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Abstract

In this paper, we consider the gravitational Vlasov-Poisson (VP), or the so-called
collisionless Boltzmann-Poisson equations for the self-gravitating collisionless stellar sys-
tems. We compute the solutions using a high-order discontinuous Galerkin method
for the Vlasov equation and the exact method for the Poisson equation in the one-
dimensional setting. The wavenumbers are taken to be greater than or less than the
Jeans wavenumber, through which we include the case of both damping and Jeans insta-
bility. The method is shown to be stable, accurate and conservative. We pay particular
attentions to the BGK modes, as well as the behaviors of the solutions associated with
various wavenumbers.

Keywords: Jeans instability, Vlasov-Poisson, collisionless Boltzmann, discontinuous Galerkin

methods, positivity-preserving.

1 Introduction

In this paper, we consider the gravitational Vlasov-Poisson (VP), or the so-called collisionless
Boltzmann-Poisson equations for the self-gravitating collisionless stellar systems. The VP
system in this case describes the evolution of the density of stars in phase space and is given
as follows [4, 5],

Of+v-Vof+E-V,f=0 Qx(0,T]
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Here f is the stellar distribution function, G is the gravitational constant, pg is the density of
the infinite homogeneous medium, F is the gravitational field, and the constant —1 in the total
charge for the Poisson equation denotes the cosmological background density. The domain
Q = Q, x R", where (), is the physical space and the phase space is taken to be R". More
detailed discussions of the above system for the galactic dynamics can be found in the book
by Binney and Tremaine [4, 5].

The VP equation (1) conserves the mass, momentum, energy, entropy, enstrophy and
total energy of the system. More importantly, if the initial f is a perturbation around the
Maxwellian equilibrium distribution

. Lo —1y2/g2
feq — —(27T0'2)n/26 2 )

then by Jeans swindle after Sir James Jeans, one can obtain the Jeans wavenumber
ks = (4nGpo/o®)'?

and the Jeans length \; = 2w /k;. For any initial state f(z,v,0) = fe,(1 + A - p(kx)) as a
k—periodic, zero-averaged, analytic perturbation of the equilibrium state, if A > Aj or k < kj,
the perturbation is unstable and the phenomenon is called the Jeans instability. Damping
of the perturbation should occur only at wavelengths smaller than the Jeans length. This
behavior differs significantly from the electrostatic VP equations for collisionless plasmas,
where damping should be expected for all wavenumbers under suitable assumptions on the
equilibrium velocity profile, for which the Debye length is roughly defined in the same way as
the Jeans length [21]. The Jeans instability accounts for the solutions of the VP system that
are interpreted as the collapse of interstellar gas clouds and subsequent star formation. In this
paper, we will perform a numerical study of (1) with perturbations associated with various
wavenumber k for the classical Maxwellian equilibrium.

The VP system with the electrostatic force has been studied extensively for the simula-
tion of collisionless plasmas. Popular numerical approaches include the Particle-In-Cell (PIC)
methods [6, 19], the Lagragian particle methods [3], the semi-Lagragian methods [8, 27] and
the Eulerian approaches [35, 15], among many others. The Eulerian solvers can achieve high
order accuracy with high order schemes. The disadvantage is for systems in high dimen-
sions computational cost will increase dramatically. It is also nontrivial how to conserve the
physical quantities and the positivity of numerical solutions at the same time. For the grav-
itational case, semi-Lagragian schemes by Cheng and Knorr [8] have been used to simulate
one-dimensional problems[16], spherical stellar systems [17] and stellar disks [22]. An Eulerian
code has been used to compute the gravitational collapse of a one-dimensional system in [28].

