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Abstract

In this paper we solve a boundary value problem in a two-dimensional domain Q for a system
of equations of Fluid-Poisson type, that is, a viscous approximation to a potential equation for the
velocity coupled with an ordinary differential equation along the streamlines for the density and a
Poisson equation for the electric field. A particular case of this system is a viscous approximation of
transonic flow models. The general case is a model for semiconductors.

We show existence of a density p, velocity potential ¢, and electric potential & in the bounded
domain (2 that are C'#(§}), C>¢(£2), and W>P(Q)) functions, respectively, such that p, ¢, ®, the speed
[V, and the electric field E = V® are uniformly bounded in the viscous parameter. This is a
necessary step in the existing programs in order to show existence of a solution for the transonic flow
problem. © 1996 John Wiley & Sons, Inc.

1. Presentation of the Model

1.1. The Semiconductor

There are many models for semiconductors. They include the quantum, kinetic,
and fluid-level formulation.

The most accurate is the quantum, in which the particles are represented by
wave functions solving the Schrodinger equations with a Hamiltonian that in-
corporates potentials due to the semiconductor lattice, Coulomb interactions, the
applied bias, and particle-phonon interactions. Although such models have be-
gun to be used for numerical simulations of small parts of the semiconductor
devices where quantum effects are important, up to now it has been impossible to
formulate a model for a complete device at this level.

Then there is the kinetic level of modeling and the application of Monte Carlo
methods at the particle level, where the dynamics of the particles is described
by the evolution of distribution functions for electrons and holes, respectively,
both depending on time, position, and wave vector, where the last belongs to a
periodic lattice in R®. This evolution is dictated by a semiclassical Boltzmann
equation that incorporates the electric field and collision effects. These models
are presented in Markovich and others [30]; lately there have been some analytical
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results regarding existence of solutions for some boundary value problems (see
Poupaud [35]), but these models remain costly as numerical solutions.

Finally, there is the fluid level of modeling. First is the one based on the
drift diffusion equations of parabolic type for the concentration of both carriers
(electrons and holes). These models can be rigorously derived from the kinetic
formulation under the assumption of low electric fields (see Golse and Poupaud
{22]) and have been extensively studied from the mathematical and numerical
point of view (see Jerome [24] and Markowich, Ringhofer, and Schmeiser [30]
and references therein.) They give very good results for components whose typ-
ical length is of the order of a micron, but they do not seem to be valid for
submicron devices or for high electric fields. Therefore, more sophisticated mod-
els have been introduced. They are based on electrohydrodynamic equations (also
called “energy-balanced equations” or “extended drift diffusion models”), which
are intended to take into account high field effects. These models have been ob-
tained by closing the moment equations derived from the Boltzmann equation with
a phenomenological assumption on the distribution function. The distribution is
assumed to be isotropic around its mean velocity (see, for instance, Blotekjaer
[4], Azoff [2], Bringer and Schén [5], and Gnudi, Odeh, and Rudan [21]). Then
fluid equations are obtained with source terms modeling relaxation processes and
electric field effects coupled with the Poisson equation. Some recent numerical
work includes papers by Z. Chen and others [6] in two space dimensions and by
Gardner ([16], [17]), Gardner, Jerome, and Shu [18], and Fatemi and others [10]
in one space dimension.

Analysis addressing issues of existence, uniform bounds, and boundary layer
formation for steady state, one-dimensional transonic models have been studied by
Gamba ([12], [14], [15]). Ascher and others [1] presented a phase plane analysis for
some special models. The isothermal, one-space-dimension, time-dependent in-
viscid problem has recently been analyzed by Marcati and Natalini [28], Poupaud,
Rascle, and Vila [36], and Zhang [40}. In addition, Cordier and others [7] ana-
lyzed traveling waves and jump relations for an Euler-Poisson model in the quasi-
neutral limit. Markowich [29] treated a two-dimensional, steady Euler-Poisson
system in subsonic regimes under a smaliness assumption of the prescribed out-
flow velocity (small boundary current) and under a smallness assumption of the
variation of the velocity relaxation time. Degond and Markowich [8] considered
a three-dimensional, potential inviscid flow model, where they proved existence
and uniqueness results in a bounded domain for small Dirichlet data. Both papers
deal with systems of equations that remain essentially elliptic under assumptions
on the size of either the data or of the parameters under consideration.

The present paper deals with a steady state, two-dimensional fluid-level model
that is an approximation to inviscid potential flow that changes type. Viscosity and
friction are added, and existence of steady solutions is established for geometries
corresponding to semiconductor devices.

Here, we “model a model” by tailoring the steady state electrohydrodynamic
model into a solvable problem. By “solvable” we mean we can establish an
existence theorem for a solution, and the implication of the theorem is that the
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solution can be computed. The “fixed up” model has potential gas flow into certain
semiconductor regimes as a special case, just as potential transonic flow did for
the full fluid equations with small viscous effects.

1.2. Transonic Flow Equations

If no electric field is present, the problem studied is a two-dimensional, steady,
irrotational, compressible flow in a “channel.” Here only viscosity is added. This
problem becomes just a special case of the semiconductor problem.

We begin with the two-dimensional, steady state conservation laws for mass
and momentum and couple them to the Poisson equation for the electric field. The
principal variables are charge density p, velocity u, pressure P, and electric field
V®, where ® is the electric potential. Thus, with x € R? the conservation laws
are

(1.1a) divpu=0
(1.1b) mplii - V)i + VP = qpV -® + F

and the Poisson equation is
(1.2) eAd = glp — C{x)).

The extra parameters m, ¢, and ¢ are, respectively, electron effective mass
(parabolic band approximation, see [4]), the space charge constant, and the di-

electric constant. The vector function F represents forces caused by viscosity or

friction: We will choose F later to give us a solvable set of equations that is as
consistent with the physics as has proved possible and is nowhere at wild variance
with the physical problem. C(x) is the doping profile function and represents the
background charge. It is assumed C(x) is a nonnegative step function.

In the transonic problem, ® = 0 and (1.2) does not appear. The conservation
of energy is replaced by taking the pressure P as a given function of mp, the
mass density. This is consistent with the notion that the disturbances we are
studying are weak. For example—and for simplicity—suppose we consider the
fluid dynamical case with F =0and suppose P = P(p, S) where S is entropy. The
full conservation laws then admit shocks, but a change in entropy across a shock
would be third order in the strength of the shock. Thus we may take P = P(p)
provided third-order errors may be neglected.

1.3. Potential Flow and the Choice of the Viscous-Friction Force Term F

If F = 0, we could look for an irrotational flow, curl@ = 0, so that i = Vo
where ¢ is the potential and reduce the system to conservation of mass, a Bernoulli
law, and Poisson’s equation. An irrotational flow is again consistent with the
neglect of third-order terms. What is more, it is mathematically useful because
the system is reduced to fourth order (second order if ® = 0 and weakly coupled

if ® # 0). Henceforth we assume 4 = Vg and choose F so that we can make a
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similar reduction in order. Then we check the physical consistency of this choice
of F. Thus a preliminary choice would be

F=V¥
(1.3) v

¥ =vAp—Kyp
where v is a coefficient of viscosity and K a coefficient of friction. Then with
u = Vy the momentum equations (1.1b) can be integrated to yield Bernoulli’s
law:

1
§m|V<p|2 +i(p) = —q® + vAp + Ky + const

Here i(p) is the enthalpy; that is, i(p) = I 1’? where
i(p)= 0 if p=0
(1.4) { o) i
i(p) =0 otherwise,

and i'(p) > 0 if p > 0. Furthermore, we assume either P(p) is convex or i"'(p)
and {"’'(p) are nonnegative. We also assume in this paper that the constant X is
independent of v and is adjusted by the data in order to be consistent with the
inviscid problem (i.e., with v = 0).

The first term in F is vpAu, which is the appropriate viscous force, and the
second is T;lmpﬁ, which represents a friction term. The viscous term, with v a
constant coefficient of viscosity, is essentially the same as that of Serrin [37] or
Synge [38]. The friction term is, as in Baccarani and Woderman [3] and Gnudi,
Odeh, and Rudan [21], the momentum density divided by a constant-velocity re-
laxation time 7.

However, we cannot solve the boundary value problem with this choice of F.
To solve the system the viscous term in W, that is, vAyp, must be modified to go to
infinity at zero speed like |V|? and to zero at infinite speed like |Vyp!|?, p = 3.
For similar reasons 7, must become infinite as ¢ — *00. Thus the force term F
is given by

(1.5) F=VV, ¥ =v4Ap — Rp),

where ¢ and % have the desired properties.

The case of interest is low viscosity, v small. It turns out that in our boundary
value problem, [Vy| and ¢ are uniformly bounded. In the range of speed and
potential that occur, 4(JVyp|) ~ 1 (except near zero speed) and H(yp) is linear.
Thus the restrictions on viscous and friction coefficients have little effect on the
physical interpretation of the result.

Using (1.3) for the force term, Bernoulli’s law is found by integrating (1.1b)
and using (1.5):

(1.6) %lV(p|2+i(p)=K+q<1>—(%(<p)+1/§Ago.
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The conservation of mass (1.1a) becomes for potential flow
(1.7a) divpVyp =0.

From (1.1a) it is also possible to define a stream function ¢ whose level curves
describe the particle path at any point and are orthogonal to the corresponding
level curves of the potential flow ¢, that is, with pu = (¢, ¢,),

(1.7b) div(rVy) = 0

where 7 = p~ !

Remark: The transonic gas flow model (d = 0, Z(p) = 0, v = 0) still
remains unsolved. Different methods have been proposed to attack that problem.
Morawetz {31] proposed solving a viscous approximating system and adapted
some techniques developed by DiPerna [9], Murat [33], and Tartar [39] for the
use of compensated compactness in order to obtain a limit that would solve the
inviscid model.

This motivated us to seek a boundary value problem for which we could prove
existence and also establish the conditions that could eventually lead to the exis-
tence of a corresponding limiting solution as the parameter v becomes very small
with respect to the other constants involved in the model, that is, the existence of a
corresponding limiting inviscid solution as proposed by Morawetz [31] in order to
solve the transonic gas flow model. Such a program cannot be carried out without
better bounds than we get for the state variables p and u = Vo (see [32]).

In this paper we focus on the existence of solutions for the “viscous™ potential
fluid-Poisson system (1.6)-(1.7) and (1.2) in “smooth” four-sided domains and
with boundary conditions relevant to the physical problem (to be described later).
We prove existence of a regular solution such that the density and speed are
uniformly bounded in v, away from zero and infinity, and the electric field is also
uniformly bounded in v. Uniform bounds will be discussed in Section 4.

A physically more correct one-dimensional system (1.1}(1.2) was solved in
[12]. There it is proved that the solution p, v, and ® is of uniformly bounded vari-
ation and that there exists a limiting inviscid solution p°, v°, and ®° of bounded
variation such that the convergence from the viscous solution to the inviscid one
is pointwise and in L'(€2). In addition, p° and v* might have admissible shocks,
that is, discontinuities that keep the mass and momentum flux terms as Lipschitz
continuous functions that satisfy the “entropy condition”—that is, the density in-
creases across the discontinuity in the direction of the particle path. In addition,
the possible formation of boundary layers was analyzed in [12] and [14].

Remark: Setting v = 0 in (1.6) we obtain a transonic type of equation for
the inviscid model. Indeed, taking i(p) = K + g® — %p) — 5|Vy|*, defining

¢t = ip)p = j—ﬁ as the local speed of sound, and combining with the flow

equation (1.5), the potential flow function ¢ satisfies the PDE

(c? — mpDpsx — 2mP 0, sy + (2 — mpd)pyy = S(x, 3,0, x. 0y, p, B, VD),
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which is a mixed-type equation for ¢, that is, an elliptic equation for speed values
below cm™'/? and hyperbolic for speed values above cm™!/2,

1.4. Further Conditions

The function R is a Lipschitz function of ¢, and %(yp) is bounded above and
below by constants Ry and R;, respectively. The function & of the “viscous”
term v9 Ay is taken as G = G(|V|) f1(9) where G and G~! are locally Lipschitz
functions and satisfy

(1.8a) PG~ C; >0 ast—0
and
(1.8b) t7'G() = C, >0 ast—oo  and GZ(()) bounded

with 6 = arg(p, — ip,). We point out here that conditions (1.8) are related to the
existence problem as well as the problem of getting uniform bounds. We shall
explain these facts in Sections 2, 3, and 4 in more detail.

