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Abstract

This paper is concerned with scaling limits in kinetic semiconductor models.
For the classical Vlasov-Poisson-Fokker-Planck equation and its quantum mechan-
ical counterpart, the Wigner-Poisson-Fokker-Planck equation, three distinguished
scaling regimes are presented. Using Hilbert and Chapman-Enskog expansions, we
derive two drift-diffusion type approximations. The test case of a n* —n—n* diode
reveals that different scaling regimes may be present at the same time in different
subregions of a semiconductor device. Numerical simulations of the stationary so-
lution illustrate the good approximation of the kinetic solution by a drift-diffusion
model and by a hybrid (adaptive domain decomposition) model.
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1 Introduction

As a basic model for the electron transport in a semiconductor device one can
consider the semiclassical Boltzmann equation which, in the parabolic band ap-
proximation, can be written as (see [20])
af e

E"F(Uvm)f_E(E(t’w)vv)f:Q(faf) (1'1)
f = f(t,z,v) is the phase space density function for an electron of position z €
Q C RN and velocity v € IR" at time t > 0, where Q is the domain of the
device. The constants e and m represent the unit charge and effective electron
mass, respectively.

The electric field E = E(t,x) is self-consistently produced by the electrons
moving in a fixed ion background with density C(z). FE is determined by the
Poisson equation

div,(e(z)V®) = e(p(f)—C(z)), (1.2)
E(t,z) = -V,

where ¢ is the permittivity of the material and

pN(to) = [ fltand, ()t = [ oftaod, se 20
(1.3)
are, respectively, the charge and current densities of the electrons.

The form of the collision operator Q(f, f) can take into consideration differ-
ent interactions: electrons with background impurities, phonon-electron collisions,
electron-electron short range interactions and so on. We refer to [26] for a complete
list of scattering kernels.

In the low density approximation and taking into account only collisions with

background impurities, one can approximate Q(f) by a linear relaxation time op-
erator [10, 11, 14, 20] given by

L (Mop(f) - 1), (1.4)

T

Q(f)

where 7 = 7(x) or 7 = 7(E(t,z)), constant in v, is an approximation for the
relaxation time 7(z,v). Mg is the absolute Maxwellian at the temperature of the
semiconductor given by

— —-N/2 [of?
Mg = (200)~N/2 exp ( %> ,
where © = O(z) is the lattice temperature (© = kg with the Boltzmann constant
kg, and T is the lattice temperature in Kelvin). A drift-collision balance scaling
for the system (1.1)-(1.2) with @ given by (1.4) was studied in [10, 11].
In this paper we are going to consider another possibility to model the lattice
collision operator Q(f). The hydrodynamical semiconductor models describe the



motion of the electrons as a fluid, while kinetic Boltzmann—type semiconductor
equations treat the scattering process in a very detailed way by looking at the
electrons as individual particles. There is a middle ground in this description
(mesoscopic model [31]); this is offered by the Brownian dynamics in which we
consider the paths of individual electrons but we take into account the scattering
processes in average. This modeling of the scattering is useful in some cases, e.g.
to study noise in semiconductor devices (see [14] chapter 4 and 10, [19] chapters
1-3 and [31]).

Assuming that the interaction of the electrons with the lattice introduces a
Brownian motion on the electrons, the electrons follow the paths of the stochastic
differential equation .

e
2"+ @x’ — —E(t,z) =T(t).
Here, 7(z) (or 7 = 7(E(t,z))) is the relaxation time and I'(f) is a white noise
stochastic force produced by the interaction with the lattice with independent,
identically Gaussian distributed processes of variance %(%.

