (1.) = |ul* (4i(u- 1) — | P).

Applying the Fourier transform to the difference of the Boltzmann (1), (9),
(11) and Landau operators (1) and (16), as done in Gamba and Haack (2014),
yields the difference of weighted convolutions

(05— 0)(f.f)(0) = / (Gs(Cor) — Gu(Cot)) FUF O (v — ) (O, (17)

ueR?
where Gp({,u) is represented in (7) for the case of classical elastic interac-
tions, with an angular dependence of ¢ € S°. Considering a collision cross
section that separates in a potential part depending on powers of |u| and an
angular part b(ii - o), yields
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.1
QB(C,u):/ [0 _ 1] [ub(i- o) o, with v —v = (|ulo —u).
ges?

N —

(13)

In order to be able to handle the approximation analysis and actual computa-
tions it is necessary to perform the following fundamental decomposition for
spherical integrations of the weight function G, ({,u), associated to the Fourier
transform of the Boltzmann collision operator. This decomposition is done
splitting the “polar” direction to the relative velocity u parametrized by the
0-angular parameter, and the corresponding azimuthal direction integration
parametrized by a ¢-angular parameter. The weight function G,({,u) form
in (18) can be written as

T 1 : 1L
Gp(C,u) :2n|u\;‘/ b:(cos0)sinf (e’i(l_c"sg)c'”.lo <|MSH;0|C ) — 1) do,
0

(19)

with Jy is the Oth Bessel function of first kind (see Abramowitz and Stegun,
1964, 9.2.21).

Remark. This formulation of the collisional integral does not separate the gain
and loss terms. Cancellation potential singularity is possible in the grazing
collision limit where the states v and v’ are infinitesimally closed.

Defining ¢ with a pole in the direction of u, parametrized by ¢ = cos0— +

sinfw, o € §9-2, Jul
P i . il(lfcos())l» —i5] \u|sm0 )
Gp(Lu) = |u| b(cos0)sinf| e'2 e "2 i dodw.
0 Sd—z
(20)

In the relevant case d = 3, the right-hand side of (20) can be written (see
Gamba and Haack, 2014 for the calculation)

n 1 . in0|¢*
2n|u|;'/ b(cos@)sin@(e’f(l_cose)*'”Jo <|u|511129|C|> - l)dG. (21)
0

The isotropic case when b(cos0) is constant, { can be used instead of u as the
polar direction for g, and so the weight (20) is a sinc-function (Gamba and
Tharkabhushanam, 2009).

Finally, let é; be the Fourier transform of G,. By symmetry, é\b isreal valued.
Then, the convolution weights G, ({, £) from (8), written in 3 — d, where the inte-
gration with respect to u is performed in spherical coordinates (r,7) € R* x S2,

Gp(&,0) 27z/ |ul* e ”/ (cos@)sm@{ﬂ u(1=cost) g ( \uH(HsmO)—l}d@du

1 -
—Zn/ / “2/ b(cos0) sm@{ ir(e= 21 cos0)) "lo(zrmi\sin@) —e”“"’}
Sz

x dOdndr.
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Taking 7y the polar angle with respect to { direction for the integration in

n e §?
siny)

GAh(f,g):4n2/ r“z//b(cos@)sin()sinyjo<r
0 o Jo

X {cos (r(f —%(1 —cosf)) - |—§|cosy)J0 <%1|C| sinysinO) (22)
¢

—cos (ré . m cos y) ] dfdydr,

This function can be precomputed. This is the actual weight in the weighted
convolutional form in Fourier space (8).

&g
: I€&

2.1 The Grazing Collision Limit
This identity (21) developed in Gamba and Haack (2014) is used to get a

.1,
detailed expansion of e 2 (Mo _ 1 i powers of { - (lu|lo — u), combined

with the grazing collisions ansatz of short-range cut-off potentials such as of
Rutherford-type potential satisfying the following properties (Villani, 1998):
the family of angular kernels b,(0) = ¢, b(0) 1y, for ¢ > 0, satisty

Gl. [,b(i-0)de unbounded but lim, odn [; b,(cosO) sinzg sin0d0 =
Ap < o0.

G2. 7 by(cos0)(1— cos0)*** sin0do — 0 for k>0,

G3. b,(0) — 0 uniformly on 0 > 6y; YOy > 0;

We note that the elastic interaction relation (9) implies [/ —v|* = |u|* sin® g,
yielding an angular singularity cancellation by means of the grazing collision
ansatz G/. The constant ¢, depends on the singularity of the angular function
b(0) and ¢, — 0 and ¢ — 0. Hence conditions G2 and G3 indicate the interac-
tion is “grazing”, meaning that, as ¢ — 0, then because of the cut-off § — 0 and
SOV R V.

A 0, e-family of admissible angular singularities: In the sequel, we consider
the d = 3 dimensional space. Introducing ¢ and ¢ reference parameters, in the
notation of the ¢-grazing and -singular angular function b°(cos6)sin?=20,
define the functions Hs(x) as the antiderivative from the area differential of
the angular part of the differential cross section as follows

. 1 1
(i - = _ i Lo>e
belit- 0)do = = i (e/2)) sinv+a(g2) S () o= d0do
4 1 1 (23)

= 5 Le> gin(g/2)dxdw ,
2mH,(sin (e/2))x +ox2 = oin(E/2) @
for x=sin(6/2). Thus, equating the last term above to the right-hand side
of relation (21), one can explicitly calculate Hs(x) as the antiderivative of
x~ 1% 1o obtain
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-
Ha(x):—%, for >0 and Hy(x) = logx, for § =0; 24)

where the choice of the exponent 6 must satisfy condition G3, for Hs(x).
Finally, an expansion of the weight G,s(u,() as calculated in (21), which

recovers an ¢ and sin(0/2) free term, labelled G; (1,{) in Gamba and Haack

(2014), so that the following theorem holds

Theorem 1. Assume that f° satisfies

FIR @R —wi(o)] <& @)

"1+ |u

with A(L,t) uniformly bounded by k(1+|C|)73, k constant, and a > 0. More-
over, assume the angular scattering cross section bf(cos 0) sin0972 satisfies
conditions G1, G2 and G3 with Hs from (24), with 0 < 6 < 2, and A = —3.
Then, the rate of convergence from the Boltzmann with grazing collisions to
the Landau collision operator is given by

o 1+ (log (sin(2/2)| ~ 1) 151 |
R e e ) )
(26)

The proof of this statement can be found in Gamba and Haack (2014), but
basically consists in showing

Go(u,0) =Gr(u,{) +O(b;) and /JO(b,;)}'(f(v)f(v—u))(C)du —.-00, 27)

R

if |F{2(v,0)f°(v—u)}({)] satisfies conditions (25), uniformly in time. This
estimate will ensure the asymptotics of solutions to the Boltzmann equation
for Coulombic interactions in the grazing collision limit to solutions of the
Landau equation. It is important to observe that the rate of decay in ¢
depends on the choice of the angular singularity in bf. In addition, it
is numerically observed different entropy decay rates to equilibrium depend-
ing on the singularity strength measure by ¢ in the angular function
b (it - o) sin?=20.

The numerical implementations of a comparison of the Boltzmann equation
for grazing collision limits and the corresponding reduced Landau equation
were extensively performed in Gamba and Haack (2014). The conservative
spectral method (see Sections 3 and 4) was implemented, where the weight
function (22) was precomputed. Numerical simulations of such comparisons
for different cross sections are in Fig. 1.
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FIG. 1 Comparisons of solutions to Boltzmann using Rutherford cross section (Villani, 1998)
and to Landau equations. Left: Slice of the distribution marginal function at times ¢ = 0, 9, 36,
81, 144, 225, 900. Solid lines: Spline reconstruction of Landau equation solution. Dashed lines
with solid circles: Spline reconstruction of Boltzmann equation. ¢ = 10™%, N = 16. Right: Conver-
gence of entropy to equilibrium: Log of entropy decay for Boltzmann solution with the Rutherford
cross section (24) with 6 = 0 with crosses, and with ¢-linear cross section with 6 = 1 with circles,
and Landau solution with solid curve. N = 16, ¢ = 10~*. When calculating the entropy H, we
exclude grid points where the distribution is negative. From Gamba, I.M., Haack, J.R., 2014.
A conservative spectral method for the Boltzmann equation with anisotropic scattering and the
grazing collisions limit. J. Comput. Phys. 270, 40-57.

3 A CONSERVATIVE SPECTRAL METHOD
FOR THE COLLISIONAL FORM

The following approach and its approximation analysis and error estimates for
the solutions to the Cauchy problem Boltzmann equation were introduced in
Alonso et al. (2016), Gamba and Tharkabhushanam (2009) and Gamba and
Tharkabhushanam (2010) inspired by the work in Bobylev and Rjasanow
(1999) and Pareschi and Russo (2000). We present here a short version of
the strategy to be used. We recall the definition of the Lebesgue’s spaces
L7(Q) and the Hilbert spaces H}(Q) for a measurable set Q (for the purpose
of this discussion without loss of generality Qis either (—L, L)d or RY most
of the time.)

LZ(Q) :

1
falfl @)= </§2V(v)<v>k’pdv>” <0 p,withpe[l, o), kER,

2
HA(Q) = ZHD/jf”[%%(Q) <oo p, witha e N/, k€R,

p<a

((Q):= 977

where (v) :=1/1+|v|>. The standard definition is used for the case p = co,
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Le(Q) = {f: 1fllee @) = esssup‘f(v)(v)k‘ < oo}, with k € R.

It will be commonly used the following shorthand to ease notation when the
domain Q is clear from the context

and the subindex k will be omitted in the norms for the classical spaces L” and
H”. What follows is short presentation of the extended work in Alonso et al.
(2016).

g = -l =1 llpe

3.1 Choosing a Computational Cut-Off Domain €2,

Because the computation of this problem entices to numerically solve the evo-
lution of a probability distribution function defined in the whole R?-space, it
is relevant to discuss the choice of a computational cut-off domain in such a
way that the numerical error for the flow evolution is negligible regarding this
choice of computational window. This discussion is actually independent of
the choice computational scheme and applies to existing as well new
approaches such as the recently developed in Zhang and Gamba (2016).
The following result is rigorous and applied to the Boltzmann equation for
hard potentials, that is (11) with 1 > A > 0. Hence, for any f(v, f) solution
of the elastic homogeneous Boltzmann equation lying in C(0,T; H*(R)),
with a given initial state f(v,0) =fo(v) € H*(R?). A natural question to ask
is: can one secure the propagation of regularity and tail decay for the solution
of the Boltzmann problem, uniformly in time? What are good functional
spaces for probability distribution functions that are solutions of the Boltz-
mann flow problem? These questions have been recently addressed in
Bobylev et al. (2004) and Gamba et al. (2009) and provide an answer in a suit-
able form for any computational approach of the space homogeneous elastic
Boltzmann equation.

