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Abstract

The system that describes the dynamics of a Bose-Einstein Conden-
sate (BEC) consists of a quantum Boltzmann equation of the excitation
distribution function and the Gross-Pitaevskii equation of the conden-
sate wave function. We solve the Cauchy problem for the quantum
Boltzmann equation that approximates the evolution of the distribu-
tion function of the excitations - thermal cloud, at the temperature
regime that is very low compared to the Bose-Einstein Condensation
critical temperature. Such an equation has a cubic kinetic transition
probability kernel. We develop the existence and uniqueness result by
means of abstract ODE’s theory in Banach spaces by characterizing
an invariant bounded, convex, closed subset S of the positive cone as-
sociated with the Banach space C*([0,00); L'(|p|dp)). The subset S
depends on the kinetic transition probability kernel structure as well
as the interaction law for bosons. It also depends on the shown propa-
gation and creation of polynomial moments accounting for high-energy
tails in the sense of L'. In addition, we show the scaled summability
of polynomial moments by studying the propagation and generation
of Mittag-Leffler moments. These estimates imply the unique solution
has an exponential decaying high energy-tail in the sense of L1.
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1 Introduction

After the first Bose-Einstein Condensate (BEC) was produced by Cornell,
Wieman, and Ketterle, which led them to the 2001 Nobel Prize in Physics
[2, 3], there has been an explosion of research on BECs and cold bosonic
gases. Above the condensation temperature, the dynamic of a bose gas is
determined by the Uehling-Uhlenbeck kinetic equation introduced in [46];
see for instance [20] 21] for interesting results and list of references. The
first proof of BECs was done in [33]. Below the condensation temperature,
the bosonic gas dynamics is governed by a system that couples a quantum
Boltzmann and a Gross-Pitaevskii equations. In such a system, the wave
function of the BEC follows the Gross-Pitaevskii equation and the quantum
Boltzmann equation describes the evolution of the density function of the
excitations. The system was first derived by Kirkpatrick and Dorfmann in
[31] [32], using a Green function approach and was revisited by Zaremba-
Nikuni-Griffin and Gardiner-Zoller et. al. in [26] 28], 30 [48]. It has then



been developed and studied extensively in the last two decades by several
authors (see [10, 27 39, 44], and references therein). In [42], Spohn gives a
heuristic derivation for the one-dimensional version of the system, using an
perturbation theory for the Uehling-Uhlenbeck equation. A formal deriva-
tion, for the full three-dimensial case, is done in [4I]. The first step to a
rigorous derivation may take the ideas generated from the works [15] 19], in
combination with techniques from quantum field theory [41].

The dynamics of the excitations is the object of study in the present
paper, more specifically, we are interested in the dynamics of dilute Bose
gases at very low temperature under the assumption of reference [18| 22|
31, 32], that is, the BEC is very stable and contains a sizeable number of
atoms, the interaction between excited atoms is small, being the dominant
interaction the one between excited atoms and the BEC. The evolution of
the space homogeneous probability density distribution function f := f(t,p),
with (¢,p) € [0,00) xR3, for p the momenta state variable, of such Bose gases
can be described by the following bosonic quantum Boltzmann equation:

df B
E = an[f]v f(O, ) = fo, (11)

where the interaction operator is defined as

Qlf] = /]R3 /Radpld]h [R(p,p1,p2) — R(p1,p;p2) — R(p2.p1,p)]
R(p,p1,p2) ==

IM(p,p1,p2)[*[6 (;:52 — CZ(;)%) - CZS?) §(p—p1 — p2)]

< [Fp0)f(p2) (1 + f(p) — (L+ F(p)(L + F(p2) £ (p)] -

(1.2)

where 5 := k)g%T > 0 is the physical constant depending on the Boltzmann
constant kg, and the temperature of the quasiparticles T' at equilibrium.
The term M (p, p1,p2) is the transition probability and the particle energy
w(p) is given by the Bogoliubov dispersion law:

n 2\ 2 1/2
olp) = [%rpm(%)] , (19

where p € R? is the momenta, m is the mass of the particles, ¢ is the in-
teraction coupling constant and n. is the density of particles in the BEC.
Notice that n. = n.(t) = |¥|?(¢), in which ¥ is the wave function of the



BEC. The wave function ¥, as mentioned above, satisfies the cubic nonlin-
ear Schrodinger equation and the evolution of the condensate density distri-
bution n., under some further assumptions, follows the following differential
equation (cf. [0, [42] [47])

de — p, [ QU ), (1.4)
ne(0) =mno, |
or, equivalently
%]Ognc = _fRS Q[f]dp? (15)
log(n(0)) = log(no).

However, in the scope of our paper, we only focus on the study of the
quantum Boltzmann equation and leave the coupling quantum Boltzmann
equation - nonlinear Schrodinger equation topic for future research. We,
therefore, impose the following condition on the density distribution of the
condensate

n € C'0,00), and there exists constants n,, 7. > 0 such that
n, < n(t) <m. Vte]0,00).

This assumption is physically meaningful. It says that the condensate does
not vanish, and its density distribution is uniformly bounded from above
and below in time.

The collision operator @@ describes the interaction between the condensed
and the excited atoms. The corresponding equilibrium distribution f., of
the collisional equation (LI))-(L2) has the form

1

foolp) = Bop) —1° (1.7)
for B = (kgT)™!, as is usually referred as a Bose-Einstein distribution. In
this work, we restrict the range of the temperature T', the condensate density
ne, and the interaction coupling constant g to values for which kg7 is much
smaller than (gn./m)Y/?, i.e. a cold gas regime. Under this condition, the

dispersion law w(p) in (3] is approximated by

1/2

2
1 Jhe |10|2 + _|p|2 =~ _c Ip|, where c¢:= gite
k‘BT ; . )

kpT

m 2m m

when (gn./m)"/?(kgT)~" = O(1) and kT < 1. In particular, the energy
will be now defined by the classical phonon dispersion law (still using the



same notation), see [14], (18] 29, [40]

gne(t) ‘

w(p) =clp|, forc:=c(t) = (1.8)

Under this very cold gas regime, the transition probability M is approxi-
mated by

IM|? = Klp|[p1|Ipe] (1.9)
where 9
c
= . 1.10
& 647m2mn, (1.10)

We observe that O(,/c) < ¢(t) < O(VE) and O(\/E_l) <k < O(\/E_l)
uniformly in time.

Different from previous mathematical works [6] [4, [7, [§], we do not trun-
cate the transition probability |M|? from above, or assume that it is cut-off
near the origin. Thus, we perform the analysis in the whole momentum
space, not in a piece of it or the torus [43], requiring a detailed control of
the solution’s tails.

Notice that in the pioneering experiments [2] [3] 9], one can observe the
growth of the condensate after fast evaporative cooling. Equation (LT)-
(L2) is the main term that leads to the growth of the BEC. Moreover, the
kinetic equation (LII)-(L2) is also used to describe phonon interactions in
anharmonic crystal lattices, first derived in this context by Peierls [37, [38],
then by several other authors [14] [43].

In particular the linearization of the Quantum Boltzmann equation (L.])-
(L2) about Bose-Einstein states is perform by setting

F(t,0) = foo(p) + foo(p) (1 + foo(p)) 2L, p), (1.11)

evaluated into collision operator in (L.2]) and restricting the evaluation to
the linear terms. The resulting linearized equation was obtained in [23]

Jool(p) (1 + foo(p))aa—?(tvp) = —M(p)Q(t,p) + /RS dp'U(p, )0t p"),(1.12)

for some explicit function M (p) and measure U(p, p’). The Cauchy problem
and the convergence toward equilibrium of such linearized model (I.12)) were
addressed in the aforementioned reference. The discrete theory of the equa-
tion, based on a dynamical system approach, was done in [16]. In reference
[36], it has been proved that positive classical solutions of the model have a
Gaussian in momenta barrier from below.



From now on, and without loss of generalization for the existence and
uniqueness results as well as high energy tails behavior, we assume the tem-
perature T < 1, such that 0 < c(kgT)™! < @(kpT)~! < 1 in the reduced
phonon dispersion law (L), and so the quantum collisional integral (L2])
becomes

QLf] = /R?’ /demdpz [R(p, p1,p2) — R(p1,p,p2) — R(p2,p1,p)]

(1.13)
R(p,p1,p2) = |plp1]|p2| [5(|p| — |p1| — |p2]) 6(p — p1 —p2)]
X [f(p1) f(p2)(1 + f(p)) — (L + f(p1)(1 + f(p2)) f(p)] -

Clearly, from the interaction law p = p; + p2 and |p| = |p1| + |[p2| mod-
eled in the collision operator by the singular Dirac delta masses, this cubic
collisional form (LI3]) is reduced into a quadratic one, that can be split in
the difference of two positive quadratic operators, as will be shown in the
existence result.

In addition the low temperature quantum collisional form (LI3]) can be split
into gain and loss operator forms

Q[f](t7p) = Q+[f](t7p) - Q_[f](tvp)
= Q+[f](t7p) - f(t7p) I/[f](t,p),

as is done with the classical Boltzmann operator acting on an f(t,v), for
binary elastic interactions, when the transition probability (or collision ker-
nel) is an integrable function with respect to the scattering angle as much
as is integrable respect with a velocity v, the interacting with the velocity
v in the binary process.