However, since we prove that V| is uniformly bounded above by a number
M that depends only on the domain and the data of the boundary value problem
for any v = vy, with vy depending also on the domain and the data of the problem,
a posteriori we get an existence result and upper uniform bounds even if we take
a viscosity that is linear away from stagnation points, that is, by setting

G(IVe|) =1 for0 <k, < |Ve| =M

and extending it smoothly to [0, co] such that growth conditions (1.8a) and (1.8b)
are satisfied. This is desirable for phys1cal reasons.

By equation (1.7a), 1ntroducmg 5, 52 derivative along the streamline,
Y
(1.9) Ap = p” Vo = —(Inp),|Vel|®.

Using (1.9) in (1.6), we obtain from (1.2) and (1.5) the complete system of
equations for ¢, p, and ®. We add the equation in ¢ as a useful convenience.

(1.10a) div(pVp) =0,  div(rVy) =
(1106)  Z{Vel + ilp) + Rlp) — q® — K + vin p),|Vep|? = 0,
(1.10c) AD = a(-C() + p), a= g.

Here 7 = p~!.
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In fact, equation (1.10b) indicates that the density is governed by the history
of the flow on the streamline (it is analogous to upwind differentiation in some
sense).

Remark 1.1.  As in the one-dimensional model, the limiting inviscid solution
may develop discontinuities that will be approximations of rapidly varying profiles
governed by the viscous equations. Such a profile will dictate the nature of the
entropy condition associated with the inviscid flow. In this case one sees from the
one-dimensional model that density increases in the direction of flow if v > 0.

We shall consider first a more general system of equations than (1.10),

(1.11a) div(pVy) = 0,
(1.11b) —u(In p), = f(IVp]*,6,08(p, ¢, ®)),
(1.11¢) Ad = alp - C(x)),

where Qp denotes the squared speed given by Bernoulli’s equation (that is, equa-
tion (1.5) for v = 0) and = arctan %, the directional angle of V¢ taken to be
zero at some point on the inflow boundary.

In Section 2 we formulate a boundary value problem associated with (1.11),
and in Section 3 we shall prove, under certain conditions on f and for sufficiently
small v > 0, the existence of solutions. In particular, for v = m using (1.8), we
obtain the existence of solutions p, , and ® in C'*, C>*, and W>?, respectively.

Furthermore, |Vy| and p are bounded away from zero and, in addition, we
establish bounds for p and ® that are uniform in ». We shall prove that 0 < i(p) =
K™ for all v where K* depends only on the Bernoulli constant K, the bounds for
the function R, the domain 2, and the data of our boundary value problem (the
latter controls sup ®”.) Then Qp takes the value Qg = K —i(p) — R(p) + g®, which
is the square of the speed given by Bernoulli’s law as long as O > 0, and we
shall define Qp for negative values at a later point.

Thus, any solution of system (1.11) with

(1.12) f(IVel*,8,08) = (%valz - QB) (IVel> VD) ' £1(6)

yields a solution of system (1.10).
Finally, in Section 4, if f takes the form (1.12), we establish uniform bounds
for  and |Vy| for the particular case v <« m in an appropriate length scale.
Conclusions about the applications are sketched in Sections 5 and 6. In a
separate publication they will be discussed in more detail.
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2. The Boundary Value Problem, Main Result, and Proof

We consider the Fluid-Poisson system of equations given by (1.11), written as

(2.1a) div(pVy) =0

\Y% v -
(2.1b) —"—p” : |st2 = —u(ln p), = f(I%|.6,Qs)
(2.1¢) A% = alp - C(x))

in a simple connected domain 2 to be specified below. The function ¢ is the
fluid potential, v the corresponding velocity field, p a density function, and ® an
electrostatic potential.

Let

2(K - i(p) — Rlp) + q®)
it K—i(p)— Rlp)+qP=0

(22) Op = R
arctan (;(K - i(p) — Rlp) + q<I>))

ifK—i(p) —Rlp)+qP =0

Thus, Qg is a bounded-below function with all first derivatives locally bounded
that completes the coupling of the equation (2.1c) with the rest of the system.
The function f = f(|Vy|%, 8, Qplp, ¢, ®)) satisfies

(232) f=0iff [Vo|*=Qp and f(IVe|*,6,08) > 0if Oz <0
(2.3b) |71, (tVelf) = C(sup | Qs)
)

(2.3¢) f is locally Lipschitz in each of its variables.

Note that f, defined as in (1.12) with G as in (1.8), satisfies (2.3).
Setting v = 0 in system (2.1), the equation (2.1b) becomes

Vel? .
2.4) '—é”'— +ilp) = K — Rp) + q®
with K the Bernoulli constant. Thus, equation (2.4) is a modified Bernoulli law
and the system (2.1) with v = 0 is referred to as the inviscid problem, which
corresponds to a problem of transonic mixed type.

2.1. About the Domain and Its Conformal Transformation

The domain Q has a C>* boundary with the exception of four points called w;,
i=1,...,4. We assume that the portions of the boundary curves meet at each w;
at an angle of /2. We call

69 = 8,‘9,

PC-
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with 9;Q) the portion of the boundary between w; and w;y, § = 1,2,3, and 0,0
the portion between w4 and w (see Figure 2.1).

Vo-n=0, V&-n=0

p=0
P=Po
P=vy
IVel=g¢
b=y

Ven=0, V&n=0

Figure 2.1. The domain €} and boundary data.

Remark 2.1.  Such a domain has the property that there is a conformal trans-
formation F(z) from 2 to R, where R is a rectangle that is unique up to translations
and dilations such that F(w;) is a corner of R for each i. (In particular, such a
conformal transformation F(z) is shown in the appendix of [13].)

Let F:Q — R be the conformal transformation that takes 2 into a fixed rect-
angle R contained in R%. This is a one-to-one map, and F is a complex analytic
function such that |F,| is smooth up to the boundary of ) and never vanishes.

I

Let x' = F(x) be the real variable transformation associated with the conformal
map F. Now, if |Fy| denotes the the Jacobian of the transformation, then sup, | Fx|
and sup;, |Fx'| are bounded depending only on the domain Q.

A simple calculation shows that equations (2.1) are valid in R where

(2.5) Ve = ViolFi'l, Vyp = VeplFx'l, and Ay = ADIFL'|.
In particular, (2.1) is transformed into
div(p'v') =0
oo = SR VY10 ~ g FL Q')
Av® = alp — Cx)) - |Fyl.
We will drop the ' later on.

I

(2.6) ~vVin p'

2.2. Compatibility Condition on the Data
For R; and Ry, the lower and upper global bounds of the function %(y), and

®y = sup vy + asup|Fx|* supClx)
NN 0 Q
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with v, a, and C(x) given by the boundary value problem for the Poisson equation
(2.1¢) to be specified below and |Fy| the Jacobian of the transformation of  into
a rectangle introduced above, we define

(2.7a) K*=K- R, + q@U
where K is the Bernoulli constant such that it satisfies
(2.7b) K—-Ry+qg® >0,

where
— : _ 2 :—1 *
®.= inf v asup |Fx| (sng(x) +i"(K™)),
and i is the enthalpy function defined in (1.4), so that i ! is a well-defined, nonneg-
ative function and K* the number defined in (2.7a). That is, the numbers K*, &,
and @, are given just in terms of the domain and the data associated with the
boundary value problem for system (2.1) and are independent of v. In particular,

0<K-Ry+q® <K—RL+q(I)U=K*.

We shall prove that sup, O = K* for the function Qp defined in (2.2), as
we prove first that the electric potential ® is bounded above by ®;. Then, after
showing that any solution p of system (2.1) is positive and bounded above by
i"Y(K*) for the K* defined in (2.7a), it follows that ® is bounded below by &; .

Remark 2.2. This compatibility condition is fundamental in order to obtain
a uniform bound for the speed |V¢”| in the parameter v.

For the viscous approximation to the transonic flow model, K = K* is the

value read “upstream” by presetting a density po and speed |vy| at the boundary

region 9,1}, so that K = |_v;_|2 + i(pg) > 0. For the semiconductor model, the

Bernoulli constant X can be taken as

m .
K = —ilvOIZ + l(p()) +RU _qq)L,

and then (2.7b) is satisfied.
2.3. About the Boundary Data

The potential flow function ¢ satisfies on the boundary of €2, the domain de-
scribed above,

(28a) ¢=00n3Qand Vyp-n | a,n(“’l) < 0 (inflow condition),
(2.8b) ¢ =0 on 8,0 U 9,0 (walls are streamlines),

on
(2.8¢c) |Ve| = g(x) on &:92.
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The function g(x) is C'** in ;9 and satisfies 0 < g*(x) < K — Ry + q®, — 6, with
6 a positive number, and n denotes the outer unit normal to 9.
The density p is prescribed on 8¢},

29) ploo =r isaC"*(9 Q)-function such that
' 0<ilr)<K—Ry+qyl|yq=K"

In fact, we see that equation (2.1b) is an ODE along the particle path, and the
problem is well-posed if initial conditions are prescribed for p on all the boundary

points where V-n < 0. In particular, the condition f.)di: = 0 on 0,200, indicates
that the boundary sections 9,2 and 8,442 coincide with particle paths, and we shall
see that Vo - n < 0 on 8,12 and on some regions, but not all, of 9;1).

We shall construct and solve a modified version of (2.1b) in an extended domain
such that its solution will coincide with a solution of (2.1b) and initial data (2.9)
on all the particle paths that start on 0,€2. At the end of this section we sketch

the steps we follow in our proof.

The final boundary condition is: The electric potential ® satisfies a Dirichlet-
Neumann condition that we formulate as

(2.10) B(®) =19+ 6,V®-n—y=0 ondN.

We shall assume that B(®) on 99 allows for a solution & € W22(Q) for all
p 2 1; that is, B(®) is a boundary operator that admits the maximum principle.
For simplicity, we consider 8, = 0 on 8,2 U 930 and 8; = 1 on 90\ ;2 U 6,0
and 8y = 0and ¥y = 0 on 9,2U 940 and B, = 1 on N\ 9,2 U 8,0. Finally, we
take the data y to be a C>*(9,Q U 9;0)-function.

2.4. More About the Function f

Properties (2.3) will be sufficient to show existence of strong solutions as well
as uniform bounds in v for p” and for . Nevertheless, one of our goals is to
show uniform bounds in v for the speed; that is, the solution (p*,¢") of (2.1)
satisfying |Vy”| is uniformly bounded in v. In order to obtain these uniform
bounds, we need to require more conditions on f(|V|2,8,Qg), where now we
take f as in (1.12).

PROPERTY A. For f(|Vp|%6,05) = (IVe|? — 05) (IVe2G(1Ve)) ™ £1(6) with
G a positive function satisfying (1.8), Qg deﬁned as in (2.2), and f\(9) positive
bounded away from the zero function, the following properties hold:

(21 la) QB(09 ©, (I)) - QB(P’ ©, ) = 0

(leb) QB(O’ ¥, (D) - QB(P’ ©, ) + &p >0

2.11c) |Vo|f—-C>0 and |Vgo|3f,W[2 bounded as |Vyp| - .
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Property A will provide a sufficient condition for a v-uniform estimate of | V" |
for v sufficiently small provided that Q5(0, ¢, ®) is uniformly bounded away from
zero in §) (achieved by using a modification of a lemma due to Morawetz [31]).
In fact, the compatibility condition (2.7b) yields Qp(0, p, ®) = K — Z(p) + q® >
K — Ry + q®, > 0. For the given boundary value problem, we shall prove the
estimate

1.y SUPq |Fx| O
4 < = O + 2 T Q
V"] < (sup q 98(0,9,®) + cv ) infq | Fyl "

for v = vy, where ¢ and vy depend on the domain and the data of the boundary
value problem.

Remark 2.3. It is easy to see that for an adiabatic gas law with i(p) =
ﬁ p? 1 2 0,1 < y < 2, the conditions (2.3) hold so that the viscous solu-

tion (p, ¢, ®) satisfies Qs(p, v, ®) = 2(K — i(p) — R(p) + q®).
In addition, Property A is satisfied. Indeed, condition (2.11a) is equivalent to
i(p) = 0. Condition (2.11b) is
“Yoriz0 iffl<y<2.
Y

2 (i(o) - i (plp) = X422
m m'1-—

Condition (2.11c¢) is satisfied if G satisfies the growth conditions stated in (1.8b).

Remark 2.4. 'We point out that in order to get the existence of a solution to the
boundary value problem (2.1)2.10), we need only that f satisfies the properties
listed under (2.3). In particular, if f takes the form (1.12) and G satisfies (1.8a) and
(1.8b), then the growth condition (2.3b) is satisfied even if we relax the positivity
condition on the constant C, in (1.8b). However, to obtain a uniform bound for
the speed, we need for f given by (1.12) the growth condition given by (2.11c).
This growth condition is a consequence of the growth condition (1.8b) for G and
its derivative. In particular, the positivity of the constant C; becomes crucial for
the v-uniform property of the bound.