To address this problem, we introduce the following notation for exponen-
tially weighted integrable functions. Define

(r,2)

y|2 .
L%,-,z)(Rd):—{g:Hgllu = Adlg<y>\e"y‘ dy<oo},w1thr>o, (28)

and analogous definition for the spaces L[()r,Z) (R?) with p € (1, c0]. These func-

tional spaces are comprise of nonnegative elements in L(lr’2> (Rd) that are

Gaussian (or Maxwellian) weighted regular probability densities, meaning
that the probability density g not only has all its moments bounded but also
grow as the moments of a Gaussian distribution. That also means the probability

W .
density g(y) decays like e~"PI" with rate r for large ly| in the sense of L' In
particular, one may view 7~ ' as the corresponding Gaussian or Maxwellian il
temperature of the density.
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The following rigorous result was obtained for the elastic homogenous

Boltzmann initial value problem (Gamba et al., 2009) that shows if
fo(v) €L, 5 (R?), then solution f(v,r) €L}, , (RY), for some 0 < r < ro, uni-
formly in ¢, where r only depends on a number k’-moments of the initial state
fo, with &’ > 2, as well as on the scattering kernel B (i.e. on the potential rate 4

and the angular function b(ii - ¢)). In addition, if the angular cross section satis-

fies b(ii-o) €L'*(S""), then the propagation of f(v,f)€ Ly, (RY), with
0 <7 <r<ry,forall timez > 0 was also shown in Gamba et al. (2009), provided

the initial data fo(v) €L, ») (R?). As a consequence, for any given initial state
foeL! (Rd) orfo € L® (Rd), there exists a rate § = (k'(fy), 4,b), for which

e ool
these exponentially weighted L' and L® norms propagate uniformly in time.
This propagation property secures a stable numerical simulation of the
Boltzmann equation, provided the numerical preserving the conservation laws
or corresponding collision invariants hold. This property yields the conver-
gence to the analytic solution of the initial value problem and its long-time
behaviour converges to the equilibrium Maxwellian, as defined in (6). In fact
we showed that it is sufficient to choose the domain Q; = (—L, L) large
enough such that, at least, most of the mass and energy of the solution f will
be contained in it throughout the simulation. One possible strategy for choos-
ing the size of the simulation domain is as follows: assume without loss of
generality a bounded initial datum f, with compact support and having zero
momentum [f, v=0. Then,

rolvf?

fov) < Como(2nTy) % e 210,

(29)

where mg := [f, dv is the initial mass, Ty := [fo|v| dv is the initial temperature,
and rg € (0, 1] and Cy > 1 are the stretching and dilating constants. The afore-
mentioned analytical results secure that for some r := r(fy, 4, b) € (0, o] and
C:=C(fo, 4, b) > 1

rlvf®

F(t.v) < Como(2nTy) ™% e 210 = M(fy,C.r), t>0.

A simple criteria to pick the segment length L of the simulation domain
are to ensure that most of the mass and kinetic energy (or variance) of f will
remain in it throughout the numerical simulation. In other words, we want
that, for some small number u << 1,

F0)(v)2dv< / M(fo,Cr) (v dv < p [ fo(v)(v)2dv = pu(mo +To).
o Qf QL

where p is chosen to be understood as a domain cut-off error tolerance that
remains uniform in time and solely depends on the initial state and Q;. Equiv-
alently, one needs to choose the size of L, or equivalently the measure of Q;,
such that
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(mo+Tp) ™" Q[M(fo,C,r)<V>2dv§ ua0 (30)
‘L

In order to minimize the computation effort, one should pick the smallest of
such domains, that is, ©Q;, L, = min {L > 0:supp(fo) CQu, Q satisfaces(30)}.
The choice of p in (30) depends on the knowledge of precise values for
the constants C and r not so easy to determine for a generic initial data,
Hence, in order to avoid overestimating the size of €);, the simulation domain,
it is best to set ro = r = 1 and choose C = Cy > 1 as the smallest constant
satisfying (29) (which always exists for any compactly supported and

bounded f;), and set

v

max {fo, mo (2nTo) /> e‘m} <M(f,C,1),

with equality if and only if f; is the equilibrium Maxwellian as in (6) (in such
a case C = 1). Then the use of classical Normal Table for log-normal
distributions yields the error p incurred in the simulation as a function of the
chosen €, uniformly in time, for any simulation of the Boltzmann collisional
model homogeneous in x-space.

Remark. In this deterministic approach, as much as with Monte Carlo methods
like the Bird scheme (Bird, 1994), the x-space inhomogeneous Hamiltonian
transport for nonlinear collisional forms is performed by time operator-
splitting algorithms. That means, depending on the problem, the computational
v-domain 2; can be updated with respect to the characteristic flow associated
to underlying Hamiltonian dynamics.

3.2 Fourier Series, Projections and Extensions

In the implementation of any spectral method the single most important ana-
lytical tool is the Fourier transform defined by f ({) := (27)*/? Jraf (V)e™ Vv,
defined for any f € L' (Rd). Our goal is to approximate the collisional form in
Fourier space, given by the weighted convolution in Fourier space (8), by
making use on the approximant Fourier series in a rather simple and conve-
nient way. Indeed, fixing a domain of work Q; := (—L, L)d for L > 0, recall
that for any f € L*(Q,) the Fourier series of f, denoted from now on by f; is

A " 2nk
given by fLN1/((2L)d)zkezde(Ck)eM"’, where Ck::% are the spectral

modes and f 1.(&1) is the Fourier transform of f; evaluated in such modes.
Next, define the operator TTV : L2(Q;) — L*(Q) as

LS e 10,00, 6D

Ve (v) =1 (v) =
(L) (v) =1 (v) Ly 2=,
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that is, the orthogonal projection on the “first N basis elements and see that
for any integer o the derivative operator commutes with the projection opera-
tor. In Q;

! 25&}(@)6"7” 1o, (v) = (V%) (v).  (32)

o (IVf) (v) =
(L)’ e

The Parseval’s theorem implies HHN fr

LZ(QL)S HfLHLZ(_QL) for any N; and

HHN fo— fLH 2(y) .0 as N — oo. Because of the decay properties described

in the procedure of choosing the computational domain €;, we can avoid
the expected aliasing effect for a classical Fourier approximation by series
by using the classical extension theorem in Sobolev spaces as follows.

3.2.1 The Extension Operator

For fixed «y > 0 we introduce the extension operator E:L*(Q) — L*(R?)
such that E : H*(Q;) — H*(R?) holds for any o < «,. The construction of such
operator (Stein, 1970) is well known having the following properties:

El. Linear and bounded, with || Ef{|;s(ga) < Co || fll12(q,) for o <oo.

E2. Ef = f ae. in Q;. Furthermore, denoting f* the positive and negative
parts of f one has (Ef)™ =Ef*, a.e.in R%.

E3. Outside Q; the extension is constructed using a reflexion of f near the
boundary 9€);. Thus, for any 6 > 1 we can choose an extension with
support in 6€;, the dilation of Q; by 0, and | Ef]|;s0,\0,) < Co
I L@\ ) for 1 <p <2, where the constant C is independent of
the support of the extension.

E4. In particular, properties E2 and E3 imply that for any 6 > 1, there is an
extension such that || EfHL:(Rd) <2Co0%* £z () for 1<p<2, k=0.

The case 0 = 1 is only possible using an extension by zero, that is, when
(Ef)(v) =f(v)1g, (v), and so «y is restricted to zero.

3.3 A Conservative Spectral Method for the Homogeneous
Boltzmann Equation

After the cut-off domain Q; has been fixed, the projection operator is applied
to both sides of Eq. (8) to obtain

onINf

5 (v,t) =TIVQ(f,f)(v,), in (0,T] x Q..

Hence, for such a domain €; and sufficiently large number of modes N, it is
expected that the approximation ITVQ(f, f) ~IINQIT"f, TIVf), in (0, T] x Q,
will be valid, leading to pose and solve the problem
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%8 (1) =I"0(&.8)(v). in (0.7,

with initial condition gy = IT"f,, and expect that it should be a good approxi-
mation to ITVf. In other words we define the numerical solution to be gy := g
and expect to show that this discrete solution will be a good approximation to
the solution of the Boltzmann problem in the cut-off domain, that is, g ~ fin
Q;, provided the number of modes N used is sufficiently large. This formal-
ism has been shown in Alonso et al. (2016), under some assumptions for
the space homogeneous Boltzmann equation. To this end, we much study a
modified problem, namely, the convergence towards f of the solution g of
the semidiscrete problem

dg

ot
with initial condition g := gjy =TI"fy. The operator Q.(g) is defined as the
L*(Q;)-closest function to ITVQ(Eg, Eg) having null mass, momentum and
energy. Since the gain collision operator is global in velocity, it turns out that
a good approximation to f will be obtained as long as {; and N are sufficiently
large. The extension operator E has a subtle job to do in the approximation
scheme which is related precisely to the global behaviour of the gain collision
operator. Since solutions of the approximation problem (33) lie in Q;, they are
truncated versions of f. The gain operator does not possess higher derivatives
in ; when acting on truncated functions due to the singularity created in the
boundary 0Q; . The extension smooths out the gain collision operator at the price
of extending the domain. In the case of discontinuous solutions where only
L?-error estimate is expected, the correct extension to use in the scheme is the
extension by zero. We discuss this more carefully in the following sections.

Before continue with the discussion, we are now in position to summarize

the main results on convergence, error estimates and asymptotic behaviour.
These statements are stated in the following theorem. Rigorous proofs can
be found at Alonso et al. (2016).
Theorem 2 (Error estimates and convergence to the equilibrium Maxwellian).
Fix an initial nonnegative initial data fy € (Lé ﬂLz)(Rd). Then, for any time
T > 0 there exist a lateral size L := L(T, fo) and a number of modes Ny :=
N(T, L, fo) such that

(v,t)=0.(g,8)(v,t) in (0,T] xQy, (33)

1. Semidiscrete existence and uniqueness: The semidiscrete problem (33)
has a unique solution g € C(O,T;Lz(QL)) for any N > Nj.
2. Li-error estimates: if fo € (L' NL?),,,, +1(Rd ) for some k', k >0, then
2
sup [|f —gll2i,) < CL ¢, foranyN > No,
1€[0,T)
where No := N(T, L, f, k), C := C(k, fo), ¢ := c(k, fo) and f is the solution
of the Boltzmann equation (11).
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3. H%error estimates: For the smooth case fy € <L; ﬂH;‘O) (RY), with o > 0

d
and g = max{k' +k,1+ 2—/1} with k' > 2, it follows for any o < oy

Ak + |010| )
sap [ =l < e (0({57 ) +0 (L) ). forams = o
t€[0,T]
where Ny := N(T, L, fy, k, o). And finally,
4. Convergence to the equilibrium Maxwellian: for every 6 > 0 there exist a
simulation time T := T(0) > 0, corresponding lateral size L := L(T, fy)
and baseline number of modes Ny := No(T, L, fo, o) such that for any o < o

sup || Mo —gllu=(@,) <9, N >N,

relL,T]

where My is the equilibrium Maxwellian (6) having the same mass,
momentum and kinetic energy of the initial configuration fy(v).

The sketch of the proof of Theorem 2, presented next, relies on the control
problem that enforces conservation at the numerical level.

