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Abstract. We develop a high-order positivity-preserving discontinuous Galerkin (DG) scheme
for linear Vlasov-Boltzmann transport equations (Vlasov-BTE) under the action of quadratically
confined electrostatic potentials. The solutions of such BTEs are positive probability distribution
functions and it is very challenging to have a mass-conservative, high-order accurate scheme that
preserves positivity of the numerical solutions in high dimensions. Our work extends the maximum-
principle-satisfying scheme for scalar conservation laws by X. Zhang and C.-W. Shu [52] to include
the linear Boltzmann collision term. The DG schemes we developed conserve mass and preserve the
positivity of the solution without sacrificing accuracy. A discussion of the standard semi-discrete DG
schemes for the BTE are included as a foundation for the stability and error estimates for this new
scheme. Numerical results of the relaxation models are provided to validate the method.
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1. Introduction. The primary behavior of kinetic models is driven by the in-
teraction between transport and collisional operators. They describe the evolution
of a probability density mass associated to interacting particle systems, where the
transport is modeled by a first order linear differential operator along a particle path
modified by the presence of an electric field which is balanced by a particle interact-
ing integral (collisional) operator, of dissipative nature, modeling the rate of gain and
loss of the probability density mass due to the interactions. Such integro-differential
operator is referred to as a Vlasov-Boltzmann Transport equation (Vlasov-BTE).

In this particular manuscript we focus on linear collisional structures where the
transport along parabolic energy bands in phase space are modified by an external
electric field. Because of the mathematical difficulties arising by this interaction op-
erators as well as the large number of unknowns, the numerical approximation of
such kinetic transport models is highly demanding from a computational standpoint.
Traditional computational schemes for this type of linear transport developed several
decades ago were based in Discrete Simulations Monte Carlo (DSMC) [3, 39] or more
recently deterministic approaches initiated by [26, 37] and more recently extended
WENO finite difference based schemes [6, 7, 8, 9, 5]

The discontinuous Galerkin (DG) finite element method, which is well suited for
hp-adaptivity and parallel implementation, recently gained growing attentions in this
field [12, 10, 13].

In this particular manuscript we focus on numerical analytical issues as well as
positivity preserving schemes by DG approach for these type transport problems
with degenerate linear collisional forms. These methods were originally developed
for computing hyperbolic conservation laws. These DG methods are compact, locally
conservative and high-order accurate. They can be easily extended to very high
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order and be adapted to unstructured grids. More specifically, we prove analytical
properties of the approximating scheme such as numerical stability and error estimates
and develop a positivity-preserving DG scheme that ensures the positivity of numerical
solution and is genuinely high order for arbitrary order of discretization.

The Vlasov-BTE describes the evolution properties of a probability distribution
function (pdf) f = f(t,z,v) representing the probability of finding a particle at time
t with position at x and phase velocity v. This model represents a dilute or rar-
efied gaseous state corresponding to a probabilistic description of particles when the
transport is given by a classical Hamiltonian with acceleration component given by
the action of a Lorentzian force and particle interactions taken into account in a
dissipative, non-local framework modeled by the so called collision operator.

In the case of charged transport in the absence of strong magnetic effects, the
Lorentzian force field is reduced to an electric force field corresponding to an elec-
trostatic potential modeled by the Poisson equation for total charges, as in the mean
field theory approximation. The collisional integral, classically modeled by bilinear
non-local interactions, satisfy the Pauli Exclusion Principle for which Fermi-Dirac
distributions are in their null spaces. However, it is well known [44, 48] that for low
density or hot temperature transport the collisional form is well approximated by
a linear non-local operator modeling charged electrons interacting with background
impurities or other carrier type.

In our framework, such linear collision operator, denoted by Q(f,o), models a
gain/loss of probability rates, where the function o represents transition probabilities
of scatters from one state to another (scattering mechanisms) multiplied by given
distributions.

We consider then an initial value problem to the Vlasov-BTE equation, which
has a linear hyperbolic component of transport and a dissipative mechanism due to
the collision operator. Its solutions are positive probability distributions, so-called
Borel measures. In the absence of boundary injection, they conserve the total mass,
fRd fRd f(t,z,v)dz dv, at any time.

" The development and analytical properties of any discrete scheme to compute
the Vlasov-BTE deterministically requires that the approximation is done in a finite
domain, both in physical z-space and phase v-space, even though the setting of the
problem is in all R¢ in v-space. In particular, the choice of the finite computational
domain depends very much on the nature of the problem to be solved and analyzed.
More specifically, since the computed problem admits a stationary state, one may use
an educated guess for the choice of the computational domain for which the stationary
state has the same mass as that of the initial state.

However, if the solution of the problem does not stabilize, due for instance, to
external unstable forcing or a bifurcation phenomena, one must carefully monitor
the evolution of the pdf and secure that at any time step there is no significant loss
of mass with respect to the initial state and its discretization in the corresponding
truncated domain. This procedure could be done by an a posteriori algorithm using
data postprocessing but is beyond the scope of this paper.

Only in recent years has the Boltzmann equation been tackled numerically with
particular attention paid to accuracy and computational costs. The mathematical
difficulties related to the Boltzmann equation make it extremely difficult, if not im-
possible, to determine analytic solutions in most physically relevant situations. Conse-
quently, numerical methods, particularly highly accurate deterministic methods, must
be used to obtain valid approximations of the solution.
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We mentioned that the well known Discrete Simulation Monte-Carlo (DSMC)
methods have traditionally been used to numerically model classical kinetic equa-
tions in rarefied gas dynamics [3, 39], and in charge transport in submicron structures
[48, 1], Although Monte-Carlo techniques guarantee efficiency and preservation of the
some fundamental physical properties (ex. observables), it is well established that in
the presence of non-equilibrium stationary states or near continuum regimes, avoid-
ing statistical fluctuations in the resulting solution may become extremely expensive.
Consequently, deterministic methods are more competitive when greater accuracy is
required. A comparative study of DSMC and deterministic solvers by WENO [8; 9]
and DG schemes [11, 10, 12, 13, 14] for short base channels models by 1-dimensional
electron transport models and 2-dimensional MESFET and MOSFET devices have
been carried out. They are important discrepancies between both methods near ohmic
contacts and interface layers. It is also well accepted that that a more refined Monte
Carlo code is able to generate better hydrodynamical profiles the authors observed an
excellent agreement for grid points where the solution shows strong gradients, better
resolution and implementations of boundary conditions as well as comparative compu-
tational time by mesh adaptivity. Other popular deterministic solvers for Boltzmann
equations have been developed in the last two decades. They include the discrete ve-
locity methods initiated by [4], spectral methods [40, 27], and finite difference schemes
[26, 8, 9] among many others. However to the best of our knowledge neither discrete
velocity models nor spectral methods, which have been essentially computational tools
for non-linear collisional operators, have been implemented in the modeling of charged
electron transport in nano devices where the collisional forms are taken to be linear
in the hot electron or low density transport.

It is quite interesting to observe that the first DG method approach, introduced
first in 1973 by Reed and Hill [43] for neutron transport, are truly relevant to our stud-
ies. Later, Lesaint and Raviart [36] performed the first convergence study for the orig-
inal DG method. Cockburn et al. in a series of papers [22, 21, 20, 18, 23] developed the
Runge-Kutta DG (RKDG) method for hyperbolic equations. For more details about
the RKDG scheme, one can refer to the survey paper [24] and the references within.
Very recently in [11, 10, 12, 13], DG schemes for solving the Boltzmann-Poisson system
in semiconductor device modeling are proposed. The scheme shows excellent behavior
in terms of quality of the numerical solution and computational efficiency. The DG
schemes provide a tool to accurate transient calculations of strong non-equilibrium
stationary states, and allow for the explicit computation of the probability density
function and, consequently, all moments with greater accuracy as compared to Monte
Carlo methods. Moreover, their inherent flexibility allows for the resolution of tempo-
ral and spatial non-uniformities. The additional computational costs associated with
deterministic methods can be greatly reduced by focusing on regions of interest, and
coarsening the mesh in areas such as the “tails” of the probability density function
where there is little action in the behavior of the solution.

In this manuscript, we propose a positivity preserving DG scheme and rigourously
analyze the computational scheme in the case where the solution corresponds to the
initial value problem of the linear BTE evolving under the field generated by a confined
potential. In this case it is easy to find stationary states for relaxation models and
their corresponding decay rates to equilibrium [33, 38]. We will use these properties
to select an appropriate truncation for the computational domain. L? stability and
error estimates for general order of approximations are provided. Since the solutions
to the BTEs are positive pdfs, it is desired for the numerical scheme to generate
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positive solutions as approximated negative pdf not only are non-physical, but also
will produce negative contribution to higher order moments such as energy or heat
flow. So it is highly desired to have mechanisms for high order schemes that preserve
the positivity of the solution.

We recall such numerical positivity property is easily verified for the piecewise
constant DG schemes. However, typical DG or finite difference schemes of order
higher than one are no longer monotone and will not preserve the positivity of the
solution. In addition monotone schemes can only be first order accurate and total
variation diminishing (TVD) and those that satisfy the maximum principle are at
most second order accurate in the L' norm.

It is, therefore, a difficult task to preserve the positivity and high-order accuracy
of the solution at the same time. This is a drawback for most high order numerical
methods.

Our current work uses a maximum-principle-satisfying limiter that has been re-
cently proposed by Zhang et al. in [52] for conservation laws and develop it for the
Boltzmann equation. This method has been used to develop positivity-preserving
schemes for compressible Euler [53] and shallow water equations [55]. The resulting
scheme preserves positivity of numerical solution in cell average sense and is genuinely
high order accurate for arbitrary order of discretization. In addition, the limiter is
applied as a post-processing step, which induces minimal computational cost. In
particular, most of the new work presented here focus on the treatment of the ap-
proximation of the collisional integral for the preservation of positivity under the
proposed new scheme.

It is to our conclusion that, based on the analysis of the standard DG methods and
the positivity-preserving property of this modified scheme, we have obtained a highly-
efficient deterministic solver that obtains accurate and physically relevant solutions
to the linear BTEs.