For example, if f is taken to be

[1O(Vel* — Q)

2 —

s = lnffl(0)>0’
Q

5 ?
then f takes the form (1.12) with G(|Vy|) = %‘I’zﬁ where f, has Lipschitz
derivatives.

It is important to point out that this f satisfies (2.3) if s = % while this choice

of G satisfies the growth conditions (1.8b) exactly for s = %
However, we prove that | V| is uniformly bounded above by a number M that
depends only on the domain and the data of the boundary value problem for a

v = v, with vy depending also on the domain and the data of the problem. Then,
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a posteriori we get an existence result and uniform bounds for linear viscosity
away from stagnation points. In other words, we can set G to be

G(Vpl) =1 for0<k, < |Vy| = M?

and then extend G smoothly to [0, oo] such that growth conditions (1.8a) and (1.8b)
are satisfied.
2.5. About New Variables

Due to the irrotationality of the two-dimensional steady flow, we have a po-
tential flow function ¢ and, as we saw in (1.7b), a stream function ¢ given by

(2.13) Vo=@uv), V¢=_(-pv,pu).

Thus we may rewrite equation (2.1a) as

(2.14) div(pVp) =0, div(7Vy) = 0, T=pt.

It is frequently helpful to use the following representation of (2.13):

do+irdy =wdz,
w=e" dz=dx+idy.

A computation shows that the flow equation (2.14) is transformed into the
system

~8,=0
(2.15) %
o, + 0, =T,

where ¢ = log|Vy| and 6 = arctan , the directional angle of V¢ taken to be

zero at some point on the inflow boundary 0:1. Note that (2.14) holds for all
definitions of p = 77!, not just one satisfying (2.1b).

We show in the following sections the existence of solutions of the boundary
value problem described above for the system (2.1). We obtain the following
theorem:

THEOREM 2.5. There exists a solution (p*,¢",®") in C"*(Q) X C>*(Q) x
W2P(Q)) of the boundary value problem of (2.1) with the boundary conditions (2.8)~
(2.10) and with the conditions on the domain and the given function as described
above. This solution has the following properties for sufficiently small v:

l|/\

(2.16a) 0<k, =|Vy'|=K, O0s¢'=K
(2.16b) 0<l,=p =L*

(2.16¢) |®], |VD| = M"
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for any v = vy, with K, L*, and M* constants independent of v.

2.6. About the Strategy of the Proof

The strategy for proving the theorem is to iterate on each equation and to
have enough a priori estimates in an appropriate functional space so that we can
construct a nonlinear compact mapping from a Banach space into itself which
admits a fixed point that represents the desired solution. We actually use the
Leray-Schauder fixed point theorem using degree theory because we have a non-
convex domain in the Banach space. (We could avoid degree theory if, in (2.12),
f1(6) = 1, but it is our intention to use f(#) = 1 in some future work.)

Due to the nature of equation (2.1b), we need to have robust enough bounds
to keep p positive and bounded throughout the construction of the compact map.
These bounds will be obtained from the properties (2.2) of the function f as well
from coupling with equation (2.1a). Actually, it is the coupling of the first two
equations that will improve the regularity in the construction of the map, so that
compactness is obtained.

From now on, in order to prove existence, we work with system (2.6) where for
convenience we drop the ' and assume €2 to be a rectangle. Note f now depends
on x.

2.7. The Steps of the Proof

The steps to follow are: Give (pg, p) in C*(Q) X C(£}) such that pyls,0
is a C-function along the curve 9,Q and |Vyo| > k > 0. Define 6, as the
directional angle of Vy minus arg F, with respect to the inflow boundary; that
is, By = arg(«pox + iSDO_y - Fz) and 6y = 0 on 0,1).

For K* as defined in (2.7a) and for L* = i"'(K*), let

0 ifpp=0
- L* . *
Po=po" =3 po ifO=pp=L
L* if L™ = pg

Step 1. Solve

_ -~ 2
2.17) { A® = alpy — Cx))|Fy|

B(®) =0 ondQ

where B(®) is the transform of B(®) given in (2.10), and C(x) is a bounded and
measurable function (usually assumed discontinuous). Thus:

LEMMA 2.6.  The solution ® of (2.7) is W>P(Q) for all p = 1, and, in particular,
® is CH(Q) for 0 < a < 1. The regularity on the boundary depends on B(®)
on 9L
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The solution ® is regular up to the boundary of §), so thar ® € W>P(Q)) C
Ch (). In addition,

(2.18a) |®][,. =C (||ﬁ0||6“((2) + sup |‘I)|)
0

(2.18b) ®; = infy — asup |[Fy|? (m_axC(x) + supﬁo) =
Q @ Q

= supy +asup IF,‘IZmS_?xC(x) =®y
0

(2.18¢) IV®| = &y + & + [lyllctwn | Fllcron

where C depends on §) and on the boundary data.

Step 2. For the given pair (3, @o), a parameter 7, 0 = ¢ = 1, and ® a solution
of (2.18), we solve

(2.19) vAg = Vo - Voot f((IFx| [V ), 80, Qslpo, o, @) = —Vi -h

with the prescribed data given by the transformed (2.8) data by the conformal map
F.

LEMMA 2.7. There exists for each t a unique solution p, € C**(Q) of the
boundary value problem (2.19) and the transformed data associated with (2.8)
such that

(2.20a) o llc@y = ¢ K®IF (K, CK™))
o1l = & KCKIF, (K, CK™),

(2.20b) llgollcre + lBollcey) »

and

(2.21) 0 < ke v 'KCKD < |yy, | = Ko™ KCKD)

uniformly in t, where the functions F| and F, are locally bounded and F, has
linear growth in its third component, and the constants k and K depend on 2, &,
and ®y from (2.18b), the boundary data, the Lipschitz norms of R and G, and the
conformal transformation from Q into a fixed rectangle. The constant C depends
on the bounds for f in (2.3). Moreover,

lIA
A

_I?u w1 I?u

where K, is proportional to the diameter of ) times the upper bound of |V, |.
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This lemma has been already proven (see [13]), where it is shown that the
transformation of the data (2.8) by a one-to-one conformal map preserves the
structure of the (2.8) boundary data.

In addition, Vg, - n|s,q < 0. However, because the boundary 932 might not
satisfy Vo - n|g,q > 0 at all points, it is not necessarily an “outflow” boundary.
In fact, there may be points a; € 8582 where Vo, - n|s,nla;) = 0. This possible
configuration arises from the choice of the boundary data on 8;Q) when |Vo|
is prescribed. In particular, the particle path that contains g;, that is, the curve
orthogonal to the level curve of ¢, at g;, becomes tangential to the boundary
section 93}, where a; is the contact point.

Therefore, if the contact between the particle path and 952 is of first order,
the C**-regularity of ¢, yields the existence of a subregion 93 € 05§ where

Vo -nlog;, <0.

This circumstance will force us to modify the boundary value problem for the
ODE defined for the density along the particle path given by the differentiable
characteristic field V|, because we must prescribe data on 9Q3. This leads us to
the following:

Step 3. In order to insure that the solution of the modified ODE along the
particle path defined by an extension of Vi, to an extended rectangular domain of
¥ is a well-posed problem, we shall define 2¢. Consider a “one-sided” extension
of Q given by

QDN with 0, = 9,0, Q C Q°, i=2,4,

such that Q°\Q is a smaller rectangle.

LEMMA 2.8. There exists an extension of Vi as a C"*-function, denoted
b= (b1, by), deﬁned in Q¢ such that b - nlo,oc > 0 and satisfying the following
properties: b= Vo, in §, b € C'(§) with “b“clu(gt’) = k||<p1||CZa(Q), where
k is a constant that depends on k, and K, from (2.21), and b- nla,ocusne = 0,
b- nlg,0r > 0, and b nlo,qc < 0. (In Section 3 we write b explicitly.)

The angle 6} is the directional angle of b — arg F, in Q¢, and b defines in
a characteristic field whose characteristic curves do not close. The last property
is obtained by using the complex representation of Vi, in the convex set ) but
taking the continuous complex logarithm associated with v = ¢, — ip;, and
extending v to b = b, + ib, to a convex domain 2, where b has a continuous
logarithm.

We shall also obtain an estimate of the smoothness of b and log b, which we
postpone until Section 3.

Step 4. Next, let b be the C*({)-vector field from the lemma of Step 3,
® the solution of problem (2.17), and ®¢ a C'*-extension of ® to QF, |Fy| the
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Jacobian of the domain transformation, and |Fy|¢ a C>“-extension to ¢, and 6
the directional angle of the field b — arg F,.

LEMMA 2.9.  There exists a solution p| of the ODE (2.1b) along the char-
acteristic path in Q¢ with initial data given by (2.9) for the given differentiable

characteristic field b € C'*(¥¥) constructed in Step 3, Lemma 2.8, depending on
the parameter t as in (2.19) and for a function f that satisfies property (2.3). That
is,

lnpl =h
. .
222) Vh-b = —%zf((wﬂbnz, 6°, Qp(". exp b, 27))

pilaq = po €C',

where ¢ and ®, are the C>*(Q)- and C'*(Q¥)-extensions of \ and ®y, respec-
tively, such that their norms are preserved in C™*(Q), m = 1,2, respectively.

The function p, C C“*(¥). Also, p, is C**(Q¥) along the “particle” path
defined by the characteristic field b. The following estimates also hold:

(2.23a)
loillcew = llprlleee)
=X (v, K, CK*), llpollcoray + lpoll oo,
o licta@ + 1@lcen)
(2.23b)
lotlicte@ = llp1llerage
= Ho(v, K, CK*), llpolicre@ + llpollc@y»
o1l ey, + 1@l cren)
and
(2.24) O<l,=p =L =i"K*) inQ°,

uniformly in t, where K is a constant depending on the domain, the data, and the
Lipschitz norms of Qg and Fy from (2.6). In addition, #, and #, are smooth
functions and #, has linear growth in its fourth component. The lower bound
1, depends on the bounds K » of @1 and the initial data, and the upper bound L”
depends on the domain and on the data of the boundary value problem but is
independent of v and pq.

Step 5. Here we use the Leray-Schauder fixed point theorem for nonconvex
domain using degree theory. The proof of this theorem can be found in Leray and
Schauder [26].
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THEOREM 2.10. (LERAY-SCHAUDER, 1934) LetT, 0 =t = 1, be a continuous
compact mapping from a nonconvex set U of the Banach space & into itself, and
suppose there exists a constant M independent of t such that

lullg =M, 0=t=1,

Sor all u € U satisfying (I — T,)u = 0 such that

(i) there is a ug € U that satisfies uy — Toup = 0 and

(ii) T, is homotopic to Ty under a compact homotopy with no fixed points on 8U
forall 0 <t =1.

Then T, has a fixed point in U.

In order to apply this theorem, we take % = CH) X C" (). Let Upg4 1., be
the open set in & given by

Unmireo = o, 0) € B: (o, 0)la =M + 1, |Vl > cop2}.

Take a mapping T,:[0,1] X % — % defined the following way: Given (w,u) €
Urt 1.6, We first solve (2.17) for w given, and we find the unique & € W27({})
that satisfies estimates (2.18). (Set pp = w* in Step 1.)

Next, we solve (2.19) with w*L", u, and ® from above, and we find a unique
¢ € C**(()) that satisfies estimates (2.20) and (2.21). (Set 5o = w=" and @y = u
in Step 2.)

Next, let b be a C'*(Q2¢)-vector field from Step 3, ® the solution of problem
(2.17), and ®° a C'*-extension of ® to ¢, |Fy| the Jacobian of the domain trans-
formation, and |Fy|® a C>*-extension to ¢, and 6 the directional angle of the
field b minus the argument of F,.

Finally, we get a function p that solves (2.22) and satisfies estimates (2.23) and
(2.24). We define (p, ) = T{w,u), 0 = ¢t = 1. We shall prove the following in
Section 3:

LEMMA 2.11. Estimates (2.18), (2.201H2.21), and (2.23)-(2.24) imply the a
priori estimate

(2.25) lollca@ + llollcre@ = #1 (v, K,C(K™,L"))
and
(2.26)  llpllce@ + llplica@ = X2 (v, K,C(K*,L*), lIwlice@y + llullcra@)

uniformly int, 0 =t = 1, and L* = i"'(K*) with K*, as defined in (2.7a),
independent of w and u.