In this paper, we propose to use discontinuous Galerkin methods to solve the VP system
(1). The original DG method dates back to 1973, and was introduced by Reed and Hill [24]
for neutron transport. Lesaint and Raviart [20] performed the first convergence study for the
original DG method. Cockburn and Shu in a series of papers [13, 12, 11, 10, 14] developed
the Runge-Kutta DG (RKDG) method for hyperbolic equations. The DG methods have been
used to simulate the VP system in plasmas [18] and some theoretical aspects are discussed in
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[1, 2]. Our current work uses a maximum-principle-satisfying limiter that has been recently
proposed by Zhang et al. in [30] for conservation laws on cartesian meshes,; and later extended
on triangular meshes [34]. This limiter has been used to develop positivity-preserving schemes
for compressible Euler [31, 33|, shallow water equations [29], Vlasov-Boltzmann transport
equations [9]. It has also been employed recently in the framework of semi-Lagragian DG
methods [25, 23]. The resulting scheme preserves positivity of numerical solution and is
genuinely high order accurate for arbitrary order of discretization. For a complete review for
this method, one can refer to [32].

The rest of the paper is organized as follows: in Section 2, we describe the numerical
algorithm. Section 3 is devoted to the simulation results for the case of damping and Jeans
instability, respectively. We conclude and provide future work in Section 4.

2 Numerical methods

In this section, we will introduce our numerical approach. We will focus on the one-dimensional
case in our discussion. For simplicity, the VP system (1) is renormalized as

Of +v-Vof +E-Vof=0 Qx(0,7T]
A= [ fdv—1 Q x(0,T] 2)

R

E=-V,® Q,x(0,T]

and without loss of generality, we consider the Maxwellian equilibrium distribution

feq - 6_%1)2‘
V2m
Consequently, the Jeans wavenumber is k; = 1. The domain we consider is Q = [0, L] x

[—V., V.|, where V. is chosen large enough and may be different for various test cases. The
boundary conditions in the z—direction has been assumed to be periodic. The domain (2 is
partitioned as follows

0:$%<$g<~~-<$Nx+%=L7 —Ve=v1<wvs <...<wy 1=V
The computational cells are defined as:

Li; = [aji—%7'xi+%] X [Uj—%vvj-i-%]?
Ji = [SCZ‘_l/Q,LIZ'H_l/Q], Kj = [Uj_l/g,vj+1/2] 1= 17---Nm7 j = 17---Nv7

where z; = %(:L’i,% +@y1), and v; = $(vj_1/2 + vj11/2) are center points of the cells.

For all macroscopic quantities, we use the piecewise polynomial space in the x—direction

ZF={€: ¢, € PRy, i=1,...N,}, (3)




where P*(.J;) is the space of polynomials of degree up to k on J;. For the full (x,v) space, we
define
Vi={¢: o, €P*(Ly), i=1,...N,, j=1,...N,} (4)

where P*(1; ;) = span{z' v, VO <1+m < k,l >0,m >0} on I, .
We start by reviewing the semi-discrete DG scheme formulation for the Vlasov equation.
We find f,(z,t) € V| such that

/ (fh)t@hdxdv—/ vfh(goh)xdxdv%—/
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holds for any test function ¢p(z,t) € V;¥. Here and below, We use the following notations
(goh)fil/m = lime 0 @ (Tip1/2 £ €,v), and (gph)f’jH/Q = lime0 pn (7, vj11/2 £ €). vf, are nu-
merical fluxes. We can assume that in each K, v holds constant sign by properly partitioning
the mesh. We can then use the upwind flux, which is defined as

—  Jouf, if v>0 in K;
Uﬁ_{vﬂ‘ﬁ v<0 in K; - (6)

and

(B i [, Byde <0
Eﬂ_{Emjﬁ‘&mm>0' (7)

The above description coupled with a suitable time discretization, e.g. the TVD Runge-
Kutta method [26] will complete the RKDG methods. Next, we will describe the positivity-
preserving schemes as summarized in [32].

In each of the forward Euler step of the Runge-Kutta time discretization, the following
procedures are performed:

e Oneach cell I;;, evaluate T; ; = min(, )es, , fa(@,v), where S; ; = (S @ §§’) US* ® SY),
and S7, SY denote the (k + 1) Gauss quadrature points, while S, S¥ denote the (k +1)
Gauss-Lobatto quadrature points.

e Compute fy,(x,v) = O(fn(z,v) — (fn)ij) + (fn)ij, where (fr);; is the cell average of f;

on I; ;, and 8 = min{1, |(fx)i;|/|Ti; — (fn)i;|}. This limiter has the effect of keeping the
cell average and “squeeze” the function to be positive at points in 5; ;.

e Use fy, instead of f), to compute the Euler forward step.