The rest of the paper is organized as follows. In Section 1, we introduce the
Vlasov-BTE and recent global regularity and decay results. A discussion of the choice
of computational domain is included. We summarize some important properties of
the collisional operator in Section 2. The traditional semi-discrete DG scheme and the
positivity-preserving DG scheme will be formulated in Section 3. Those two schemes
are analyzed in Sections 4 and 5 respectively. Numerical results for relaxation models
are given in Section 6. Finally, concluding remarks and remarks on future work are
provided in Section 7.

We consider the initial value problem for the linear Vlasov Boltzmann Transport
Equation for a charged particle distribution function f = f(t,,v) defined on R} x
RZ x RY |

% +ufy — %E(tl')fv = Qo (f)(t, z,v),

f(0,z,v) = fo(z,v) in R‘i X Rﬁ

(1.1)

where e is the space charge constant associated to the particle species and m is the
effective particle mass constant. Denoting by f' = f(¢,z,v’), the linear collision

operator Q, : f(t,z,v) = Q,(f)(t,z,v) is given by

Qo (f)(t,x,v) :/ (o(z,v,0")f — o(z,v',v)f)dv, (1.2)

v/ erd
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where the scattering function o (z, v, v’) is positive and may satisfy the detailed balance
principle, usually modeled by

o(x,v,v") = k(z,v,0" )M(v), o(z,v',v)=k(z,0",0v) M(). (1.3)

Here k(z,v,v') is symmetric in (v,v’) and represents the transition probability of
scatters passing from a state with velocity v into v’ including spacial variations, and
M (v) is a stationary probability distribution, independent of space. Such operator
models a linear degenerate collisional form, sometimes referred as a thermostat, such
that the only function in its kernel is M(v). When one assumes this stationary
probability distribution to be an absolute Maxwellian distribution denoted by

exXpl—|v 2
o) = M(0) = ST (1.4

then the collisional integral interactions with a Gaussian distributed background im-
purities with constant kinetic temperature 6.

In general, provided that both M (v),|v|?M (v) € L'(R?) | such collisional forms
preserves mass, but does not conserve any other velocity moment of f. In particular
it conserves neither momentum fvemd vf(t, z,v)dv nor energy fvemd [v|2f(t, z,v)dv.

We also need to use that the scattering function is not singular, and so we shall use
that [ ,lo(@, v v)|dv" < K(z,v) with K(z,v) a function with at most linear growth
R
(see Property 1 in the next section). Usually v(z,v) = fd lo(z,v',v)|dv" is referred
R
to as the collision frequency term. In particular, taking the transition probability &
constant, one obtains the well establish linear relaxation model

L(f)(t,l’,’l)) — /J’OO(U) p(t,.’ﬂ) — f(t,.’b,'l)) ’ (15)

where 7 = and

1
%>

denotes the macroscopic density.

We mention that in the mean field theory approximation that accounts for long
range interactions this Vlasov-Boltzmann transport equation is coupled to the Poisson
equation modeling electrostatic potential due to total space charges

E(t,z) = =V,V, div, (o VL V) = e(p(t,x) — C(x)), (1.6)

where € is the permittivity of the medium and C(z) is the background distribution
density. The resulting non-linear system is referred as the Boltzmann-Poisson systems
that appears in the modeling of charged transport in sub-micron devices. In this case,
the scattering function, derived from the Fermi’s Golden Rule, may be modeled by
singular distribution measure supported on energy levels associated to the underlying
model of electronic band structure for the semiconducting material. A DG imple-
mentation for this systems in realistic sub-micron highly heterogeneous structures
was developed by the authors in collaboration with A. Majorana and C.W. Shu, see
[11, 10, 12, 13].



In the case of a smooth, bounded spatial domain D¢ = [0, L] C R, boundary
and initial conditions supplementing the Boltzmann equation (1.1) are

Bf(t,z,v) [sppe is prescribed on v -v(z) <0, (1.7)

where v(z) is the outer unit normal to dDZ and Bf is a boundary operator. These
spatial boundary conditions can be of different nature, such as particle injection,
specular reflection or diffusive conditions, as well as periodic spatial conditions. In
addition, our analysis will use zero particle density at the boundary essentially due
to the stability nature of the problem for which the numerical analysis of the approx-
imation is performed. This later one is a delicate issue related to a suitable cut-off
domain that we will carefully address below.
The initial condition for the particle distribution function is given by

f(0,z,v) = fo(z,v), forze DI veR?, (1.8)

in an adequate space for which existence, uniqueness and functional and decay esti-
mates hold. We will describe the available analytical properties for the initial bound-
ary value problem in subsection 1.1 below.

Without loss of generality, we redefine V = =V, and eliminate the tilde notation
and we rewrite the transport equation (1.1) as follows

of B
a""a'vf_Qa(f)v (19)

where

v Ve _
a(z,v) = (—E(t, x)) , E=-V,V, V= <Vv> , la] = |v| + |V V.
(1.10)
Clearly, div, , a = 0. The quantity |« is the [;-distance of the vector « to the origin
in R%4,

In order to properly truncate the computational domain, we first recall properties
of existence, uniqueness and stability of the linear collisional model in a properly
selected Banach space for which decay rates to equilibrium have been established.
These properties allows us to conclude that, in within our truncated computational
domain, the proven error estimates are going to be optimal up to a uniform in time
error depending only on the total mass of the stationary state.

1.1. Notation and recent global regularity and decay results. We recall
the following weighted functional spaces to be used in our estimates. Let

2,(Q) = (v / ROIP(L + 22 + [o]2)™2 dvdi < oo}

denote the space of LP-integrable functions with bounded polynomial decay, both x
and v, with the natural norm when Q = R?? given by

RZ

1/p
”'I/J”L%(R’zd) = (/ / |1/1|p (]- + |$|2 + |U|2)m/2 dv d$7> . (111)
d Vpd
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Note that L} is the classical LP-space.

In the case where the force field is given externally by the gradient of a time in-
dependent potential, i.e. E(x) = —VV(x), where the potential V(z) satisfies that
its derivatives of order higher or equal than second order are bounded and that
exp(V(z)) € L', the unique stationary state solution to the system is the global
Maxwellian distribution peo(v) in v-space, defined in (1.4) (which lays in the kernel
of the collision operator) multiplied by the stationary macroscopic density given by
the spatial Maxwellian

oV/6

P = T oViigy

Consequently, the unique stationary state is given by

|v]?

ef( 2 7V($))/0
M(2,v) = poo () poo (V) = (QWH)d/2f6V(I)/9dx : (1.12)
Additionally there exist positive constants K1, Ko, R > 0, such that
Kq|z| < |V,V]| < Kslz|, for any |z| > R. (1.13)

Thus, any other steady states in S’(R?¢) are proportional to the Maxwellian M,
where S’(R??) is the dual of the Schwartz class of rapidly decaying functions in %24
(see [33]). Without loss of generality, we take § = 1.

Finally, we mention that the collision operator Q, (f) is mass preserving, positivity
preserving and dissipative in the sense of non-negative in L'(R?9). In particular it
is easy to see that v0, + 9,V (x)d, + @ is also mass and positivity preserving and
dissipative in L'(R29).

In addition the initial value problem is also solvable in L2(R??) since the mono-
tonicity of Q,(f) (see Property 2 in Section 2) is preserved by the multiplication and
integration with respect ro v € R? of any function monotone function in v.

Although these properties have been shown in many previous analytical works
such as those in [25, 49] and others, we will include some constructive proofs of these
properties not only for completeness, but also to draw their discrete counterparts
when we prove similar properties for the scheme.

We cite several results for existence and uniqueness as well as regularity of initial-
boundary value problems associated to the Vlasov-Boltzmann equation (1.1). Y.
Guo showed [30, 31] that the non-linear Vlasov Boltzmann Poisson Maxwell system,
under spatial periodic boundary conditions and initial data near a global Maxwellian
distribution, propagates the regularity of the initial behavior; and further, with R.
Strain [47], calculated almost exponential decay rates to such Maxwellian equilibrium.

More recently in case of the initial and boundary value problem, N. Ben-Abdallah
and M. Tayeb [2] showed existence and uniqueness of solutions to the linear Vlasov
Boltzmann with a continuous in space-time field E(x,t) and non-negative initial and
boundary conditions having the same polynomial decay in L' U L™ in one space
dimension and higher dimensional phase-space (velocity). This solution preserves the
regularity and decay properties of the initial state. While this result uses low regularity
of the integrating characteristic field E(x,t) with non vanishing gradients, it is a hope
that higher order Sobolev regularity may propagate for more regular fields, as well
as more regular initial and boundary conditions satisfying at least polynomial decay,
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however such result is still not available. We also mention that in the same manuscript
[2] the authors showed the existence of weak solutions to Boltzmann-Poisson system
with incoming data with polynomial decay in the case of one phase-space dimension.

We also mention an interesting result of M. Portelheiro [42], who showed that the
propagation properties of v0, + 8,V ()9, + Q yields that the closure in L!(R2¢) from
Cg° generates a semi-group of contraction in L!(R24).

More relevant to our problem of error analysis and long time numerical behavior,
is the work of F. Herau [33] who studied the exponential decay properties of the
solution of the initial value problem to the stationary solution (1.12) in the case of
linear relaxation operator (1.5), by introducing the additional operator

A? = —Y0y(0y + v) —70,(0x + Oy (x) + 1), (1.14)
and showing that problems (1.1) and (1.14) have nice properties in the weighted space

/
M-1/2

with the natural norm defined by || f||%. = [ |f|*M~dzdv. Indeed, it is possible to see
that the closure from C§° of the operator A2 —1 in the space B? is maximal accretive
(see [32]) and has 0 as the single eigenvalue associated with the eigenfunction M and,
in addition has a spectral gap A > 0 in B2. We recall that the spectral gap is defined
as the infimum of the spectrum except for the lowest eigenvalue. Example cases when
this property holds are either when HessV > A\ I;, then A is the spectral gap; or for
|V'(z)| going to infinity in x, then the operator A? is compact with resolvent in B?
and so the operator A% — 1 has a spectral gap A > 0 in B2. We refer to [32], [34] and
references therein.