From (2.25) and (2.26) it follows that T, maps bounded sets of %1, =
Un+1.6, N (C*HQ) X C*(£)) into bounded sets of Ups+1, N (C*(Q) X C1#(K))
independently of ¢, where the latter one is precompact in %p+1,. Thus:
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LEMMA 2.12. T, is a compact operator.
Moreover, the estimates of the lemmas in Steps 1 to 4 yield the following:
LEMMA 2.13.
(227) IAllceoy =M, Nollcwy =M, and |Vo| >k,

if (6,9) = T:(5,9), 0 =t = 1, with M independent of , p, and 1. In particular,
T, is a compact homotopy with no fixed points on 0%y 14, -

Finally, we show the following:
LEMMA 2.14. T, is a continuous operator in B.

Therefore by the Leray-Schauder theorem, T'| has a fixed point (p, ) € Upr14,
N CL2(§) x C2(£Y); that is, there is a ® € W2P(Q) C C*(€) such that p, ¢, and ®
solve the boundary value problem (2.6) in a rectangular domain {2, with boundary
data given by the conformally transformed data (2.8), (2.9), and (2.10) by F.

Thus, (p(F~1), o(F~"), ®(F~")) € CH()xC**()x W2P(Q) solves the bound-
ary value problem (2.1) with the data (2.8), (2.9), and (2.10) in the original domain,
and Theorem 2.5 is proved except for determining that some of the bounds are
independent of v.

2.8. v-Uniform Bounds for the Speed in the Original Domain 2

Using the transformed equations (2.15) for state variables (0”,6") in the
(¢”, ¢")-space in the domain  and using the conditions (2.11) on f, we shall
prove a generalization of a lemma due to Morawetz [31] and obtain the estimate
for the speed of the flow.

THEOREM 2.15. The solution ¢ of Theorem 2.5 satisfies

= |F |
» et supg, |Fx
0 < |V‘p| = (QB(O? So’ Q) CUZ) lnfﬁ IFxl

(2.28)

- F -
= (K" +cu%)%||?:—‘| in Q for v < vy,

where v and the constant ¢ depend on K* and L* = i"'(K*). The constant K*,
defined in (2.7a), depends on the Bernoulli constant K (i.e., the stagnation enthalpy
constant) and on the domain and the data of the boundary value problem.

We note here that in the transonic flow model L* = p*, the stagnation density,
and Qg(0, p, ®) = 2K is the square of the cavitation velocity given by Bernoulli’s
law.
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2.9. Convergence as v — 0

Let us denote the dependence on v by a superscript, thus ¢”. Theorem 2.15
implies that there exists a subsequence of " that converges. It is not hard to
show that p” is uniformly bounded. This fact implies that there exists a conver-
gent subsequence of ¢” and thus we can say {o”, ¥} — {©° ¢°}. However, to
prove that the limit {, $/°} represents a weak solution of the limiting equations
requires better convergence. It could be arrived at via the theory of compensated
compactness (see [32]) if the flow angle # was bounded independent of v, if the
speed was uniformly bounded away from zero and the cavitation speed, and if
|1Ve”| — V05| — 0.

The first two conditions are certainly satisfied physically in many situations.
They probably could be satisfied here by adjusting the viscous term f artificially.

We note here the following about the assumption of the limit of the boundary
conditions: The conditions iy = const and ¢ = const will be assumed because of
the uniform bounds on the derivatives. It is not clear what happens to |V| on
093 or p on 0f).

2.10. Possible New Directions

First, one might prove existence of steady state viscous-friction solutions in
three dimensions. In principle, the methods could carry over and similar estimates
for use in a fixed point theorem derived. Here there are no longer infinite entropy
pairs for the inviscid case, and it is very unlikely that one can use the method of
compensated compactness even by assuming some extra estimates.

Second, one could try to study steady state Navier-Stokes equations or their
analogue from the same point of view. Here there would be a complication from
the new boundary conditions, and it is not at all evident that the equations could
be separated into such simple systems as we have here for p and ¢.

3. Existence of a Solution

In this section we develop in detail the steps outlined in the preceding section.
Here we assume that 2 is a rectangle conformally transformed from the original
domain.

Let % be the Banach space given by C*(2) X C'*(12). Let %+ 1., be the open
set in & given by

Unmsre, = o, 0) € B: (o, )iz =M + 1, |Vo| > conlt.

Since our goal is to construct a compact, continuous map 7, from [0, 11X%y1+1.¢c, C
[0,1] X # into &, we let ¢ be a parameter in [0, 1] and (py, p9) € ¥m+1c, be
such that po coincides with a C*-function along the curve 0,Q, gy = ko =
const on 9;§). We follow the steps drafted in Section 2 and prove the lemmas
given without proof there. As we defined there, for K* defined as in (2.7a) and
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for L* =i Y (K*), let

0 ifpy=0

- Lt . N

Po=po =4 p fOSpsL
L* ifL*ép()

and ||5ollce@ = Cllpollce(y, with C depending on the function i.

Step 1: Solving for the Electric Potential ®. For the given gy € C*()) from
above, we solve

-1 —(_ ~ 2
(3.1) {a A® = (—C(x) + po)|Fy|

B@®) =p4®+pHV®-n—5=0 ondQ

where C(x) is a bounded, measurable function and the boundary data are trans-
formed from (2.10) under the conformal map F.

Problem (3.1) is a classical elliptic boundary value problem that admits a max-
imum principle for which Lemma 2.6 holds. We rephrase and prove Lemma 2.6
as follows:

LEMMA 3.1.  There exists a unique solution ® of problem (3.1) in W27(Q) for
all p z 1, and the following estimate holds:

(3.2a) I®lict=@ = Cll@llwar@) = aC {Ilﬁolloo,() + sup |¢|}
Q

where C depends on ) and the boundary data. In addition, the following estimates
hold:

sup® = supy + asup |Fx|? max C(x)
a9 a )
= &y (v,Cx))

(3.2b) inf ® = inf y — a sup |Fy|? (m_axC(x) + SUPﬁo)
a0 Q 2 Q
= ®.(y,C(x),i "(K*))

[V®| = &y + & + I lcreway i Fllcon) -

Note that (3.2b) can be used in (3.2a).

Proof: The existence and uniqueness of ® and estimate (3.2a) are given by
standard elliptic results (see, for instance, Gilbarg and Trudinger [19]) for the
boundary value problem (3.1). We show that estimate (3.2b) is obtained by con-
structing appropriate super- and subsolutions.
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In fact, the upper bound is obtained by constructing a supersolution indepen-

dent of p. Let w be a solution of a ™' Aw = —C(x)|F|? in Q, I,;’Ev-/)lf-)g = B(®)|yq.
Since gy > 0, we have

a'Aw < (~C(x) + p§ } |Fx|? = a”'AD.

Using the maximum principle for elliptic problems with mixed data, it follows
that ® = w = maxpw = ®y in (, where &y = supy + @ maxg C(x) supg, |Fx|?.
Similarly, in order to get a lower bound for @, let w be the solution of Aw =
(—C(x) + maxgy ﬁ()) supq |Fx|2 in  with B(W)l,‘m = B(‘I’)lag). Then Aw = A® in
Q.
By the maximum principle, ® = w =Z minw = &, > —o¢ in ), where

&, =infy—a (m_axC(x) + max ﬁo) sup |Fy 2.
) 0 o
The estimate for the gradient follows from the maximum-infimum norms for @,
yielding
|V®| = C(®y + @, + lyllcron)

where C depends on the domain.
In particular, (3.2b) holds.

Step 2: Existence of a Potential Flow Function. Let (py, pp) in %umc, be
given such that |[Vyg| > k > 0. Let 6y denote the directional angle of Vg
in Q) with respect to the inflow boundary 9,9. That is, fyls,o = O and 6y =
arg(po, + iwy, — F,) defined locally as a unique continuation of a C'*-function
in small enough neighborhoods. Since |Vyg| > k > 0, then Q can be covered
by a finite number of neighborhoods depending on k, where 6, will be uniquely
defined. .

We define h = (h), hy) as

(3.3) h = tf ((|Fx| [Veol) 80, Qs(Bo, 00, ®)) Vipo
with ® the solution of (3.1).
The function Qp, defined as in (2.2), satisfies

(34) —g = Qg(ﬁo, ©0, (P) =K- II_lfR((bo) + qSllp‘I) =K —-R; + q<I>U =K"*
Q Q

with K* as defined in (2.7a), which depends only on the data of the boundary
value problem.
Then, if f satisfies property (2.3b),

35) k| = |Fx, [Vpol, 0o, 00, 5o, ®)| = tKC(K™) = KC(K*)



VISCOUS APPROXIMATION FOR TRANSONIC FLOW 1021

uniformly in ¢, 0 = ¢ = 1, where # is given by (3.3) and each component of #
is a Lipschitz continuous function in each of its variables and is a C*({))-vector
function. In addition, C(K*) is a smooth function of K*, and here K is a constant
that depends on the domain and on the growth conditions (1.8) for the function

G.

The following theorem, which yields the lemma of Step 2, solves an elliptic
problem with prescribed speed in a section of the boundary.

THEOREM 3.2. Given h as in (3.3), there exists a unique ¢, € C**()) that
solves

Apy = ,l,V‘Pl -h

w1 =00n 8,2 and Vo, -nlyaw)) <0

(inflow condition)

(3.6)
Vor-n=0 ondU Yy

(n being the exterior normal)

Vi = gx)|Fx|™ on ;0

where g(x) on 8;Q satisfies (2.8). Moreover, the solution ¢, satisfies the following
estimates:

(3.7a) lloi ll et
= ¢ KCEIE, (K, CK*), llpolicor@ + Nl pollcoy)
(3.7b) llor lc2ey

= ¢ KCEIR (K, CK™), loollcrem + Il Follcwa)
(3.7¢) llargpy, +ipy, llc=y

1 ) )
= - (K + F3(K, CK*), llgollcm@ + llpollcoey))

(3.7d) llarg o1, +ioy llcre@)

1 . .
= > (K + F4(K, CK*), llpollcre@ + NBollce@))

where the F;, i = 1,2,3,4, are smooth, and F, and F4 have linear growth in their
third component. The number K depends on g(x), , the data of the problem, and
the Lipschitz norms of R and G.

In addition, we have the L™-bounds for |V¢,| and ¢, given by the estimates

(3.82) 0 < ke 'KCK) < || < KerKOK)
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where K and k depend on Q, g(x), and C as above. Moreover,
(3.8b) —Ke ' E) < ) < K e’ 'KCE™)
where K| depends on the diameter of ).

Proof: The proof of this theorem is a direct application of a theorem in a
slightly more general form proved by the first author (see [13]). It is shown there

that if & = (), hy) is a C*(Q)-vector function for §2, a domain of the kind described
in Section 2, then there exists a unique solution of the problem (3.6) that satisfies

(3.9a)
lorllcra@y = Ke KMl<a(1 + ||h]loo )

(3.9b)

“1ENAl - -
lpillcre = Kev™ KItla

(Nl o lllloo + 1+ IRIZ, 5) (1 + Nlloogs)

where K depends on 2 and g(x). Moreover, the following bounds hold for [V, |
and ("4

(3.10) 0 <k, = ke 'Klil= < |y, | = Ke Kl
and
(3.11) -K, =9, =K,

where k and K depend on g(x) and 2. K, depends on the diameter of 2 times the
upper bound of |V,|.

Thus, using (3.3) and (3.5), & can be estimated by

Al = {S‘_IP 1t 11IVeolice@ + sup [ Vepol ||tf||ca(s‘z)}
Q Q

(3.12) = CK")IVepollcry + sup [Vigol (10 o llwollcre
Q

+ K (llgolic@ + N8ollc=@y + I @llcray)) -

uniformly in ¢, 0 = ¢ = 1, and K depending on the Lipschitz norm of Qp, that
is, on the Lipschitz norm of i, R, f, and G as well as on the constant g and the
domain €.
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Because 8, can be represented as 6y = arg(py, — ivo, — F), then

[Bollce@y = ¢ (Sl_lp |V<P0|> lollcre@ + 1Fllcra@
)

where 9 is a smooth function of its argument.
Let B = C(K*); from (3.9b), (3.2a), and (3.2b), we can estimate the C>*-norm
of ¢, as

ll1 “C“(Q)

= ke 'KB(1 +B)[K +B%*+ (B + sup | Vo| + ¢ sup |V<Po|))
9) Q

- Bsup [Vpo Xl pollcreey + IIﬁollca(m)]
Q

where K now depends on the domain 2 and the boundary data.

Since o was assumed to satisfy supg |Vipo| < Ke* K2, we have obtained the
estimate
o1l c2e@y
= Ke '¥B(1 + B)[l +B+ (B +Y(Ke '¥B) + Ke”"KB)
(3.13)

K¢ (llpollcw@ + lfollewa) |
= ¢ KCKOF (K, B, llgollcrew + | Aollcen)
where F| is smooth and has linear growth in its third component. Then (3.7b)
holds. In addition, by using estimate (3.9a), estimate (3.7a) can be obtained in a
similar manner.