Applying Ito’s equation for the probability density corresponding to the solution

of the above stochastic Langevin equation (Newton’s law), the collision operator is

given by the so-called Fokker-Planck (FP) operator

1..
Qi(f)=Lppf = ;dlvv(vf +OV,f). (1.5)
The full transient kinetic equation is then given by
of e 1,.
-, (U ’ vz)f - _(E(t7x) : vv)f = —leU(’Uf + evvf)u (16)
ot m T

coupled to the Poisson equation (1.2). The system of equations (1.6)-(1.2) is called
the Vlasov-Poisson-Fokker-Planck (VPFP) system. Both the relaxation time op-
erator (1.4) and the FP operator drive the system towards the equilibrium density
given by Mg with rate 7. Hence, both are candidates for simple models of the
lattice collision operator Q( f) and both are used in applications ([14], [31]).

The quantum-mechanical analogue of (1.6)-(1.2) is called the Wigner-Poisson-
Fokker-Planck equation (WPFP). The WPFP equation models the self-consistent
transport of an electron ensemble in quantum semiconductor devices (see [30, 16]),
and it reads ([1, 6, 13])

ow e 1
E + (’U . Vz)w — ETh/m[‘I)]UJ = ;LQFP’LU7 (17)

coupled to the Poisson equation (1.2). Here, w(t, z,v) is the (real-valued, but not
pointwise non-negative) Wigner distribution function (see [32, 20] for a detailed
discussion of its properties). As in the above classical case, the charge and current
densities are respectively given by

p(w)(t, x) = /RN w(t,z,v)dv, j(w)(t,z) = /RN vw(t,z,v)dv, z€Q, t>0.
(1.8)



While w(t, x,v) may take negative values, p(w)(t,2) > 0 for “physical” Wigner
functions (see [1, 20] for details).

The electrostatic potential ®(¢,z) enters in (1.7) via the pseudo-differential
operator

(Th/m[(b]w) (ta .’E,’U) (19)

; T+ 58— -5 .
= iy Ly Fpsy O T30 1 o) expl(—ifo —o) - €) do' dE,

with 7 denoting the Planck constant. In the classicallimit (2 — 0) T} [®]w formally
yields its classical counterpart from (1.6), i.e. —Vz® -Vyw. Due to the non-locality
of (1.9), the potential ® has to be known on the whole space IRY. If the WPFP
equation is considered on a bounded domain §2, ® has therefore to be appropriately
continued outside of 2 (see [18] for possible extension strategies in 1D).

In (1.7) the quantum Fokker-Planck term on the R.H.S. models the interaction
of the electrons with the phonons of the crystal lattice, and it reads:

2 h2

Lorpw = di ov PR iva(V
oFprw = divy(vw + OVyw) + ive(Vow) + 220

—re Azw, (1.10)

where wp denotes the cut-off frequency of the crystal phonons (see [1, 13]). In the
classical limit the last two terms of (1.10) disappear such that one then recovers the
VPFP system. In contrast to the classical situation, the relaxation time 7 and the
lattice temperature © have to be constant (in z) for the WPFP model; otherwise
the model would not be quantum-mechanically correct (see [1]).

In this paper we present different scalings and their macroscopic scaling limits
for both systems (VPFP and WPFP) corresponding to low and high local field
effects (Section 2). In the case of high local fields we consider two different scalings
depending on the balance between collisions and the electric field: drift-collision
balance scaling and ballistic scaling. Also, we compute the scaling limit for the low
field scaling for both systems leading to drift-diffusion type equations coupled to
the Poisson equation. In the quantum case we will find quantum corrections to the
corresponding classical equations (Section 3). In the drift-collision balance scaling
(Section 4) we use a Chapman—Enskog type expansion to calculate corrections to
the drift-diffusion equation that are of higher order in the expansion parameter.
In the quantum case we shall again compute its quantum corrections. We will
discuss the differences with the results obtained in [11] for the relaxation time
operator (1.4). In Section 5 we discuss the ballistic scaling and revisit the drift-
collision balance scaling. Also, we discuss the conditions under which these two
different high-field scalings can be applied. Finally, the last section is devoted to the
numerical approximation of the VPFP system for a one dimensional silicon device
for which we show that all three scaling regimes are relevant in different situations.
For this test case we shall compare the solution of the kinetic VPFP equation to
the solution of its drift-diffusion type approximations, which are computationally
much cheaper to obtain.