In addition it was shown in [33] that in the case of a relaxation operator Q(f)(v) =
p(t, ) foo (v)— f(x,v) the above properties hold in B? as well, and the Cauchy problem
is well posed and, further, there exists a constant A > 0 depending only on the second
and third order derivatives of V(z) , such that for all L'-normalized initial state
function fy € B2,

={feD": € L*(dx,dv)} (1.15)

£t 2,v) = M(z, 0)] < 3exp(=At)||fo — M| (1.16)

B2 (r2d) B2(r2d) )

for f = f(t,z,v) the unique solution of equation (1). This is a direct consequence of
the decrease of the so-called relative entropy for any fo > 0. That is

0< H(f,M //ftxv m”)dmg

M(z, z)
3[|fo = M| exp(=At). (1.17)

B2 (r2d)

We point out that, if the potential V' satisfies the growth condition (1.13), the
following functional estimates hold for any function g € B?(R2d)

gl

m

12,20 = / / 921+ [2? + o) dz dv < Cvllgl paary . (118)
RE Y RE

where Cy = Cy (K1, R,m) and K; and R are constants from (1.13).
Regarding Sobolev regularity results for perturbative states from equilibrium, a
broad work of C. Mouhot and N. Newman [38] was also done around the same period
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of Herau’s and Ben Abdallah-Tayeb’s results from [33, 2] on existence and regular-
ity associated with the linear Vlasov Boltzmann equation (1.1). The authors in [38]
study the existence, uniqueness regularity and decay rates for a large general class of
linear collisional kinetic models in the torus, including in particular the linear colli-
sional integral associated with the linearized Boltzmann equation for hard spheres, the
linearized Landau equation with hard and moderately soft potentials and the semi-
classical linearized fermionic and bosonic relaxation models. More specifically, they
showed explicit coercivity estimates on the associated integro-differential operators for
some modified Sobolev norms. They also obtained existence of classical solutions near
equilibrium for the full nonlinear models associated with explicit regularity bounds
and estimates on the rate of exponential convergence towards equilibrium in the per-
turbative setting. Their proofs follow from the ideas of coercivity and hypoellipticity
as developed in [34, 32, 33, 50] into a characterization of existence, uniqueness, regular-
ity and decay rates for equilibrium perturbative solutions by a study linear transport
equations based on a linear energy method. This method is characterized by three
properties, namely its mixing in velocity, the splitting of the collisional terms in a
coercive form and a regularizing part, and a relaxation term towards an equilibrium
(the so called Maxwellian).

More specifically, following [38], the solution to the initial value problem asso-
ciated to (1.1), with periodic boundary conditions Boltzmann equation, propagates
Sobolev regularity and decay estimates. Namely, given the initial state fy such that
for M(x,v) the unique stationary state from (1.12)

M2 (fo = M)l < e (1.19)

for some k > kg and some 0 < € < gy where ¢y depends explicitly on the collision
operator (i.e. the scattering function o, then there exists a unique global non-negative
solution f = f(t,z,v) € C([0,00), H*) of the initial value problem, such that

IMT2(f(t, ) = M), < Cexp(—t)  forallt >0 (1.20)

with some constants C' and y > 0. that can be explicitly computed. In particular C' is
proportional to the initial || fo — M|| g+ deviation from the equilibrium state M. The
conclusion still holds true when a repulsive self-consistent Poisson potential is added
(still with periodic boundary conditions).

Remark: While the cited Sobolev regularity results from [38] required some
initial closeness to the equilibrium state M, the one from [33] does not. It is not
known up to think point if the regularity results of [38] will hold for large data.
Nevertheless our estimates are for large data, but the computational boundary in
phase space is based on the fact that for sufficiently confined potential associated
to the field E(x,t) the solution will decay to the unique equilibrium state M (see
subsection immediately below). We also point out that our estimates are done for zero
spatial incoming boundary conditions but they are also valid for periodic boundary
conditions as well.

1.2. Selection of the computational domain for global in time estimates.
In order to fix the computational domain for our estimates, we proceed as follows.
First we notice that the equilibrium state associated to the steady state problem with
a linear collisional integral satisfies

M oy = 1M1 (1.21)

B2(Q) Ll(Q)
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for any arbitrary set 2 and that, for any arbitrary e > 0, there is an € € R2¢ such
that

/ M| < e. (1.22)
R4 xRI\ Qe

Essentially the set . is not “very big” since f € B? means that f? decays very fast
as it is integrable when multiplied by the inverse of the L! integrable stationary state
M(z,v). In the particular case where M is given by (1.12), diam(f2.) = —loge for
€K 1.

Under the assumption that that there is a stationary state M € L'(R2?), from
(1.16) for which it is possible to obtain a controlling inequality that yields an stable
decay estimate to the stationary state of the form || f(z,v,t) — M HL%L(RZd) <g®llfo—
Ml 2 e
(In fact, due to [33, 38], one may take g(t) = e~ X > 0 in the case of a quadratically
confined V (x)).

Now we consider the error made by working on the cut-off domain €2.. Suppose
that the solution f(z,v,t) is uniformly controlled in time and stable with respect to
the initial state fo for problem (1.1) in all of R, x R29. The, one can estimate the
B?(Q.)-norm of the solution by

for initial state fy and a positive, bounded g(t) such that lim; ., g(t) = 0.

1/2
1oy < 9 1o = Ml oy + MG, <K,

where the constant K is uniform in time since ¢(¢) is uniformly bounded in ¢. Similarly,
< g(t) |l fo— M M|} — Cyg(t) + /2
11l 2y < 90 1o = Ml s, + IMIY2 ooy = Calt) + €72,

B2(r2d)’ and ||M||L1([R2d\n€) < 61/2'
In particular, using that lim; o g(t) = 0 there exits a T™* sufficiently large de-
pending on the B?-norm distance between the initial and stationary states as well as

on the decay rate g(t), such that Clg(t)| = O(¢'/?) for any t > T.,. Therefore,

11 e, (O = 1], () + O(E2), (1.23)

uniformly in time, where C' = || fo — M||

or equivalently

11 o e, () = O(). (1.24)

uniformly, for any time ¢ > T,. In particular, the amount of mass lost by working
in the cut-off domain can be controlled by reducing the distance between the initial
state and stationary states, or increasing the size of {).. Mass conservation in this
domain is also improved if the time decay rate of g(t) is high.

Therefore, it is possible to choose the domain €2, big enough, such that it contains
almost all of the total mass of the initial datum fy and of the stationary states
M from (1.12). Then, at least computationally and well beyond machine accuracy,
the solution f of the Cauchy problem 2. will take values at the at the boundary
of order (’)(61/2) in the B?-norm, and so well approximated by be zero, with zero
derivatives, and consequently the associated evolution problem will essentially be
confined to the domain €).. Thus, choosing the computational domain {2, yields that
all approximations will have a fixed error O(e'/2?) uniformly in time ¢ > T, in the
B?(Q.)-norm.
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Furthermore, since the problem is conservative in L!(£,), extending the domain
such that the initial data, itself extended with zero values outside €., is supported
at an O(1) distance from the new boundary, the solution will remain close to the
solution of the problem in all space. To the best of our knowledge, there is no available
analytical result at the present time to rigourously justify this last statement, which
is an assumption for the initial boundary value problem under consideration and the
corresponding one in all space.

We remind the reader that the above estimates do not provide a pointwise control
of the solution to f outside the domain .. However we can obtain good estimates
in the L?-norm. It is important to note that this approach is intended to heuristi-
cally justify the selection of the computational domain. However, the calculation of
error estimates in the following sections are with respect to the solution of the initial
value problem in the bounded domain. Our error estimates are done for zero spatial
incoming boundary conditions which are also valid for periodic boundary conditions.
We also assume null phase space boundary conditions in the cut-off domain.

2. Properties of the collisional operator. In this section we present some
important properties of the linear Boltzmann collision operator that are used our
subsequent analysis. As pointed out in Section 1.3, we have to implement numerical
calculations on a finite domain in the phase space. The collisional operator under this
assumption which will be used in the rest of the paper is

Qo (f)(to2,v) = / (o(z,0,0) ' — oz, o/, v) f)dv, (2.1)

’
v’ eDd

The most crucial property of the characterization of the linear collisional operator
is related to the scattering function o(x, v,v’). Its symmetry and integrability proper-
ties determine the conservation and monotonicity properties of the collisional integral,
which implies the L!-propagation property of the associated Boltzmann transport
equation. In particular, this yields a unique positive solution existence result for any
transport equation [25]. We include these elementary proofs not only for the sake of
completeness, but also because we will extend them to a semi-discrete version of mass
conservation of the DG scheme, and in particular to the monotonicity and positivity
preservation properties of the first order DG scheme.

PROPERTY 1. ( Symmetry and integrability of the scattering transition probabil-
ities) The scaltering rate function o(x,v,v"), restricted to the computational domain
Qp = DI x DI CRE x RE as defined in section 1.3, is assumed to be positive, to be x-
space anisotropic, to satisfy the detailed balanced principle (1.3) and to be integrable
inv € DI. That is,

o(z,v,v") = k(z,v,v") M(v), k(z,v',v) = k(z,v,v),

v(z,v) = / oz, v, v)dv < K, the collision frequency.

D4,

Next, we demonstrate a monotonicity property of any linear collision integral

Qo (f) with o(x,v,v") any (v,v')-space symmetric in D¢ x DY, satisfying Property 1.

All of the following results are a trivial observation of the fact that solutions to the

initial value problem to the linear transport problem produce a monotone mass pre-

serving map. This presentation follows the original work of [25] on relationships be-

tween non-expansive and order preserving mappings. This is very natural framework
to deal with kinetic collisional transport equations.

11



PROPERTY 2. (Monotonicity) Let G(x) be any monotone non-decreasing real
valued function defined on R. The following monotonicity formula holds:

- Qo (f) g(%) dv<0,  forallx € DL (2.2)

Proof. Denote M = M(v) and M’ = M(v'). By the definition of the linear
collision integral and Property 1 on the positivity and symmetry of the scattering
function, we have that

s Qg(f)g(%)dv = /DdXDd (k’(ﬂc,v,v’)Mf’ _k;(w,v’)U)M’f) g(%)dvldv
= / k(x,v,v" Y MM’ <J\Jj[/, — ]\f4> g(%)dv’dv
:/ k(z,v,v)M'M (Z\J;]\];’) g(]\J;/)dvdv
1 ! /
:2/Ddxpd k(xvv)MM’(AJ;/_AJ;[> (g(%) (]\J;/))dvdv
<o0.

by the symmetry of k(z,v,v’) and by the monotonicity of G. O

An immediate consequence of the monotonicity Property 2 is conservation of
mass, which is obtained by taking the function G(x) = 1, and observing that the
above proof yields an identity.