Here, the gain operator is also defined by the positive contributions in
the total rate of change in time of the collisional form Q(f)(t,p) in (I3,

(1.14)

+ = dp1d 5(p — py —
QT[fI(t,p) /RS /RS p1dpa|pl|p1[p2]d(p — p1 — p2)

% 3(lpl — 1| — Ip2 ) f(t, 1) f (1, p2) +2 /R 3 /R pdpalolimlipel (19

x 8(p1 —p — p2)d(|p1] — Ip| — [p2l) [2/ (£, ) f (t,p1) + f (£, p1)] -

In analog, the loss operator models the negative contributions in the total
rate of change in time of same collisional form Q(f)(¢,p). It is local in f (¢, p)
and so written Q™ [f] := fv[f], where v[f](t,p), referred as the collision



frequency or attenuation coefficient, defined by

en) = [ [ dpdnaplipalalo(e - 1~ o)

<ol =l = 2D 2 p) 1] +2 [ [ aapiplipalipsl 10
x 0(p1 —p — p2)d(|p1| = |pl — [p2]) f (¢, p2) ,
is nonlocal in f(t,p).

Remark 1.1 In order to grant the split of the collision operator in gain
and loss parts, it is necessary that v[f](t,p) is well defined. This is se-
cured whenever solutions have at least the second moment finite throughout
the evolution. This property will be automatically granted by the proofs of
creation and propagation of statistical moments in Section 4 and the corre-
sponding existence theorem in Section 5.

Thus, our goal is to study the Cauchy problem of radial solutions for the
quantum Boltzmann gas model at low temperature (LI))-(II3]), or equiva-
lently by (LI4], 15 [I6]). In addition we will show that the unique solu-
tions of this Cauchy problem have exponential decaying tails in the sense
of L'(R3), which we referred as Mittag-Leffler moments. This is the first
step to solve an equation of the kind without cut-off assumptions in the
transition probability kernels.

The existence and uniqueness arguments we use in this manuscript are
based on techniques developed in the last few years for the classical Boltz-
mann equation in [I1], 24, 25, 45]. We point out that the propagation or
generation of polynomial moments is what enable us to find a natural space
to show existence and uniqueness of solutions for equation using an abstract
ODE theory, without need of bounded initial entropy. The propagation and
generation of Mittag-Leffler moments follows from adapting the techniques
recently developed in [45].

A technical difficulty in the analysis is the fact that the natural con-
servation law for the model is energy conservation, that is, the solution’s
first moment, whereas the homogeneity of the kinetic potential kernel in the
model is 3. Due to this fact, it is essential to perform high moment analysis
which, in contrast, it is not central for the Cauchy problem in the classical
Boltzmann equation, refer to [5] 25 [35].

The organization of the paper is as follows.



- Section 2 presents the weak formulation and recall the main conser-
vation laws as well entropy estimate and corresponding analog to an
H-Theorem for (L)) with the low temperature regime collisional form

LI3).

- The next two sections regard the Cauchy problem and high energy tail
behavior, which will be fully developed in context of radially symmetric
solutions.

- Section 3 is devoted to a key a priori estimate on the moments
of equation (LIII3]) which will be used several times along the
paper, Proposition 3.1l

- Section 4 proves the creation and propagation of polynomial mo-
ments, Theorem 1] by means of Proposition [3.11

- Section 5 poses in Theorem [5.1] for a general framework of solving
evolution problems in Banach space by listing sufficient condi-
tions for existence and uniqueness of solutions to the initial value
problem associate to (LI} [LI3)). It also proves that such condi-
tions are satisfied for radially symmetric solutions under natural
conditions fulfilled by the creation and propagation of polynomial
moments estimates obtained in Section 4. Existence is based on
a Holder estimate and a condition of the sub-tangent type for
@, see Theorem Uniqueness is based on a one-side Lipschitz
estimate.

- Section 6 addresses the propagation and creation of Mittag-Leffler mo-
ments for the solution to (L], [LT3]), proven in Theorems and

- Section 7 is the Appendix showing the proof of Theorem [E.1] for a
general framework for abstract ODE theory to solve first order ini-
tial value problems in Banach spaces. This proof is inspired by the
unpublished work by A. Bressan in [13].

2 Conservation of energy and momentum

The following properties hold for the low temperature quantum collisional
form (L.13) remarking that, for notational convenience, we will usually omit
the time variable ¢ unless some stress is necessary in the context.



Proposition 2.1 (Weak Formulation) For any suitable test function o,
the following weak formulation holds for the collision operator (LI3)

| arneQieiew) = [ [ [ dpdps dpanclpliplipaiot = m — )
% 3([pl = Ip1 = p2) | £ (1) F (p2) = £ (1) F(P) = F(p2) () = F(p)]

x [o(p) = e(p1) = ¢(po)|
_on /R dp /R dlpslne o+ lpalgi o o[ £ 1) £ (el )

— f(p1)f (1 + |p2|p1) — f(Ip2lp1) f (p1 + |p2lp1) — f (P2 + Ipzlﬁl)]

% [ips + p2li) = opr) = e(lpeln)|
(2.1)

Furthermore, for radially symmetric functions f(p) := f(|p|) and ¢(p) :
o(|pl), the following holds true

/ dpne QLf)(p)e(p) = 8 / / dlp1| dipa| ne(pa| + p2l) |1 Pl x
R3 Ry JRy

[f(|P1|)f(|p2|) — fp1D) f(pal + Ip2l) — f(p2]) f(Ip1] + |p2l)

= Flpal+ Ip2D)] % [s(p1] + p2) = (1)) = (lpal)|

(2.2)
Proof. In this proof we use the short-hand [ := [po dpdp;dps. First,
observe that
[, doneQlfelet) =

/nclpllp1llpzl5(p —p1 — p2)6(|p| — |p1| — [p2|) R(p, p1, p2)9 (D)
- /nc\plesz\é(p —p1 — p2)(|p| — [p1| — |p2|) R(p1, p, p2)0(p)

- / nelpllpa][p210(p — p1 — p2)8(1p] — 1] — [p2) R(p2: p1, ) 0(D)
(2.3)

Second, interchanging variables p <+ p; and p <> po,

/nclpl|p1||p2|R(p1,p,p2)90(p) = /nclpl|p1||p2|R(p,p1,p2)sD(p1), (2.4)

9



and

/nc!p\!lepz\R(pz,pl,p)w(p) = /nc!p\!leple(p,pl,pz)sO(pz)~ (2.5)

Combining (23)), ([2:4]), (2.0]), we get the first equality in (Z.1]). Now, evaluate
the Dirac in p = p; + p2 (conservation of momentum) to obtain

/ dpne QLF)(p)p(p) = / / e [p1 + pallp p218(1p1 + p2l — Ip1] — [pal)
R3 R3 JR3
[f(pl)f(pz) — f(p1)f(p1+p2) — f(p2) f(p1 + p2) — f(p1 + p2)

X [P+ p2) = @(p1) = ¢ (p2) | dpr dp2
(2.6)

Now, observe that

{(p1,p2) € R||p1 + p2| — |p1| — Ip2| = 0} = {(p1.,p2) € R®|1 — pp1 - p = 0} .

Then, the following identity holds for any continuous function F'(p;)

[ a2 P @2 80001+ 2l = ol = lpal) = | e Flp) 51— 7 - )
= [Pl [ a0 [ sin(0)00 F(pa(eos),5i0(6)) 501 — cos®)
= [ alalpal a6 [ as Plpat-s,sm@n)a +)

— 2 / ip2%dlpal F(lp2lfi) -
R+

In the last step we used that pa(1,sin(¢)) = |p2|p1. Using this identity in
[28) proves the second equality in (2.I). Finally, for radially symmetric

functions f(p) := f(|p|) and ¢(p) := ¢(|p|), one simply uses that |p; +
|p2 |pA1‘ = |p1| + |p2] and polar coordinates in the pi-integral to obtain (2.2])
|

Corollary 2.1 (Conservation laws) If f is a solution of (LI)-([LI3)), 4t
formally conserves momentum and energy

/dpf(t,p)p = /dpfo(p)p, (2.7)
R3 R3
/ dp f(t,p) [p| = / dp fo(p) [p]. (2.8)
R3 R3

10



Remark 2.1 Since f is the density function of the thermal cloud, the mass
18 not conserved due to the fact that atoms could move in and out of the
condensate. In order words, the total mass of the system thermal cloud -
condensate is unchanged as time evolves, but the mass of each component
of the system the thermal cloud and the condensate is not conserved. Now,
let us look at the system that couples the two equations (L) and (IA4).
Integrating Equation ([ILI)) in p and taking the sum with the second equation

(CEH), we obtain
%(/RB ft,p)dp + nc(t)> =0 (2.9)

which confirms that the total mass of the whole system is conserved.

Corollary 2.2 (H-Theorem) If f(t,p) is a solution of (LI))-(LI3)), then

d

E/Rg dp[f(p) log f(p) — (1 + f(p)) log (1 —|-f(p))} <o.

A radially symmetric equilibrium of the equation has the following form

1
o) _ 1’

f(p) = for some «a > 0. (2.10)

Proof. We observe that

G L anrnos 1) = (14 1) o5 (14 7)) =

dt
| aworswos (f(gpl 1>

In addition, we can rewrite

/dpan[f](p)sO(p)z/ ne|pllp1|lp216(p — p1 — p2)8(Ip] — |p1] — |p2])
R3 R9

x (14 £(p) (1+ f(p1)) (14 f(p2))

fp1)  f(p2) f(p)
. <f(p1)1+ 1 f(p2)2+ 1 f(p)+ 1> [90(29) —p(p1) — sﬁ(m)} dpdpdps.