The scalings leading to low field equations and drift-collision balance equations
for a linear Boltzmann equation of the type (1.4) with a known external potential
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were introduced in the mathematical literature in [23, 24, 29]. The ballistic regime
has been used for the relaxation time operator in [3]. The correction terms for
the self-consistent case were computed in the case of the relaxation operator (1.4)
in [10, 11] and very preliminary numerical device simulations have been presented
in [8] and [9]. Our work follows this line of investigation. For a more complete
account on the literature related to this problem we refer to [11].

2 Scaling and low /high field regimes

In this section we present the three scalings of the VPFP and the WPFP systems.
Since the VPFP equation is obtained from the WPFP system by formally setting
h =0, we will first scale the WPFP equation. For this calculation we will slightly
generalize (1.7), (1.2) by admitting the relaxation time and the temperature to be
z-dependent: 7 = 7(z), ® = O(x). The scaled VPFP and WPFP equations are
then recovered as special cases.

Let L be the characteristic length of the device, pp the average value of the
doping profile C(x), and ¢ a typical magnitude of the permittivity e(x).

Our evolution system incorporates four different time scales or, equivalently,
characteristic velocities: With ©¢ a typical value of the lattice temperature, 9(1)/2
is the reference magnitude for the thermal velocity.

7 is called the relazation time because, in the absence of forces and in the
space-homogeneous FP equation,

ow

i Tlodivv (vw + 6y V,w),

w(t,v) relaxes to the Maxwellian equilibrium

/2 o[
Mo, (v) = (2700) V% exp {_ﬁ}
with a rate exp(—t/7) in the L'-norm (see [7]). With 7y we denote a reference
value for 7(x).
Let [®] be the potential drop (“bias”) applied to the contacts of the device of

length L. Then the reference magnitude for the drift velocity U = —7 - F is given
by

The name of ballistic velocity comes from the fact that for high fields we can assume
that the collisions are negligible, and then the evolution of the system is given by



the Vlasov-Poisson system. Thus, the particles follow the paths of the underlying
ordinary differential system conserving energy, that is,

il (2.1)

m% —e®(t,z) = const.

Let us obtain first the scaled equations for the first two scalings, namely, the low
field scaling and the drift-collision balance scaling. With the above characteristic

values we introduce new, non-dimensional variables as:

and the scaled Planck constant is

h(] - Tg’l?’L@O )

For the dimensionless Wigner distribution function (%, &, 9) we shall consider two

possible choices of the density scale:

a) )
0 /2 o -
w(t, x,v) = w(t, Z,0), 2.3
(t.0.9) = ol :9) (2.3)
or
b) )
w(t,z,0) = —2i(f,&,0) (2.4)
0

When applying the above scaling with (2.3) to (1.7), (1.2) a straightforward calcu-

lation gives:

0
"Ew + (- Vo w — 1T, [®lw (2.5)
v
= %Rladivv(vw + O(z)V,w) + Cél—ﬂomlmadivx (Vyw) + hl%—ZVT —orar Agw,
and
div (6(z) V@) = v(p(w) — C(z)) (2.6)

(here and in the sequel we omit the “hat” on the new variables). Here, we intro-

duced the following dimensionless parameters:

Uo 7_0@(1]/2
n= "7 = )
o2 L

poel? wph




For the low field scaling (LFS) we assume first that n ~ v < 1. This means
that the drift velocity is small compared to the thermal velocity. This is precisely
the reason we call this scaling “low field”. And in turns, the thermal velocity is
small compared to the “relaxation velocity” %, with both ratios being of the same
order of magnitude.