In order to obtain Fj, at each time step, we need to solve the Poisson equation numerically.
Recall that beyond periodicity, we need to enforce some additional conditions to uniquely



determine ®. For example, we require ®(0,¢) = 0. In the one-dimensional setting, the exact
solution can be then obtained by using the fact that ®(0) = ®(L) as

T s 2
o), = / / pr(z,t)dzds — T Cgx,
o Jo 2

where Cp = —£ + 1 fOL Js pr(z,t)dzds, and

Ep= —(®1)s = Cp+ 2 — / " on(est)de. (8)

From (8), we can see that if f;, € V¥, then p, = f_v‘c/c fndv € ZF, hence Ej, € Z;f“. This
approach will be referred to as the “exact” Poisson solver. This formulation is mainly valid
in the one-dimensional setting. For multiple-dimensions, a suitable elliptic solver needs to be
implemented.

3 Numerical results

In this section, we collect simulation results for (2) with various wavenumbers. The critical
Jeans wavenumber in (2) is k; = 1. The initial condition is f(z,v,0) = fe,(1 + Acos(kx)).
The computational domain is taken as x € [0,L = 27/k],v € [-V,,V.]. From a classical
calculation of the linear theory, we can derive the dispersion relation as

)} (9)

W W

N TSN,

1
6(1{?,(,0) =1+ @{1 +

where the plasma Z—function is defined as

I dt
Z(z) = —/ et = 2i6_Z2/ e~V dt.
ﬁ o0 t—=z — o0

This relation will be used to calculate damping or growth rate to benchmark with our numerical
results.

3.1 Damping phenomena

In this subsection, we will consider the case of k/k; > 1. We first start with k/k; = 2.0.
Here V., = 5 and the perturbation is of magnitude A = 0.1. We use P? elements and
third-order TVD-RK time stepping on a 200 x 400 mesh. In this case, the damping is very
strong. In Figure 1, we plot the time evolution of the Log Fourier amplitude for gravitational
field and density. Here, we assume that, the density can be expanded in the Fourier series
pr(x) = >, >0 pncos(nkx). The “log Fourier mode” for the gravitational field [18] is defined

as logF M, (t) = logy, (%\/| fOL Ep(z,t) sin(knx)dx|? + | fOL Ey(z,t) cos(knz)dz|?). The theo-

retical damping rate from the dispersion relation (9) is -0.187. From Figure 1, we measure the
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damping rate for the first mode of density p; (0.5 <t < 3) to be -0.1872. Unlike py, logF M,
first goes through an initial growth phase, which makes its damping rate inaccurate. In Figure
2, we plot the evolution of the macroscopic quantities. It was observed that this solver can
accurately conserve the particle number, momentum and total energy. Figure 3(a) contains a
plot of the BGK mode (f(z,v,T) vs € = v*/2+ ®(x,T)) at T = 100. In Figure 3(b), we have
seen the system has almost reached at steady state at 7" = 100. In Figures 3(c) and 3(d), we
show the details of the BGK plots at 7" = 100, 120, 130. The plots demonstrate an interesting
bar type structure with shorter bars near the tail. As time progresses, the height of the bars is
reduced (see Figure 3(c)). This verifies the convergence of the BGK modes to a single-valued
discrete function as t — oo. We also remark that the distance between those bars are mesh
size dependent, but time independent.

log(En)
log(pn)

(a) Plot of the first three log Fourier modes (n = (b) Log Plot of the first three Fourier amplitudes
1,2, 3) for the gravitational field F(z) as a function (n = 1,2,3) for the density p(x) as a function of
of time time.

Figure 1: Damping with k/k; = 2.0 and A = 0.1. P? elements and third-order TVD-RK time
stepping on a 200 x 400 mesh.