Choosing ¢(p) = log ( f{p(jnj-l) we obtain, in the case of equality, that

1) flp) f)
+1f(p2)+1  flp)+1

(1)9 o,

fp

11



or equivalently, putting h(p) = log < f{;fJ)rl), we get

h(p1) + h(p2) = h(p). (2.11)
The fact that h(-) is radially symmetric yields h(p) = —aw(p), for all p € R?
and some positive constant «. This proves the claim. |

3 A priori estimates on a solution’s moments

The aim of the following sections is to consider radially symmetric solutions
of (LI)-(LI3) that lie in C([0, 00); L*(R3, |p[*dp)) where

LY(R?, |p/kdp) := {f measurable | /R3 dp |f(p)||p|* < o0, k > 1}.

That is, in sections 3 and 4 the a priori estimates assume the existence
of a radially symmetric solution enjoying time continuity in such Lebesgue
spaces for k sufficiently large. Define the solution’s moment of order k as

MO = [ sl (31)

When f is as radially symmetric function f(¢t,p) = f(t,|p|), one can use
spherical coordinates to reduce the integral with respect to dp on R? to an
integral on R with respect to d|p|. As a consequence,

MUPO) =187 [ dplre )i+,

Thus, it will be convenient for notation purposes to introduce and work with
what we call “line-moments”

mMﬁ@%=AWMMfmmmm“ (3.2)

Observe that Mg (f) = |S?|mgia2(f).

We are going to use the definition of moments in two contexts: In one
hand, in sections 3, 4 and 6 we always consider the moment applied to a given
radial solution of the equation. Thus, there is no harm to omit the function
dependence and just write My(t), My, my(t) or my to denote moments
and line-moments for simplicity. In the other hand, in section 5 we will
use moments as norms of the spaces L'(R?, |p|*dp), as a consequence, the

12



functional dependence will be important. In addition, time dependence will
not be key in this section, thus, we will write line-moments as my(-). Note
that according to the conservation law (2.8) and assuming initial energy
finite, the following equivalent estimates hold

M (t) = M1(0) < o0, ms(t) = m3(0) < co.

Before entering into details, let us explain the necessity of considering ra-
dially symmetric solutions of the equation (ILI]) in the following arguments.
Choosing ¢(p) = |p|* in the weak formulation Proposition 2I] one is lead
to estimate terms of the form

/ dpuf (£, p)lpa / dipalf (4, lpalf)pe', iy j €N
R3 Ry

These terms are not estimated by products of moments of f unless the
function is radially symmetric. In such a case this particular term simply
writes as a product of line-moments of f, namely |S?|m;o(f) m;(f). This
technical issue will be central in finding closed a priori estimates in terms
of line-moments of solutions.

Proposition 3.1 (Line-Moment Ordinary Differential Inequalities)
For 1/k < ~v <1, k > 1, we have the following a priori estimate on the
moments valid with some universal constants C1 and Co

(5]

d k

— t)<C < i —i

dtmk’y+2( ) = V1 ; <Z> My +4M3 1 (k—i)~ (33)
+ mi’v+3m4+(k—i)w> (t) = C2 myyys(t) .-

In order to prove Proposition [3.I] we first need the following lemmata.

Lemma 3.1 For k > 3, we have the following equation for my

d
Emk(t) = 8712/ / dry drane(ry +ro)rivy [f(t,r1) f(£,72)
Ry JRy

—2f(t,r1) f(t, 1 +12) — f(t,r1 +72)] X [Jr1 +r2F72 —rf T2 — 72
‘k—2

(3.4)

Proof. Take p(p) = |p as a test function and use Proposition [2.1] recall
that the line-moment my, is equivalent to Mj_s, to obtain

d . .
=2 [ [ dprdlpalne oy + ool Il [ £091) £ (8 Lol
rR3 JR,

— f(tp1) f(t, 1+ [p2lp1) — f(&, |p2|pr) £ (&, p1 + |p2lp1) — (& p1 + Ipzlﬁl)]

k—2 — —
< [llpal + lpal[*72 = a2 = Ipal=2].

13



In addition f(p) := f(|p|), which leads to

d

=7 [ [ dimldlpal nelpal + pal) [ 2P
R. JRy

[f(t, Ip1) f(t, [p2]) — (&, Ip1) f (s p1| + Ip2|) — f(&; [p2]) (£, [P1] + |p2l)

= £t 1] + p2D)] % [Ip1 + palt72 = Ipa 2 = [pal* 2]

This estimate completes the proof of this Lemma 3.1l |

Lemma 3.2 (From Ref. [12]) Assume that k > 1, let [%52] denote the
integer part of % Then for all a,b > 0, the following inequality holds

e

Z k’ R T S
i=1 <Z>( v ) " (3.5)

< (a+ bk —af —bF < Z < ) (a'b"~F 4 a" 1)
; i
=1
Proof. (of Proposition B.1]) For simplicity we omit ¢, the time variable,
in the argument of this proof. From (3.4]), we eliminate the negative term

—2f(t,r1)f(t,r1 + re) and take into account the fact that

k k k

to get
d 3,3
qper2(t) < C(m) dridrane(ry +r2)rirs [f(t,m) f(t,72)—
Ry JRy (3.6)
— flt,r1+12)] x [+ 7ol — i 7"57} .
By applying the inequality
1+ ral*T < (I [+ 2" (3.7)

14



with 1/k <~ <1 into (80), it yields

d
—Mpyg2(t) < C(W,n_c)/ / dridra(ry + ro) v f(t,r1) f(t,72) x

(1] + JraV)* = 77 = #57] = C(m,me) / / drydry(ry + ro)rirs
Ry JRy

x f(t,r+r2)[|r1 + oY — r'f’y — r;”} )
(3.8)

In order to obtain (3.3]), we estimate the two terms on the right hand side
of B.8). Using Lemma with @ = ] and b = r3, the first term can be
estimated as follows

/ drydra(ry +r2) i vd | (I + [ra)" = o8 = o8] £ (8 70) £ (2, 72)
Ry JRy

EN /iy (k—i —i)y i
< / dridry(ry + ro)rirs <1> <r’17r§k L r&k hr?)f(t, ) f(t,m2),
R

2 :
+ =1

[ nans ()frmsoramongon
Ry JRy . ¢

+ r§k—i)'y+4rgy+3 n Tgk—i)7+3r;’y+4) Ft, 1) f(t,r2) (3.9)
k+1]

[k

k
<2 Z <z> <mm+4 M3 (k—i)y T Miy+3 m4+(k—i)~/> (t).
i=1
Note that in the above inequality, we only use the definition of 17,43, My44,
M(k—i)y+3> and Mm(;_;)y44. Regarding the second term on the right side of
([B:8]), we rewrite it using the change of variables 1 +ry — r and 1 — r—1r9

—/ dridra(r; + rg)r‘;’rg’ﬂm + 7‘2|k7 — r’fpy — rgpy]f(t,m +79)
® (3.10)

R4
o0 T
/ / drodrr (r — 7’2)3 rg’ UT — 7’2]'” + 7’]2w — \T!k'y]f(t,r) )
o Jo

Set .
I:= / dror (r —ry)3rs [|7‘ — r2|k7 + réw — |r|k7} .
0
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Then, by B.1), I <0. By the change of variables 7o — r — ry, one gets the
following identity

T T
/ dro(r — r2)3+k77‘§’ = / dro(r — r2)3r§+kﬁ’ ,
0 0

which implies the equality
I = /OT dry(r — ro)3r3 [27’57 — r’”] . (3.11)
Develop (r — r3)? in the above integral, the following equality holds
I= /OT dry(r — ro)®rs [27’57 — 7’]”]
= /OT dry [7‘3 — 3ror? + 37"%7‘ — rg] [27"57”’ — rkvrg]

(3.12)

T
k ky+4 k k
:/ dry [2r27+37‘3 — 6r27+ r? + 6r27+5r — 27‘2ﬁ’+6
0
— R3S 4 3R] 3Rt LD 4 Tgrk’y] = —Crh T,

where the last equality follows by evaluating the integral of dry in (0,7).
Since I < 0, the constant C' is explicit and positive. Combining (BI0),
BII), (B12), we get the following equation for the second term on the right
hand side of (3.8)

—/ dridra(ry + r2) r‘;’ rg’ [|r1 + 7‘2|k7 — r]fﬁ’ — rl;“’]f(t,rl +79)

Be e (3.13)

= —C/ rE 8 f(t r)dr = —C My48 -
0

Putting together ([B.6),([3.9) and (B13]), we obtain the ordinary differential
line-moments inequality

(5]

d k
g2 = C Z <1> <mi'y+4m3+(k—i)’y+mi’y+3m4+(k—i)'y>_C,mk'y+8-
=1

that shows inequality (B.3]). Thus, the proof of Proposition 3.I]is now com-
plete.
|
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4 Creation and propagation of polynomial moments

Let us write the main result of this section.

Theorem 4.1 Suppose that fo(p) = fo(|p|), m3(0) < oo and my(t) defined
in B2). Then, there exists a constant Ci(hs) that depends only on b =
h3(m3(0)), and on k such that we have the following creation of the k' line
moment s

6

mi(t) < Ci(bs) (1 — e ) , Vk>3. (4.1)

Moreover, if my(0) < oo, we have the following propagation of the k' line
moment

my(t) < max {m(0), Cx(h3)} . (4.2)

Lemma 4.1 (Moment interpolation) The line-moment my = my(t) sat-
isfies

my < mzlmg);V7 (4.3)
where the positive constants p, p1, pa,y satisfy 0 < p1 < p < po, 0 < v < 1,
and p = yp1 + (1 —7)p2.