3.4 Conservation Method—An Extended Isoperimetric Problem

This is the procedure that secures the conservation of the necessary collision
invariants. This procedure is posed as a standard L*(€Q;)-optimization prob-
lem. Therefore, due to the truncation of the velocity domain the projection
of O(f, f), namely ITVQ(f, f), does not preserve mass, momentum and energy.
In order to accomplish these conservation properties, the problem is posed as
constraints in a optimization problem to a conserved state. We denote, for the
sake of brevity,

0u(f)(v) :=T1" (Q(Ef,Ef) 1g,) (v). (34)

The indicator function 1g, (v) is due to the fact that the domain of Q(Ef, Ef)
most likely be larger than €);, and thus the extension operator helps to avoid
introducing spurious nonsmoothness within the domain Q; due to the domain
cut-off, as described in Section 3.2.

The conservation optimization problem consists into minimize, in the
Banach space

Be—{XELZ(QL):/X—/Xv—/X|v|2—O},
Q Q Q.

the functional, defined for a computed and unconserved collision operator

0.(), by
2(X) = / (Qu(F)(v) —X)dv. 35)
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In other words, minimize the L*-distance to the projected collision operator
subject to mass, momentum and energy conservation. The following lemma
plays is fundamental for error estimates as well as the convergence to the
equilibrium Maxwellian (6).

Lemma 1 (Elastic Lagrange estimate). The problem (35) has a unique mini-
mizer given by

1 d
X*=0.(f)(v) -3 ("/1 + ZV/+ 1V +7’d+2|"|2> ,

J=1

where y;, for 1 <j <d+ 2, are Lagrange multipliers associated with the elastic
optimization problem. Furthermore, these Lagrange multipliers are given by

1 =0ap,+O0as28; Vjs1=0as2,, j=1.2,....d; 4.9 =0a420,+Oqsasey.

The parameters pu,eu,,u{l are defined below in (38) and O, := O(L™") only
depends inversely on diameter |Q|. The minimized objective function is

d
2°(X*) = | Qu( ) = X* 720y < C(d) (md (Zv_,il)ﬁ” L““)

j=1

C(d) 3 d+1
<D (g3
(36)

The proof of this lemma is constructive and very fundamental. When the
objective function is an integral equation and the constraints are integrals,
the optimization problem can be solved by forming the Lagrangian functional
and finding its critical points. Indeed, set for all j =1, 2, ..., d,

Y1 (X) = /Q X()dv: 0 (X) = /Q X()dv: y,a(X) = /Q X (v)dv

and define
d+2

HX, X,y +Zy (X / h(v,X, X', y)dv.

then, introduced A(X.X',7) == (Qu(f)(¥) =X(1))*+ (714 3 70+ 7002 )X(0).
In order to find the critical points compute Dy’H and D,’H and note that
the derivatives D, H just retrieve the constraint integrals. Hence, for multiple

independent variables v; and a single dependent function X(v) the Euler—
Lagrange equations are

d
OD3h
Dyh(v, X, X', y) = 3 3
=1 Vi

(v, X, X',y)=0.
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We used the fact that / is independent of X'. This gives the following equation
for the conservation correction in terms of the Lagrange multipliers

d
2X(0) = Qu(F) M) +71+ Y 71V *+ sV =0,
J=1 J (37)
* 1 2
and therefore, X*(v)=Q.(f)(v) —5 M+ D VievitvasaV )
=1

Letting g(v,y) =y, + Zf:lyj+1vj+yd+2|v|2 and substituting (37) into the con-
straints 1/(X™) = 0 yields

pui= [ @ur)os = [ s

A 1
#i,::/ vau(f)(V)dv=§/ vigvy)dv, j=1,2,....d, (38)

/ vROuf / g,

Identities (38) form a d + 2 by d + 2 system of linear equations that can be
uniquely solved. Indeed, solving for the critical y, Y41, 7 = 1, 2, ..., d and
Vj+2 yields

71 =0ap, +O0as2¢us Vo1 =0atts Va42=0a120,+Oasaey, (39)

where O, := O(L™"). In particular, O, depends inversely on |Q;|. Substituting
these values of critical Lagrange multipliers (39) into (37) gives explicitly the
critical X*(v). Moreover, the objective function 4°(X) can be computed at its
minimum as

A0) = 0N X [y = [ @HW) =X 0 e
1 d L :
Z/QL <V1 +jz;“/j+1"j+"/d+z|"|2> dv

Upon simplification, taking ©; = (—L, L)? and expressing the Lagrange multi-
pliers y;,j=1...d + 2 in terms of the unconserved moments p,, i, ;..1,j=1...d
and e, from relation (39), one obtains

2 (& B
HQu(f)_X*HiZ(QL) <C(d) <2V1Ld+3<2“/f+1>142d 1+V2d+2Ld+4>

J=1

1 d+1
T 0<<pu L(d+l/2> +Z'“1+1>
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which is just an O(L™%) proportional to these unconserved moments that are
shown to be uniformly bounded in time in Lemma 3 in Section 4.2. In a sense
this result is better described as an isomoment estimate, which yields estimate
(36). The strict convexity of A4° implies that this critical point is the unique
minimizer. This results clearly shows that the last estimate secures, after a
few iterations of the conservation algorithm (to be fully described in the next
section) that, for a fixed L and a number of modes N the solution of the mini-
mization problem will converge to an approximate of the collision operator
whose first d + 2 moments are null. This is the tool that will allows us to
construct error estimates for the approximation to the true solution to the
Boltzmann equation and the numerically calculated one for the spectral-
conserved algorithm. In addition these conservation correction estimates from
Lemma 2 in (42), provide the necessary tool to prove that the numerical solu-
tion converges to the equilibrium Maxwellian (6) (see Alonso et al., 2016 for
details.) O
Summarizing, we are now in conditions to define the conserved projection
operator Q.(f) as follows.
Definition. For any fixed f € L*(Q;) the conserved projection operator Q.(f)
is defined as the minimizer of problem (E) That is,

0.(f) :==X*. (40)

From Lemma 1, the minimized objective function (36) in the elastic optimiza-
tion problem depends only on the nonconserved moments p,, ¢, and e,
of Q,(f). These quantities are to be approximating the d + 2 dimensional
zero vector, therefore, the conserved projection operator is a perturbation
of 0,(f) by a second order polynomial. Denoting the moments of a function f by

()= [ P bl v @

Lemma 2 (Conservation correction estimate). Fix [ € LZ(QL), then the
accuracy of the conservation minimization problem is proportional to the
spectral accuracy. That is, for any k,k' >0 and 5 > 1 there exists an extension
E such that

i C
1 (Qc(f) = QulE)) IV 12y < \/T—dﬂ'k | O(Ef,Ef) — Qu(F)ll2 ()

!
52/1k

vVk+d

+

O a2+ 30—y (M 51 (F)mo () + Zi (f))
(42)

where C is a universal constant and Zy (f) depending on the moments up to
order k'.



Deterministic Solvers for Nonlinear Collisional Kinetic Flows Chapter | 15 425

3.5 Discrete in Time Conservation Method: Lagrange Multiplier
Method

In this section we consider the discrete version of the conservation scheme.
For such a discrete formulation, the conservation routine is implemented as
a Lagrange multiplier method where the conservation properties of the discrete
distribution are set as constraints. Let M = Nd, the total number of Fourier
modes. For elastic collisions, p = 0, m = (my, ..., my) = (0, ..., 0) and
e = 0 are conserved. Let w; > 0 be the integration weights for 1 < j < M
and define

Qu:(Qu,l Qu,Z Qu,M)T

as the distribution vector at the computed time step, and

Qc:(Q(r,l Q(',Z QC,M)T

as the corrected distribution vector with the required moments conserved. For
the elastic case, let

Wj
Vi Wj
Clasxm = | 1<j<M, 43)
Va @j
2
vil”
: : . . d d d d\
be the integration matrix, and Ay o) = (dz‘p &ml &md dz‘€> be the

vector of conserved quantities (note that a® is null d + 2-dimensional null vec-
tor in the case of elastic theory, but may not be in general). With this notation
in mind, the discrete conservation method can be written as a constrained
optimization problem: find Q. such that is the unique solutions of

4(Q.)={min ||Q, — Q.[3: C°Q, =a‘ with C° e R"***¥ Q, e R, a’ e R**}.

The Lagrange multiplier is used to solve the minimization problem 4(Q,).
Let ¥y € RY*? be the Lagrange multiplier vector. Then the scalar objective
function to be optimized is given by

M

L(Q(r’ Y) = Z|Qu,j - Q(?,j |2 + yT(CeQ(,‘ - aE) . (44)

J=1

Eq. (44) can be solved explicitly for the corrected distribution value and the
resulting equation of correction be implemented numerically in the code.
Indeed, taking the derivative of L(Q,,y) with respect to Q.. ;, for 1 <j <M
and y;, for 1 <i<d+2
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JOL 1 T
=0, j=1,..M = Q.=Q,+=(C%) v. 45
a0 Q=Q.+5(C)y (45)

Moreover,

OL

—=0, i=1,...,d+2 = C°Q,=a°,

ops
retrieves the constraints. Hence, one needs to solve for vy the following equation

C(C) y=2(a - CQ,). (46)

Now, since C4(C%)" is symmetric and C° is an integration matrix, then C° is

also positive definite. As a consequence, the inverse of C*(C*)” exists and

one can compute the value of y simply by
y=2(C(C)") " (a° - C°Q,).
Substituting vy into (45) and recalling that a® = 0 for the elastic case,
eNT e(e\T - e eNT e(e\T -1 e
Q=Q, + (€)' (€(C)) (—€Qu) = [T-(C) (C(C)T) €°|Qu:
=An(C) Qu,
47)

where [ =N x N identity matrix. In the sequel, we regard this conservation
routine as Conserve. Thus,

Conserve(Q,) =Q.=An(C°) Q,. (48)

Define D, to be any time discretization operator of arbitrary order. Then, the
discrete problem that we solve reads

D =An(C%) Q,. (49)
Thus, multiplying (49) by C° it follows the conservation of observables
D,(Ct)=C°’Df=C°AN(C°)Q, =0, (50)

where we used the commutation C°D, = D,C° valid since C° is independent of
time, see Gamba and Tharkabhushanam (2009) for additional comments.

4 LOCAL EXISTENCE, CONVERGENCE AND REGULARITY FOR
THE SEMIDISCRETE SCHEME

In this section we enunciate L; and L% estimates for the approximation solutions
{gn} of the problem (33) in the elastic case. The reader must refer to reference
Alonso et al. (2016) for rigorous details. For the purpose of this presentation
we use several well-known results that require different integrability properties
for the angular kernel b, by assuming b(ii - ¢) bounded from ¢ € §* ! like it is the
case for hard spheres in three dimensions (generalization for b € L' (S*~!) can be
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made at the cost of technical work). What is important that we work with hard
potentials and so 1 > 4 > 0in (9). The theory for Maxwell molecules A = 0 needs
a slightly different approach.