We counsider first the LE'S of the (classical) VPFP equation, i.e. we set hop = 0

in (2.5):

N (0 VS + (V0 V) = - div(of +O@VLS),  (2)
n 7(x)
div,(e(2) Vo) =(o(f) — Ola)), (2.8)
with n — 0.

In the case of the WPFP system under the LFS regime, we recall from [1] the as-
sumptions on the size of the parameters of Lgrp such that the QFP approximation
is a reasonable model for elect ron-phonon interactions:

i) the memory time of the phonon reservoir is much smaller than the character-

o < 16

istic drift time of electrons: op

ii) weak interaction between electrons and phonons: % <L wp,

iii) medium to high temperatures: wp ~ ”}1—@.

From the assumptions (ii) and (iii) we conclude
(21,  ho<2 (2.9)

In the quantum case we have to require 7 = 79, ©® = ©¢,and hence 7 = 1, 6=1
follows from (2.2). Thus we obtain from (2.5), (2.6) the LFS equations for the
WPFP system:

ow
Tor
together with (2.8) for n — 0.

For the drift-collision balance scaling (DCBS) we use (2.2) and (2.4) to scale
the VPFP and WPFP systems. We also assume that n = O(1) and v < 1, which
means that the drift and the thermal velocities are of comparable magnitude, but
both are small compared to the relaxation velocity. Since the local values of the
electric field are rather high in typical situations of this scaling (drift velocity =~
thermal velocity), we call it a “high field scaling.” Setting, resp., hg = 0 and 7 =1,
© =1in (2.5) we obtain the DCBS equation for VPFP:

i

15 Aww, (2.10)

1 h
+(0-Va)w—Typ, [Plw = ;divy (vw+Vyw) —|—%—7T0divm(vyw) +

of n L1 .
ﬂg + (v V) f + ;(vxq) Vo) f = ;@dlvv(vf +0(z) Vy f), (2.11)
and the DCBS equation for WPFP:
2% 4 (0 Vo)w — T, [ B (2.12)
ot v

2
= ldivv(vw + V,w) + @div{n(vvw) + ho—yAmw,
v 6 12
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for v — 0. Both (2.11) and (2.12) are coupled to the scaled Poisson equation
diva(e(2)Va®) =y(n " p - C(x)), (2.13)

with the charge density p = p(f) or p= p(w), resp.

Note that in both scalings of the WPFP system, (2.10) and (2.12), the quantum
effects due to the operator T,,,[®] are rather small since vhy < 1.

Finally, let us obtain the ballistic scaling (BS) equations. To this end we have
to choose different non-dimensional variables. We now set

L .
v = Bo’O, t= t
By’

and the other variables are scaled like in (2.2). Hence the scaled Planck constant
is
h

S —
0 TU’ITLBg ’

and the dimensionless Wigner distribution function @(f, £, %) is
P o
w(t,z,v) = —xu(tz,0).
By

Introducing the dimensionless parameters

1/2
_ U _nbBy 5 O (2.14)
By 2L By’
the scaled equations read
ow 1
rr +(v-Vy)w— ETZth[CI)]w (2.15)
11 5 ¢hy 1 hS2a 1
= 5 g )dlvv(vw—l—ﬁ O(z) Vow) + 6r 7(2)0@ )dlvx(Vuw) 667 7(2)0(x )Aww,

together with (2.8). In the ballistic regime the ballistic speed is dominant with
respect to the thermal speed, and the drift speed is of the order of the ballistic
speed, that is, « ~ 1 and § < 0.

Setting, resp., h) = 0and 7 = 1, © = 1 in (2.15) we obtain the BS equation for
VPFP:

of 11
a5 T Vof +5 (vq> Vo)f = 2amd1vv(vf+,82®(z)vvf), (2.16)

and the BS equation for WPFP:

ow 1
b 2
= —div, (vw + B*V,w) + %dlvz(v,ﬂu) + ho—aAww,
T 632



for 8 — 0. Both (2.16) and (2.17) are coupled to the scaled Poisson equation (2.8).
Note that in BS the quantum effects are important: neither does the quantum
potential term TQahg [®] become classical, nor does the spatial diffusion operator
vanish as § — 0.