Proof. The proof of this statement is straightforward. Indeed, Hoélder’s
inequality imply

1— ! o
mmiz = ([ arrso)) ([ arieiesn)
> /]R+ dr [r|[P 20 £ () > /]R+ dr|r|Pf(r) > m,.

|
Proof. (of Theorem [4.1]) In this proof, we will use Lemma BTl with v =1
which reduces to

)

d k
2 S Gy Z <Z> (mi+4m3+(k—i) + mi+3m4+(k—i)) — Comyys

i=1

where C; and C5 are some universal positive constants. For the sake of
simplicity, we shift k + 2 — k in the above inequality to get

(7]
d k—2
s ;:1 ( ; >(mi+4m1+(k—i)+mi+3m2+(k—i))_C2mk+6' (4.4)
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From (44]), our goal is to construct a differential inequality for my = my(t)
from which the boundedness of my, could be deduced. In order to do that, we
will estimate the right hand side of ([4.4]) by some function of my, which leads
to a uniform in time upper bound of my. First, let us start bounding the
right hand side of (44]) by estimating the term m;44mq1k_; with Holder’s
inequality,

k+2—i i+l it1
k+3 k+3 __ k+3
Miya < My Myl = C’mk+6,

k4+1—1
where we notice that, by the conservation of energy (28)), mg and m3"*?

are constants. Multiplying m;4+4 by mi4,—; and using Young’s inequality

G+1)p
i+l m, "3 e m
k+3 k+6 1+k—i
Miyamiyr—i < Cmp gmigp—; < , - (4.5)

We set ¢ = k{fgi -and p = % and choose € > 0 in the sequel. The quantity

mi4k—; could be bounded by Hélder’s inequality again
k—i—2 i—1

k—3 k—3
myyp—; <My ms .

Therefore, from (£5) and the aforementioned bound on mq,,_;, we obtain
the estimate for the term m;y4m;—; on the right side of (4.4])

(k+3)(k—i—2)

(k+2—7)(k—3)
Mi4ee? My

MM foei < +
AT +k—i > » qeq

(4.6)

Since
1 (k+3)(k—i—2) k—1

- < < ,
2 (k+2—-4i)(k-3) k-3
an interpolation argument applied to inequality (6] leads to

myyg€e’ m,lg/2 mlg%é
MG AT i < +C +C ) 4.7
i+4T I +k—i > D qed qed ( )

where C' is some positive constant that can vary from line to line. Sec-
ond, we continue estimating the right side of (44]) by controling the term
My3Maotk—i. We consider two cases: (1) i > 2 (then 2+ k —i < k), and (2)
i =1 (then i +3 =4 < k). Let us start with the latter.

Case (2). Using Holder inequality (£3]) and the conservation of momen-
tum on ms

4+ k—i—1 k—i—1
E+3 B3 _ 5+3
Mmoyk—i <mg "m " =Cmy 1y

18



Multiplying the this inequality by m;y3 and employing Holder’s inequality

s(k—i—1)

again, we have
ki1 r k+3 S
k—izl  gpt m €
E+3 i+3 k+6
Miy3Matk—i < Cmipamy o” < e + . , (4.8)

k43 GQince i +3 < k, we can use Holder’s

_ _k+3 _
where we set s = 2= and r = 733

inequality
7 k—3—1i
k—3 k—3
miys < my Mg
One concludes that
i k+3 5(]&]‘;%33)
k-3 itd s -
myee” M M6 M
+ = + B (4.9)
re s re

Mip3Moik—i < S

For Case (1) a similar argument is made to conclude that

k4+3—1 i 7
k+3 k+3 __ k+3
miie = Cmy e -

mit3 < Mg

is’

Multiplying m;4+3 by meir_; and using Young’s inequality
k_3 ! /
L6€ | My

i m €
k13 k46
Mir3Mayk—i < Cmyemoyp—; < o e
k+3 k+3 :
where we set 1’ = ~ +J§_Z. and s’ = “+3. The quantity ma4;—; can be bounded
as k—i—1 i—2
k—3 k—3
Moyg—; <My mg
Therefore, we obtain the estimate for the term m;y3msoiy_; for the right
side of (4.4])
(k43) (k—i1)
My 3M24f—i < +
p qe?
Since .
1 (k+3)(k—i—1) k-1
k-3’

=<
2 (k+3—-i)(k-3)
we can interpolate to conclude that

s/
M4 6€ m
— +C—
s T'e

My 3Motk—; <

19
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Combining (£.4)), (435), (£9) and (ZI0), we get

d k=1 _kt3
" S C(e)mpi6+ C'(e) [m,’;’?’ +mg Y +m ] — C"mpys,  (411)
where C'(e) and C'(¢) are positive constants satisfying C(e) — 0 and C’(e) —
oo as € — 0, and C” is a positive constant depending only on b3 := mg3(0).
Notice also that C'(e) and C’(e) also depend on k. For e > 0 sufficiently
small, the constant C(e) is absorbed by C" and we infer from (&II]) that

d k: 1 _k+3 1 "
ETLLLS < Ck[ P4 mk(k ¥ +mk] 5 M6 (4.12)
for some C), > 0 depending only on k£ > 3. In order to obtain a differential
inequality for my, it remains to estimate myig. Indeed, using Holder’s

inequality (@.3])

k=3 6

%+3,  k+3
migmy™ = my,

k:+3
which implies my¢ > mk . As a consequence, from ([{.I12) we finally arrive

to

d == 3 =
Zmi(t) < ck[ mE 4 mIY mk] () — —mf3 (). (4.13)
By Young inequality, there are positive constants C'(¢) and e such that

k,

-

+ _k43 +

P<emTP () +Ce),  m"Y <emf(t)+ Cle),

m

ET‘?‘“

and by Cauchy inequality

1

??‘m\»—t

<

N —

Combining the above inequalities, for € small, with (4.13]) we conclude that
there are positive constants, still denoted by Cj and C”/2, such that

d k43

am,f(t) < Cp(1+ my(t)) — C"mf3(¢). (4.14)

By comparing (£.14)) with the solution of the Bernoulli equation

SY() < av() - v,
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which is

V() = (YO o) T+ S )

Cpbt . k-3

< Cihs)(1—e *3) 7 |

where Cy(h3) := (Cr/C") 5 is a constant depending linearly on /7. and

n,, since C” depends only on hs = m3(0) and Cy only on k. Hence in-
equality (@I) holds. In addition, if the initial A" line-moment my(0) is
finite, then clearly the bound may be improved at ¢ = 0, and my(t) clearly

satisfies inequality (4.2]). [ |

5 The Cauchy Problem

This section is devoted to show existence and uniqueness of positive solutions
of the initial value problem associated to equation (LI4]), (LI5) and (II6I),
which corresponds the to solutions of the initial value problem for equation
(LID-(TI3) where the collision operator has a transition probability given
by [M|* = |p||p1||p2| from (L3 for p = p1 +p2 and |p| = |p1] + [p2].

The approach we use is based on an abstract framework for solving
ODE’s in Banach spaces applied in this context to find uniqueness of non-
negative homogeneous radially symmetric solutions of the quantum Boltz-
mann equation for bosons at very low temperature in L! (}R?’, \p[dp), the set
of measurable functions, integrable w.r.t. the measure |p|dp.

More specifically, we have the following theorem, whose proof can be
found in the Appendix [7l

Theorem 5.1 Let E := (E,||-||) be a Banach space, S be a bounded, convex
and closed subset of E, and Q : S — F be an operator satisfying the following
properties:

Holder continuity condition
QU1 -l <Clf —gl”, Be€(0,1), Vfges, (51

Sub-tangent condition

hhmgﬁfh—ldist(f + hQ[f], §) =0, Vfes, (5.2)
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and, one-sided Lipschitz condition

QL1 —Qlgl, f —g] <CIIf — 4l Vf,geS§, (5.3)
where [, @] :=limy_o- h™' (|| + hell — [|¢]]).

Suppose that n = n(t) is a continuous function in C1([0,00) and n is bounded
uniformly from below and above by positive constants n and 7.
Then the equation

O f =nQ[f] on [0,00) x E,  f(0)=fo€S (5.4)
has a unique solution in C1((0,00), E) N C([0,0),S).

This theorem is an extension of Theorem A.1 proposed in [I3] by Bressan
in the context of solving the classical elastic Boltzmann equation for hard
spheres in 3 dimensions. We point out that [I3] does not properly show that
(622 is satisfied in that case. For completeness of this manuscript we rewrite
Bressan’s unpublished proof in the Appendix. Bressan’s needed techniques
can be found in [34].

Indeed, referring to the argument given in [1], using conditions (5.1) and
(52) combined with [34, Theorem VI.2.2] one has that conditions (C1), (C2)
and (C3) in [34] pg. 229] are satisfied and hence, together with (5.3]), all
needed conditions for the existence and uniqueness theorem [34, Theorem
VI1.4.3] for ODEs in Banach spaces are fulfilled.

For our particular case, we need to identify a suitable Banach space and
a corresponding bounded, convex and closed subset S.

Indeed, choosing £ = L' (}R?’, ]p\dp), the choice of the subspace S, de-
fined below in (B.5]), specifically depend on the estimates to solutions of the
quantum Boltzmann equation (LI4), (LI5) and (LI6), whose collisional
operator satisfy conditions (5.1)), (5.2]) and (5.3]) when the transition proba-
bility (L9) is given by |M|* = &lpl[p1||pa| for p = p1+p2 and [p| = |p1|+|p2|.