Recall that we have imposed conservation of mass, momentum and energy by
building the operator Q.(g) with a constrained minimization procedure. Thus,

| svwtiar= [ aatvppisiar

Q Q

for any collision invariant y(v) = {1, v, |v|2}. However, due to velocity trunca-
tion, the approximating solution g in general may be negative in some small por-
tions of the domain. This is precisely the technical difficulty that we have to
overcome. In Section 4.1, we present the statement of the proof of convergence
of the proposed approximation in the number of modes N in a time interval
(0, T(L)] where T(L) is a time depending on the lateral size L of the velocity
domain €;. We find a control on the negative mass that can be formed in such
interval characterized in terms of L. In Sections 4.2 and 4.3, we improve the
estimates assuming that the approximating solutions behaves well, that is, its
negative mass does not increases too fast in the time interval in question.

4.1 Local Existence

Since the natural space to study the spectral scheme is L?(€Q;), thus we start
proving that the problem is well posed in this space. Due to velocity trunca-
tion, we do not have the standard a priori estimates in L' that help in the the-
ory, however, the constrain method permits to extend the time where the
scheme gives an accurate solution of the original Boltzmann problem.

Proposition 1. Let gy € L*(Q,) and fix the domain (0, T(L)] x €, with T(L) ~
(L4200 g()||L2(QL))71. Then the approximating problem (33) has a unique
solution g€ C(0,T(L);L*(Q)) with initial condition go." In addition,
the approximating sequence {gy} to solutions of (33), with initial condition
gon =I1"go, converges strongly in C(0,T(L); LZ(QL)) as N — oo. In particular,

sup ||Q(EgN,EgN)—Qu(gN)HL?(QL)—>0 as N—0, (51)
1€[0,T(L)]

and the strong limit g is the unique solution of the equation
og o 1. & _ 2\
5, =QEGEDIo, =5 T+ Tjvi+Tanall’ |, 80)=g0.  (52)
=1
The coefficients of the quadratic polynomial are given in Lemma | with parameters

(38) evaluated at Q(Eg,Eg). Furthermore, the negative mass of g is quantified as

ZG[S}ITI()L)] & lezeu) = 80 lz2(,) + Oarp+ 42 1 Qollr2()- (53)

“Note that g actually depends on N since Q. depends on N. We omit this dependence to ease
notation.
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4.2 Uniform Propagation of Numerical Unconserved Moments

We assume now that a solution g € C (O,T; Lz(QL)) for problem (33) with ini-
tial condition gq € LZ(QL) exists. The conservation scheme and the following
stability condition implies that moments up to order 2 are controlled by the
initial datum.

4.2.1 Stability Condition

We denote T, € [0, T] the time where the smallness relation for the negative

mass and energy of g and the boundedness of sequence {gy} := {g} in L*
holds, that is for some fixed ¢ > 0,
| lstmnioyar
sup {g<0} <e, sup sup | g(t)]lr2q,) < . (54)
t€[0,T,] NeZ*1€[0,T]

/ gv,1) <v>2dv
{g>0}

Remark. This stability condition even holds for the scheme to compute the
Boltzmann equation with an anisotropic grazing-Coulomb collision cross sec-
tion (23) as shown in Fig. 2 in the grazing collision limit approximating the
Landau equation. The conservation Spectral-Lagrangian scheme secures that
after 800 mean free times, the value of ¢ < 0.05 in the relation (54), meaning
that the relative proportion of negative energy is very small, and so the solu-
tions keeps essentially positive, and so stabilizes the scheme.
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FIG. 2 Left: Ratio of energy in negative grid points to energy in positive grid points from the
stability condition (54). The grazing parameter is ¢ = 10~ N = 16. Righr: Temperatures evolu-
tion for the a benchmark component plasma system: solid blue, ion temperature T;; dash-dot blue,
electron temperature T,; solid black, total conserved temperature T =T;+T,; dash-dot red, tem-
perature difference |T; — T,| evolution. Left panel from Gamba, I.M., Haack, J.R., 2014.
A conservative spectral method for the Boltzmann equation with anisotropic scattering and the
grazing collisions limit. J. Comput. Phys. 270, 40-57. Right panel from Zhang, C., Gamba,
IM., 2016. A Conservative Scheme for Vlasov Poisson Landau Modeling Collisional Plasmas.
arXiv:1605.05787 (e-prints, section 7.1.2).
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Indeed, for k = {0, 2}

ettt = [ aobt =2 [ bl < [ qobl
Q Q Q Q
w2 [ gl < [ b +2e [ lelbi
Q Q Q

Hence, choosing € < 1/4 it follows
/ |g(v,t)||v|kdv < 2/ g0|v|kdv, forr€[0,T], k=1,2; (55)
Q Q

and the following lemma holds.

Lemma 3 (Numerical moments bounds). For any lateral size L > 0 and
moment k > 0 there exist an extension E and a number of modes No(T,, L, k)
such that

sup ¢l < Cu(ll golleys m(g0) ) VN =No, (56)
te|0, I

with Ci(-) a constant depending only on k,

| ol and my(go) with
k' =max {k,ko}. The number ko > 0 it is uniquely determined by || go||.:-
The proof of this fundamental results relies on the conservative scheme estimate

| stvlv=wlan= [ galmly—wfan. 57)
Q Q

and condition (54) to obtain an uniform lower bound for the collision operator
negative part. The following result implies stability of the conservative
scheme as well as convergence to the equilibrium Maxwellian. This lower
bound is shown in Alonso et al. (2016) with the assumption that the entropy
Jg(v) logg(v) dv is bounded, since the numerical approximant g(v) may not
be positive at all its point of definition.

Lemma 4 (Lower bound for the discrete collision frequency). Assume the

2
uniform propagation of some moment # and that SUP,eo,7,] fQL
|lg(w,1)[|w]*"*dw < C(go) < oo for some u > 0. Then,
(gelu") () = Cg0) ', (58)

2
with C(go) > 0 depending only on the mass, energy and the

+
7 'u—momem‘ of go.

4.3 Uniform L} Integrability Propagation

The result from Lemma 4 is fundamental to obtain the following weighted
Sobolev estimates for the approximate solution to the collisional equation.
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Lemma 5 (L?-propagation estimates). For any lateral size L > 0 and moment
k > 0 there exist an extension E and a number of modes Ny(T,, L, k) such that

sup ¢l < max { || goll3 > Cilma(g0)) . N =N,
1e|0,1¢

Moreover, the negative mass of g can be estimated as

C(ngHLl )Tl
Q)
) <e 2

sup g~
t€[0,T,]

<|| 8o ll2(@u) + O+ x Ci(my+1(80)) maX{l,Te}) N> No.

The constants Cy and C « are independent of the asymptotic parameters T,, L
and N.

The nest results gather the necessary information to estimate the propagation
of higher order Sobolev regularity for the approximate solution, if initially so.

4.4 Uniform Semidiscrete Hy Sobolev Regularity Propagation

At last, we obtain the extend the discrete L? integrability estimates from
Lemma 5 to the derivatives of g. Indeed, the follow result has been shown
as well.

Lemma 6 Assume go € H ,(Qy) with o € [0, o] and k > 0. For any lateral
size L > O there exist an extension E,, and a number of modes No(T,, L, k, o)
such that

S[UP] I &llmz@) < max{|| g0||H,’(‘+2(QL)7C/<(mk(gO))}’ N = No,
(€[0,T,

where Ci(-) depends on k and the k-moment of g.

Remark. The initial restriction o € [0, o] is due to the fact that in general
Q(Eg, Eg) possesses at most « derivatives.

Finally, gathering the results of Sections 3.4 and 3.5, with the results of global
existence, L} and L} moment estimates, as well the higher order Sobolev reg-
ularity estimates form (6) of last section as well as spectral accuracy for the
collisional integral shown in Gamba and Tharkabhushanam (2009), one can
obtain both error estimates for the spectral scheme in the case of smooth
and nonsmooth initial data, and convergence to the equilibrium Maxwellian
(6). The first result removes the small negative mass and energy assumption
(54) needed for the a priori estimates throughout the previous section. The
results hold for any initial state f(v) associated to the Cauchy problem for
the Boltzmann equation, assumed to be L?(R?) and nonnegative (see Alonso
et al., 2016 for rigorous details).



Deterministic Solvers for Nonlinear Collisional Kinetic Flows Chapter | 15 431

5 FINAL COMMENTS AND CONCLUSIONS

The conservative spectral Lagrangian method for the Boltzmann equation was
applied for a system of such equations in the modelling of a multienergy level
gas (Munafo et al., 2014). In this case, the formulation of the numerical
method accounts for both elastic and inelastic collisions. It was also be used
for the particular case of a mixture of monatomic gases without internal
energy. The conservation of mass, momentum and energy during collisions
is enforced through the solution of constrained optimization problem to keep
the collision invariances associated to the mixtures (see Munafo et al., 2014,
section 4.3). The effectiveness have been compared with the results obtained
by means of the DSMC method and excellent agreement has been observed.
More recently this conservative spectral Lagrangian approach has been imple-
mented for a system of electron—ions in plasma modelled by a 2 x 2 system of
Poisson—Vlasov—Landau equations (Zhang and Gamba, 2016), implemented
by time-splitting methods staggering the time steps for advection of the
Vlasov—Poisson system and the collisional system including recombinations.
The constrained optimization problem is applied to the collisional step in a
revised version from Gamba and Tharkabhushanam (2009) where the matrix
C® defined in (43) was calculated in Fourier space given by the Fourier of
the collision invariant polynomials to obtain a more accurate formulation.
The benchmarking for the constrained optimization implementation for the
mixing problem was done for an example of a space homogeneous system
where the explicit decay the difference for electron and ion temperatures is
known (Zhang and Gamba, 2016, section 7.1.2). Yet the used scheme captures
the total conserved temperature being the sum of the Ions and electron tem-
peratures, respectively (see Fig. 2, right side).

To end, we point out that the conservative spectral Lagrangian scheme for
approximating solutions for the Boltzmann equation for elastic interactions
converges to the equilibrium Maxwellian (6) if the equation is scalar, as is
it shown in Theorem 2, part 4. One should note that it is the conservation sub-
scheme the one that enforces the convergence to the equilibrium Maxwellian
state by enforcing the collision invariants. This is exactly how the Boltzmann
and H-theorems (Cercignani et al., 1994) work: the equilibrium Maxwellian
(6) is proven to be the stationary state due to the conservation properties com-
bined with the elastic collision law.

In other words for the case of inelastic collision (when the collision invar-
iants are just d + 1) or for space inhomogeneous multicomponent Boltzmann
systems flow models, it is not correct to assume that the stationary state is a
Maxwellian distribution density (i.e. a Gaussian in v-space) as, for instance,
asymptotic preserving schemes assume. Just the enforcing the conserved
quantities for the system by the constrain minimization problem, the Conser-
vation Correction Estimate of Lemma 2 will select the correct equilibrium
states for each of the system components.



432 Handbook of Numerical Analysis

ACKNOWLEDGEMENTS

The author thanks Ricardo J. Alonso, Jeffrey Haack and S. Harsha Tharkabhushanam for
their very valuable contributions. She has been partially supported by NSF under grants
DMS-1413064 and NSF-RNMS 1107465. Support from the Institute of Computational
Engineering and Sciences (ICES) at the University of Texas Austin is gratefully
acknowledged.