The ballistic regime is also considered as a high field regime since the effect of
the potential dominates the dynamics. We remark that the drift-collision balance
regime is an intermediate scaling between the low field scaling and the ballistic one.
Further discussions are postponed to the end of Section 5.

3 Low field scaling equations

This section is concerned with formally deriving the drift-diffusion limit of the
VPFP and WPFP systems in the LFS as n — 0 (see (2.7), (2.8), (2.10)). To this
end we set n = v in (2.5), (2.6) and make a Hilbert expansion of w and ® in the
parameter 7 :

w~ w’ + nu', d ~ 3 490! (3.1)
In lowest order we find that
0 _x WP
W (t,,v) = plt, 1)Mo(v) = plt, 2) (27O(x))~ % exp [ — . (32
20(x)

with p(t,.) = [w’(t,.,v)dv € L} (Q). w! has to satisfy

1
——divy(vw' + O(z)Vyw') = ¢° (3.3)

7(z)
¢he 1

—————divg (Vo
or 700 () W V)

i= (v Vo)’ — Ty [0 —
where ®° satisfies (3.7b) below. Using the Fredholm alternative it is easy to see
that the equation

Ldiv,(vf + OV, 1) = g,
-

with g € LY(IRY) given, has a solution if and only if [~ gdv = 0.
From (1.9) we easily verify that T'[®]w and its classical limit (—V,® - V w)
have the same v-moments up to order two. In particular we have

T[®]|wdv = 0, / VT[®lwdv = Vx(I)/ wdwv. (3.4)
RY RY RY
Hence [pn ¢%(t,z,0)dv = 0 Vzr € Q, t > 0, and (3.3) has a unique solution
wh(t, z,v).

Integrating (2.5) (with n =v) in v gives to first order in 7 :

dp | . 1, U hd 1
T + div,, </IRN vw dv) =1 7T($)®($)A$p, (3.5)



and from (3.3), (3.4) we get

@ /Rva dv ——/lRNvg dv ==V, (pO(z)) + pV, " — 6r 7(2)0() Vep- (3.6)
Our two models, the VPFP and WPFP cases, are obtained from (3.5), (3.6) by
resp. setting hy =0 and 7= 1, © = 1 : The LFS limit of the VPFP equation is
the standard drift-diffusion system
dp

N + div,[7(2)pV,® — 7(2)V,(pO(z))] =0, (3.7a)

divy (e(2)V @) = v(p — C(x)). (3.7b)

The LFS limit of the WPFP equation is also a drift-diffusion equation, where the
diffusion constant is increased due to the quantum effects of the QFP-term:

o . ¢ hi
N + divg [pvm@ — <1+ 6_7rh0 + ﬁ) pr] =0, (3.8)
coupled to (3.7b).

To finish this section, let us review the boundary conditions for this system. The
boundary of the region €2, which is occupied by the semiconductor device typically
consists of two parts: 02 = I'p Ul'y. On the insulating boundaries I' y we assume
a homogeneous Neumann boundary condition for the electric potential (zero flux)
and a reflection operator in the kinetic equation preserving the equilibrium Mg.
On the Ohmic contacts I'p we prescribe the electric potential and the Maxwellian
C(z) Mg for the incoming velocities at the boundary. For the corresponding drift-
diffusion equations, we consider the following boundary conditions:

j-n=20 and E-n=0 on Iy,

where the current j equals the terms in the squared brackets of (3.7a) and (3.8),
resp. n denotes a normal vector on 0f). The electric potential @ is taken constant
in space on each connected component of I'p, and p(x) = C(z). ILet us finally
remark that a first step in the rigorous proof of this scaling limit has been done
recently in [25].