In order to obtain estimates (3.7c)3.7d) for arg(y;, — ip1,), where ¢, is the
unique solution with nonvanishing gradient of problem (3.6), we make use of the
estimates obtained in [13] for representing the solution as ), —ip|, = f(z)er@+®@
with f(z) a nonvanishing holomorphic function in { that satisfies the boundary data
and b(z) is the imaginary part of the exponential argument of the Bers-Nirenberg
representation of the solution for V.

It is shown in [13] that for h = L f(IFy| | Vo], 60, 08) Vo
bl = S Fa(K, [l Al o)
bl = > (K, lhllc)
and

llarg f@)licre@ =

< | X
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where F3 and Fj are smooth, F4 has linear growth in its last component, and XK,
depends on the domain and the boundary data. Therefore, (3.7¢) and (3.7d) hold

when 4 is estimated as in (3.12).

Since Vi, never vanishes in Q and V-7 = 0 on 8,9, where 7 is the tangential
unit vector, ¢ increases along the orthogonal to its level curves in the direction of
Vi. Thus, if at the boundary point w; the condition Ve, - n|yo(w;) < 0 holds,
then the flow is “entering” the domain throughout that wall, that is, Vo, -9 <0
on 819 Therefore ¢ > 0 in a neighborhood of 9,12, so that 9,2 is an “inflow”
boundary.

On the other hand, prescribing the speed, as we do on 05f2, does not say
anything about the direction of the flow. Thus, there might exist a set §;§)' € 9:Q
where the solution of problem (3.6) satisfies Vi, - n|s,or < 0, and hence ;0
might not be an outflow boundary.

Step 3: Extending the Field Vy; to a Nonvanishing Field Having an Out-
flow Boundary. We now prove the extension lemma of Step 3, Lemma 2.8, as
described in Section 2.

Let ¢, to be the unique solution of problem (3.6) in the convex domain ().
Then ¢, € C>*()), Vi, never vanishes in Q, p; = @y = const, and Vg, -n < 0
on d;€).

Using complex representation of the two-dimensional space, we set v = ¢, —
ip1y. Since [v] >k, > 0, then v has a continuous complex logarithm u = log v =
log [Vl + arg(e), — ipy,) (or v = ¢€).

We extend u to QF, the extended set of 2, as follows: Let ;9 C {x = 0} axis.
The function i defined in Q° by

u(x, y) if (x,y) € Q

() { a1u0,y) + aru(—x,y) + azu(=2x,y) if (x,y) € Q°\Q
is C*(Q¥) for a;, = 2, a, = —3, and a3 = 1 fixed constants.

In fact, for that choice of the a;’s, the function ii is C? in the x-direction across
0382 and C'* in the y-direction all over Q°. The C'*-regularity in Q°\( is inherited
from u in C'*(Q)) because the extension involves only a linear combination of
dilations of u in . In addition,

lillcra@e) = Cllullcray

(3.14a) .
= Clllog [V lllcre@ + | argler, — ior Hlcrag
and
it|lcx@ey = Cllullc«q
(3.14b) Wil ooy lullc=c

= Clllog|Verlllcu@ + largler, — i1 )llc=@

3
where C = ) |a;| = 6.

i=1
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Therefore, gathering this estimate along with (3.7) estimates for | and 6,
yields

il creiery = Cllullcray

(3.15a) 1 . -
= ;5;1(1(, C(K™), llpollcragn + Nl Follc=n)
and
1
(3.15b) litll ey = Cllullew@ = ;ﬁz(K,C(K*))

where # | and % are smooth, % | has linear growth in the third component, and
K depends on the domain and the boundary data.

Next, we take a cutoff, real-valued function ¢ such that £ is C* in Q¢, 0 =
¢ =1, with £ = 1 in Q and ¢ = 0 in a neighborhood of 3:Q¢. Then we set

(3.15¢) V==Er in QF.
We define
(3.15d) b=b +iby=¢€" or ¥=logh.

Then 7 is a well-defined, continuous logarithm and |b| # 0. In addition, ¥ inherits
the regularity of &i. That is, estimates (3.15a) and (§.15b) hold for ¥ as well as i.
Also, if we take the supp¢ in Q¢ very close to (2, then

ky

Moreover, since ¥ = 0 implies b = 1 in a neighborhood of 8¢, then (b;,b,) -
nlgac > 0. This is a very important property that will yield the existence of a
global solution p; of a first-order, quasi-linear boundary value problem.

Finally, we need to show that the vector field b = (b, b,) satisfies
1Bl creqey = € KCKIVF (K, CK*), llollcre + llFollcey)
[1Bllcer) = € KCKVF (K, CK*), llollcor@y + | Follcogy) -
Indeed,

'R (cos(Im ) + i sin(Im 7))

g(©)e! ke (cos(Im i) + i sin(Im &)).

b=by +ib

Therefore, taking the C*-seminorms of the products that define the real and imag-
inary part of b and using

Bllcrey = F 1 (litl woge, Nillcre@e)
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where % is smooth, monotonic in the first component, and with linear growth in
the last component. Also,

Bllceey = F2 (|l oo 7 il co@e))

where #, is monotonic in each component.
Now putting these last estimates with the estimates from (3.14a) and (3.15b)
for @1 in €2 yields

(3.16a) Illce@r = e KEIF (K, CK*), llpollcta@ + lollce)
and
(3.16b) 15]lcegeey = € KCKIZ (K, CK*), llpollcm@ + llBollcoogy) -

Flnally, standard topolog1cal arguments yield the existence and regularity of v =

logh such that b is a C1¥(Q)-vector field whose characteristic equations have
solutions that cannot form closed curves.

Step 4: Existence of a Density p; in C'*(Q°). We now prove Theorem 2.9,

stated in Step 4. Let b be a C"*(§¥)-vector field from (3.13), & the solution of
problem (3.1), & a C'*(£2)-extension of ® to Q¢, |Fy| the Jacobian of the domain
transformation, |Fy|¢ a C>*(Q)-extension of |Fx| to Q¢, and 65 the directional
angle of the field b — arg F.

We solve for h = h(x, y) the following first-order, quasi-linear equation with a

directional field given by b = b(x,y), 0 = 1 = 1,
h—= _L(p|2 L1V pe _
(3.17) { Vh-b=—,|bl*f ((IFxlelbl) , 1,Qe(a,exph,¢’e)) =tF(x,y,h)
hla;n‘ = hO

where hy = Inpy for pp € C'*(9,9) given in (2.6) and o is the value of the

solution of the characteristic equations defined below by the characteristic field b.
Before we prove Theorem 2.9, we re-express it as follows:

THEOREM 3.3. For each t, 0 = t = 1, there exists a solution h in
C'(Q¥) of the initial value problem (3.17) that satisfies the following estimates
Jor py = exph:

(3.182) |lpillcei@ry = 1 (v, K, CK™), llpolico + Il Boll ooy
lletllcra@ + I1@llc=@)

(3.18b) lpilicre@e = #2(v, K, C(K*), llpollct=@ + llPollce@),
lloi llczay, + 1@l cray)
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and
(3.18¢) O<lL,=sp =L =i (K*) inQ°,

uniformly in t, where #| and 7, are smooth functions that are monotonic in the
fourth variable and ¥, is linear in its last variable. The constant K depends on
the domain Q, the boundary data of problem (2.1), the Lipschitz norm of Qg as a
function of its variables, and the Lipschitz norm of i'(p) and R' ().

Proof: In order to prove this theorem, we first recall the classical theory of
local existence and regularity of first-order, quasi-linear equations.

Problem (3.17) is associated with the classical Cauchy problem for a first-
order, quasi-linear equation. This problem consists of passing an integral curve of

the direction field given by b through the initial curve 9,Q¢. This is a well-posed

boundary value problem because b nlo,0eug =0, b- n|a,0¢ > 0, and the solution
is a function h(x, y) such that the surface z = h(x, y) in the xyz-space is C'.

We refer the reader to F. John [25], chapter 1, and Hartman [23], chapter VI,
for standard methods of getting local C'-solutions of (3.17) in Q¢ in the analysis
below and for obtaining C' solutions for ODEs.

We divide the proof into three parts. We first prove the local existence and
uniqueness of C'*-solutions of the Cauchy problem using the regularity of the
right-hand side of (3.17) if the initial data are prescribed on a noncharacteristic
curve I'. Then the solution is shown to exist globally in Q¢. The second part is
the derivation of global supremum and infimum estimates for the solution A(x, y).
The last part shows Cl“-estimates independent of the parameter 7.

Part 1: Let I' be a curve in the xyz-space that lies in the integral surface

= h(x,y), which we represent parametrically by x = y,(r), y = ¥2(r), and
z = y3(r), where r is to be chosen later and the functions y;(r) are at least C'*
in a neighborhood of a given r. By the regularity of the data for problem (3.17),
the coefficients b;(x,y), bs(x,y), and F(x,y,z) are C'* in x, y, and z near Py =
(x0, yo. 20) = (y1(ro), y2(ro), y3(ro)).

The integral surface z = h(x, y) passing through I" will consist of the charac-
teristic curves of (3.17) starting at I'. Accordingly, we form for each r near ry the
unique solution

(3.19) x = X(s,r), y=Y(s,r), z=2(s,r),

of the characteristic dlﬁerentlal equatlons d = b\(x, y) with x(0) = xo and

b,(x, y) with y(0) = yo, and £ % = F(x,y,7) with 2(0) = zo for (xo, 0,20) € T. The
functions X, Y, and Z then satisfy

(3.203) XS =b|(X1Y)9 YS = bz(xay)a ZS ='-0;(an’2)9
identically in s and r and also satisfy the initial conditions

(3.20b) X0,r) = y(r), Y(0,r) = y2lr),  Z(0,r) = y3(r).
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From the general theorems on existence and on continuous dependence on the
parameters of solutions of systems of ODEs, it is easy to show that there exists a
unique set of functions X(s, r), Y(s, r), and Z(s, r) of class C'* for (s, r) near (0, rq)
that satisfy (3.20a) and (3.20b).

Thus, equations (3.19) represent a surface X : z = h(x, y) parametrized by s
and r if we can change the variables x, y to s, r. Then the function h is defined by

(3.21) z = h(x,y) = Z(S(x,y), R(x, y))

where s = S(x, y) and r = R(x, y). This expression explicitly represents the surface
X with, by (3.21), xo = X(0, ry) and yo = Y(0, ro).

Thus we can find solutions s = S(x, y) and r = R(x, y) of x = X(S(x, y), R(x, y))
and y = Y(S(x, y), R(x, y)) of class C'* in a neighborhood of (xo, yo) and satisfying
0 = S{(xq, yo) and r¢ = R(xg, yo) whenever the Jacobian

—_ XS(Os rO) XS(O! rO)

- bi(xo,y0)  b2(x0,30) | 5
Xr(oa rO) Yr(O, rO)

(3.22) J

B . ¥i(ro) y3(ro)

If we take the initial curve I to be the orthogonal curve to the characteristic
field b at (x0, yo), then the tangent derivative to the curve I is given by y/(sp) =
—by(x0, vo) and y5(so) = b1(xo, yo), so that the Jacobian condition for existence
becomes

K2
(3.23) (b3 + b3)xo, y0) = 40

by (3.15¢).

Since by Theorem 3.1 this condition is satisfied for every (xp, yo) in 2, the
initial value problem has a unique solution in a neighborhood of any point in ¢,
and the size of the neighborhood depends on the C*-norm of log b, that is, on the
C%-norm of b and on infgz |b| = %

Condition (3.23) ensures C'* local existence of problem (3.17) in neighbor-
hoods contained in §2 along any particle paths that start at 8,2, since b|, = Vi,
and the right-hand side of the equation is C' in x, y, and A.

The construction of a global solution 4 in Q¢ of problem (3.17) follows from the
uniformity of the estimates given above. Take a point (x°, y°) in Q°. By condition
(3.23), the characteristic equations can be solved uniquely in a neighborhood N,
of (x%,y°), where diam N,, is uniform in (x, y) and depends on the C*(Q2¢)-norm of
log b= ¥, which can be estimated by (3.15b) for .

Thus, let diamN, = O(e) and & = &(v, ||¥|lce@r)). From (3.15b), (|9||cem)
= |létllc=ze), which is bounded depending on v, the domain 2 and its extension,
the data and boundary data of problem (2.1)42.10), and C(K*). Then Q¢ can be
covered by O(e2)-number of N,, where the diameters of the neighborhoods N,
do not depend on the solution of the problem but just on the data associated with
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the boundary value problem (3.17) and on C(K*). Therefore, in at most O(s™2)-
number of neighborhoods we solve the characteristic equations and obtain a global
solution by overlapping rectified local solutions.