REFERENCES

Abramowitz, M., Stegun, I.A., 1964. Handbook of Mathematical Functions With Formulas,
Graphs, and Mathematical Tables. National Bureau of Standards Applied Mathematics Series,
No. 55U.S. Government Printing Office, Washington, DC.

Alonso, R.J., Gamba, I.M., Tharkabhushanam, S.H., 2016. Convergence and error estimates for
the Lagrangian based conservative spectral method for Boltzmann equations.
arXiv:1611.04171 (e-prints, submitted for publication).

Aoki, K., Nishino, K., Sone, Y., Sugimoto, H., 1993. Numerical analysis of steady flows of a gas con-
densing on or evaporating from its plane condensed phase on the basis of kinetic theory: effect of
gas motion along the condensed phase. In: Nonlinear PDE-JAPAN Symposium 2, 1991 (Kyoto,
1991) Lecture Notes Numer. Appl. Anal., No. 12. Kinokuniya, Tokyo, pp. 35-85.

Aristov, V.V., 2001. Direct Methods for Solving the Boltzmann Equation and Study of Nonequi-
librium Flows. Fluid Mechanics and its Applications, No. 60, Kluwer Academic Publishers,
Dordrecht. ISBN 1-4020-0388-9, xviii+294. http://dx.doi.org/10.1007/978-94-010-0866-2.

Bird, G.A., 1994. Molecular Gas Dynamics. Clarendon Press, Oxford.

Bobylev, A.V., Rjasanow, S., 1999. Fast deterministic method of solving the Boltzmann equation
for hard spheres. Eur. J. Mech. B. Fluids 18 (5), 869-887.

Bobylev, A.V., Carrillo, J.A., Gamba, [.M., 2000. On some properties of kinetic and hydrody-
namic equations for inelastic interactions. J. Stat. Phys. 98 (3—4), 743-773. ISSN 0022-4715.

Bobylev, A.V., Gamba, .M., Panferov, V.A., 2004. Moment inequalities and high-energy tails
for Boltzmann equations with inelastic interactions. J. Stat. Phys. 116 (5-6), 1651-1682.
ISSN 0022-4715.

Bobylev, A., Cercignani, C., Gamba, .M., 2009. On the self-similar asymptotic for generalized
non-linear kinetic Maxwell models. Commun. Math. Phys. 291, 599-644. arXiv:math-ph/
0608035.

Brilliantov, N.V., Poschel, T., 2004. Kinetic Theory of Granular Gases. Oxford Graduate Texts.
Oxford University Press, Oxford. ISBN 0-19-853038-2, xii+329. http://dx.doi.org/10.1093/
acprof:0s0/9780198530381.001.0001.

Cercignani, C., Reinhard, I., Pulvirenti, M., 1994. The Mathematical Theory of Dilute Gases.
Applied Mathematical Sciences, No. 106. Springer-Verlag, New York.

Chapman, S., Cowling, T.G., 1970. The Mathematical Theory of Non-Uniform Gases. An
Account of the Kinetic Theory of Viscosity, Thermal Conduction and Diffusion in Gases,
third ed. Cambridge University Press, London, xxiv+423.

Cheng, Y., Gamba, .M., Majorana, A., Shu, C.-W., 2009. A discontinuous Galerkin solver for
Boltzmann-Poisson systems in nano devices. Comput. Methods Appl. Mech. Eng.
198 (37—-40), 3130-3150. ISSN 0045-7825. http://dx.doi.org/10.1016/j.cma.2009.05.015.

Cheng, Y., Gamba, I.M., Proft, J., 2012. Positivity-preserving discontinuous Galerkin schemes for
linear Vlasov-Boltzmann transport equations. Math. Comput. 81 (277), 153—190. ISSN 0025-
5718. http://dx.doi.org/10.1090/ S0025-5718-2011-02504-4.


http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0010
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0010
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0010
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0015
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0015
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0015
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0020
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0020
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0020
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0020
http://dx.doi.org/10.1007/978-94-010-0866-2
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0030
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0035
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0035
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0040
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0040
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0045
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0045
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0045
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0050
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0050
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0050
http://dx.doi.org/10.1093/acprof:oso/9780198530381.001.0001
http://dx.doi.org/10.1093/acprof:oso/9780198530381.001.0001
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0060
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0060
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0065
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0065
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0065
http://dx.doi.org/10.1016/j.cma.2009.05.015

Deterministic Solvers for Nonlinear Collisional Kinetic Flows Chapter | 15 433

Duffie, D., Malamud, S., Manso, G., 2009. Information percolation with equilibrium search dynamics.
Econometrica 77 (5), 1513—1574. ISSN 0012-9682. http://dx.doi.org/10.3982/ECTAS8160.

Gamba, .M., Haack, J.R., 2014. A conservative spectral method for the Boltzmann equation with
anisotropic scattering and the grazing collisions limit. J. Comput. Phys. 270, 40-57.

Gamba, .M., Tharkabhushanam, S.H., 2009. Spectral-Lagrangian methods for collisional models
of non-equilibrium statistical states. J. Comput. Phys. 228 (6), 2012-2036.

Gamba, .M., Tharkabhushanam, S.H., 2010. Shock and boundary structure formation by
spectral-Lagrangian methods for the inhomogeneous Boltzmann transport equation.
J. Comput. Math. 28, 430-460.

Gamba, I.M., Panferov, V., Villani, C., 2004. On the Boltzmann equation for diffusively excited
granular media. Commun. Math. Phys. 246 (3), 503-541.

Gamba, I.M., Panferov, V., Villani, C., 2009. Upper Maxwellian bounds for the spatially homo-
geneous Boltzmann equation. Arch. Ration. Mech. Anal 194, 253-282.

Graham, C., Méléard, S., 1999. Probabilistic tools and Monte-Carlo approximations for some
Boltzmann equations. In: ESAIM Proc., CEMRACS 1999 (Orsay), No. 10. Soc. Math.
Appl. Indust., Paris, pp. 77-126. http://dx.doi.org/10.1051/proc: 2001010 (electronic).

Landau, L.D., 1937. Kinetic equation for the case of Coulomb interaction. Zh. Eks. Teor. Fiz. 7, 203.

Landau, L.D., Lifschitz, E.M., 1980. Statistical Physics, third ed. Butterworth-Heinemann.

Morales Escalante, J.A., Gamba, .M., 2016. Galerkin methods for Boltzmann-Poisson transport with
reflection conditions on rough boundaries. arXiv:1512.09210 (e-prints, submitted for publication).

Morales-Escalante, J., Gamba, .M., Cheng, Y., Majorana, A., Shu, C.-W., Chelikowsky, J., 2015.
Discontinuous Galerkin deterministic solvers for a Boltzmann-Poisson model of hot electron
transport by averaged empirical pseudopotential band structures. arXiv:1512.05403 (e-prints,
submitted for publication).

Munafo, A., Haack, J.R., Gamba, I.M., Magin, T.E., 2014. A spectral-Lagrangian Boltzmann
solver for a multi-energy level gas. J. Comput. Phys. 264, 152—-176.

Pareschi, L., Russo, G., 2000. Numerical solution of the Boltzmann equation. I. Spectrally accu-
rate approximation of the collision operator. SIAM J. Numer. Anal. 37 (4), 1217-1245.
ISSN 0036-1429. http://dx.doi.org/10.1137/S0036142998343300.

Pulvirenti, M., Saffirio, C., Simonella, S., 2014. On the validity of the Boltzmann equation for
short range potentials. Rev. Math. Phys. 26 (2), 1450001, 64. ISSN 0129-055X. http://dx.
doi.org/10.1142/S0129055X14500019.

Ringhofer, C., 2010. A level set approach to modeling general service rules in supply chains.
Commun. Math. Sci. 8 (4), 909-930. ISSN 1539-6746. http://projecteuclid.org.ezproxy.lib.
utexas.edu/euclid.cms/1288725265.

Sone, Y., 2007. Molecular Gas Dynamics. Modeling and Simulation in Science, Engineering and
Technology. Birkhauser Boston Inc., Boston, MA. ISBN 978-0-8176-4345-4; 0-8176-4345-1,
Xiv+658.

Stein, E.M., 1970. Singular Integrals and Differentiability Properties of Functions. Princeton
Mathematical Series, No. 30. Princeton University Press, Princeton, NJ, xiv+290.

Villani, C., 1998. On a new class of weak solutions to the spatially homogeneous Boltzmann and
Landau equations. Arch. Ration. Mech. Anal. 143 (3), 273-307. ISSN 0003-9527. http://dx.
doi.org/10.1007/s002050050106.

Zhang, C., Gamba, .M., 2016. A conservative scheme for Vlasov Poisson Landau modeling
collisional plasmas. arXiv:1605.05787 (e-prints, submitted for publication).

Zhang, C., Gamba, I.M., 2016. A conservative discontinuous Galerkin solver for space homoge-
neous Boltzmann equation. http://www.ma.utexas.edu/users/gamba/papers/DGBE%5Fsubmit
%5F2016.pdf (submitted for publication).


http://dx.doi.org/10.3982/ECTA8160
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0085
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0085
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0090
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0090
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0095
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0095
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0095
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0100
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0100
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0105
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0105
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0115
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0120
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0125
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0125
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0130
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0130
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0130
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0130
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0135
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0135
http://dx.doi.org/10.1137/S0036142998343300
http://dx.doi.org/10.1142/S0129055X14500019
http://dx.doi.org/10.1142/S0129055X14500019
http://projecteuclid.org.ezproxy.lib.utexas.edu/euclid.cms/1288725265
http://projecteuclid.org.ezproxy.lib.utexas.edu/euclid.cms/1288725265
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0155
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0155
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0155
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0155
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0160
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0160
http://dx.doi.org/10.1007/s002050050106
http://dx.doi.org/10.1007/s002050050106
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0170
http://refhub.elsevier.com/S1570-8659(16)30045-X/rf0170
http://www.ma.utexas.edu/users/gamba/papers/DGBE%5Fsubmit%5F2016.pdf
http://www.ma.utexas.edu/users/gamba/papers/DGBE%5Fsubmit%5F2016.pdf

Index

Note: Page numbers followed by “f” indicate figures, and “#” indicate tables.