PROPERTY 3. (Conservation) The collisional operator is mass conservative:

Qo (f)dv =0.

Dd

The next property is also a direct application of the monotonicity Property 2,
and in fact yields a classical type of so-called entropy or energy estimate for first
order transport equations when multiplied by monotone non-decreasing functions with
convex antiderivatives. This is indeed also a consequence the non-expansive measure
preserving nature of the collisional integral as also shown in [25].

PROPERTY 4. (L' Contraction) Assuming zero boundary conditions, the colli-
sional operator is L'-contractive in the sense that

%Hf”Ll(Dngg) <0.
Proof. Note that |fl; = fisgn(f) = frsgn({;), and V|f| = Vfsgn(f) =

\%i sgn(%). Multiply equation (1.9) by G(f) = sgn(%), which is a monotone in-
creasing function of its argument, and integrate over RZ x RY to obtain

// — sgn(=— dvdx+/ / a -V fsgn( f)dvdx
//Qa sgn( f)dvdx<0 (2.3)

12



by Property 2, and

/ / a-stgn(%)dvdx:/ / a - V|f|dvdz =0, (2.4)

d af f
—- = 2L gon( - T < .
7 /Dd /Dd | f| dvd. /Dd /Dd " sgn(=—)dvd 0 (2.5)

thus concluding the proof.0

A natural corollary of the monotonicity Property 2 and mass preserving Property
3 is the positivity of the solution to the initial value problem.

PROPERTY 5. (Positivity of the solution to the initial value problem) Assuming
zero boundary conditions, the solution to the initial value problem (1.1) is positive for
all times if the initial probability fo = f(0,z,v) is positive.

Proof. The proof is very similar to the one for Property 4 above. Here choose G =
%(sgn(%) —1) = (sgn(f) — 1) as a test function for the linear Boltzmann equation.
Since the negative part of f, defined as f~ = max{0, —f} is the antiderivative of G,
as in (2.3) and (2.4),

C(lit/vd/vdf_dvdx:/ / Qg(f)sgn(%)_ldvdw<0. (2.6)

d d
Dz Dy

Thus one obtains that

//f dvdx < //f Oxvdvdx—/ / max{0, — fo} dvdx = 0,

pd Y pd pd v pd Dd
(2.7)
since fy is always taken positive. Since the integrand f~ is a non-negative func-
tion whose integral, computed in (2.7), was shown non-positive, then it must be
f~(t,x,v) =0 for all t > 0. Consequently, f(¢,z,v) is positive for all ¢ > 0. O

Remark: In fact, the positivity and mass conservation properties immediately
yield conservation of the L' norm, and thus L' stability as well. Although the above
proof may be viewed as redundant, we have included it for completeness for our
numerical scheme properties. However, the resulting scheme is stable for any order
of the approximating polynomial space. Obviously all these estimates have an error
O(e) with respect to the continuum solution in the whole space.

The next lemma will provide L~ (Qp) control estimates for the collision operator
under suitable assumptions on the growth of the scattering rate function o(z,v,v’)
restricted to DI x DI x DY,. Tt is important for the stability and error estimates for
the DG scheme.

LEMMA 6. (LQ(QD) control of the collisional integral) Assume the scattering rate
function satisfies (2.2) and

0<o(x,v,-) <Cy+ Cao|z] + |v]). (2.8)

Then for f and g € L?(Q2p), the following estimate hold

Qs (f) g dzdv < Cydiam(Qp) diam(DY) || f||
Qp

(2.9)

rap 1920y
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These estimates are time dependent and and their parameters given by C, = 2max{C1,2Cs}
depend on o.

Remark: We note that the growth condition (2.8) can be taken as the same
growth of the advection vector & = (v, VV'). That means the growth of the scattering
function o as a function of x , or its corresponding collision frequency function v, can
be of the same order as the growth of the gradient of the potential. In our particular
problem, due to condition (1.13), we assume at most linear growth in x.

Proof.
[ Quhgdds
(z,v)EQD

= / / / (0’(1‘,’[}7’[}/)f($,1}/) - O'(J},’U/,’U)f(.’lf, U)) g(x,v) dv'dvdw
D¢ JDE JDE
_ Alwi A‘27

where

Al :/ / / J(x’v7v/)f(l',’l}/) g(l’,’(}) d'l),d’l)dx’
D¢ /D¢ JDd

and
A% = / / / o(z,v',v) f(z,v) g(x,v) dv'dvdz.
Dg / D} /DY
Since o(z,v,-) < C1 4+ Ca(|z| + |v|), we have
< [ [ € Callal + o) 1) lgGe, o) dduds
pa Jpd Jpa

< G diam(QD)/ / / |f(z,v")]|g(x,v)| dv'dvdz
2 Dt Jpi Jpi

Cy .. )

<< diam(Qp) diam(Dy) /Dd 1 (@, L2 (pay - [lg(@, )2 (pay da
Cr .. e

<5 diam(Qp) diam(Dy)|| f]| 2 (2p) - 191122 (p)

By similar arguments,

2 < % giam(Qp) diam(D?

47| < <~ diam(Qp) diam(Dy)[| /|2 (00) - 191l 22(n)
SO

Qo(f) g dzdv < Cy diam(Qp) diam (D) || f]] 12(0p) - 191122 (0p)-
Qp
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3. Formulation of the DG Scheme. In this section, and without loss of gen-
erality, we assume D¢ = [-V;, V;]¢ and D2 = [0, L;], for 0 < V;, L; < 00, i =1...d.

Let {75} denote a family of a non degenerate finite element subdivisions of Qp
partitioned into open disjoint elements K with exterior boundary 0Q2p. We denote hx
to be the diameter of element K, pyx to be the diameter of the biggest sphere included
in K, we impose the classical assumption of shape regularity [15], hx/px < 09, and
let h = supy hx. Denote the set of all element edges associated to this mesh as
er, = UkeT, 0K. ¢, is defined to allow redundancy. For example, if an edge e € 0K,
and e € 0K, it will appear twice. This notation allows for the hanging nodes in the
mesh. Denote edges that belongs to Qp as

F> (F0+) the set of faces located on 9Qp such that x = 0,v < 0(v > 0),

FLi (FLj) the set of faces located on 9Qp such that x = L;,v < 0(v > 0),
F~Vi (F*V4)  the set of faces located on dQp such that v = —V;(v = 4+V;).

Define the inﬂow face as '™ = U;{F°" U FLi }, and suppose f, = f on I'". Define
I'% = U, {F~YsUF+*Vi}. Since f is a probability distribution, it is reasonable to enforce
frn =0 on I'° when Vj is large enough.

The finite element space is defined as

Vil = {¢n € L*(Qp) : VK € Tn(Qp), ¢n|x € P*(K)} (3.1)

where P¥(K) is the set of polynomials of total degree at most k on the simplex K.

3.1. The semi-discrete DG scheme. The semi-discrete discontinuous Galerkin
discretization of (1.9) is given as follows: seek f, = fu(t,z,v) € R x V¥ such that,
the below equality holds for all for all test function wy, € th7

(Ocfrswn) 7, + A(fn, wn) = L(wy), (3.2)

where

A(fn,wn) = —(fy o - Vwp) 7, + (frown o m)arr-ro — (Qo(fr), wn)7,  (3.3)
and
L(wp) = —(f", wpa-n)p- (3.4)
In the above equalities, we are using the following notations
Z / Cwdzdv, (i wa-n)s, = Z (7) a(y) - ndy,
KeTh KeTy,

and n denotes the outward unit normal vector to 9K . For any edge e € ¢} that is not
associated with a particular K, n can be defined as the unit normal in either of the
possible direction. fh is the monotone numerical flux, which is chosen as the upwind
flux in our case.

fh:fh_a

where f,"(2) = lims}o fn(z — d a(2)), and «(-) is defined in (1.10).
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The standard L? projection for any function u is a function Pu € V}¥, such that
(Pu — u,wp);, =0,

for all wy, € ViF. The initial condition is defined through the L? projection f5,(0, z,v) =
Pf(0,x,v).

In practice, the face and volume integrals in A(fn, 1), L£($r) need to be evaluated
by certain numerical quadratures. One can choose to implement a very high order
quadrature on those terms to guarantee the quadrature error is on the order of machine
precision. Furthermore, since the scheme is linear on f5, those integrations only need
to be performed on the basis functions and can be stored before the time evolution
starts. On the other hand, we can also use quadrature formulas with fixed number of
points. In [18], it was proven that a quadrature formula for face integrals that is exact
for polynomials of degree (2k + 1) and element integrals that is exact for degree 2k
polynomials can guarantee an error in the || - ||o norm of order h*+1. This error is on
the order of the distance of f to the finite element space th and will not deteriorate
the quality of numerical solution. For simplicity of discussion, from this point on, we
shall assume the integrals are evaluated exactly for the semi-discrete scheme.

3.2. Time discretization. We use total variation diminishing (TVD) high-
order Runge-Kutta methods [46] to solve the method of lines ODE resulting from
the semi-discrete scheme,

(fr)e = R(fn)- (3.5)

Those time stepping methods are convex combinations of the Euler forward time
discretization. The commonly used third-order TVD Runge-Kutta method is given
by

1Y = i+ DR
3., 1 1
10 =30+ )+ ARAY)

4
1, 2 2
ptt= gfh + gf;(f) + gAtR(f;(f)) (3.6)

Detailed description of the TVD Runge-Kutta method can be found in [46], see also
[28], and [29] for strong-stability-perserving method.

3.3. The limiter and positivity-preserving DG scheme. The scheme in
Section 3.1 conserves mass. Furthermore, it is monotone and thus positivity-preserving
for piecewise constant approximations under certain CFL conditions (cf Section 4).
However, it is highly nontrivial how to preserve positivity of the solution for high
order discretizations. In [52], a limiter that preserves the maximum principle of con-
servation laws is proposed. This limiter is uniformly high order accurate. Moreover,
it does not change the cell average of the numerical solution. We present the limiter
below and defer the detailed analysis of the scheme to Section 5.