4 Drift-collision balance scaling equations

In Section 2 we derived the drift-collision balance scaling (DCBS) for the VPFP
and WPFP systems. As we did for the low field scaling, we shall first consider the
equation

ow Ui
U +(v-Vg)w— ;Tuho[(l)]w (4.1)
11 Shy . hgv
= ;mdlvv(vw + @(x)Vuw) + %dlvx (va) + 12 Awwa
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coupled with (2.13). The DCBS for VPFP and WPFP then corresponds to the
cases hg =0 and 7 =1, ® = 1, respectively. We recall that n = O(1), v — 0.

Again, one could proceed as in the previous section by expanding the distri-
bution function and the potential field in terms of v, and one would obtain a
hyperbolic equation for the density. Instead of doing that we apply a Chapman—
Enskog expansion that will enable us to obtain higher order correction terms to
this hyperbolic equation. In fact we shall find that the diffusion and the quantum
correction terms are of order v in this expansion.

The Chapman-Enskog expansion consists in expanding t he distribution function
w that solves problem (4.1), (2.13) in power series of v:

w = Z vy, with (w) = (wy) =t p and (wy) =0, k> 0,
k>0

and writing w(z,v,t) as a function of p and V,®, and their spatial derivatives.
Hence, the z— and ¢—dependence of w only enters through p and V;®. Here, (w)
is the integral of w in velocity variables.

In order to get rid of the time derivative of w in (4.1), we use the mass equation
obtained by integrating (4.1) in v,

h2

0
i + divg(vw) = 19

U —5 Azp. (4.2)

Therefore, we have w(z,v,t) = w(v;0%p, 9JV®) with the multi indexes k =
(kiy... ky)and j = (j1,...,Jn), and hence:

Za kp) mPt+Z

k|20 i[>0 8(‘91V @)

In order to simplify the notation, we write the previous identity as
wy = D,yw- 0p+ Dysw- 9, VO. (4.3)

Now, we insert (4.1) into (2.13) to get

12
. hZv
_77]\7“ div, ((vw) 102 pr>

Thus, one can find a divergence free vector field @ (¢, ) with

. . hv
div, (e0;V®) = lN op = —# div,, (vw) + nN—,yH 2 Ap (4.4)

3

2
ro‘cxl (vw) — fov Vzp = rotzlw, (4.5)
€ 12 €
and then,
g hgv _

11



Combining (4.3), (4.4) and (4.6) we find

. h2v v 1 hiv _
nw; = —D,w-div, <(vw) — %V,ﬁ) + U—N%qu)w. <_<vw) + %Vzp—i— w> .
4.7

We remark that the vector field @ is not uniquely determined by (4.5) and div,o =
0, hence appropriate boundary conditions have to be imposed on @ at 9€). While
it is not yet known how to do this in general, in §6 we shall discuss a way to fix w
for the a one-dimensional example.

Substituting (4.7) into (4.1) we look for solutions of

2
(v-Vy)w—D,w- div, <(vw> - hlo_; wp)

LN hv \_n
+7]N e(z) Dvew ( {vw) + 19 Vap +w VTuho [D]w
11 2

1L i (0w + 0() V) + L 0div, (V) + YA . (4.8)
v T(x) 6m 12
Introducing the expansion in the previous equation and balancing terms of the
same order, we shall finally find equations for any order of the approximation. In
order to do that we first have to expand the pseudo-differential operator T, [®]w
in powers of v,

Tomo[@®w = > vF TF @),

k>0
where we assumed sufficient regularity of the potential ®. From the definition (1.9)
one easily sees that the linear differential operators T%[®] satisfy:

TO[®)w = To[®)lw = —(Vo®- V,)w and T*[@]w = 0 for k odd.

Generally, T*[®] (for k even) is a differential operator in v of order k + 1, involving
the (k + 1)-st derivatives of ®.