In addition, since the initial data h;,; is noncharacteristic (by condition (3.22))
and belongs to C#(3,(2), then the integral surface X solves (3.17) uniquely and
is a C*(Q°) surface.

Part 2: Next we derive the following L™ -estimate for the solution 4 of prob-
lem (3.17).

LEMMA 3.4. (L™-ESTIMATE FOR h = Inp IN Q°) The solution h of problem
(3.17) satisfies

1 X 3
(3.24) Al @ = Sugln po + ;76’ (K,CK™), [lpollcreys 1| 5o ll c=en)
el

where K depends on Q) and on the boundary data of the boundary value problem
and Z is a smooth function with linear growth in the third component. In addition,
for f satisfying (2.3a)

(3.25) O0<l,=p =L =i'(K*) inQ°
where 1, depends on the upper bound of (3.24) and L* is independent of sup Q.

Proof: Using equation (3.17) for h, the ||h|| g can be estimated by

1 .
sup | hini| + ~, sup | # (x, |b],6, Qslo, h, ®))| exp(lllog bllc=@x) = K. -
&9 o

From (2.3b), supg |f| = %C (K™), where k depends on the number Z;-Ll [a;]
from estimates (3.14). Moreover, by (3.14b), (3.15b), and (3.16b), we have that
exp ||log b|| c« (o) 1s bounded above by e"F(K,C(K™), llvollcre@s | oll =), where
K depends on the domain and on the boundary data. Then (3.24) holds. In par-
ticular, exp(—K,) = p; = expK,.

In order to show that the upper bound for p; is L™, we need to use property
{2.3a) on f combined with an argument by contradiction. We point out that the
compatibility condition (2.7) assures that K* >0, so L* =i '(K*) > 0.

Let p| be a solution of (3.17). By condition (2.6) on the initial data, p;[y,o =
i"UK — infq R(p) + qsupy ®) = i"'(K*). If the parameter + = 0, then the
solution p; is constant along the characteristic projection curves, so that p; =
sup a(p1ls,0) = L™ by condition (2.9).

If the parameter ¢ is positive, let us assume that there is a point (xg, yp) in
Q¢ such that p(xg,y0) > L* = i"'(K*). Then let o(s) = (X(s,ro),Y(s,rg)
be a parametrization of a characteristic curve such that (xp,¥0) = (X(so,r0),
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Y(so,ro)) = olso) is the first point along the curve o(s) in the direction of in-
creasing t where p)(xo, yo) > L*. Then %(o(so)) = 0, or equivalently,

(3.26) ((p1)xb1 + (p1)yb2) (x0, 0) Z 0.

On the other hand, by the definition of the function Qp in (2.2), if pi{a(so)) >
L* then

0s(p1(a(s0)), p1(o(s0)), Blo(sp)) < O,
so that, by (2.3a),

tF((IFx1€1B12(0(s0)), 65(o(s0)), Qalolso)), exphlolso)), B(also))) > 0.

Since p; satisfies the ODE (3.17) or, equivalently, (3.20a) along the character-
istic curves, then evaluating equation (3.17) at the point o(sp) yields

. 1 -
Vpi - blxo, yo) = —;tf((|Fx|e|b|)2, 7, Oglo, exp h, ®°))(xo, yo) < 0,

which contradicts (3.26). Therefore p; = L* at any point in (¢ independently of
the parameter ¢, so that (3.24) and thus (3.18b) hold.

Part 3: Here we develop C La(€)¢) estimates for the solution p, of problem
(3.17) and prove the lemma in Step 5 for p;. The object is to obtain good enough
estimates to use in the fixed point theorem (i.c., estimates (3.18)). It is enough
to obtain estimates for 4 = Inp, € C"*(Q°) for any C!*-initial data given along
orthogonal curves to the field b. It is convenient to use again the coordinates s and
r used in (3.19), and it is easily seen that they can be used as global coordinates.

Thus A(x, y) = z(s, r) satisfies

(3.27) 7z =F(s,r,2), 200, 7) = y3(r) = h(y(r), y2(r)).

Making use of estimates (3.16b), the change of coordinates (x,y) — (s, r) leads
to the estimates

s, llcoan = K sup (Weepenl ™) 1Bllcoca)
Q

(3.28a)
= 91k, K. K) = 0K, CK")
(3.28) Is. rllcwar = K%z (IVegen lips 18llca)
=9 (v, K, CK"), llgolicoi@ + lldollceon)
(3280 Is. Pl = K%s (Wipuallerss 1Bllcrea)

=Y (v, K, CK™), llgollcre@ + llollce@)
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with 4;, i = 1,2,3,4,5, smooth functions of their arguments, %5 having linear
growth in its last argument, and X depending on the data of the original boundary
value problem (2.1).

In order to obtain the C*-estimates of h, we shall make use of the following
auxiliary lemma, which is easily proven (see Appendix).

LEMMA 3.5.  Let z be a solution in a domain & of problem (3.27) with z(0, r) €
C(T). Then z is C*(#) and

(3.29)  lzllce = llyalles + llsll oy exp {”S”c*'(.@) ”g;“Lip,z} 1# Nl o) -

Now we can show estimates (3.18a) and (3.18b).

LEMMA 3.6. Estimates (3.18a) and (3.18b) hold for p, = exph in Q°, uni-
formly in t.

Proof: First, from the previous lemma we have local estimates for p; =
exp h(x, y) = exp z(s, r). Next, the boundary value problem (3.17) is well-posed in
¢, because 8,Q¢ = 9,0 is an inflow boundary, 9,9 and 9,0¢ are characteristic
curves, and 9;0)° is an outflow boundary. Since the Jacobian of the change of
variables J(y ) (s, lor = 16| |7 = % uniformly in Q°, then by combining estimates
(3.28a) and (3.29), we get

loille<m = K (o1 llcwon + Galw. K. CE N i) llceim)

Since F(s,r) = ——ﬁll;lzf((IFxlell;l)z, 1, Qs((s, r),exp h, ®°)), using the esti-
mates (3.16b) for the C*-norm of b yields

(3.30) | Z llcugey = (v, K, CK*), llpollcor@y + 1l Foll ooy,
e llctey + [1@llex)

where # is smooth and K depends on ||Fx|c«qn) and the data of the boundary
value problem. By combining these last two estimates (3.18a) holds.

Next we find a C*-estimate for Vp;. Again we use equation (3.27) for z(s, r) =
hix(s,r), y(s,r)) = Inp(x(s,r), y(s,r)). We first show local estimates for (In p;);
and (In p;), in C*(#) working in the (s, r)-plane. Then using the change of vari-
ables to the (x, y)-space and estimates (3.28a) and (3.28b), we derive C*-estimates
for Vp,.

Thus, we start obtaining an estimate for ||z;||c-(. Differentiating the equation
(3.27) with respect to s and replacing z; by #, we get

G g —~
(3.31) (z5), = if(s, r.z) = 0F + 6197 =F(s,r).
ds s 9z
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Now, since 5 ’) 7 and ‘)()”; are C* in A, applying Lemma 3.4 to z, from (3.29) gives
the estlmate

+—F

0z

, OF OF
(330 laled = Vlen + Islow H

C*(B) .

Thus, we need to estimate both "": and (f;j in C"(@). Indeed, the function
F(s,r,2) = Lf((|Fxl¢ |5)2, 01, Q) satisfies

r -
0F _ 1t (vr-5)
33 v of of of
= — __V(|F,||bl)* b+ -2V, - b+ ——VQ
A(|Fx||b])* Il 86, a0 =%’

and since 0 = p; = L*, we have
- Y t - , - -
VQg-b=-i (Pl)Pl;f((lFxl |b|)?, 61,Q8) — R'(s,r)b* + gV® - b.

Also,

0F _ O om. = - 2L ito)pr.

(3.34) 6— 905 905

af of
‘ HFxl (62" 06
and a_de; are bounded depending on the bounds for the arguments of f.

Also, p; € C(S¥), |Fx|¢|b| and 8, are C'*(X¥), & € C'*(CF), and the func-
tions i and R’ are locally Lipschitz; therefore

Recalling that f is locally Lipschitz on each of its variables, then

o OF 0F
3.35 , = € C (¥
(3.35) s oz ).
In addition, collecting estimates (3.30), (3.7), (3.18a), and (3.2a) gives us

(3.36) H%—ﬁ + %0‘

ey =€ (v, K, CK™), llollcre@y + llpollce@,

leillcze@ + 1@llce) ,
with C a smooth function of its variables that has linear growth in its fifth variable.

Therefore, using (3.28a) and (3.36), we can estimate (Inp;); from (3.32) to
obtain

(337 lnp)llexay = € (v, K, CK*), llpollcre@ + llpollcey,
llorllcza@y + I Ncre) -
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Once again € is a smooth function of its variables that has linear growth in its fifth
variable, and K depends on the C!%-norm of |F| and the density r prescribed on
019} from (2.9).

Next, we obtain an estimate for ||z, ||c«(#). Here we differentiate equation (3.27)
with respect to r, so that z, satisfies

OF OF ~
(3.38) (z/)s = — + —z, = Fls,r.2,)
or 0z

This is an QDE £or Zr. ~
Since ‘)(,)—f + ’f{z—z, is C* in % and Lipschitz in z,, as we shall see below, applying
Lemma 3.4 to z, and using (3.29) yields the estimate

} H OF OF
- + —Zr
Lip.z or 0z

Thus, we need to compute in detail 97  As in (3.33), for X(s,r) and Y(s,r) the

ar
solution of the characteristic equations,

(339 lzllesd = Ivallem

OF OF
+ lIsllcoem exp § lIsllcoa) ar + 6—er

CAB)

O =L )
r 1
of -
. =Y QR IBIY (XY
(340 HF B
[ Of on .
+ 80] v01 (Xr’ Yr)+ aQBVQB (quYr)

where here the term VQg-(X,,Y,) = —i'(¢®)z, — VR(s, 1) - (X,,Y,) +qV®-(X,.Y,).
Since X,,Y, satisfies the system of equations

(Xr)s = Vbl ' (Xra Yr)
(Yr)s = VbZ ' (Xr, Yr),

by using a similar estimate to that in (3.29), for systems of ODEs we get
341 11X, Y, lleeigy = 1allenry + lsllcogy exp {Isllcom 1611 ez } 1Bllcois -

By combining estimates (3.28a), (3.28b), and (3.41) along with (3.16) for b and 6,
(3.2a) for ®, (3.34) for #, and (3.18a) for p, = ¢, the right-hand side of (3.40)
yields the estimate

0F

o = Clv, K, CK™), llpoll ey + Nl Bollceys

(3.42) \

C(B)
leillcre@ + 1 @llcre)
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with C a smooth function of its variables that has linear growth in its fifth variable,
and K depends on the data of the boundary value problem, which includes the
dependence of the Lipschitz norms of the derivatives of the functions G, R, i, and
f1 and the C'*-norm of |Fy|. In addition,

(3.43) HW’

l(Pl)H =Cillpillog =C1InL”
Lip.z, ”aQB

with C; depending on locally Lipschitz norms of f and .
Then combining estimate (3.42) with estimates for (3.34) we get

% Z
(3.44) Ha—"" 0%

+_
0z

- =C (v,K,C(K*), llpollcre@ + llBollc=@,
Co(@)

r
loillcagy + lI1®llcre@y) »

with C as in (3.42).
Next, combining (3.34) with (3.43) gives us

(3.45) H —z,

= C2 InL*
Lip.z,

with C, depending on C; from (3.43).

Hence, we can estimate z, using (3.28a), (3.44), and (3.45) in order to estimate
the right-hand side of (3.39) so that

(3.46) ||(npy),

copy = € (v, K, CK™), llpollcra@ + Nl Boll e
leilicza@ + I®llcray) »

with & a smooth function of its variables that has linear growth in its fifth variable
and K depending on the data of the boundary value problem, which includes the
dependence of the Lipschitz norms of the derivatives of the functions G, R, i, f1,
the C'*-norm of |Fy], and the density r prescribed on 9, from (2.9).

In addition, we can get an L™ -estimate for V,,p; that does not depend on the

C'*_norm of b by combining estimates (2.28a) with estimates (3.16b) to obtain a

bound that depends on the C!-norm of b (that is, estimate (3.16b) uniformly in «)
so that

IVs,roillco@) = sl | VF |l oo
(347 =C (v, K, CK™), llpollcr«@y + lFoll cey.
letllch@ + 1@llcr@) »

where C has the same dependence as € from (3.46).
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Finally, since V, ,p| = J; : V,rp1, by using estimates (3.28b) and (3.23c)

s}’
to estimate the terms in the Jacobian of the transformation and in (3.47), we get
IVcyorll e
= ”S, r”C‘“(‘@) ”Vx,rpl ”C"(é??) + ”S, r“C""(g?) ”Vs,rpl ”C"(Q?)
=&, (v, K, CKK*), llpollcra@ + lpollc=@
lerllczegy + 1@llcrem)

(3.48)

with, once again, £, a smooth function of its variables that has linear growth
in its fifth variable and K depending on the data of the boundary value problem,
which includes the dependence of the Lipschitz norms of the derivatives of the
functions G, R, i, and f}, the C'*-norm of |F,|, and the density r prescribed on
015 from (2.9).