More specificallly, such subset S C L' (}R?’, ]p\dp) is characterized by the
Hélder continuity and sub-tangent conditions (5.1]) and (5.2]), respectively,
(to be shown next in subsection [5.2)), and it is defined as follows:

S = { felLt (]R3, p|dp) | i. f nonnegative & radially symmetric,
imalf) = [ dpl FDlpl = ba (55)
+

iii. myo(f) = / dlp| f(|p))lp|" < fno},

Ry
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where b3 is an arbitrary initial energy, and the specific g is defined below
in (5:29). We are now in conditions to state and prove the existence and
uniqueness theorem.

Theorem 5.2 (Existence and Uniqueness) Let fo(p) = fo(lp|]) € S.
Then, equation (LI)-II3) with (LI) has a unique momentum and energy
conservative solution

0 < f(t.p) = f(t,|p]) € C([0,00);S) NC*((0,00); L' (R?, |p|dp)).  (5.6)

Proof. The proof of this theorem consists of verifying the three conditions

1), (52), and ([B.3) in Subsections 5.1}, 5.2, and [5.3], respectively. We start
first with the Holder continuity condition.

5.1 Holder Estimate for ()

Recall the definition of mk< f), the k*"-line-moment of a radially symmetric

f() = f(pl)
mi(f) == /R ap (Dl k>0, (5.7)

and observe that mgs(|f]) is equivalent to the usual norm for a radially sym-
metric function in L (Rg, |p|dp).

Lemma 5.1 (Holder continuity) The collision operator
Q:S — L'(R%, |p|dp)

1s Holder continuous, with the following Hélder estimate

ms(|QUf] — Qlal) < Ay ma(|f — g7 + Asms(|f —gl),  (5.8)

valid for all f, g € S. The constants A;, for i = {1,2}, depend only on b3
and f)l().

Proof. We first observe that for any f € S, properties i. and ii. in (5.5)
yield the interpolation estimates shown in (£3]) for moments ms(f) < Cs
and mg(f) < Cg, with v = % and v = % and positive constants depending
only on b3 and big, respectively.

Next, in order to estimate the L' (R3, |p|dp) -norm of the difference of the

collision operator on any pair of functions f and g in S, we use the weak
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formulation shown in Proposition 2] applied to the test function ¢(p) =
sign(Q[f] — Q[g]) (p), yielding the identity

/RSdp |Q[f] — Qlgl|(p)Ip] = /RS dp (Q[f] — Qlg]) (p)sign(QLSf] — Qlg]) (p)lp]
= /Rg dpdpidpz [pp1p2]0(p — p1 — p2)d(|p| — |p1| — |p2])

X [f(m)f(pz) —2f(p2)f(p) — f(p) — 9(p1)9(p2) + 29(p2)g(p) + g(p)]
x |Iplsign (QLf) — Qlg]) (p) — Ipilsign (QLf] — Qla)) (»1)
— [palsign(QLf) - Qlg]) (p2)] -

So, using the triangle inequality, it follows

[, vl - Qlallw)s
< /R9 dpdpidps [pp1p2|d(p — p1 — p2)0(|p| — |p1] — |p2]) (5.9)

X ‘f(pl)f(m) —2f(p2)f(p) — f(p) — 9(p1)9(p2) + 29(p2)9(p) + 9(p)
< [Iol + 1] + Ip2]].

Hence, using the same change of coordinates (3.I0]) used to obtained the a
priori moment’s estimates, now applied to the above inequality (59, yields

/R ar QL - Qlal| (r)r® <

C’/Ooo /OT drodr [r —ro|*|roPr| f(r — ro) f(ra) — 2f (r2) f(r) — f(r) (5.10)

— g(r —r2)g(r2) + 2g(r2)g(r) + g(r)|(Ir| + [r — 72| + |r2]),

where C' is a explicit positive constant that varies from line to line. Now,
since |r| 4 |r — ro| + |r2| = 2r in the 0 < 7o < r domain of integration, the
simplified expression follows

/R ar| QLS - Qlal|(r)r® <

C/Ooo /0’“ drdror®|r — rol*ral?| f(r —r2) f(r2) — 2f (r2) f(r) — f(r)  (5.11)

— g(r —r2)g(r2) + 2g(r2)g(r) + g(r)|
= Q1 + Q2 + Q3,
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where the Q;, with i € {1, 2, 3}, are defined by
Q1lf, 9] =

C’/OOO /0’" drodr r2|r — 7"2|3|7“2|3|f(7" — o) f(re) — glr — 7”2)9(7"2)‘ , (5.12)

Qlf.q) = C /0 h /0 Cdradr 2l — ol £ (r2) () — g(r)g(r)] . (5.13)

and
Qslf.g) = C /0 h /0 Cdradr e — P Plf) — g (5.14)

Therefore, the proof of the Holder estimate for the collision operator follows
from estimating these three terms.

Estimating ;. First, splitting f(r — o) f(r2) — g(r — r2)g(re) as the sum

of f(r—ra)(f(re) —g(re)) and g(r2)(f(r —r2) — g(r —r2)) and applying the
triangle inequality from (5.12)) yields

Qilf g <C / h / "dradr il — P oL f(r — o)l f(ra) — g(r)
0 7o (5.15)

e / / dradr 12| — raPlralPlg(ra)l| £ (r — r2) — g(r — r2)].
0 0

Exchanging variables r — r9 — 71, the right side of (5.I5]) is bounded by

/R @ [A-Qlg)| () < C [ drdra( + )2 3 )L — ol(r2)

2
R

+C / drydry(ry + r2)2rérdlg(ra)| £ — gl(r1).
R

2
+
Next, using the inequality (r1 +72)? < 2(r?+73), the right hand side integral
is simplifies to
Q.9 < C [ dndra(rind + 17 ()l1£(r2) = g(ro)
+

e /R drydry (v + r8rd) lg(r2) 1 £ () — g(r)| (5.16)

< Clbs+Cs) | drlf () =gl (I + ).
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where last inequality holds by the propagation of moments estimate

dr 3 max{f,g}(r) < b3, / dr S max{f,g}(r) < Cs. (5.17)
R R,

Finally, using Holder inequality

[ arlse) -l < [ arifin) - g(r)\rr\?’)l/g

Ry

>< ( / arlse —g<r>r\rrﬁ)2/3 < 62/3( / g —g(r)Hrr?’)l/?’,

leads to estimate for the term ()1 as follows,

1/3
Oulf.ql < cmcé*”’( [ arise) —g<r>||r|3>

+

(5.18)
Lo /R dr|f(r) — g(r)[|r[?,

where, we recall, the constants C5 and Cg are controlled by hs and hg.

Estimating (2. Expressing f(r2)f(r) — g(r2)g(r) as the sum of (f(r2) —
g(re)) f(r) and g(r2)(f(r) — g(r)) we estimate (B.I3]) as

Qalfgl < C /0 h /0 " dradr 2l — ool fr2) — glra)|LF()

e (5.19)
e /O /0 dradr r2lr — raf¥ 2 £(r) — g lg(r2)]
Since |r — rg| < |r|, we obtain from (5.19]) that
Qalf.gl < C /0 /O dragdr [rPlraf?|| f(r2) — g(ra)||£ ()]
e / / drodr [rPlraf3(|£ () — g(r)]|g(r2)] (5.20)

< Chs /R ar|f(r) — g(r)lIr® + C Cs /R ar | £(r) — g()|Irf?

where we have used in the last inequality (5.I7). By the same argument as

(5I8), we get
, 1/3
Oslf.g) < Ch306/3< [ s —g<r>||r|3>
R4
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+005/R drlf(r) — g()||r[} (5.21)

Estimating Q3. Integrating in 79, we can rewrite (5.14]) as an integral in r
only

Qslf.g = C /R dr|f(r) — g(r)||r’. (5.22)

where C is some other universal constant. Thus, using Holder inequality as
in (43) on |f — g|(r) with v = g, one obtains

1 Qulf. g] = / ar|f — gl(r)lrl°

Ry

< (/R+ d?“|f—9|(7“)|7“|10>6/7 X (/R+ d?“|f—9|(7“)|7“|3>1/7 (5.23)
< (2510)6/7(/]R+ dT|f—9|(7")|7"|3>1/7-

Therefore, estimate (5.8]) follows by gathering (5.18), (5.21I) and (5.23). M

5.2 Sub-tangent condition

This condition, jointly with the Holder continuity, characterize the subset
S C L' (R3, |p|dp) defined in (E5).

First, we show that the collision operator () can be split as the sum of a
gain and a loss operators, as mentioned earlier in (L.I4])

QU1 =Q [f] - frifl,

provided v[f] is finite whenever f € S. Indeed, this property follows by the
nature of the interaction law (i.e. the form of the singular mass term in the
integrand) and transition probability M, since

A1) = [ dprlpllnllo = 116005 = o1 = p = piD[26 p1) + 1

+ 2/ dpa|pllp + p2||p2|6(|p + p2| — |p| — |P2|) f (P2)
R? (5.24)

|p|
— / dr [plr (| — ) [27(r) +1] +2 / drlpl(|p| + r)rf(r)
0 R,
< Cpl (ms(f)T +malf) + pl°)
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and, therefore,

[V[f1(p)| < C(b3,b10)lpl (1 + p°), VfES. (5.25)

The sub-tangent condition (5.2]) follows as a corollary of next Proposi-

tion (.11

Proposition 5.1 Fix f € S. Then, for any € > 0, there exists hi :=
hi(f,e) > 0, such that the ball centered at f + hQ[f] with radius he > 0
intersects S, that is,

B(f 4+ hQ[f], he) NS, is non-empty for any 0 < h < hy.