A

Acceleration methods, 318-323
enthalpy damping, 319-320
preconditioning, 320-321
residual averaging, 321-323
variable local time stepping, 318-319

Accuracy effects, 358-360

Acoustic-incompressible interactions
aerodynamical parameters, 208
barotropic flows, 209
classical iteration techniques, 209-210
Euler system, 208-209
filtered variable, 211-212
nonbarotropic flows, 209
pressure fluctuations, 209-212
quadratic operator, 209-210
velocity waves, 208

Acoustic limit, 207-208

Acoustic waves, 351
dimensional splitting, 58

Active flux method, 76

Adaptive algorithm
adaptive loop, 284-285
blast prediction, 294-296

boundary layer shock interaction, 290-294

direct sonic boom simulation, 288-290

double mach reflection, 294-296

transonic flow around M6 wing, 286288

wing-body configuration, 285
Adaptive loop

anisotropic quotients, 285

anisotropic ratio, 285

cavity-based operators, 284

Delaunay approach, 285

FEFLO, 284

frontal approach, 285

smoothing procedure, 284

for steady simulations, 284

for unsteady simulations, 284

WOLF, 284
Adaptive mesh generator, 271-272
Adaptive mesh refinement, 252-253

Additional force terms, 468-469
Additive-Schwarz approach, 338
Aligned schemes, 491493
All-speed scheme, 218-220
Alternating direction method, 313
Ampere’s equation, 387, 395-397
Anisotropic mesh
insertion and collapse, 280-282
unsteady simulations, 282-283
Anisotropic mesh adaptation, 270
Anisotropic mesh gradation, 272-273
Anisotropic quotients
adaptive loop, 285
direct sonic boom simulation, 289-290,
289f, 291t
Anisotropic ratio
adaptive loop, 285
direct sonic boom simulation, 289-290,
289f, 291t
Antman—Cosserat curved rod model, 439f,
440443, 442f
Approximate-Schur approach, 338
AREPO, 474
Astrophysics
codes, 473-475
density and temporal scales, 466—467
equations
additional force terms, 468—469
source terms, 468
of state, 469
high-performance computing, 473
numerical methods

discontinuous Galerkin method, 471-472

finite difference methods, 469-470
finite volume methods, 470471
grid-free method, 472473
N-body method, 472
spatial scales, 466
Asymptotic-preserving (AP) schemes
asymptotic limits
compressible flows, low mach number
limit of, 121-122

577



578

Asymptotic-preserving (AP) schemes
(Continued)
high-field limit, 119-120
linear transport equation, diffusion limit
of, 118-119
plasmas, quasi-neutral limit in, 120-121
stochastic AP schemes, 122-123
Boltzmann equation, coupling of, 104-105
design principles
Bhatnagar—Gross—Krook (BGK) model,
107-110
Jin—Xin relaxation model, 105-107
hyperbolic and kinetic equations
exponential reformulation, 115-116
micro—macro decomposition, 117-118
penalization, 111-114
scales, 104—105, 104f
ATHENA, 474
AUSM, 307

B
Balance law, 152, 437-438, 468, 480481
Baldwin—Lomax turbulence model, 333f
Barotropic flows, 209
Barrow’s rule, 163-166
Batch sedimentation model, 483
Bhatnagar—Gross—Krook (BGK) model,
111-112, 114
implicit—explicit IMEX) scheme, 109
kinetic flux vector splitting (KFVS) scheme,
108-109
kinetic theory, 107-108
Knudsen number, 107-108
nonstiff convection, 108
stiff collision, 108
Strang splitting, 109-110
Bicharacteristic methods, 67-68, 68f
Bilinear interpolation, 62
Binary collisional models
collision invariants, 406
collision kernel, 407
decorrelation, 406
equilibrium Maxwellian distribution, 406
Fourier transform, 407
Blast prediction, 294-296
Bloch waves techniques, 569-570
Body-fitted grids, 24
Boltzmann equation, 408-409
deterministic solvers, 409-410
doublemixing convolution, 411
hyperbolic and kinetic equations, 110-111
Landau—Fokker—Plank equation, 410411

Index

penalization method, 113-114
stiff term, 117
weighted convolution, 411412
Boris—Book—Zalesak method, 93-94
Boris correction, 387-388
Boundary layer shock interaction, 290-294,
293-294f
Boundary layers mesh generation, 278-280
Boundary representation (BREP), 266267,
267f
Bound-preserving flux limiting approach,
93-94
Bound-preserving property
flux limiters
decoupling for, 95-97
idea and framework, 93-95
limiter for approximation polynomials
extensions and applications, 92-93
first-order monotone schemes, 83-84
simple and efficient scaling limiter,
86-91
SSP high-order time discretizations,
91-92
weak monotonicity, in high-order finite
volume schemes, 84-86
Boussinesq-type equation, 569-570
Burgers equation, 32f, 33, 33¢
Butcher tableaux, 116

C
Cart3D, 5-7
Cartesian grids, 24, 389-390
Cartesian mesh methods, 2, 27, 38-39,
469470
finite difference methods, 469-470
Cauchy—Kowalevski procedure, 150-151
Cavity-based operators, 284
Cell-centred triangular meshes, 224-226, 225f
Cell linking, 13-14
Cell residual, 69
Chapman—Enskog expansion, 111
Chebyshev polynomials, 147
Clarifier—thickener unit, 483
Collision operator, 111-112
Compressible Euler system, 205-221
Computational aerodynamics
gas dynamics and spatial discretizations,
305-308
Newton—Krylov methods
additional considerations and algorithm
parameters, 340-342
globalization, 338-339
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GMRES, 334, 343f
implicit methods, 335
inexact, 335-336
Jacobian-free, 336-337
NASA Common Research Model, 343,
344f
nonsymmetric linear systems, 334
parallelization, 337-338
parallel scaling algorithm, 343, 344f
preconditioning, 337-338
pseudo-transient continuation, 334
Spalart—Allmaras one-equation turbulence
model, 342
steady and unsteady flows, 332
time-marching methods
acceleration methods, 318-323
alternative approach, 304-305
implicit schemes, 312-318
model problem, 308-309
multigrid methods, 323-327
multistage schemes, 309-312
RANS equations, 327-332
Computational domain, 491
Computational fluid dynamics (CFD), 204,
264-265
Computational pipeline, 264-265, 264-265f
Computational uncertainty propagation,
510-511
Conservation laws, 364-365, 447448
Conservation laws with discontinuous
coefficients
clarifier—thickener unit, 483
flows, 485
interface connection, 489
interface entropy condition, 489
interior entropy condition, 487488
ion etching, 483
Kruzkov entropy condition, 490
multiphase flows, in porous media, 481482
nonuniqueness, 486
numerical experiments, 496-500,
496f, 500
numerical methods
aligned schemes, 491493
finite volume schemes, 495-496
front tracking scheme, 496
higher-order schemes, 494-495
multidimensional problems, 495
staggered schemes, 493-494
time-dependent coefficients, 495
oscillations, 486
scalar conservation law, 485
singular source terms, 484
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traffic flow, 482483
wave propagation, in heterogeneous
media, 484
weak solution, 487
Conservative flux difference approximation,
366-367
Conservative spectral method
for collision method, 415-426
computational cut-off domain, 416418
extension operator, 419
Fourier series, 418419
projections and extensions, 418-419
extended isoperimetric problem, 421-424
for homogeneous Boltzmann equation,
418-419
equilibrium Maxwellian, 421
error estimation, 420421
extension operator, 419-420
gain operator, 419-420
semidiscrete problem, 420
Continuity equation, 218, 387
Convection—diffusion equation
applications to, 194-197
diffusion-velocity particle method, 197
weighted particle method, 195-196
Cordes-type condition, 552
Coriolis force, 362-363
Corner transport methods
bilinear interpolation, 62
gas-dynamic equations, 63—-64
linear advection equation, 62, 63f
multidimensional Riemann problems, 63,
64f
Courant—Friedrichs—Lewy (CFL) condition,
31, 321
Courant, Isaacson and Rees (CIR) scheme, 54,
65
C-property scheme, 133-134, 509
upwind discretization, 134
Curvilinear transformation, 24
Cut-cells
Cartesian mesh methods, 2
data structure, 8-10
early history, 34
embedded boundary mesh, 2-3
finite volume methods
dual time stepping, 11
explicit time-dependent solution
techniques, 13-17
stability problem, 10-11
steady-state problem, 10
steady-state solution techniques, 12—13
viscous flows, 17-18
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Cut-cells (Continued)
implementation issues, 810
mesh generation, 1-2
algorithm, 5-6
Cart3D, 5-7
Cartesian mesh generator, 5, 7, 8f
geometry, 5
triangulation, 8
problem, 25
Cylinder lift-off problem, 45-46, 47-48f, 47t

D
Dalton law, 353-354
Darcy’s law, 481482
Delaunay method, 268, 269f, 285
Density scales, 466467
Diagonal matrix, 144
Dichotomy approach, 280
Diffusion limit, 118-119
Diffusion-velocity particle method, 179, 197
Dimensional splitting
acoustic wave, 58
Glimm’s Random Choice method, 59
Godunov-type methods, 58
operator splitting, 60
superfluous dissipation, 59-60, 60f
Dimensional upwinding, 60-61
Dirac’s deltas, 138139
Direct sonic boom simulation
anisotropic quotient, 289-290, 289f, 291¢
anisotropic ratio, 289-290, 289f, 291¢
final adapted mesh, 289-290, 289f, 291¢
initial surface mesh, 288, 288f, 293f
interpolation error, 289-290
pressure extractions, 289-290, 292f
SSBJ design, Dassault Aviation, 288, 288f
Discontinuous Galerkin (DG) method,
367-368, 393-394, 451-460, 471472
applications
to traffic network, 454455
to water channel, 455-456
for nonlinear wave equation net problem,
452-454
numerical coupling conditions at junctions,
456
PDE-ODE coupling conditions, 456460
RK time discretization in time, 455
Discrete continuity equation, 387
Discrete velocities methods (DVM), 409-410
Discretization, MHD equations, 397-398
Dissipation, 55
Dissipation matrix, 220-221
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Divergence theorem, 470
Double Mach reflection problem, 4243, 43f,
294-296, 295f
density contours of, 4344, 44f
Dual control volume, 223
Dual problem
numerical approximation, 251-252
Dual-weighted-residual (DWR) error
estimation technique
BAC3-11 airfoil, 254
bifurcation problems, 255-256
criticality problems, 255

E
Edge-based formula, 65-66
Edge collapse, 280282, 281f
Eigenvalues, 152
Eigenvectors, 152
Einstein summation rule, 570-571
Electrostatic plasma, 119-120
Elliptic-hyperbolic splitting, 73-75, 75f
Enthalpy damping, 319-320
Entropy conservative methods, 148
Entropy-stable methods, 148
Entropy variables, 140
ENZO, 474
Equation of state, 469
Error representation, 235
abstract framework
advantages and disadvantages, 237-238
bilinear form and functional, 236-237
consistent reformulation, 237
discretization, 237-238
dual problems, 239
foregoing assumptions, 239
linear operator, 236
posteriori error estimation, 243-244
stabilized FEMs
bilinear form, 241
definition, 241-242
dual problems, 242
linear functional, 241
weak formulation, 240-241
Essentially non-oscillatory (ENO) schemes,
29, 83, 86, 391
Euler code, 74-75
Euler equations, 92-93, 95, 179, 304-306, 320
micro—macro decomposition, 117
multiple low MACH number limits,
205-221
potential limits, 216
Euler—Poisson equations, 120-121
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Exact C-property, 369. See also Well-balanced
methods
Explicit time-dependent solution techniques
accuracy, 16
cancellation property, 14-15
cell merging, 13-14
dimensionally split, 16—-17
flux redistribution, 17
h-box method, 14-15
wave propagation, 14
Exponential reformulation method, 115-116