Therefore, taking & = Q¢ as done above for the C*-estimate of p;, we get that
(3.18b) holds, and then Theorem 3.3 is proven.

Step 5: The Fixed Point Map.  As in Step 5 in Section 2, for any parameter ¢,
0 =t = 1, we define a compact continuous map T,(w, u) = (p, ) as in (2.25), that
is, given by the construction from Step 1 to Step 4, for (w, ) in p+ 1, C C*(Q)X
C () = B, where Ups+10, = {p,0) € B: (o, )3 =M + 1,|Vu| > co/2}.

In order to have the map 7, precompact, we show that the a priori estimates
(2.27) and (2.28) hold. In fact, from (3.7b) and (3.18b), we have that

(349) llplicr + ol = #lv, K, CK*,supw™),
Q

®llctaq, Whce@ + lullcra@)

where K depends on the Lipschitz norms of the derivatives of f, R, G, f}, and
i as a function of p, the domain, and the boundary data. In addition, # has
linear growth in its last component. Thus (2.28) holds and T, is precompact in %,
independent of .

Now if we are given a (3,p) € & such that (5,9) = T,(p,p) for 0 =t = 1,
then ¢ solves problem (3.6) and satisfies estimates (3.7)~(3.8) and 5 solves problem
(3.17) and satisfies estimates (3.18). Therefore, as in (3.49),

(3.50) Ipllcro@ + @l = #lv, K, CK ",supp’),
Q

155 lce@ + 1@ llcra@ + N@llco) -

uniformly in ¢.
By (3.18c), 0 < p = L* = i""(K*) so that 5"/ = 5. Then, combining this
result with (3.8) yields the estimates

lAllooy = i '(K™) and  |pllen@y = €1 = Ci{v, K, C(K™)),

where K* is as defined in (2.7a) or (3.4), and K depends only on the data of the
boundary value problem for system (2.1).
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Next, putting together the above estimate with (3.7a) yields
(3.51) I@licre@ = #(v, K,C1, C(K™))
and, from (3.2a) and (3.2b),
1@l ceey = C1 = C1(v,K,C(K™)).
Hence, from (3.18a) and the above estimates,
(3.52) IAllcey = # (v, K, C1,C(K*)).

Thus, from (3.50) combined with (3.51) and (3.52), the following estimate
holds:

Iollce@y + l@llcrwey = Fw,K,C\,CK™) =M,

uniformly in ¢, where K, C|, and C(K") depend on 2 and the boundary data.
Therefore, the right-hand side of (3.50) is uniformly controlled by the number
M, which depends on v, the domain, the boundary data, and the growth of -f but
is independent of (5, ») uniformly in ¢. In addition, |V@| > k, > 0. Therefore,
(P, ) € Upr+14, and the map I — T, has no fixed points on % for any .
Also, the problem I — T,y admits a solution in %p+1x,. Indeed, the problem

{ div(5oVipo) = 0
Vin ,50V¢0 =0

has a solution jy = const along the streamlines, so that Fy is C** across the
streamlines and @ is the C%>*-harmonic solution of the boundary value problem
in Q. In particular, the a priori estimate holds, so that (g, po) is in the interior of
the set %+ 14,. Therefore, estimate (2.29) holds, so that T, for all ¢, is a compact
homotopy with no fixed points on the boundary of %14,

Finally, in order to see that T is continuous, we take a convergent sequence
(Wp, u,) to (wg,up) in the Banach space . Then, given an & > 0, there is an
ng = nple) such that

(3.53) Iwn — wollce@y + ln — wollcre@y =& foralln=ng.

Since the function h(w,u) = f(Vu|?,w,u)Vu is Lipschitz continuous in all its
components,

(3.54) 12w, 1) — Bw, ) oy = O as n — 00

Now, let (o4, wn) = T(w,,u,) and (pg, wo) = T(wo,up). We want to see that
limy,— oo (pn, 0n) = (po, wo). In fact, it follows from [13] that the construction of
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the unique solution of problem (3.6) defines a continuous operator T'(w,u,) = p,
from C*(2) x C'(Q) to C**()). Therefore

lon — wollcze@y = T (Wa, ) = T' (wo, uo)ll e
= ”Tl(wn, un) - T’(Wm uO)”Cz“‘(Q)

(3.55) . ,
+ || T (W, ug) — T'(wo, uo)ll c2«cry

-0 asn—0.

Thus, |V, — Vigllcta@@ — 0, so that X,(s, r),Y (s, r) and Xo(s, r), Yo(s, r), the
solutions of the characteristic equations defined in (3.20a) and (3.20b) that corre-
spond to Vi, and Vi, respectively, satisfy

1Xn — Xollcza@y + 1Y — Yollcze@y = 0 asn — oo.
Therefore, if p, and pg are C'*(€¢)-solutions constructed in (3.17), then

(356) ”pn - PO”C'-"(Q) = ”pn(Xm Yn) - PO(Xm Yn)“C"“(Q)
+ ”pO(Xm Yn) - pO(X09 YO)“C""(Q) -0

as the first term vanishes by uniqueness of solutions for problem (3.17) for a given
characteristic field with the same boundary data, and the second term converges
to 0 because pg is C1*(f).

From (3.55) and (3.56),

(357 llon = pollcre@ + Hlon — wollcre@ — 0 asn — oo,

and this implies that the map T is continuous.

By the Leray-Schauder theorem, T has a fixed point (p, ¢) in the set Up+ 14,
Hence, for each v fixed, (p”, p”) and the corresponding ®* that solves problem
(3.1) and (3.2) yield a solution of the system that corresponds to the conformally
transformed data from (2.1}+2.3) with the corresponding transformed boundary
data from (2.4)~(2.10) that lies in C"*({2), C?>%(Q), and W?P(Q)), 1 = p < oo,
respectively.

This is the best possible regularity if C(x) is a step function. However, using
a bootstrapping argument, if the doping profile function C(x) is C*°(®) and the
boundary sections C™, then p*, ¢*, and ®" are all C*(Q).

4. Uniform Bound for the Speed in £

Step 6.  We show under the assumptions (2.8a) a v-uniform estimate |Vy”|
in the original domain described in Figure 2.1.

Uniform bounds for the density p* have already been obtained in (3.18c), and
combining this estimate with (3.2b) implies that the electric potential ®” and the
electric field are also bounded uniformly in v.
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The following restatement of Theorem 2.15 of Section 2 is a variation of a
lemma due to Morawetz [31]:

THEOREM 4.1. MORAWETZ’S LEMMA (UNIFORM BOUND FOR THE SPEED) Let
(p”, 9", ®") be a solution of the boundary value problem (2.1)+2.10), where f
satisfies (2.11) with the function G satisfying the growth conditions (1.8b) and
inf f; > 0in (1.12). Then

supg, |Fx|

V' |? = < sup Qg(0, ,‘I))+c1/%},
V"] {QPQB ® infs | Py |

4.1)
supg |Fx| -

2 |
= (2K 4o | 22X i Q)
(m CVZ) infg |Fy| "

-1

Jor v = vo, where vo = vo(||Gllc, | fillers |Fllcriey) and ¢ = c(IGllct L fT et

IF ety K*, IRl Nlilleoey). The map F is a one-to-one conformal trans-
(19)] ) (1)) P

Jormation that takes S into the rectangle Qp.

Remark 4.2. The term Qp(0, o, ®) = ;i—(K —R(p) + g®) is the cavitation speed
given by the inviscid equation corresponding to (1.6) (Bernoulli’s law).

Remark 4.3. If the enthalpy is given by the y-law, that is, i(p) = ﬁp"‘,
1 < y < 2, then we have shown in Section 2 that f satisfies (2.11). Consequently,
we obtain the existence of a uniform bound for the speed of a steady viscous
approximating model for an adiabatic gas.

Proof: The proof of Theorem 4.1 consists of two parts. The first one shows
that estimate (4.1) is satisfied on any interior point of €2; the second part shows
(4.1) still holds on any boundary point.

However, in order to use standard elliptic techniques, we need to work with
the conformally transformed domain Qg and the set of equations (2.6). Thus, let
Qg be the rectangle given by a one-to-one conformal transformation x' = F(x)
such that the interior of {2 is taken into the interior of Qz and the “corners” of
are taken into the corners of Q. From (2.5), |Vy¢”| = |Vx o'’ | |Fx|.

In order to obtain the estimate on interior points, we show first that if x;
is an interior point in Qg such that |Vy¢'”| is maximum, then |Vyp"(x)|? is
bounded by the right-hand side of (4.1). The second part consists in showing that
any maximum value of |V, ¢'”| taken on the boundary 83 yields that |V,¢”|
cannot also be bigger than the right-hand side of (4.1) for all boundary points of
on.

The proof presented here requires a v-uniform, a priori bound on the speed
|Vy”|. Thus, we shall prove first a lemma that yields this result. From now on
we work in the domain 2 with the set of equations (2.6). For convenience, as in
Section 3, we drop the '. ‘

First, recall that the flow equation div(pVy) = 0 is equivalent through the
change of state variables (p,, ¢,) — (0, 8) to system (2.15) or, equivalently, if we
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disregard the #-dependence, to the equation

(4.2) (poy)y + (10,)y = 74, QY
where
(4.3) o=log|Vp| and 7=p"

Since 0 < p = L™ in (g, the operator of the left-hand side of equation (4.2) is
uniformly elliptic with an ellipticity constant given by min{k,,(L*)"'} for k, =
inf p.

Now let x( be an interior point in Qg where |V¢| has a maximum. Therefore,
o in the domain 2z also has an interior maximum at x,. By the ellipticity of
equation (4.2),

4.4) Tp(X0) = 0
Now, using that (Inp), = —(In7),, differentiating once more with respect to
©, we get

2
4.5) Zﬂ——:—‘; (In 1)y, = (f( IF,| [Vg|)%,6 — argF., 0p)),

or

T 1 1 5|V | 8|Fx|2
=51+ —{f<|mwn2 (lFxl CP VPR
T v v Oy Oy

99 OargF. 00
+f9 argF. {(9({) 6<P } fQBB }
Evaluating equation (4.5) at xo, because W = % = (, we have

2 0IF|?

f {
(4.6) 0275+ 4w 21Vl =2
(IFy! [Vp]? dp

0
+ fQB (%pw - R/(‘P) + q®<p) - fe—argF:(arng,)g;}

so that replacing p,, by -—11/ pf and multiplying both sides by v* yields

20|Fx
@n oz f- fonaQ +V{f<|F||W|>2|V<p! i

+ fQB(_RI(‘P) + q‘I’W) - fO—argF,(arng)¢}~
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We now prove a lemma that yields a coarse uniform bound for |[V”| (well
above the corresponding one on the right-hand side of (4.1)). From now on we
let fi = f1(8 — arg F,), where f, is as defined (1.12).

LEMMA 4.4. If x¢ is an interior maximum point for |V| in Qg such that
(IFx| 1Vl (x0) > 205(0, 0, ®)(x0), then
(4.8) |Fyl IVo"| =M, foranyv = vy,

where vy and M| are numbers that depend on the data.