Proof. First, set xr(p) the characteristic function of the ball of radius
R > 0 and introduce the truncated function fr(p) := xr(p)f(p), then set
WR ‘= f + hQ[fR]

We can control wg from below to show it is possible to find an hq such
that wg remains non-negative for as long 0 < h < h;. Indeed, for any f € S
its truncation fr(p) € S as well, and since QT is a positive operator,

wr = f+ QT [fr] — hfrv[fr) > f — hfrV[fR]
> (1= hClos,hio)R(1L+ [RIP)) 0 (5.26)

for any 0 < h < hy := 1/C(b3,b10)R(1 + |R[’). In addition, since fr €
S, Qlfr] € Ll(R3,|p|dp) by Lemma [5.I] and, as a consequence, wr €
Lt (]R3, \p]dp) as well. Moreover, by conservation of energy [ps dp Q| fR]) Ip]® =
0, yielding

mawn) = [ dpun(pblp® = [ dp 7+ hQlfe)) bl

(5.27)
_ /R dp (P pl? = b,

with b3 independent of the parameter R. In particular, wg satisfies,uniformly
in R, property i. in the characterization of the S defined in (5.5)).

Finally we need to show that wg also satisfies property ii. in the set S.
First, recall the a priori estimate for developed in (dI3]) for the line-moment
inequalities, namely

/ dp QIfllp|" < Li(mi(f)) =
. . N X

Ck[mil 15 + i T+ f)3] = el )E5
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holds for any k > 3 and C} only depending on k, and C” only depending on
ms(f) = h2. Note that the map L : [0,00) — R has only one root, denoted
as h¥, at which £, changes from positive to negative for any k > 3. Note
that this root only depends on h® and k. Thus, it is always the case that

[, aQUpE < Lalmiln)) < max (Lu@).  feS.

0<z<pk
Fix k = 10 and define

10
bio :==b, + Oggﬁo{ﬁlo(ﬂ?)}' (5:29)

For any f € S, we have two possibilities: m1o(f) < b0, or mio(f) > 10,
For the former, it readily follows that

miotwr) = [ dpwn(pDlp = [ dp (¢ +1QU7) ol

<h+ hoggﬁo{ﬁw(fﬂ)} < bro,

where in the last inequality we have assumed h < 1 without loss of generality.
For the latter, we can choose R := R(f) sufficiently large such that
mio{fr) > b9 and therefore,

[, v QUalll® < Lao(muolf) < 0.

As a consequence,

mio(Wgr) = /RS dp (f + hQ[fr])Ip|" < /RS dp flp" < byo.-
The conclusion is that for any f € S, it is always the case that

mio{wr) < bio, (5.30)

which ensures that wg satisfies property ii. of the set S in (B.5). We infer,
thanks to (5.26), (5.27) and (5.30)), that wr € S for any 0 < h < h, where

b = min {1,1/ (C(o)R(H) (1 + [R(NP)) |- (5.31)
The argument ends using the Holder estimate from Lemma [5.1] to obtain

h™'ms(| f+hQ[f] — wrl) = ms(|QLf] — Q[f]l)
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< Avms(|f — fal)T + Aym(|f — fal) <e,

for R := R(e) sufficiently large. Then, wr € B(f + hQ[f], he) for this
choice. Thus, choosing R = max{R(f), R(e)} and h; := hi(f,€) as in (5.31))
one concludes that wgr € B(f + hQ[f], he) N S. Consequently,

hdist(f + hQ[f],S) <€,  VO<h<h.

The proof of Proposition [5.1]is now complete. |

5.3 One-side Lipschitz condition

Using dominate convergence theorem one can show that

[0, 9] < /R L dpe(p)sign(9)|pl -

Thus, the one-side Lipschitz condition is met after proving the following
lemma showing a Lipschitz condition for quantum-Boltzmann operator. The
following proof, which yields a uniqueness results, is in the same spirit of
the original Di Blassio [I7] uniqueness proof for initial value problem to the
homogeneous Boltzmann equation for hard spheres, using data with enough
initial moments.

Lemma 5.2 (Lipschitz condition) Assume f,g € S. Then, there exists
constant C := C(bs, h19) > 0 such that

/RS dp (Q[f](p) — Qlyl(p))sign(f — g)(Ip]" + Ip|*) < Cms(|f —gl)-

Proof. We start with the identity valid for radial functions f := f(|p|) and
= o(Ipl)

/RS dp Q[f](p)e( 2(2m) / / dridra(ry + ro)rirs
X [90(7“1 +12) — (1) — @(r2) | R(f)(r1,72) ,

where

R(f)(r1,7m2) := f(r1)f(r2) = 2f (r1) f(r1 +r2) — f(r1 +12).
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Thus,

l/dM@ﬂ@—QM@DﬂmZ%%f/w/mwﬂmm+mﬁﬁg
R3 0 0
x [p(r1 +12) — @(r1) — o(r2)| (R(f)(r1,72) — R(9)(r1,72))

where, by definition

R(f)(r1,r2) — R(g)(r1,m2) = (f(r1)f(r2) — g(r1)g(r2))
—2(f(r1)f(r1 +72) — g(r1)g(r1 +12)) — (f(r1 +r2) — g(r1 +712)) .

(5.32)

Now, let us particularize for ¢ := ¢, = |- [Fsign(f — g), with k € {1,2}, and
control each of the natural 3 terms appearing in the right side of (5.32]). For
the first, use simply |¢r| < |- |¥ to obtain

(f(r1)f(r2) — g(r1)g(r2)) [r(r1 +72) — @r(r1) — pr(ra)]
< (|£(r) = gr0)|£02) + gr0)| £r2) = g(r2)] ) [+ 72l + [ * + [ ],

Since [r1 + rolF + [r1[F + [rofF < 2(r + Tg)k, it readily follows that

o0 o0
/ / dridra(ry + 7"2)7"‘;’7‘:2)’
o Jo

X [p(r1 4+ r2) — o(r1) — @(r2)] (f(r1) f(r2) — g(r1)g(r2))
< 2" mg(f + g) mua(|f — gl) + 2" g (f 4+ g) ma(|f — gl) -

Similar argument for the second term, together with the change of variable
r1 4 r9 — 19, leads to

o0 oo
- 2/ / dridry(ry 4 ro)r3rs
o Jo

X [90(7”1 +12) —(r1) — 90(7"2)] (f(ﬁ)f(ﬁ +172) — g(r1)g(r1 + 7“2))
< 2m3(g) mpra{|f — gl) + 2mua(f)y ms(|f — gl) -

(5.33)

(5.34)

Now, the absorption (third) term is nonpositive for £ = 1 since

—(flri4r2) = g(r1 +72)) [pr(r1 + 72) — @1(r1) — 1(r2)]
< |f(7‘1 +r9) —g(ry + 7’2)| [‘7‘1‘ + ‘7‘2‘ — ‘7‘1 + 7‘2” =0.

In addition, for £ = 2 it follows that

—(f(ri4r2) — g(ri 4+ 72)) [p2(r1 +72) — w2(r1) — wa(r2)]
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<|f = g|(r1+r2)[Ir]? + |r2 = Jr1 + 2] = —2rira|f — g|(r1 +12).

In turn, this leads to
- /OOO /OO dridra(ry + ro)rirs [o(re +12) — o(r1) — o(r2)| (f — g) (r1 + 72)
< 2/ / dridra(ry 4 ro)rirg| f(r1 4+ r2) — g(r1 +12)| (5.35)
= —2/ drr|f —gl(r / driri(r —r)* = =Cmo(|f — gl),

for some universal C' > 0. Gathering (5.33)), (5.34)) and (5.35]) we conclude
that for f, g€ S

L4 (@L1A®) — Qo) (o1 + 1p)sien(s — ) < eama(1f ~ g
+cams(|f —gl) + csme(|f — g|) — Cmio(|f — g]) < cams(|f —gl),

where the constants ¢;, with i € {1,2, 3,4}, depend on b3 and h19. The last
inequality follows noticing that ¢;7® + cor® + ¢3r% — Cr10 < ¢4r3 for any
r > 0. |

The proof of Theorem[5.2]is now completed, as an application of Theorem
(.4, where the three conditions (B.1)), (5.2]), and (5.3]) have been verified in

Subsections 5.1}, 5.2, and 53] respectively.
|

6 Mittag-Lefler moments

6.1 Propagation of Mittag-Lefller tails

In this section we are interested in studying the propagation and creation
of Mittag-Leffler moments of order a € [1,00) and rate o > 0 for radially
symmetric solutions built in section 5. This concept of Mittag-Leffler tails
was introduced recently in [45] and it is a generalization of the classical
exponential tails for hard potentials in Boltzmann equations. We perform
the analysis using standard moments M}, stressing that same estimates are
valid for line moments since My = |S?|my42 in the context of radially
symmetric solutions. In terms of infinite sums, see [45], this is equivalent to
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control the integral

> Mk(t)ozak
dp f(t, p)Ea(a®lp]) = S kDA 6.1
[, v ftpiEaa ol > TeRT (61)
where -
1/a
§j 2y 1. 2
kzlfak—i—l ~e B> (62)

We have excluded the term k = 0 to account for the fact that equation
(LI)-(CI3) does not conserves mass. For convenience define for any a > 0
and a € [1,00) the partial sums

" My (t)ask "\ Mg, (t)a®
Mayt) =Y DY " = :
& () £~ T(ak +1) and Iy (o, t) “ T(ak+1) p=0

This notation will be of good use throughout this section.