In each of the forward Euler step of the time discretization, the following proce-
dures are performed:

e On each simplex K, evaluate Tx = min(, ,)eg, fa(z,v), where Sk denotes
the set of certain points on K that will be described in Section 5.
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e Compute f,(z,v) = 0(fn(z,v) — (fn)x) + (fn)x, where (fn)x is the cell
average of f, on K, and 6 = min{1, |(fn)x|/|Tx — (fn)x|}. This limiter has
the effect of keeping the cell average and “squeeze” the function to be positive
at points in Sk.

e Use f, instead of f to compute the Euler forward step. A suitable CFL
condition will be derived in Section 5.

In [52], it was shown that this limiter is uniformly (k 4 1)-th order accurate. We
defer relevant analysis of the scheme to Section 5.

4. Analysis of the semi-discrete DG scheme. In this section, we will analyze
the properties of the semi-discrete DG scheme (3.2). For simplicity of discussion,
we assume periodic boundary conditions on f in all directions. The discussion also
implies the case of f = 0. The general case will involve terms like ||f™]| 2-) in
the stability proof and will destroy mass conservation. The proof is rather technical
and we do not pursue it in this paper.

If periodic conditions are imposed, then the term A(fp,wp) and L(wy,) are sim-
plified as

A(fhvwh) = 7(fh7a : th)T;, + <fh_awha . n>87’h - (Q(T(fh)vwh)Thv

and
E(wh) =0.

4.1. Mass conservation. The following theorem implies the mass conservation
property of the semi-discrete DG scheme.
THEOREM 7. The semi-discrete DG scheme conserves mass, i.e.

d
a dvdz = 0. 41
dt QDf"”x (4.1)

Proof. Let wy, = 11in (3.2). (4.1) follows from Property 3 and (f, ,1a-n)s7, =0.
O

4.2. L? stability and error estimate for arbitrary order. Here we prove
the L? stability and error estimate for (3.2) with arbitrary order of discretization.
The proof use heavily the properties of the operator @, (-) derived in Section 2.

4.2.1. The case when M (v) = constant. We first consider the simplified case
of M (v) =constant to illustrate the ideas of the proof. The general case will be treated
in Section 4.2.2. When M (v) =constant, o(z,v,v") is symmetric about v and v" and
Property 2 is reduced to

Qs (f)G(f)dv <0, for all G that is a monotone non-decreasing function.
Da

THEOREM 8. (L? stability when M (v) = constant ) Consider the semi-discrete
discontinuous Galerkin solution fr in (8.2) to the linear Boltzmann equation (1.9)
with M (v) = constant, we have,

a2 0p) < [1fr(0)]|L2(0p)- (4.2)
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Proof. Let the test function wy, = f5 in (3.2), then

(Ocfns fr) 7 + A(fns fn) = 0,

where

A(fn, fn) = =(froa- V)7 + (fr s fna-mar, — (Qo(fr), fr)7T,

*%(fh,fha ‘n)or, +{fr s fua-mar, — (Qo(fn), fu)7

= Sl Ll nl)e, = Q). S,
= L IAIVIa BT e, — (@ () )7

where the notation ((,w)e, = >_ ., ((;w)e, and [fx] = fi¥ — £, denotes the jump.
Note that in the above equality, the factor is i not % due to the redundancy in the
notation e. It holds true for the case of « as a variable, and allow « - n to change
sign within a single edge. Because of Property 3 of Qu, (Qo(fr), fr)7, < 0. Hence

A(fn, fr) >0,

and we are done.
O

In order to prove L? error estimates, we follow the classic work of [35] for constant
coefficient conservation laws. The main difficulty is that we are treating a variable
coefficient equation with a collisional integral. The averaging technique in the proof of
[17] will be adopted to take care of the variable coefficient «, while the collision term
will be bounded using Lemma 7. We remark that the accuracy order (k+ %) obtained
below is optimal under general meshes [41]. The error estimates could be improved to
(k + 1)-th order, if special restrictions on the mesh and special projections are used,
see [45, 19, 16, 17] for related discussions, and we will not pursue it in this paper.

THEOREM 9. (L? error estimate when M(v) = constant) Consider the semi-
discrete discontinuous Galerkin solution fy in (3.2) to the linear Boltzmann equation
(1.9) with M(v) = constant, we have

||fh(t7 Y )) - f(t7 Y ')||L2(QD) < C\/iec}n thr% |f|L°Q([O,t],Hk+1(QD)) ) (43)

where C' = C(diam(Qp), ||a[wi1.1 (@) and C does not depend on h ort.
Proof. Since the exact solution f also satisfies the (3.2), we have

(Oufs wn) T, + A(f, wn) = L(wp),
for any test function wy, € V}{“. If we define the error as E = f — f},, then
(O4E, ’wh)Th + A(E, wp) = 0.

We use the L2 projection P to decompose E into two parts, namely E = £+ Ej,, where
E=f—Pfand Ep, =Pf — fy. Clearly, Ej € V,f, thus

(at]Ev Eh)Th + A(E7Eh) =0,
18



which implies
(8tEh, Eh)’l’h + A(Eh, Eh) = 7(({9,55, Eh)Th — .A(S, Eh). (4.4)

Following the definition of L? projection, we have (€, wp)7, = 0 for any wy, € V¥,
Hence (0;€,wy)7;, = 0 for any wy, € V¥, and

(0:&, En)T,, = 0. (4.5)
Similar to the stability proof
1

A(En, En) = 7 1B Ve 0l |72,y = (Qo (En), ). (4.6)

Plug (4.5) and (4.6) into (4.4), we get

1
(0¢En, En) T, + 1 BV e al |72,y = (Qo(En), En)T, — A(E, En) < —A(E, Ep).
Next we will try to bound the right hand side of the above inequality. Since

—A(E, Eh) = (gv Q- th)Th - <g_? Ena- n>8Th + (QU(E)’ Eh>Th'

If we define
T, =(&a -VEL)T,,
T = <8_7Eh04 . n>a7'h,
T3 = (Qa(‘g)ﬂ Eh)7—h,7
then

—A(&, Ep) < |Th| + |Ta] + | T3]

It remains to estimate the terms T3, i = 1,2, 3.

Estimate of T}

For term T3, if « is a constant, then 77 = 0 since a- VE}, € V,f. However, this
is not true when « depends on z and v. In this case, similar to [17], we define an
average of a on each simplex K as a constant vector o, such that

{((a—a") -n,1)sx = 0.
Then it follows that
Ty = (€, (a—a°) - VEu)7,,
which implies

IT:| < Z E]|z2x) Il = @l Lo (1) [V Enl| 2 ().
K€7_h

By the inverse inequality, there exists a constant Cx such that

[IVEn||L2x) < Cxl|EnllL2(x)/ Pk
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Hence,

Ty < > CrllEllLa ) 1Bnl| o) {ll = @l Lo i)/ hurc}
KeTy

< C}(Ilea%{ﬂoé — ey /b D EN L2 o) 1Bl L2,
) KeT
< O max {[ja — a®|| ) /P HEN 2(7) || Bl L2 (73
€Th

< Clalwisy (i lI€llL2(7) 1Bl L2 (735

where the last inequality holds similar to [17]. Now, recall a standard estimate for
the L? projection,

1
NElL2(r) + hE|El L2 or) + hic||VE L2(ry < CREFY flans (k)
Finally we have

IT1| < Cladw e ¢y | lrser () K ERll L2 (73)-

Estimate of T,

(Tl = (67, Bv o m)oms| = |5 {67 (B, — B} la-n,|
< GBI ooy + 5 e VIl 3,
< S MBI 0 sy + Cllellzem 1] o
< I NENVIE 2 e + C B P s oy Nl e

Estimate of T3
It follows from Lemma 6 that

T, = (Qol€) Enry = [ [ Qa(€) Brdude
Dg /DY
< Cdiam(Qp) diam(D)||€]| L2 (0) - 1Bl 22 ()

< C diam(Qp) diam(DY)| f|gre+1(75) K| Enl| L2 (73

Combining the estimates of 17, To and T3, we have

1
(OcBn, En)7, + 7 [IEn] Ve - 12 (en)
1
< 2 I[En]V]a - n] H%%eh) + Cllal[L=(T,) 2t |f@1k+1(7-h)
+C(Jaly s 73 + diamn () diam (D) [ flses i) 1 |1l

In the case of quadratically confined electrostatic potentials, ||a|lwi1.) (@) < C,
this implies

(8tEh,Eh)Th <C |f|%{k+l(QD) th-‘rl +C |f|H"‘+1(QD) hk+1||Eh||L2(7’h)7
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where C' = C(||al|lw 1<) (n,))- Hence,

%HEhH%?(QD) < CR* iy + CPIER[72 ()
Since Ep, =0 at t = 0, we have
Bl 12 (0p) < CVETM W45 | F L0415+ (0p))
SO
Bl 120y < C (VI B2 | f] Lo (0.0, 1101 () + BF ).

We remark that, if [|f(t = 0)||grr10p) < C, then [[f(t)|[gr+1(p) < C, by the

regularity propagation property (1.20) (see [38] for detailed discussions.) For the
practically relevant case of t > Ch, i.e., after a few time steps, we obtain the L? error
estimates of the DG solution as

1
IEl|z2(0p) < C /1 eCht pF+3 | fl Lo ([0, R+ () -

4.2.2. The general case when M (v) is not a constant. In the case of general
M(v), [pa Qo(f) fdv <0 is no longer true. This will introduce some extra terms in

the proof. We can see from below the L? norm of the fj, is no longer strictly decaying.

THEOREM 10. (L? stability for general M(v)) Consider the semi-discrete dis-
continuous Galerkin solution fr in (3.2) to the linear Boltzmann equation (1.9), we
have,

/()2 (02p) < exp(CO)||fr(0)[|L2(0p), (4.7)
where C' = C(diam(Qp)).
Proof. The proof follows similar to those in Theorem 8. Let the test function

wp, = fp, in (3.2), then

(Ocfns fr) 7 + A(fns fr) =0,

where

Alfo fi) = NI D o) = (@oi)s )i

Now (Qo(f1r), fn)7; is not necessarily non-negative. Here we use Lemma 7 again, and
we have

1d
§£||fh|\%2(ﬂp) = (Bcfns )73 < Qo (f1)s )70 < CllfnllZ2 (0
where C' = C(diam(€Qp)). This implies

12Dl L2p) < exp(C ) fn(0)][L2@0),

and we are done.
0
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Remark: We can design a semi-discrete DG scheme for (1.9) to preserve the
strict decay of the B? norm for fj,, in fact if we seek f, = fi(t,z,v) € R} x Vh’C such
that, the below equality holds for all for all test function wy, € th,

Wh

M(z,v)

Wh Wh

(O fns ./\/l(a:,v)) - ﬁ(/\/l(ac,v))’

)771, + A(fh’

then, by the same argument as in the proof of Theorem 9 and the fact that « -
VawM(z,v) =0, we can easily deduce || f1(t)||52(0p) < [|f1(0)]52(0p). However, we
choose not to use this scheme because M will be near zero in a large portion of the
domain, which will cause difficulty in numerical implementation.