F
Faraday equation, 395
Fast vortex transport, 7678, 77t
Favre-averaged (FANS) equations, 308
FEFLO, 284
FEM. See Finite element method (FEM)
Filtered variable, 211-212
Final adapted mesh, 289-290, 289f, 291t
Finite difference method (FDM), 366-367, 564
astrophysics, 469-470
Finite-difference numerical homogenization
method
short-time wave propagation, 567-569
Finite element exterior calculus (FEEC),
394-395, 397-398
Finite element heterogeneous multiscale
method (FE-HMM)
FE-HMM-L, 569-574
short-time wave propagation, 565-566
Finite element method (FEM), 394-396, 442,
564
Finite-element numerical homogenization
method, 565-566
Finite volume (FV) discretization scheme,
390-393
advantages, 393
essentially non-oscillatory (ENO) schemes,
391
Gauss theorem, 390-391
Maxwell equations, 390
numerical flux, 391
predictor—corrector formulation, 392-393
Runge—Kutta schemes, 392-393
vector-valued functions, 392
Finite volume method (FVM), 213-214,
365-366, 451
astrophysics, 470471
dual time stepping, 11
explicit time-dependent solution techniques,
13-17
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stability problem, 10-11
steady-state problem, 10
steady-state solution techniques, 12—13
viscous flows, 17-18
First-order finite volume method, 509-510
First-order IMEX discretization, 112
First-order monotone schemes, 83-84
FLASH, 474
Flux function, 480
aligned schemes, 492
in numerical experiments, 496-500, 496f,
5001
Flux splitting scheme, 367, 391, 495-496
Flux tensor, 64—65
Flux-transfer transformations
Green’s function, 557-558
transfer property, 555-556
Fokker—Planck-Landau equation, 113-114
collision operator, 113-114
Forward UQ. See Computational uncertainty
propagation
Free surface flows, 362-363
mathematical model, 363-364
Frontal approach, 268, 270f, 285
Front tracking scheme, 496
Functional viscosity matrix methods, 145-148
Chebyshev polynomials, 147
intermediate matrix, 145
local Lax—Friedrichs method, 145-146
path-conservative numerical schemes,
145-148
polynomial viscosity matrix (PVM), 147, 147t
Roe method, 145
well-balanced schemes, 157-158

G

GADGET, 473

Galaxies, 466

Gas-dynamic equations, 63—64

Gas dynamics and spatial discretizations,
305-308

Gauss law, 387, 395

Gauss—Legendre quadrature formula, 148

Gauss—Lobatto quadrature oints, 90

Gauss—quadrature rules, 371

Gauss—Seidel methods, 314-315

Gauss theorem, 390-391

Generalized hydrostatic reconstruction (GHR),
158-160

Generalized polynomial chaos (gPC)
expansion, 123, 516

entropy variables, 518-520
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Geometric estimate, for surfaces, 277-278
Ghost points
high-order interior schemes, 24
inflow boundary conditions, 28-29
moving boundary treatment, 39, 39f
outflow boundary conditions, 29-30
Glimm’s Random Choice method, 59
GMRES, 334, 343f
Godunov fluxes, 492
Godunov method, 142
dimensional splitting, 58
relative errors, 134, 135¢
Godunov solver, 354-356
Godunov’s theorem, 84
Goldstein—Taylor model, 122—123
Gravity, 468
Grazing collision limit, 413414
Grid-free method, 472-473

H
Harmonic coordinate transformations, 551-556
h-box method, 25
HCUSP, 307
Helm-Helmbholtz decomposition, 556
Heterogeneous multiscale methods (HMM), 564
Higher-order schemes, 148—151, 494-495
reconstruction of states, 148—151
Higher order spatial accuracy, 510
Higher order temporal accuracy, 510
High-field limit, 119-120
High-order well-balanced schemes
MUSCL reconstruction, 163, 164—165f
1d stationary problem, 163—166
quadrature formula, 163
reconstruction operator, 161
shallow water system, 161
stationary solutions, 161-162
High-performance computing, 473
Homogeneous equations, numerical methods
discontinuous Galerkin (DG) methods,
367-368
finite difference methods, 366-367
finite volume methods, 365-366
residual distribution (RD) schemes, 368
Hydrostatic pressure, 378
Hydrostatic reconstruction, 369-370
Hyperbolic and kinetic equations
exponential reformulation, 115-116
micro—macro decomposition, 117-118
penalization, 111-114
Hyperbolic conservation, 437
one dimensional, 437-438
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Hyperbolic correction, 388-389
Hyperbolic nets, 436437, 437f
discontinuous Galerkin method, 451-460
from 3D to 1D net problem, 439
3D vs. 1D net problem, 442443, 442f
dynamic coupling conditions, 441
finite volume methods, 451
kinematic coupling conditions, 441
nonlinear wave equation net problem,
443446, 444f
weak formulation, 444446, 445f
one dimensional, 437-439
vascular stent net problem, 439443
Hyperbolic networks, 436437
blood flow, 448-450
data flow on telecommunication
networks, 447448
discontinuous Galerkin method,
451-460
finite volume methods, 451
of irrigation channels, 448
models for vehicular traffic, 446-447
one dimensional, 436437

|
Immersed boundary method (IBM), 24
Immersed interface method, 24
Implicit-explicit IMEX) scheme, 109
Incomplete lower-upper (ILU), 337
Cuthill-McKee ordering, 340
Schur parallel preconditioner, 340
Incompressible limit, 205-207
Inexact Newton method, 335-336
Inflow side, 70-71
Inf-sup criterion, 219-220
Initial surface mesh, 288, 288f, 293f
Interface connection, 489490
Interface entropy condition, 489
Interface pressures, 66
Intergalactic medium, 466
Interior entropy condition, 487488
Intermediate matrix, 145
Interpolation error, 274-275
control, 276-277
direct sonic boom simulation, 289-290
Interstellar medium (ISM), 467
Inverse Lax—Wendroff procedure (ILW)
Cartesian embedded boundary method,
26-27
fifth-order ILW, 4248
for inflow boundary conditions, 28-29
interior schemes, 27
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moving boundary treatment, for
compressible inviscid flows, 38-42
numerical boundary conditions, for static
geometry
one-dimensional scalar conservation laws,
28-33
two-dimensional euler equations, 34-38
Ion etching process, 483
Irrigation channels, hyperbolic networks of,
448

J

Jacobian-Free Newton—Krylov methods,
336-337

Jacobian matrix, 35, 363-364

systems of equations, 72
Jameson—Schmidt—Turkel (JST) scheme, 308
Jin—Xin relaxation model, 105-107
Jones—Wilkins—Lee (JWL), 355-356
Journal of Computational Physics, 54
Jump condition, 167

K

Kapila multiphase model, 168

Kelvin—Helmbholtz problem, 534-536, 535f

Kinetic evolution models, 404-405

Kinetic flux vector splitting (KFVS) scheme,
108-109

Knudsen number, 107-108

k-point correlation marginal, 537

L

Lagrange extrapolation, 25-26
for outflow boundary conditions, 29-30

Lagrange interpolation polynomials, 89-90

Lagrange multiplier method, 388-389,
425-426

Lagrangian-type method, 178

Landau—Fokker—Plank equation, 410411

Latitude—longitude mesh, 379

Lax—Friedrich flux, 27, 83-84, 95, 366

Lax—Friedrichs scheme, 495

Lax—Oleinik entropy, 486

Lax—Wendroff theorem, 352, 372-373

Lebesgue constant, 89

Legendre Gauss—Lobatto quadrature rule, 376

Level set methods, 279, 355

Lighthill-Whitham—Richards (LWR) model,
446, 482-483

Linear advection equation, 62, 63f

Linearity-preserving (LP), 71
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Linear stability, 31
Linear transport equation, 118-119, 181
Lituya Bay mega-tsunami, 533534, 534f
Local coordinate system, 34, 34f
Localized orthogonal decomposition (LOD)
e-independent error estimate, 559
fine scale discretization errors, 560
optimal error estimates, 560
regularity-independent estimate, 559
time-discretizations, 560-561
Local Lax—Friedrichs method, 145-146
Log-Euclidean framework, 273-274
Long-time wave propagation
Boussinesg-type equation, 569-570
computational complexity, 574
dispersive effects, 573-574
fast Fourier transform algorithm,
573-574
finite difference approximation,
573-574
generalized FD-HMM scheme, 569-570
numerical homogenization methods, wave
equations, 572-574
Low-order coupling methods, 48-49
LU decomposition methods, 313-314
LWR model. See Lighthill-Whitham—Richards
(LWR) model

M
Mach number, 204, 228
acoustic limit, 207-208
in subcritical flow, 55-56, 56f
Magnetohydrodynamics (MHD), 474
discretization, 397-398
model, 396-397
Mantel integral, 67-68
Mass conservation, 215
Material waves, 351
Mathematical model, 363-364
Maxwellian function, 115-116
Maxwell’s equations, 469
Boris correction, 387-388
Cartesian grids, 389-390
discontinuous Galerkin (DG) schemes,
393-394
finite element methods, 394-396
FV schemes, 390-393
hyperbolic correction, 388-389
model, 386-387
Measure-valued solution, 536-537
Menter SST models, 308
Mesh-free particle method, 178
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Mesh generation, 1-2
algorithm, 5-6
Cart3D, 5-7
Cartesian mesh generator, 5, 7, 8f
geometry, 5
triangulation, 8
Metric-based mesh adaptation
boundary layers metric, 278-280
error estimates, 274-276
geometric estimate, for surfaces, 277-278
interpolation error, 276277
metric tensors in, 271-272
robustness and performance, 272-274
Metric tensors, 271-272
Micro—macro decomposition, 117-118
Mimetic differencing, 64—65
Minmod function, 71-72
MLMC-FVM algorithm, 526-527
Momentum conservation, 215-216
Momentum equation, 218
Momentum interpolation method, 218-219
Monte Carlo method
error and complexity analysis, 525-526
probability space, 524
Moving boundary treatment, for compressible
inviscid flows
Cartesian mesh, 38-39
fifth-order boundary treatment, 39, 39f, 42
ghost points, 39, 39f
newly emerging points, 39, 39f
no-penetration boundary condition, 38-39
Moving water equilibrium, 372-374
Multidimensional effects, 356-358
Multidimensional physics, 69
Multidimensional problems, 495
Multidimensional Riemann problems, 63, 64f
Multidimensional system
balance laws with a discontinuous flux, 499
conservation laws with source term, 498
Multidimensional upwinding
bicharacteristic methods, 67-68
CIR scheme, 65
corners, 64—65
corner transport methods, 62—64
dimensional splitting, 58—60
dimensional upwinding, 6061
edges, 64-65
oblique wave methods, 61-62
Poisson formulas, 75-78
residual distribution
elliptic-hyperbolic splitting, 73-75
NN scheme, 71-72
N scheme, 70-71
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systems of equations, 72
unsteady problems, 72—73
wave models, 73
Multilevel Monte Carlo (MLMC) method
efficient implementation, 528
error and complexity analysis, 527-528
MLMC-FVM algorithm, 526-527
parallelization, 528
Multiphase flows, in porous media, 481482
Multiple low MACH number
acoustic—incompressible interactions,
208-213
acoustic limit, 207-208
diagnosis, 215-217
finite volume schemes, 213-214
incompressible limit, 205-207
remedies, 217-221
Multiscale finite element method (MsFEM),
553-555
Multiscale methods, heterogeneous media
Aubin—Nitsche duality argument, 546-548
computational complexity, 548
finite element space, 546548
finite element spaces, 546548
higher order spatial approximations,
546-548
leap-frog method, 548
multiscale coefficient, 546-548
oscillatory hyperbolic problems, 546548
MUSCL method, 163, 164-165f, 307