Next, we consider k/k; = 1.1, V., = 5, A = 0.1. From Figure 4, the numerical damping
rate for p; (1 <t < 4) is -0.1621, while for logF'M; (1 <t < 4) it is -0.1620, which agrees
with theoretical rate calculated from the dispersion relation (9), -0.163. In Figure 5, we plot
the evolution of the macroscopic quantities. From the momentum plot Figure 6(b), we can
identify that the system is close to but not yet at steady state. This fact can seen from the
close up plots Figures 6(c) and 6(d), in which detailed structures of the mode can be observed.
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Figure 2: Damping with k/k; = 2.0 and A = 0.1. Evolution of macroscopic quantities. P?
elements and third-order TVD-RK time stepping on a 200 x 400 mesh.
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Figure 3: Damping with k/k; = 2.0 and A = 0.1. P? elements and third-order TVD-RK time
stepping on a 200 x 400 mesh.
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(a) Plot of the first four log Fourier modes (n = (b) Log Plot of the first three Fourier amplitudes
1,2,3,4) for the gravitational field E(z) as a func- (n = 1,2,3) for the density p(x) as a function of
tion of time time.

Figure 4: Damping with k/k; = 1.1 and A = 0.1. P? elements and third-order TVD-RK time
stepping on a 200 x 400 mesh.
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Figure 5: Damping with k/k; = 1.1 and A = 0.1. Evolution of macroscopic quantities. P?
elements and third-order TVD-RK time stepping on a 200 x 400 mesh.
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3.2 The Jeans instability

In this subsection, we consider the Jeans instability case with k/k; < 1. First we take
k/k;=10.8, A=0.01, and V., = 5. In Figure 7, we measure the growth rate for p; (1 <t <4)
to be 0.3048 and 0.3051 for logF'M; (1 <t < 4). Those agree with theoretical rate from the
dispersion relation (9), 0.304. After saturation, we can see that p; undergoes oscillation that
eventually damps. In Figure 8, we observe the conservation of mass, momentum and total
energy. In Figure 9(a), we plot the BGK mode at T'= 100. It clearly does not form a curve
because the system is not in equilibrium, see Figure 9(b) for verification. The contour plots
of the pdf at various times can be found in Figure 10.
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(a) Plot of the first four log Fourier modes (n = (b) Log Plot of the first three Fourier amplitudes
1,2,3,4) for the gravitational field E(z) as a func- (n = 1,2,3) for the density p(x) as a function of
tion of time time.

Figure 7: Jeans instability with k/k; = 0.8 and A = 0.01. P? elements and third-order
TVD-RK time stepping on a 200 x 400 mesh.

Next, we consider the case of the strong Jeans instability. Here, k/k; = 0.1, A = 0.01,
and the domain in v needs to be enlarged to V. = 35. In this problem, unlike all previous
cases, the total energy is not well conserved with the positivity-preserving limiter. We believe
this is due to the strong instability of the problem. We choose to use the RKDG scheme
without the positivity-preserving limiter only for this example. From Figure 11, the growth
rate for p; (2 < t < 4) is 0.9764, for logFM; (1 < t < 4) is 0.9756, which agrees with
theoretical rate from the dispersion relation (9), 0.985. The contour plots can be found
in Figures 12. The distribution is first distorted and then develops a core-halo structure
similar to the corresponding one in [16] for the same choice of wavenumber and amplitude of
perturbation.
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(a) total particle number (b) momentum (¢) kinetic energy (d) total energy

Figure 8: Jeans instability with k/k; = 0.8 and A = 0.01. Evolution of macroscopic quantities.
P? elements and third-order TVD-RK time stepping on a 200 x 400 mesh.
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Figure 9: Jeans instability with k/k; = 0.8 and A = 0.01. T = 100. P? elements and
third-order TVD-RK time stepping on a 200 x 400 mesh.

4 Conclusions and future work

In this paper, we use a high-order discontinuous Galerkin scheme to compute the gravitational
Vlasov-Poisson equations. The scheme is stable, accurate and conservative. We compute the
case of damping and the Jeans instability with the initial condition taken as a perturbation
of the Maxwellian distribution. Future work includes a detailed study of the Jeans instability
with multi-bump (two-streaming) distributions, and comparison with the fluid theory [7].
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