Proof: At the point x¢, adding and subtracting

£1(0)
(IFx| IVl GIFx| 1Vl

QB(07 " Q)
to and from
f ((IFx| IV, 6 — argF,, Qp(p, o, ®))

_ - f1(6)
(FIIVelY = 08) G R GUR VoD

together with property (2.11a), yields
F((IF<| IVl 6 —argF,, Qslp, o, ®))

2
_ {w + 0500, 0,9) — Qslp. . ‘1>)}

(4.9) f16
C(IFx] VoI G(IFy| Vel
- f1(6)
= 2G(F| Vo))
Then (2.11b) yields

o
f_fQB%p

_ _ 00p f10)
(4.10) = {QB(O’ @) = Oslp. 0, 0 + "} 2G(F«[ [Vel)
_ A
= 2G(|Fx| Vo))

Taking the product of (4.9) and (4.10) evaluated at the point xq results in

F1(6) )2
2G(|Fy] Vel ) -

@.11) f2+fo,,aanBp§(
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Next, using the fact that the function Qp is globally Lipschitz together with
the gradient estimate (3.2b) for ®, we estimate

’an (~R(p) + q%) — fo-argr.(arg F2), l
((IFx| IVoIRGUF| V)~ F1(6)

4.12) \ Ro)+a 2% | (07 ),V(arng)Vgp{
Pt ag I g R

= ((IFxl VoI GUFx| VD) ™ Fi(0)
“(IRllco1 g + {gCK*, L) + || In filler, IFlcna} Vel ™)
Since |Fx| |V(xg)| > 2inf Q5(0, , ®) by the compatibility condition (2.7b),

[Fy| IVo(xg)] = 2(K — Ry + q®.) > 0 uniformly in v. Consequently, since
o, = (K", L"),

| fo, (~R'(@) + g8, ) - FifargFo), |

@13 = ((IF«l 190D GUFy| VD) ™' 71(6)
-C (IRl e, KL, g, 1 n fuller, IF llcvn) -
We also need to estimate the term f(jr,| v, | Ve a]g‘;P from (4.7) at the point

xp as follows:

OF I

(4.14) Fura w2 | Vol?

| = el 1991 |91
By the growth condition (1.8b) and by property (2.11c¢) for f,

@15)  IFIVeIGT ~ 7' and | (IFl 1991)’ furwen

=C3

both as {Vp| — oo, If {Fx| |Vy”| becomes very large near the point Xg, by using
(4.11), (4.13), and (4.14), as well as the growth at infinity from (4.15), we can
estimate the right-hand side of (4.7) by

Poc? L0 (CIFIE ®)
avel? T Vol

Vfl(o)cz“

2|Vel?

4.16) 0=z

O (IRl K™, L™, g, N n frller, W F llcvin)

~ 2 -2
Also, if f; > inf f| = ky > 0, the term fztll(—?glg’_ is nonnegative. If we then
choose

-1 £1(6)

4.17) vy = |OCs, IFx llco ) S—C%

= vo(||Glic, inf f1, IFllcv@)
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then for any |Vy| = M, where

1
CROC, IF< lcoran)

(418) Ml =

-O(IRllco19» . K, L™, | In fillcr, 1F llergy)

which depends only on the data of the boundary value problem (2.1)—<2.10) along
with condition (1.8b) and (2.11), the right-hand side of (4.16) is controlled by

fie 1
16C3 |Vyl?

which is positive. Thus we have a contradiction.
Hence we have obtained that, for any v = vo = vo(G, f1, ||Fllcv @),

0=z

forall v = vy, (V| >M,,

Vo' |* = M,
=M (|IGllc, K™, IRl o1y, lill oo I I frllers (1 FHl e gy)

independently of v, so that (4.8) holds and the proof of Lemma 4.2 is now com-
plete.

(4.19)

Now, we proceed to show that if xg is an interior maximum for |Vy”|, then
estimate (4.1) holds for any positive v = v, with vg as defined in (4.17).

Once more we use (2.11) and (4.7) in the following way: If xo is an interior
maximum point such that [V|%(xg) > Qz(0, ¢, ®) + cv? for v = vy, Where v is
as defined in (4.17) and ¢ depends on the data, then inequality (4.7) does not hold.

At the point xg, in the same way we have obtained estimates (4.9) and (4.10),
(2.11a) yields

420)  £(1VI%6,05(p, 0, 9) = cv2 (IVoI?G(IVe)) ™' F1(0),
and (2.11b) yields
aQ 2 -1 =
4.21) f- fQ,,a—p = cv? (IVel2G(IVel) ™' F1(0).
Taking the product of (4.20) with (4.21) evaluated at the point x;, we get
4.22) 12 fo,,—p > (Vo2 G(IVe)) 2 F36).

The term f, (—R’((p) + q<I>¢) is estimated as in (4.13), and the term

BIF |2
Furdvelr | Vol ==
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is estimated as in (4.14). Again, as in the previous lemma, by the compatibil-
ity condition (2.7b) and the growth condition (1.8b) on G at infinity, that is, by
property (2.11c¢) for f, we estimate the right-hand side of (4.7) by

~ 2 =
0z (L) + 20 {0 (1P )
|Vol* \ C, |Vl

O (IRllco @ 4. K*,L*, || In f1llct, ||F||C'-'(Q)))
Vol C,

) -
1 (fy fi _
= =] 4250 (C IF  lev
V{C M (Cz) 72 (C3, IF o ray)

O (IIRllco @ gK* . L*, | In fillcr, IFllcvy)
+ ’
H Cy

+
(4.23)

for any v = v, v¢ from (4.17) with M, the bound from (4.18), and & = K —
Ry + q®; > 0 from the compatibility condition (2.7b).
Then choosing
2> MG e, 1Flenn)
4.24) inf f, N ER@
+ O(|R| o1y, . g K* L W In fill o, N F lloragy) |

which depends only on the data, makes the right-hand side of (4.24) nonnegative
for any v = vgy. Thus we have a contradiction. Hence, if X is an interior maximum
for |Vy”| in {2, then

Ni=

2
(4.25) (IFx| V" )(x0) = sup Q5(0, p, ®) + cv? = “K" +evi
R

In order to complete the proof of Theorem 4.1, we need to show that estimate
(4.1) holds for all points even if the maximum is attained at the boundary of
Qg. First, we show that |Vy”|? cannot have a maximum on 9;Q such that
(IF«| [V”)? is bigger than supz Q0, ¢, ®) + cv2. If o takes its maximum on
Xp € 018, since (Vg - n)(xg) < 0, then o,(xo) = 0. Using equations (2.15) in Qz
yields § = 0, 6, = 0, and 70, = 7, = 17f(¢%,arg F, Q) on ;.

Next, from condition (2.11a), if (|Fx| |Ve*])? = Q(0, ¢, ®) + cvi at Xo, then
f(e*, —arg F,,Qp)(xo) = 0. Therefore, if f(e**, — argF,, Qp)(x0) > 0, we get a
contradiction for values of v = v with vy from (4.17) and ¢ from (4.24). If
f(e*, —arg F,, 0p)(x) = 0, by condition (2.3a) we have

(IFx| 1V 1Y(x0) = Qlp, o, D)xo)
=supQ0,p,0) forO<p=L".
Q



1044 1. M. GAMBA AND C. S. MORAWETZ

Hence, inequality (4.25) holds on 3.
Next, on 93§z we have that for g(x), the prescribed data for |Vy|? in the
boundary region 95§ satisfies condition (2.8). Therefore

2
=g2(x)‘ <X -6 withZ —6>0,

0< inl |VSOU| 90

with %7 = K — Ry + q®,, for a small positive §. Consequently,
X =8 < 00,0, %) < 05(0,0,8) + 102,

which is a uniform value in v. Then for any positive v,

(IFx] IV”|? < 05(0,0,8) + civ?  on 959,

so that estimate (4.25) holds on 9;Qk.

Finally, we consider the boundary region 3,Qg U 948. Since the boundary
condition Vy - n = 0 in 91 for n the unit exterior normal, we have Vo -n = 0
in 9, for a flat (zero-curvature) boundary and 7 now the unit exterior normal to
Og.

Therefore, reflecting the domain and equation (4.2) evenly across the boundary
region and in a neighborhood of a point x; € 8,Qg U 8482 where | V| reaches
a maximum m and evaluating the resulting equation at x, in the interior of the
domain for this new equation, inequality (4.7) holds weakly (i.e., for integrated
against nonnegative test functions). Consequently, the interior estimate (4.25) for
a local maximum holds, and so (4.25) holds for all points in 3,2 U 94Q. Hence,
estimate (4.25) holds for any point in Qg, and

2= 0,0,8) + cv? | ———
IV‘P I (Sll‘:pQB( (p ) cy? lI_llexlz
Q

2 } 1 _

= (2K +et) ——— inf.

(m cw)ir_llexlz 1033k
Q

Then, for any point in €,

1
“12 = sup |Fx|? 0,0,8) +cv? | ———
Ve sgpl x| (sgpQB( ©, D) + cv2 TRE

(4.26) s
supg |Fx|

2 |
ZK* tovr | XL
(m v ) ian |Fx|2

for any positive v = v for vg given in (4.17) and ¢ given by (4.24).
Hence, estimate (4.1) holds for any point in €2, and the proof of Theorem 4.1
is now complete.

IA
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5. Conclusions About Transonic Flow

Because |V¢"| and p* are uniformly bounded from above, there exists a con-
vergent subsequence (i, ") with a limit (¢°, ¢°). However, this is not enough to
establish that there exists a weak solution to the equations pp, = i, pp, = —ifs,.

One method to prove the existence of weak solutions involves the method of
compensated compactness (see Murat [33], Tartar [39], and DiPerna [9]) and the
applications to mixed-type systems (see Morawetz [31], [32]), which have been
used mainly for hyperbolic problems. This method would require that the speed
|V¢”| be uniformly bounded below from zero and above from the cavitation
speed (see [32]). Furthermore, bounds on the flow angle would also be required.
Although this paper provides a complete proof of existence of viscous solutions
with some uniform bounds, thus enabling us to consider a convergent subsequence,
there is still a major gap in showing that its limit is a solution of the inviscid
problem.

Similar difficulties arise in the existence theorems of Feistauer and Necas [11].
They show the existence of a solution for the inviscid model under the the as-
sumption of existence of viscous solutions to a boundary value problem provided
the divergence of the viscous velocity field satisfies uniform bounds in v. Gittel
[20] shows existence using a variational approach to a boundary value problem
for the transonic small-disturbance equation and shows existence theorems that
assume uniform bounds and entropy conditions.

We also mention the work of Klougek [27] and Nedas [34] to find entropic
solutions for the transonic flow model by the method of stabilization. In these
papers the authors solved a perturbed flow equation by introducing an artificial
time variable. They also assumed uniform speed and entropy bounds in order to
pass to the limit.

6. About the Semiconductor Device Model

We have shown the existence of a regular solution to the boundary value prob-
lem in a Fluid-Poisson system in an approximating geometry to a real device and
without smallness assumptions on the size of the data. The model we have con-
sidered corresponds to a fluid-level approximation of a kinetic formulation for a
particle-charged system, with a pressure law similar to the one for an isentropic
gas with 1 < y < 2 and a viscous parameter v. In this context the “viscosity”
parameter is related to the mean free path and refers to the constant coefficient
related to the nonconvective energy flux term, which has been modeled as a non-
linear term that involves first- and second-order derivatives of the velocity field.
In addition, we have shown uniform bounds in the viscosity parameter for regimes
where this parameter becomes small compared with the scaled coefficient of the
acceleration term in the momentum equation.

This is a potential flow model obtained under the assumption that the velocity
field aligns with the gradient field of 7, where 7 > 0 stands for the velocity
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relaxation time term. Potential flow can be justified if the initial state has zero
vorticity.

In order to extend our results to the case v = 1 (the isothermal model) mod-
ifications would be required, especially to obtain the uniform bounds. This case
is often used in modeling; see [28] and [36].

In particular, for two-dimensional models in MOSFET geometry, it can be
shown that the behavior of any solution at the boundary points will depend on
the behavior and regularity at the boundary of the domain under the conformal
transformation that takes the domain of the device into a rectangular domain
where the source and drain contacts are transformed into opposite walls in the
transformed domain. A singularity is expected to be found in the electric field
at the boundary points corresponding to junctions of the contact regions and the
oxide region.

Appendix: Proof of Lemma 3.5

From the standard theory of ODEs, (3.27) yields that z is Lipschitz in s; in
particular, z is C* in s with 0 = @ = 1. We thus need to show that z is C% in r.
Let k be any real number. Set w = z(s,r) — z(s,r + k) and compute the equation
(3.27) for w. That is,

(A.1) ws = F(s,r,2s,r) — F(s,r + k,z2(s,r +k)).
If we add and subtract (s, r,z(s,r + k)) to (A.1), we obtain the expression

ws = [F s, r, z(s, 7)) — F (s, r, 2(s, r + k)]

(A2) +[F(s,r2ls,r + k) — Fs, r +k, 2s,r + k)

Now, estimating (A.2) and using the fact that # is C* in (s, r), we have
(A.3) ws = | # llip.e @l + (|F Nl caay 1 K|

Thus, by integrating (A.3) in s from values of s = 0 along all characteristics in %
that initiate on I', we obtain the inequality

(A4) w = wlr + /k 1F g [ dr + 51 F oy K1
0

Now since w(r = y3(0,7) — y3(0,r + k) = ||y3llc«ry[k|* and [Is||co() is bounded,
by using Gronwall’s inequality we obtain

lwl = (I1vsllcem + Isexp {sIF Iuips } llcowy 1F Nl ) 1K=
Then we have

lzllce = Nyallce + lslcoa exp { lslicogy 1 uipe } 17 oy
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so that (3.29) holds.
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