N
Naive explicit scheme, 105-106
NASA Common Research Model, 343, 344f
Navier—Stokes equations, 121-122, 196,
304-308, 363, 448-449
dimensional upwinding, 60-61
N-body method, 472
Newton-Krylov methods
additional considerations and algorithm
parameters, 340-342
globalization, 338-339
GMRES, 334, 343f
implicit methods, 335
inexact, 335-336
Jacobian-free, 336-337
NASA common research model, 343, 344f
nonsymmetric linear systems, 334
parallelization, 337-338
parallel scaling algorithm, 343, 344f
preconditioning, 337-338
pseudo-transient continuation, 334
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Spalart—Allmaras one-equation turbulence
model, 342
steady and unsteady flows, 332
NIRVANA, 474
NN scheme, 71-72
Nonbarotropic flows, 209
Nonflat bottom topography, 368—369
Nonlinear equation, of state, 355-356
Nonlinear hyperbolic conservation laws
dual problem, 249-250
formal adjoint problem, 249
Fréchet derivative, 248
Galerkin orthogonality property, 247-248,
250
mean-value linearization, 248
one-dimensional scalar hyperbolic equation,
249
PDE problem, 247-248
Nonlinear wave equation net problem,
443-446, 444f
discontinuous Galerkin method for, 452-454
weak formulation, 444446, 445f
Nonstandard discretization, 370
Nonstiff convection, 108
Nonsymmetric linear systems, 334
Nonuniqueness, 486
No-penetration boundary condition, 37
for inviscid flows, 38-39
N scheme, 70-71
Numerical extrema, 82—-83
Numerical fluxes, 93-94
aligned schemes, 491-492
higher-order schemes, 494
staggered schemes, 493
Numerical homogenization method
asymptotic expansion, 564
long-time wave propagation, 569-574
short-time wave propagation
FD-HMM, 567-569
FE-HMM, 565-566
Numerical illustrations
cell-centred triangular meshes, 224-226
quadrangular Cartesian grids, 221-222
vertex-centred triangular meshes, 223224,
226-227
Numerical methods
astrophysics
discontinuous Galerkin method, 471-472
finite difference methods, 469470
finite volume methods, 470471
grid-free method, 472-473
N-body method, 472
homogeneous equations, 364-368

585

positivity-preserving methods, 374-377
well-balanced methods, 368-374

O
Oblique wave methods, 61-62
ODE system, 178
Ohm’s law, 396-397
One-dimensional scalar conservation laws,
496497
with discontinuous flux, 497-498, 497f
with flux function, 496497, 496f
smooth solutions
inverse Lax—Wendroff procedure, for
inflow boundary conditions, 28-29
Lagrange Extrapolation, for outflow
boundary conditions, 29-30
linear stability, 31
simplified inverse Lax—Wendroff
procedure, 30-31
solutions containing discontinuities,
31-33
well-posedness theory for, 501
One dimensional sweeps, 356
Onera M6 model, 266-267
Operator splitting, 60, 7678
Optimal entropy connection, 496-498
Oscillations, 224, 486
Osher—-Solomon scheme, 148

P
Parallelization, 473
Parallel scaling algorithm, 343, 344f
Parametric representation, 267, 268f
Parametrized flux limiter, 95
Partial differential equations (PDEs), 26, 234,
264-265
metric-based error estimates, 275
shallow water fluids, 132-133
Particle distortion, remeshing for, 190-194
Particle function approximation, 186—-190
accuracy, 188-189
efficiency, 189-190
smooth vs. discontinuous solutions, 189
Particle merger, local redistribution technique,
193-194
Particle method, 178-179, 181-190
particle approximation of initial data, 182
particle function approximation, 186—190
accuracy, 188-189
efficiency, 189-190
smooth vs. discontinuous solutions, 189
time evolution of particles, 183—186
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Particle weights redistribution, 191-193
convolution, 191-192
interpolation, 192—-193
Path-conservative methods, 369-370
Path-conservative numerical schemes,
138-142
convergence and choice, 166169
entropy conservative methods, 148
entropy-stable methods, 148
functional viscosity matrix methods,
145-148
Godunov method, 142
Osher—Solomon scheme, 148
Roe methods, 144-145
simple Riemann solvers, 142-144
PDE-ODE coupling conditions
moving bottleneck simulation approaches,
457-460, 460f
toll-gates and flux constraints, 456457
Penalization method
BGK operator, 111-112, 114
first-order IMEX discretization, 112
Fokker—Planck-Landau equation, 113-114
gas dynamics, 113-114
linear/simpler operator, 113-114
for nonlinear Boltzmann equation, 111-112
nonlinear hyperbolic system, 113
physical viscosity, 113-114
stiff relaxation, 113-114
Petrov—Galerkin problem, 558
Piecewise linear reconstruction, 494
PLUTO, 474
Point insertion, 280282, 281f
Point smoothing, 282-283
Point values, 86
Poisson equation, 387-388
Poisson formulas, 75-78
Euler equations, application to, 7678
Polymer flooding model, 495-496
Polynomial approximation, 393-394
Polynomial reconstruction, 358-359
Polynomial viscosity matrix (PVM), 147, 147t
Positivity-preserving methods, 470471
mesh adaption technique, 374-375
SWEs, 374-375
Posteriori error estimation
classification, 243
error representation formula, 243244
indicator, 246247
linear advection, 246f
numerical scheme, 243-244
Type I, 244
Type II, 245-246
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Postprocessing reconstruction, 374-375
Preconditioned dissipation, 217-218
Predictor—corrector formulation, 392-393
Pressure contour, 45, 46-47f
Pressure extractions, 289-290, 292f
Pressure fluctuations, 209-212, 222, 222-223f
cell-centred triangular meshes,
224-225, 225f
isolines, 226, 227f
vertex-centred triangular meshes, 226227,
227f
Primitive variables, 37
Pseudo-transient continuation, 334

Q

Quadrangular cartesian grids, 221-222
Quadratic surface model, 277-278
Quasi-neutral limit, in plasmas, 120121
Quasi-neutral regime, 120

R
RAMSES, 474
Random entropy solutions, 514515
Rankine—Hugoniot conditions, 45, 139, 486
Rational viscosity matrix (RVM) methods, 148
Raviart-Thomas elements, 394-395
Real gas effects

gases, mixture of, 353-355

nonlinear equation, of state, 355-356
Reconstruction operator, 149
Reconstruction polynomial, 82-83
Residual averaging, 321-323
Residual distribution

elliptic-hyperbolic splitting, 73-75

NN scheme, 71-72

N scheme, 70-71

systems of equations, 72

to unsteady problems, 72-73

wave models, 73
Residual distribution (RD) scheme, 55-56, 368
Reynolds-averaged (RANS) equations, 308
Riccati equation, 320
Riemann invariants, 105-106
Riemann problem (RP), 142, 153, 364, 446447

aligned schemes, 492

staggered schemes, 493494
Riemann solvers, 470-471

accuracy effects, 358-360

multidimensional effects, 356-358

real gas effects

gases, mixture of, 353-355
nonlinear equation, of state, 355-356
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Rieper fix, 220221
Rieper scheme, 226
Rock permeability, 481482
Roe linearization, 144
Roe matrix, 156-157, 328-329
Roe methods, 213-214, 217-218, 226
path-conservative numerical schemes,
144-145
well-balanced schemes, 156—157
Roe-Turkel scheme, 217-220
Runge—Kutta discontinuous Galerkin (RKDG)
method, 83
Runge—Kutta (RK) method, 115-116, 311,
377, 392-393, 451-452
Runge—Kutta (RK) time discretization, 455
Rusanov scheme, 357

S

Saint-Venant equations. See Shallow water
equations (SWEs)
Saint-Venant system of equation, 448
Scalar conservation law, 82, 93-94
Second-order finite volume method, 471
Second-order hyperbolic problems.
See Multiscale methods, heterogeneous
media
Shallow water equations (SWEs)
difficulties, 362-363
mathematical model, 363-364
numerical methods
homogeneous equations, 364-368
positivity-preserving methods, 374-377
well-balanced methods, 368-374
roles, 362-363
shallow water
flows, channels with irregular geometry,
377-378
on sphere, 378-379
two-layer equations, 379-380
Shallow water-related models
channels with irregular geometry, 377-378
on sphere, 378-379
two-layer shallow water equations,
379-380
Shallow water system
C-property, 134
functional viscosity matrix methods, 145
hydrostatic reconstruction technique,
160-161
Roe methods, 157
stationary solution, 160
Shockwave, 61
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Short-time wave propagation
FD-HMM, 567-569
FE-HMM, 565-566
macroscopic computational domain, 564
periodic oscillatory tensors, 564
Simple Riemann solvers (SRS), 142-144
well-balanced property for, 154-156
Simplified inverse Lax—Wendroff procedure,
30-31
Simplified limiter, 90-91
Singularmapping technique, 493
SLH, 475
Slope limiter procedure, 368, 370-371
Smoothed particle hydrodynamics (SPH)
method, 473
Smoothing procedure, 284
Smoothness indicators, 32-33
Source terms, 67, 468
Spalart—Allmaras model, 308, 341
Spalart—Allmaras one-equation turbulence
model, 342
Spatial scales, 466
Spectral element methods, 394, 564
Sputtering yield, 483
SSBJ design, Dassault Aviation, 288, 288f
SSP high-order time discretizations, 91-92
Staggered schemes, 493494
Standard explicit numerical method, 122
Static geometry
numerical boundary conditions for, 28-38
two-dimensional Euler equations in, 34-38
Stationary solutions, 133
high-order well-balanced schemes, 161-162
perturbation of, 135, 136-137f
point values, 151
well-balanced methods for, 160-161
Steady-state solution techniques, 12—13
Stiff collision, 108
Stiff relaxation, 113-114, 119
Stochastic AP schemes, 122—123
Stochastic collocation methods, 511
standard collocation method, 520-521
stochastic finite volume method, 521-524
Stochastic finite volume method, 521-524
Stochastic Galerkin (sG) methods, 511,
517-518
finite-dimensional noise assumption, 515
generalized polynomial chaos (gPC), 516
Strain-rate tensor, 73
Strang splitting, 109-110
Strong stability preserving (SSP) Runge—Kutta
method, 91-94
Superfluous dissipation, 59-60, 60f
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Supersonic flow, business jet, 269-270
Surface integrals, 394

Surface mesh generation, 266267, 267f
Surface metric, 277-278

Surface remeshing, 277-278
Swanson—Turkel-Rossow implementation, 327

T
Temporal scales, 466—467
Thermodynamic pressure, 206-207
Time advancing scheme, 221
Time-dependent coefficients, 495
Time-marching methods
acceleration methods, 318-323
alternative approach, 304-305
implicit schemes, 312-318
model problem, 308-309
multigrid methods, 323-327
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