THEOREM 11. (L? error estimate for general M (v) ) Consider the semi-discrete
discontinuous Galerkin solution fr in (3.2) to the linear Boltzmann equation (1.9),
we have

1fult, ) = F(t ) r2(ap) < CVECM REYE | ] L 0.0, 1541 () (4.8)

where C' = C(diam(Qp), ||a[wi1.1 (@,)) and C does not depend on h or t.
Proof. The proof is very similar to those in Theorem 9. Using the same set of
notation, we have

1
(0cEn, Bn)7i + 7 [I1E] Ve - n| 72(e) = (Qo(En), En)T, — A(E, En),

except the fact that (Q4(Ep), En)7;, is not necessarily negative. Following the same
lines of proof to bound —A(E, E}), we obtain

d

G/ BnllZ20p) < O W f s ap) + CHIIEn||Z2(0p) + (Qo(En), En)7,
< O p2ktt ‘fﬁ{kﬂ(gv) + OhHEhH%Z(QD) +C ||Eh||2L2(QD)
< C p¥+1 ‘fﬁqm—l(QD) +C ||Eh||i2(ﬂg)'

Hence (4.8) follows using Ej,(t =0) = 0.0

The next theorem concerns the decay of numerical solution f; towards equilib-
rium. It’s a direct consequence of the error estimates above.

THEOREM 12. (L? decay of numerical solution towards equilibrium) Consider
the semi-discrete discontinuous Galerkin solution fy, in (3.2) to the linear Boltzmann
equation (1.9), we have

1 -
1fnts-s ) = Mll 2y < CVES BE2 | f| Lo (0,41, 1841 (0)) + 3¢ | fo — M| g2 ey,
(4.9)
where C' = C(diam(Qp), ||a|\w{1,x}(nv ).
Proof. From the error estimates (4.3) and also the analytical estimates (1.16) and
(1.18) from discussion of Section 1.1,

[fn = Mllezp) < Ifn = fllzzp) +I11f = Mllz2p)

<|Ifn = fllz2ap) + I1f = MllL2(0p)

<|fn = fll2@p) +1If — Ml p2(ra)

< C Vel phts | Lo (0,11, 1041 (20)) + 3¢ [ fo — M| 2 gy,
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where f0 is the initial condition. O

As the above theorem indicates, for a high order discretization with not a large
terminal time, we will be able to observe exponential decay of f;, towards equilibrium,
which comes in as the term 3e™*|| fo — M| p2(ga).

4.3. The special case of V,?. In this subsection, we consider the special case of
piecewise constant discretization. We show the L' stability and positivity-preserving
property of the numerical solution as an analog of the exact solution. The following
two results are an adaptation of the Crandall-Tartar lemma [25] to low order DG
schemes, which states that any mass preserving, contracting linear first order operator
is stable and monotone preserving.

THEOREM 13. (L' Stability) Consider the semi-discrete discontinuous Galerkin
solution fp, in (3.2) to the linear Boltzmann equation (1.9), in the case of piecewise
constant basis functions,

a1 @p) < 1Fn(0)]l1 @p)- (4.10)

Proof. Fix t > 0. Take wp, = sgn(%) = sgn(fr). This is a valid choice because
wy, € V)2, and sgn(-) is also a monotone function. Then we obtain

(O fusn(f)) 7, + AU, san(25) =0,

where

A(fh,sgn(fﬁh)) = (fr »sen(fn) @ - m)or;, — (Qa(fh)ysgn(fﬁh))n
= 5 U Bt - nlors — (Qu (i) seu(4e),

= (Ifi |, Ysgn(ranzoyla-nlar, — (Qo(fh)vsgn(%))n >0

Integrating over time, (4.10) follows because (0, fr,sgn(fn)) 7 = =1 fn()| 11 (0p)-
0

THEOREM 14. (Semi-discrete positivity) Consider the semi-discrete piecewise
constant discontinuous Galerkin solution fy, in (3.2) to the linear Boltzmann equation
(1.9), provided fn(t =0) > 0, the solution remains positive on Qp:

fu(t,z,0) >0,  forte[0,T] forz,v e Qp.

Proof. The proof of this theorem is rather similar to the previous one and its
continuum counterpart. We take the test function wy, = %(Sgn(fﬂh) —1) = (sgn(fn)—
1). This is a valid choice because wy, € V)0, and $(sgn(-) — 1) is also a monotone
function. Then

(@0 5(580(5) = D), + Al 5 (s (f) — 1)) =0,
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where

(h,(%ﬂﬁﬂ—lD (fno5 @@Kh)—na 1)o7, = (Qo(fn); @@Kﬁ)—lﬁn

5 Ui [ (i) — Dl - nlhor, — Qo (i), 3 (sen(2) ~ 1),
i el o ml)or, — (@0, <sgn<j:;> D)
= SUSi s ssnionsorla mlloms — (@), 5(sen(2:) ~ )7, > 0.
Let
0 ifw>0
ﬁ(w):{—w if w < 0.
Then,
S stduds = @, 5 sen() ~ D)7, < 0.
Qp

Since the initial condition is assumed to be non-negative, 8(f4(0)) = max{0, — (0, z,v)} =

0, so that

0< Mﬁ@»§§2Mh@N=Q (4.11)

Qp
which implies the non-negativity of f5,(¢). O

5. Analysis of the positivity-preserving DG scheme. In this section, we
analyze the positivity-preserving DG scheme proposed in Section 3.3. To simplify
the discussion, we will only consider the equation with 1D in x and v space. Similar
conclusions hold true for higher dimensions. We present the results in the setting
of rectangular meshes. Discussions about non-cartesian meshes are provided after
Theorem 15. The discussion below closely follows those in [52], but with collision
term treated separately.

Suppose the partition of the computational domain is as follows: D, = UN o 1y,
D, = UN_“lJ], where I; = [z;_1, @, 1], Jj = [v;_1,v;,1]. We use Az; to denote the
length of I; and Avj to denote ‘the length of Jj. Denote an elementary cell K;; as I; X
Jj. We denote by f]i the cell average of fj, on K;; at time ¢". We abuse the notation

and define f;:%’j(v), fz+ j( v), f;,,( x), z_J+%(:z:) as the traces of fj, on K;; on the

four edges at time t™ respectlvely Here the + and — is no longer associated with the

wind direction «, but the direction of the growth of z, v axis. For example, f; + 1 (v) =

fn(@;_1,v) calculated from cell (i, j), and fif_%v (v) = fa(z;_1,v) calculated from cell
(i —1,7). We now consider the scheme with forward Euler time discretization. TVD-
RK methods are convex combinations of Euler forward and are direct generalization
of the result below.

We apply the test function wy = 1 on K; ; and wy, = 0 elsewhere. One step of
Euler forward time discretization of (3.2) will give:
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rm At Uj+% _ B

f = U AI,LA’UJ /’U hl(fi-‘r%,j(v)’ zj.%,j(v)ﬂv) - hl(fi_l (U),f;lj(v)’v)dv
At Tipd B N

B AxlAvj/r h2(fi,j+%(x) flﬁl( ), @) — ha(f;

At Tt}

In the above formula, hq(-,-) and ha(:,-) denote the upwind flux that we have
chosen. In particular,

hi(a,b,v) = v (aly>oy + b 1lu<oy),
(&
h2(a7 b, .’L‘) = _EE(tv J}) (CL 1{E(t,x)<0} +b 1{E(t,z)20})'

The integrals in (5.1) can be approximated by quadratures to sufficient accuracy,
see Subsection 3.1 for related discussions. Suppose now we use a Gauss quadrature
rule with L points, which is exact for single variable polynomials of degree 2L — 1.
From [18], L > k + 1 will be accurate enough in the sense that the L> norm of error
induced by quadrature will be smaller than Ch**1.

The set of Gauss quadrature points on I; is defined as S¥ = {xf :B8=1,...,L}
and the Gauss quadrature points on J; is 57 = {v :B8=1,...,L}. Let wg be the
corresponding Gauss weight on the interval [ 1.1, such that ZB wg = 1. We use
subscript 8 to denote the function value at Gauss quadrature points, for instance,

;%,B = fi;%,j (vf), etc. Then (5.1) becomes

rn+1 + + B .
f _fz] A.%‘,LA Z + ,B’fz+ B? J) hl(f %7ﬂafi7%_ﬂavj)]wﬁAvJ

N
_mz:l[h2(fﬂj+l’fﬁj+l’ l) h2(fﬁ] 1’fﬁj LT z)]wﬁAmz

J+2
T AUJ le{ / 28 v)dv}wg A, (5.2)

1
2

Denote \; = AA—;, Ao = AU , the above equality becomes,

L
[ @—Alﬁzwg[h1(f;%76,f+ 20 =y g fE )]
=1

_)\ZZwﬁhZ fﬁj+17f5]+17 z) h2(f,3] lvfﬁj é’xf})}
B 1

+ Ao Z w[g{/ 22 v)dv}. (5.3)
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Similar to [52], we write the cell average as

L L
fr=>"wafs; = wsfl,
B=1 B=1

where ﬂ?J = A fv_ﬁz fn(@? v)do, T i = #f;j% fh(x,vf)dx. Define a; = maxpp [v],

AN 1
2

az = maxpp |5 E(t ,2 )|. Then (5.3) becomes

L
Fnt1 aiA; - _ N o
f + - mnf’m —Alzwﬂ[hl(fl+%,ﬁ’f+ ﬁ? J) h‘l(fz 1 ﬁ?f 1 ,37 ])]
B=1
as Az <

Mzmm%#%ww>mwwwjum

al)\l + a2>\2 ”