Theorem 6.1 (Propagation of Mittag-Leffler tails) Let f be a solu-
tion of (LI)-(LI3) in S associated to the initial condition fo > 0, a €
[1,00), and suppose that there exists positive ag such that

/ dp fo(p) Ea(aglp]) <

Then, there exists positive constant o := a(M1(0), g, a) such that

/R dp £ (t,p) Ea(a|p]) < Vi 0. (6.3)

Lemma 6.1 (From Ref. [45]) Let k > 3, then for any a € [1,00), we
have
(5]

> (?)B(ai +1,a(k — i) + 1) < Cy(ak)™ ¢

1=1

for some constant C, depending on a.

Lemma 6.2 (Moment interpolation)

M,y < M) MY (6.4)

p2

where the positive constants p, p1, p2,y satisfy 0 < p1 < p < pg, 0 < v < 1,
and p =yp1 + (1 —7)p2.
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Remark 6.1 Contrary to section 4, we will work in this section with the
moments My, rather than work with the line-moments my. It turns out to
be clearer in terms of notation.

Lemma 6.3 Let « >0, a € [1,00). Then, the following estimate holds

>3 <k> (Mis2m + Mipi Moy i) o
, i+2M 1 (k—i) i+1Moy(k—i) | v T
h—ho 1 7 F(ak + 1) (65)
<o Mot engn s>,

W a ~a,3 >

with universal constant C, depending only on a.

Proof. First, we estimate the sum of the left side of (G.5]) by controlling
the sum M; oMy g + Mit1 Moy g with 2M; My_; 13 for any i > 3.
This can be done using Holder’s inequality (6.4))

k+1-2¢ 2 2 k+1-—24
i k+3—21 k+3—24 i k+3—24 k+3—21
Miys S MFFEMIFTE and - My, < MIP T M

Thus, the product of these terms is controlled by
MipoMiy(o—iy < MiMp—it3.

Similarly, from (6.4)), the following inequalities also hold

k—2i42 1 1 k—2i42
. k+3—21 k+3—21 . k+3—21 k+3—21
MH-l < M Mk—i—i-?) and M2+(k—z) < MZ Mk—i+3 s

(A
which lead to the estimate
Mipi Moy (ki) < MiMp_iy3.
As a consequence,

Mo Mg (o—iy + Miva Moy iy < 2MiMsy (k—s) -

Therefore, it readily follows that

N L aak
k=ko =1 (6 6)
n [%] k a®k
< . N . .
B 2;; 2 <¢>M2M3+<’“—“r<ak +1)
=ko i=
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Using the following identities for the Beta and Gamma functions

B(ai+1,a(k —i) +1)
_ T(ai+1)T(a(k —i)+1) T(ai+1)I(a(k—1i)+1)
CT(a(i+1)+alk—i)+1) T'(ak + 2) '

and the identity o = a®a**=) we deduce from (6.0) that

E\ Mia® My_iyz0%=0
per3e S () i
kgk:o ; i)T(ai+1)T(a(k —i)+1) (6.7)
, , [(ak +2)
X B(CLZ + 1,a(/<; — Z) + 1)m .

Since I'(ak+2) = (ak+1)I'(ak+1), the term ;EZ’ZI?% in (7)) can be reduced

to ak + 1. That is,
J <2 (ak+1)
k=ko
(1) (6.8)

K\ Mia® My_ipza®®) . .
: Z < > I(ai +1) F(a(k_i)+1)B(a1+1,a(k—z)+1).

Also, each component in the sum on the right side of (6.8 can be bounded
as

k:+1

k‘ M a® Mk_i_,_goéa(k_i)
- Iai+1)T(a(k —i)+1)

N

B(ai+1,a(k — i) + 1)
- i

+
2 al a(k— 2
M;a Mk iglk—i .
; Rt T e g Blaj+1a(k — §) + 1),

which implies, by Lemma 6.1 that

L
K\ M;a® My_iyz00k=0) ‘ |
; ( > I'(ai+1)I(a (k_Z)H)B(aHl,a(k i)+ 1)

kgt | |
Ca [22:] M;a® My_iza0k=0)
= (@) 2 Tlai+ D) Nalk - ) + 1)

(6.9)
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Combining (6.8) and (6.9]) yields the estimate on J

n [k;rl] i k—i
ak +1 Mia®™ Mgz =)
< ’ .
J <2C, E (ak)e EZ: T(ai + 1) T(a(k — i) + 1) (6.10)

Notice that ()—1+a decreases towards 0 as k increases to infinity. Therefore,
from (€.I0) one concludes that

k+1
55 (8) (s + Moo i
k=ko 1=1
Y | |
<9 ako—i—l Z 22: M;a* j\/lk H_soﬂ(k—l) (6.11)
= % ako)He ~ T(ai+1)(a(k —i) +1)

akg+1 MiOé - ./\/li+304 ako+1
<20, . . < Car—~770% Las
<20 (akg)tta ; I'(ai+1) ; T(ai+1) = “(akp)lte 3

Lemma 6.4 The following control is valid for any a > 0 and a € [1,00)

(o) > %53(@,75) _ L MiEaa—1/2). (6.12)

1
o5/2
Proof. Observe that

‘p’k+6 ak

n Mk+6
a,6(a7t) ]; CLk—i— 1 Z/p> 1 } ak—l—l)f(tjp)'

Note that in the set {|p| > %} one has |p[F+6 > ‘p‘ , therefore

n

ez 53 [ ap )
a6V = 3 e {\p\>%—} I(ak +1) ’

‘p’k ak B n ’p‘kaak >
a3<2/ Flak 1)’ &P kzzl/{pﬁa}dpr(awrl)f(t’p) '

In the set {|p| < ﬁ} one has |p¥ < [pla~*=D/2 consequently

Oé(k 1/2 ak

ot) 2 = (€20 Z [ Ty o)
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1 n o (a—1/2)k
o CHOREETY
as ab/2 = T(ak +1)

Since . . .
a (a— e (a—
Z Z Eala —1/2),
— (ak +1) k:l (ak +1)
estimate (6.12) follows. |

Proof. (of Theorem [6.1]) The proof consists in showing that for any
€ [1,00), there exists positive constant « such that

EMa,t) <2, Vt>0,VneN\{0}. (6.13)

For this purpose we define for sufficiently small o > 0, chosen in the sequel,
the sequence of times

T, :=sup {t >0 ‘ ENa,T) <2,Y7 €[0,1]}

and prove that T,, = +oo. This sequence of times is well-defined and posi-
tive. Indeed, for any a < ag

n " Mi(0)a® I My (0)agk
sa<a,o>::222-5(5%{&35-s;gégi;égggpszzt/ﬁ dp folp)Ealadlp]) <

Since each term M(t) is continuous in ¢, the partial sum &' (a,t) is also
continuous in ¢. Therefore, £ (c,t) < 2 in some nonempty interval (0, %)
and, thus, 7;, is well-defined and positive for every n € N.

Now, let us establish a differential inequality for the partial sums that
implies T}, = +00. Note that [3.3)), with v = 1, implies that

[55]

k
EM’“ <Cy ; <Z> (MH_QMH_(k i) T M2+1M2+(k )) — CoMiqé -

Multiplying the above inequality by F(#I:_l) and summing with respect to
k in the interval kg < k < n, with ky > 1 to be chosen later on sufficiently
large,

< Z SN > <Z> (Mz‘+2M1+(k—i)
ok ~ Mgt
+ Mi+1M2+(k—i)> m -G I; m ‘



We observe that the sum on the left side of (6.14]) will become dté’"(a t)
after adding

ko—1 k
d M a
E kE m C(kf(],Oé(], ) < 00 (615)

to this expression. The latter inequality holds due to the choice a < g and
the control of moments ([3:3]). Therefore, from (6.14]) and (6.I5]), we obtain
the differential inequality

n ["3]
d .. .
aga () <4 E E <z> (Miya Mg iy +

h=ko =1 (6.16)

Mk+604
Mz+1M2+(k—i)) e k:+1 T T(ak + 1) C(ko, 0, a).

Let us now estimate the sum on the right side of (G.16]). We deduce from
Theorem [4.1] that

0 k ko k
My M6

—~T(ak+1) = & T(ak+1) ~ < O(ko, a0, ),

which leads to the following estimate for (G.10))

. [
_5"(a t) < Cy Z Z <IZ> <Mi+2./\/l1+(k_,~) +

k=ho i=1 (6.17)

M6 0¥
Mi+1M2+(k—i)> a 22 hasy C(ko, 0, @) .

k;—i-l (ak +1)

By the definition of Z'4

n 5]
d k
—dt&’f(a,t) <C E E (z) <Mi+2M1+(k—i) +

k=ko i=1 (6.18)
¥ N
M¢+1M2+(k—i)> Tk +1) Ca Ty ¢ + C(ko, 0, a).
Thus, thanks to Lemma [6.3] we have the control on (G618
dtg“ <C, “Tako )1+a‘€a a3 — CoLy g+ Clko,ap,a). (6.19)
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We now estimate the right hand side of (6.19) starting with the term Zp'4
Using Cauchy inequality |p|> < 5 + 1(p|®, then

1 1
Mz < §Mk + §Mk+67 E>0.

Multiplying this inequality with 1“(%‘;6—1) and summing with respect to k in
the interval 0 < k < n yields
1

Since we are considering ¢ € [0,7,] one has £ < 2 and, as a result, the
following inequality is valid

1
<1-|-2 .6 -

This implies from (6.19) the estimate on

dgn<20 aky + 1

e = aW (1 + %Igﬁ) - 0212,6 + C(ko, ag, a) . (6.20)

Choosing kg sufficiently large, the term 2C’a%lgﬁ is absorbed by
C:
S Thus,
d Co
&<
dt ¢ —
Recall that Cy only depends on the energy M; = M;(0), thus, ko only
depends on the initial energy and a. Let us estimate the right side of (6.21))
in terms of £]. Lemma provides a lower bound on Z74 in terms of &;

which can be used in (6.2I]) to obtain

— Lag + C(Mi,a0,a). (6.21)

d ., o, O
ES"— 200 3¢ HEYHE

M4 (a — 1/2) —I—C(Ml,ao,a).

Integrating the differential inequality

3
5g§1+2a < CQ

Cy \2a 5/2M15 (a 1/2)+C(M1,a0,a)> <2, tel0,T;],

(6.22)
provided that a := a(M1,ap,a) > 0 is such that

72<C2 Mi&u(a—1/2) + C (M, a, )) <1.
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Given the continuity of £ (v, t) with respect to ¢, estimate (6.22]) contradicts
the maximality of T, unless T,, = +oo. Therefore, £ (a,t) < 2 for t €
[0,00) and n € N\{0}. Now taking the limit as n — oo and using the

definition of Mittag-Leffler moments of order a € [1,00) and rate a > 0, as
defined in (6.10), yields

/dpftp alpl) = lim &7 (at) < 2.

This concludes the argument. |

6.2 Creation of exponential tails

Theorem 6.2 Let f be a positive solution of (LI)-(LI3) in S. Then, there
exists constant o > 0 depending only on M1(0) such that

o 1
/ dp f(t,p)|pled ™I HPl < — ©yg > (6.23)
R3 204

Proof. Thanks to equation (4.I]) we have the control
k=3
6

mk(t) < Ck(f)g)(l — e—th)— g , Vk>3.

This implies that

1

En(tha,t) = / dp f(t,p)EL (thalp]) < Cul@) b, a>0.  (6.24)
R3
Fix parameters a, 9 € (0, 1] and define
T, := sup {t € [0, 1]| &7 (tBa, 1) < tl;eﬁ} .

We proof that for sufficiently small o > 0 depending only on mg3(0), T,, = 1
for all n € N and ¥ € (0, 1]. One notices first that 7}, > 0 for each n thanks
o ([624). Also, for n > ko > 1 we have

k-1

%ZMk(t tGOé ZMk tGOé o ZMk tGOZ )

f=ko f=ko 6t k=ko
(6.25)

Observe that for the last term in the right side of (6.25])
n 1
a (toa)k—t
- t)———
; M) T
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n tl k—1 ko+5 t k—1
_ o Mm& LIS VAT m)

5 5
A (k=D! 6td (=1t
g n—6 1 \k ko+5 L (k1
o tsa) (tsa)
-2 ¢ S
G > M )(k;+5)' ™ M (t) 1)
k=Fo k=Fo
b & t%a ko ghko
<23 Mo 1k my(0)
6 k! te

Thus, arguing as in (6.14)-(6.19]) we conclude that for the quantities
E = EP(tTant), Iig:=T{s(tvat),

it follows that

d C ., n b o
d—51 < —EMIT 3 — (Cy — E) 1.6 T t—%C(k’mm?)(O)), (6.26)

for a universal constant C' > 0 and constant Cy > 0 depending only m3(0).
Using that
S&r VAR
syt 2
and the definition of T,,, it follows from ([6.26l)

6
_(02_a_ ¢

: - 52)
6 2k,

«
_ n < _ mn . < . .
dtgl >~ 2]{}0 1,6+ t% C(k‘o,mg(o)), 0<t =~ Tn (6 27)

Now fix k, € N and « € (0, 1] such that

C O b Oy
< 22 < =
2k, — 4 6 — 47
to conclude from ([6.27]) that
d C 02
—E&n < < . .
T8 S g 5 Tet C’(ko,mg(())) 0<t<T, (6.28)

Also observe that
(ts oz)k
16 = Z Mit6(t)
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_ n+6M ti(t%a)k > M(t
_EEZ; k(Nk—ml—aw KO

6 1
1 1 (tsa)d 1 C(m3(0))
P ;M’“(t) B st 35

Together with (6.28]), this leads finally to

d C C(ko,TTL3(0)) 02

— &N < _
dt™t — 2k, PO 2tab

&y, 0<t<T,.

Thus, using a comparison principle for ode’s, we can choose « > 0 sufficiently
small, say

C -1
a = Cy |:k‘_ + 2C (ky,m3(0))

(]

to deduce that £ < ¢5. That is,

/'mv@mwﬁﬁam><ﬁ, 0<t<T,.
RS

Time continuity of £ and the maximality of 7;, imply that 7,, = 1 for all
n > 1 and ¥ € (0,1]. In particular, sending ©¥ — 0 and, then, n — oo one
arrives to

/‘@ﬁ@mﬁﬂﬁaW)Sﬁ, 0<t<1.
RS

Furthermore, this estimate shows that

[ avsapEals) <1

Then, using Theorem [6.I] the exponential moment propagates for ¢ > 1,
and choosing a > 0 sufficiently small

[ avsenaeph <1, o=,
The result follows after noticing that

1 «
Ei(tsalp|) > tealple!®sP,  0<t<1.

Since m3(0) = |S?|7'M;(0) for radially symmetric functions, the depen-
dence in the constants can be expressed in terms of the initial energy M;(0)
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7 Appendix: Proof of Theorem [5.1]

Our proof follows the same lines of the argument to solve ODEs in Banach
spaces proposed by A. Bressan in [13]. The proof is divided into three steps:

Step 1. Since S is bounded, there exists a uniform bound Cg of Q(u),
for all win S. Let 7 be in [0,00) and u be in S, there exists h, , > 0 such
that for 0 < h < h,,, and for all € > 0 sufficiently small,

e the intersection B(u+n(7)hQ(u), €)NS\{u+n(7)hQ(u)} is non-empty;

e and, from properties on n(t) as stated in Theorem [5.1]

In(r + 5) — n(r)] < ﬁ,vs e [0, 7). (7.1)

In addition, since n = n(t) < 7, then we can estimate n(7)[|Q(u) —Q(v)|| <

T if [Ju = v|| £ 7(Cq + 1)h. Hence, take w to be a point inside B(u +

n(T)hQ(u),e) N S\{u + n(7)hQ(u)} satistying

eh
v~ u— n(r)hQ)| < 5
We consider the linear map
s»—>p(s):u—|—s(w7h_u), s € [0, h].

w—1Uu

By the convexity of S, p(s) € S for all sin [0, h]. Moreover, since p(s) = “7,

16(s) = n(T)Qw)]| <

>~ m
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Now, we can see that

s(w —u)

h
|| < e =l < n(@RIQMW)| + T <T(Cq + D,

lp(s) —ull =

which implies

n(T)[[Q(p(s)) — Qu)l < i Vs € [0,h].

Therefore,
A €
16(s) = n(T)Qp()) < 5, Vs €[0,h]. (7.2)
Using (7.1), we deduce that
15(s) = n(s)Q(p(s))| <€, Vs €[0,h]. (7.3)
A consequence of this fact is that
() <1+7mCq (7.4)

for all s in [0,h] and € < 1.

Step 2. From Step 1, we have proved the existence of solution p to the
equation (73]) on an interval [0,h]. From this solution, we carry on the
following process.

(1) We start with the solution p, defined on [0, k] of (T.3]).

(2) Suppose that the solution p of (73] is constructed on [0,7]. Since
p(T) € S, by the same process as in Step 1, the solution p could be
extended to 7,7 + h,].

(3) Suppose that the solution p of (7.3)) is constructed on a series of inter-
vals [0,71], [11,72], -+, [T, Tnt1], - -+ Moreover, suppose the increas-
ing sequence {7,} is bounded. Set

7= lim 7,.
n—oo

Since G(p) is bounded by Cg on [1,, Ty41] for all n € N, p is bounded
by € + Cg on [0,7). Therefore, we can define p(7) satisfying
p(r) = lim p(ry), p(r) = lim p(7,),

n—o0 n—oo

which implies that p is a solution of (Z.3]) on [0, 7].
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By (3) of this process, we can see that if the solution p, constructed as above,
is defined on [0,T'), it could be extended to [0,T]. Suppose that [0, 7] is the
maximal closed interval that p could be constructed, by Step 2 of the pro-
cess, p could be extended to a larger interval [T, T + T}], which means that
p can be constructed on the whole interval [0, co).

Step 3. Let us now consider two sequences of approximate solutions u,

w€, where € tends to 0. From Step 1 and Step 2, one can see that the time
interval [0,7] can be decomposed into

() us

where I, are countably many open intervals and 91 is of measure 0.
Taking the derivative of the difference ||u(t) — w(t)|| gives

L) —w ) = [ i) i (1]

[uE — W€, (t) — wf(t)] +2

IN

< Lfjuf(t) —w(t)[| + 2,
which yields
|luc(t) —w(t)| -0 as e—0,

and we have the convergence u¢ — u uniformly on [0,7]. The function w is,
then, a solution of our equation.
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