+ )\22“)5{/ ,v)dv}

l\)\b—‘

_ a1h + B
—mzwﬁﬁﬁ Alzwﬁ ha(fs g Fs o ) = (f 1o fii1 50))]
a2 8
mz% S5y £y D)~ alF5 g Ty )

ps=1

+ AQZwﬁ{/ 2 v)dv}

1
2

L

i a1>\1 n CL1/\1 + a2>\2 + B
*m; wg|fis — T( 1(fihs B’f+ B v)) = ha(f 1l vaj))]

L

as\o o Q1AL+ a2ho B
m;wﬁ[ﬂij_T( 2(f5 s s a]) —halfy, 1T, )

- [ @t oo

-4

The above equality implies

L
ot _ @M P a2 § : HP,
f 11 + a2 /gzlwﬁ i + ane a1 A1 + agAa e

where H:? HP7 denote one dimensional schemes as

i aiAi + azlo
H”B 1ﬁ T[hl(f1+ B?fl+ B’ J) hl(fz lﬂ’f lﬂ’ ]Bﬂ
i A1+ ag)
Hgdzfﬂjii[ (fﬁj‘f’l’fﬁj‘i’l’ ) h2(‘fﬁj l,fB] 17 ;ﬁ)

—f“Qmmvw

i—

N
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To have the positivity of cell average at time t"*!, i.e., to ensure ﬁ;“ > 0, it suffices

to have Hgﬁ > 0 and Hf’j > 0. We introduce the Gauss-Lobatto points at this
point. We use hats and sub- and super-script a to denote those points, namely,
Sr ={*:a=1,...,N} and 5’; ={0¢ :a=1,...,N}. 0, are the Gauss-Lobatto
weights on [—3, 2] such that }__ @, = 1. The N point Gauss-Lobatto quadrature
rule will be exact for integrals of polynomials up to degree (2N — 3). The number N
should be chosen according accuracy of the scheme. For example, if 2N — 3 > k, then

the equality below is exact.
N
Jiy = D tha (@ 0)).
a=1

Define Tf‘jﬁ = fp(z% v’@) fora=1,...,N,8=1,...,L and Ti%ﬁth(x; U'B) =

177 _%7 7
N,B N+1,8 _ + By _ plB
iy, T = fh(xH%wj) =T;{1,;- Then,
; = a1 A1 + ag Ao N, N+1, 0, 1,
Hy = fly - === (T T o)) = (T T o))

ai

N
W B GIAL A a2)o N.B mN+1, 1,8 /N,

= E waTi‘ij — T[hl(Ti,jﬂ’Ti,j ﬂ,vf) —hl(j—;’jﬂ77-‘1;7j6avf)

a=1

1, N, 0, 1,
+h (T TN of) = (T T o))

N-1
. , . 1,3 G1A1 + azhg 1,8 N, 0,8 ml,
= Z waTio,éjﬁ +wy I:Ti,jB - T[hl(Ti,jﬁvTi,jﬁan) —h (E,jﬂvTi,f’Uf)]
a=2

. N3 a1A1 +ashs N, pN+1, 1, '
N {Tmﬁ - W[hl(TiJﬁ’Tm O o)) = (T T )]

We will show that if 7" > 0 for all i € [L,N,],j € [1,N,],a € [L,N],3 €
[1,L], and a1A1 + ag)y < min(y, wy), then HP > 0. Define Q;; = T'l,}ﬁ -

2

adatazdo [ (TP TN By b (1P TP 48] then this is a monotonically in-

a1 hJ 0Ty g 4J 0] 0T
. . . . 1 N . .
creasing function for all of its variables Tiof , T”B , T j’ﬁ , which can be verified by
computing its partial derivatives.

aQi,j al/\l + a2>\2 8h1(TS;ﬂ7 Til,}ﬁa Uf) al>\1 + ag)\g 8
_ v; 1{@?20} >0,

8Tff B a1 8Ti035 a1y
1.8 N, B
9Qij _ _mdi+ask O (T; 57, T, 77 vy) _ @M tagk Pl s >0
8Tij\§’5 a1y 6Ti]\§’5 a1y Iy <0y =

0Qi; _ | @A+ <6h1(T3f,Tf§’ﬁ,vf) - 8h1(Tﬁ;ﬁ,T5f,vf)>

1,8 =~ T T
oT.) @t oty ory’
@Mt ade o 8
=1- oapy (”J‘ Lissoy = 1{v5<0})
=1—M|vf\21—wzo.
a1w1 w1
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The last line of inequality is because a; = maxp, |[v| > |U |- Since Ti(?f =0, Tilf 20,
757 >0,
a1A1 + a2 B By _
@ij 20— = —=—[(0,0,v7) = m(0,0,07)] = 0.

B_aiditaz)y [hl(TN’B TN+1’B,’U@) hy (T 1,8 TNﬁ 5)

a1wN 0,J 0T 4g J ij o tig 0 Y

v

Similarly, we can deduce, Ti{\;’
0. Hence, H;”B > 0.

In summary, we have proved that if Tiofjfﬁ = fn(&¢, vjﬁ) >0 foralliel[l,N,],je€
[1, N,],a € [1,N],8 € [1, L], and the CFL condition a; Ay + agAs < min(wy,wy) is
satisfied, then H%% > 0. In the derivation, we only require 2N —3 > k. One can show
easily that for the nontrivial case k > 1, N = k + 1 satisfies this condition. From this
point on, we assume N = k + 1.

Similar argument will follow for H/J with the difference coming from the colli-
sional integral f:_j*l% Qg(fh)(w?, v)dv. In fact,
L]

i—

Qo (fn)(2?,v)dv —/ / oz} 0,0 (@l o) — a(af v 0) fa)  v)) dv'dv

Nl=

-2

Since fi (27, v) € P*(v) on cell J;, it can be expanded as a linear combination of the
basis functions

N
o v —v;
5 v):th(xf,vj VLo Av-]) on Jj,
a=1 J

where L, (-) are basis functions for Gauss-Lobatto points s, on the interval [—3, 3]
such that L,(sy) = day. Hence,

/UH% Qo (fn)(af ,v)dv =

i-3
Nv Uj+% Umi% B B ﬁ ﬁ
Z / / (o(z],v,0") fu(z] ,v") — o (2 o' v) fr (2, v) dv'do
m—1 11].7% vm7%
Nv N V., 1 v 1 !
ity [Vm-d v —v
=3 [ [ et vt o ra )
m=1a=1 vjf% ”m,% Um
) v —
—o (@l v 0) fu(al, 05) La( L) do'do
vy
N N, V.1 v 1 /
+3 [Vm-1 —
= > > Ul 05) / o / Yol 0,0 La () dv/do
a=1m=1 ”j,% 'Um,% A'Urn
. UJ'Jrl U1 v —
ffh(xf,v;’) ? : a(x?,v’,v)La( x )dv dv]
’Uj,i v 1 U]
2 2
If we define AJ 75 = fv 1% vv’""lé a(xf, v, v/)La(%) dv'dv, then it can be ver-
1 1 m
ified that T
’U].+1 N N,U
2 A~ ~ 5
[ Quthel e = 30 3 Unlad 050455 — (el 5504577 ).
v, 1 —1m=1
-3 a=1m



Here, A’JK B satisfies the following important properties.
(1) If we denote the bound for the basis functions as Lo(-) < Cj on [-1, 1
C}, is a constant that only depends on the polynomial order k, then

!/
a,ﬁ L UV — Un /
/ / x 0,0 ) Lo (———2 Ao ) dv'dv

J—
U 1
<C’k/ 2/ x 0,0 ) dv'dv < CK Avy,
1

|, where

+ m\»—t

-2

where we have used Property 1 of the collision integral.
(2) For piecewise linear case, i.e. when k = 1, since Li(-), La(-), o(-,-,-) are
always positive, we have Aa B> 0 for Vi ,J,a, B. For the general case of k > 1, the

positivity of AO‘ A cannot be guaranteed. However, if we use the same Gauss-Lobatto
quadrature to evaluate the integration in the variable v/, we have

Yi+s
AP / o (2?0, 0% )i dv > 0.
v .

This quadrature corresponds to the requirement that when evaluating the collisional
integral term in the DG scheme, in the v and v’ variable we use a N = k + 1 point
Gauss-Lobatto quadrature. This is a reasonable assumption, see for instance, the
discussion at the end of section 3.1. One can show that by doing this, an error of at
most order h¥+2 will be introduced to the solution, see [18]. On the other hand, in
the very special case of relaxation models, which will be presented in Section 6, this
restriction can be lifted. Because o(z,v,v") = kM (v), and

V., 1 v, 1 I _ V1
Al :k/ e M(v>dv./ P Lo (X0 v :k/ " M(v)dv > 0.
’ UJ*% U?YL*% A,Um U‘]7%

From here on, we will assume A;’fl >0 for V4,7, o, B.

Now we return to H?+, since

N
fgj = Zwafh(xfa A?)'
a=1
Define S»ﬂ’-a = fu(2?, 0¢) for a = 1,...,N,8 =1,...,L and Siﬁf = fu(zP 07 ) =

-
N+1
Sz_] 1 Szﬁ] + fh(xﬁ U;_Jr ) Sz 1 Then,

[N

Jal) — ha(S20, S0 )

; = a1 + azXs N N+1
HB’J:fn772[h2(Szﬁ,] ﬂSﬁ,] * i, ) 7,]3

N
sl - i)

N-1

_ A~ B, o . A

= WoH; ;" + Wi Fij + NG,
a=2
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where

Bl _ @At az) Bl BN B
‘Fh] - Si,j - a9y {h’ (S’LJ ’S’Lj ’ z)
N,
8,0 aB,1 8,1 41,8 B,1 418
7h2(sz_y 751_7 ) Z Sz mA] m S A'rn])}
m=1

_ WBN (1ALt ag)2 BN oB,N+1 8
G '_Si,j W{h (Sl_] 751] 7xi)

Ny
~ha(S73 ST ) = Y (ST AT = ST ALY

i, 2 Mg 0 Ty
m=1

and

CLQU.)(, J,m

N'U
B _ afa , 1AL+ a2)o Bra qaB aBa o
Ho = S0 + Z (ST ALD — ST ANEY.
m=1

Similar to the argument before, to have H?J > 0, we only need Fij>0,G; >
Hﬁf > 0. We will prove that this will hold if S*BO‘ = fh(scl ,09) > 0 for all

i E [1,N.],j € [1,Ny],a € [1,N],8 € [1,L], and a proper CFL condition is true. For
simplicity, we will only prove for F; ; > 0. The other two terms follow under similar
argument. In particular, we will show F; ; is an increasing function of all its variables.

0Fi; a1 + azXa 8h2(‘9f]0a Sf} y Ly )
85530 azwy 65ij

a1>\1 —|—a2)\2 (& B
e I Ny T | >0
5 T EGE) Lpaas) <oy 2 0

agt
OFi; _  a1di+ a2 Oha (S, SN &)
855}]\] agy 3553-]\7

a1\l + ashg e

_ e 8
= B a0y 20,

OFi A A , .
Jo_ MM “1:(12 2A1‘77ﬂn >0 ifm # ],
3553;71 AW 7
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0Fij _y_mMtasdy
oS! azy
Bl gBN B B0 ob,1 Ny
<ah (Sz]’SzJ ) z)_a (51175237 Z)—Al,’ﬁ—FZALB-)
51 8.1 ’ "
95, 95;; =T
a1 +ada, e B €
=1- W[—EE(t,xi )1{E(t’gﬂiﬁ)§0} + EE(@LU )1 {E(t,2?)>0}
Alﬁ Z Al’B
a1 A1 + asho e 1,8
e [ B ) - A7+ Z
A A
> DALt etz [az + Ck K Av;] =2 0
AW

For the last inequality to hold, we need a slightly more restrictive CFL condition, i.e.

w1
+ CkKn;an Avj *
2

a1 A1 + asAg <

The other CFL restrictions derived from G; ; > 0, Hf ’ja > 0 will be

(N
+ CkKn;an Av;
2

a1 A1 + ashg <

and

G2 MNg=2,... N—1 Wy

CkK max; A’Uj

a1 A1 + agg <

When max; Av; — 0, the CFL condition approaches to ai A1 +as A2 < min(w, W ).
For finite mesh size, we can assume, for example, when max; Av; < Sc‘fﬁ, where s is
a constant, it is enough to have a1\ + as Ay < %min(d}l, Wy ).

Our conclusion is, if Sﬁo‘ = fh(xz,vj) >0 forallie[l,N,je€IN]a«a
[1,N],8 € [1,L], and the CFL condition a1 A1 + agAe < min(wy, Wy )/2 is batlsﬁed
then Hf*j > 0. Put those two parts together, we have our main theorem in this
section.

THEOREM 15. Consider the semi-discrete DG scheme of piecewise P* polynomi-
als with forward Euler time stepping on a rectangular mesh that is refined enough, if at
time t™, we have fr(x,v) > 0 on the set S; ; = (Sf@S';J) U(S'f"@SJ“) foralli,j, where S
and S denote Gauss and Gauss-Lobatto quadrature points with L > k+1 and N = k+1
points respectively. Moreover, if the CFL condition a1 A1 + aghe < min(wq,wy)/2 is
satisfied, then we have the cell average at the next time step "1 will be positive, i.e.

f"Jr1 >0 for all 1,j.

If k > 1, then we require that N point Gauss-Lobatto quadrature rules when evaluating
the collision term. This restriction can be lifted for the relazation model.
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Remark: It is well known that for conservation laws, forward Euler time stepping
coupled with DG schemes of P* with k& > 1 under the CFL condition described in
the above theorem is unconditionally unstable [24]. We only use this theorem as an
intermediate step to the applications with TVD-RK time discretizations, which are
convex combinations of forward Euler schemes.

The positivity of the f, on set S; ; will be guaranteed by the limiter we proposed
in Section 3.3. We repeat the definition here: before each forward Euler time step in
the TVD-RK scheme,

e on each cell K;j, evaluate T;; = ming, )es, , fo(2, ).

e Compute fu(z,v) = 0(fn(x,v) = fij) + fij, where 0 = min{1, | fi;|/|Ti; — fi;1}-

e Use f;, instead of f; to compute the Euler forward step. A proper CFL
condition needs to be enforced as mentioned in Theorem 15.

Remark: The positivity-preserving DG scheme in this paper will ensure the
the cell averages of the numerical solutions fj is positive, and fh is positive on the
set of S; ;. However, it does not guarantee that fy, fn will be positive at every
point on the computational domain. For practical purposes, this type of positivity
is enough. A stronger limiter by using Ti; = ming, ek, fn(2,v) can guarantee
that fh is positive on all points in Qp [51]. If one choose to use the strong limiter
with T35 = ming, vexk, ; fn (z,v) at the last time step, one can also recover pointwise
positivity. We also want to remark if this type of limiter is enforced in place of the one
proposed in Theorem 15, then the restriction of using quadratures points to evaluate
the collision term can be completely removed. This is because when f;, is pointwise
positive, the gain term in the collision operator will be positive automatically. Hence,
in the proof, the requirement of A;XfL > 0 is unnecessary. We also remark that
pointwise positivity together with mass conservation will imply L! stability of the
fully-discrete scheme. In spite of the above facts, this limiter is more difficult to
implement for high order schemes in high dimensions, because it requires finding the
minimum values of a function in each cell.

In [52], it is proven that this limiter will not destroy the accuracy of the scheme.
In particular, it only introduces error in the L> norm of order h¥*1. There might be
some small accuracy loss due to the TVD-RK or SSP-RK time discretizations, but
it is not significant and can be overcome by using a SSP multi-step time stepping,
see [52] for details. This limiter keeps the cell average of fy, so it will not destroy
mass conservation. The computational cost induced by the limiter is very small and
the CFL condition is on the same order of the one without the limiter. Because
of the above reasons, to have a physically-relevant solution, the limiters and the
positivity-preserving DG scheme in this section should be used to avoid negative pdf's
especially when the computations of quantities such as entropies are desired. The
implementation of this limiter on non-cartesian meshes is more involved, especially in
terms of the location of quadrature points and the treatment of collision operator. A
recent paper [54] has relevant discussions on this type of issues. We will explore this
aspect in our future work.

6. Numerical Results. We present a numerical implementation and results for
the one-dimensional in physical and velocity space test problem for the relaxation
model (1.5), in a suitable cut-off rectangular domain Qp = D! x D! = [-L, L] x
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[V, V]. In particular, we consider

%+a~Vf:%(Mg(v)p(t,x)—f), (@,0) € Op L € Ry
ft,—L,v)=0, forz=-L, 0<v<YV,
fit,Liv)y=0, forxz=L, -V <v<0, (6.1)
f(t,x,v) =0, forv=+V,-V,z€ D}
f(0,2,0) = fo(z,v),

with constant collision frequency 77! = 1 and # = 1. We take a cut off domain
D! = [-V,V] = [-5, 5], which are sufficiently large to assume homogeneous Dirichlet
boundary conditions for f, since e = 1— fis oo (2, v) = €720 for 0 = 1 and poo (£5) ~
e=25, so setting f(t,z,45) = 0 will not produce any mass loss larger than e for a
quadratically confined potential V' (z), in accordance with the long time behavior of the
solution of the kinetic equation in the whole (x, v)-space. Also D! = [-L, L] = [-5,5].

6.1. Comparison of the traditional RKDG scheme with the positivity-
preserving DG scheme. In this subsection, we will compare the traditional RKDG
scheme with the positivity-preserving DG scheme with special emphasis put on ac-
curacy and positivity of the numerical solution. In particular, we consider (6.1) with
potential V(z) = —2?/2 and initial condition fo = & sin(2?/2)? exp(—(2? + v?)/2),
where s is the normalizing constant, such that va fDT fodxzdv = 1. Because of the
lack of the exact solution, in Table 6.1, we present the difference of DG schemes with
and without the positivity-preserving limiter (not the real errors compared to the
exact solution). The computation is performed under the same number of mesh point
in all directions until the same final state for both methods. We observe the order of
convergence for the difference of two approach is optimal despite the degeneracy of
accuracy for SSP-RK time discretization reported in [52].

TABLE 6.1
The difference of DG schemes with and without the positivity-preserving limiter when using P2
polynomials and third order RK time discretization until T = 0.1. CFL = 0.2

Mesh L' difference | L! order | L™ difference | L> order
25 X 25 1.98E-5 - 1.04E-3 -
50 X 50 1.14E-6 4.11 1.46E-4 2.82
100 X 100 8.95E-8 3.67 2.00E-5 2.87
200 X 200 3.40E-9 4.72 6.63E-7 4.91

In Figure 6.1, we plot for the DG scheme without the limiter, the evolution of
the number of cells with negative cell averages. We have verified that the positivity
preserving DG scheme does not produce any cells with negative averages or cell center
values at any time step after ¢t = 0.

6.2. Comparisons of decay rates to equilibrium, measured by different
entropy functionals. In this subsection, we consider the decay rate of an initial
state to equilibrium. In particular, we consider

Hiog(t) = HlogH M(z,v)dzdv,

Qp

(6.2)
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Fi1G. 6.1. The number of cells (out of 2500 cells) with negative cell averages (left figure) and
negative cell center values (right figure) as a function of time for the traditional DG scheme. The
computation is performed on a 50 X 50 mesh with piecewise quadratic polynomials and third order
Runge-Kutta time stepping.

that measures (what we refer to as) flog f-decay in time and the quadratic H functional

Ho(t) = H? Mdzdv . (6.3)
Qp

Here M is the equilibrium distribution, and H(t,z,v) = fi(t,z,v)/M(z,v) is the
global relative entropy function. We remark that the computation of Hj.g requires the
positivity of the function fy(¢,x,v). This can be guaranteed by using the positivity-
preserving DG schemes coupled with the (k + 1)-th order accurate limiter described
in [51] and below. .

Let Tk = ming ,yex fa(z,v) and compute f(z,v) = 0(fn(z,v) — fx) + [k,
where § = min{1, |fx|/|Tx — fx|}. Then fy(z,v) > 0 everywhere.

Our numerical examples and simulations are computed under the same initial
condition and potential as the previous subsection. In Figure 6.2, we plot the two
decay rates. In Figure 6.3, we show the evolution of pdf towards the equilibrium
distribution.

7. Conclusions. In this paper, we develop a high-order positivity-preserving
DG scheme for linear Vlasov-Boltzmann transport equations (BTE) under the action
of quadratically confined electrostatic potentials. Future work includes generaliza-
tion of the solver to higher dimensions on arbitrary triangulations, and to nonlin-
ear Boltzmann-Poisson system in semiconductor device simulations, especially for
electron-hole transport.
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