Thus, for the zeroth order approximation, i.e. order v ! in (4.1), we find

(Ve ® - Vg = %divv (v + O() Vyup). (4.9)

It is straightforward to check that its solution is given by the drifted Maxwellian
wo(ta Z, U) :,O(t, l‘)P(t,(II, U)a (410)

where

- — U(z)|?

P = (2 N2 gy LY 411
(t,,0) = (270(2)) ™ exp ( 0] (111)
andU = n7V @ is the local drift velocity. Here, the main difference to the standard
Chapman-Enskog expansion in rarefied gas dynamics is that the zeroth order ap-
proximation depends on space and time variables not only through p, but through
the electric field as well.

12



Matching the following orders in v we find for £ >0 :

k v 1
0 Vo = 3 { Do - dive(wunes)) + Ty ZDwws (o) ~ i)}

=0
hg v 1k L
+1oPe k-1 Azp + WEEDVM%A Vap— nj;o T [@)wk+1—j
1 h h2
= ;diVU (UU)k+]_ + @Vuwk+1) =+ %dlv;n (vak) + éAmU)k,]_,(ZLIQ)

where the divergence free fields @y, _; are obtained matching orders of v in (4.5) for
w = wy_j. Therefore, the divergence free fields wy, verify

1 1
rotg g(vwk> = rotwgwk, for k >0,k #1, (4.13)
1 h 1_
rotmg ((mm) — EV;,;/)) = roty moIB for k = 1.

Due to the linear structure of the collision operator (i.e. the FP or QFP opera-
tor), we find a recursive relationship that defines wy,; in terms of wj,j =0,...,k
and their moments. As a consequence we also show that the macroscopic equations
for the higher order moments

p™ = (@),

are given as a recursive relationship on pgj_)l = (v9"wy 1) in terms of p(-m)

j=0,....,kandm=20,...,n+ 1. ’
Here, we are not going to discuss the recursive solvability of the iterative relation
(4.12). At the end of this section we will only write down the equation for n = 1
and k = 0, which yields the order v—correction to the DCBS equation.
The velocity moments of P, denoted by

for

m) = (00" P),
can be computed recursively from (4.9) by
_ 1
m§§> = ugmsg Yy E@(x)Au(mSg)). (4.14)

Here we used the following notation: for any differential operator £, (acting on the

velocity variable) the abbreviation £, (p;")) shall mean

Loy = (L, ).

Hence, the first four mgjn) are
mSS) = 1,
mB) = U=nrv,o, (4.15)

m@) = eI+ Usl,
mﬁi’) = OIoU+UsUsl,

13



where I is the identity matrix. Taking the v©@"-moments of the equation (4.12) we

find the iterative relation for pl(ci)l, k>0:

k k
. n n) q: 1 n -
divy g ™ =3 "D, p{" div ) + nlNEZ Dyg - pi" (—p{; + wi ;)
=0

§j=0
h2 1h2 k+1 )
l_gDp I Agp + lN—ﬁDV¢P,@1 Vaep =1 Y (0O [@lwy i)
nme =0

2

= = 2ot A = R (Vu(p) + 10 A (), (416)

where the divergence free fields w,_; are given by (4.13). Moreover, pl(ﬁzl =0 for
n

any k >0, pg ):pmgf) andp(_"%:0foranyn20.

Note that the identity (4.16) is a recursive relation to find p,(cqj_)l. In order to do

so we have to know the term

k+1 ,
ﬂZ(UWLT] [@]wgt1-5)- (4.17)
j=0

In the classical VPFP case this term simply reduces to

n -1
;U®P1211 .

In the quantum case one can use the explicit form of the operators 77 [®] to express
(4.17) in terms of p,(cz_li_]-]), j =0,...,n—1. However, the higher order terms (in j)
give rise to higher order derivatives of the potential ®, which is non-smooth in typ-
ical quantum semiconductor devices (see [20]). Therefore we shall confine ourselves

to the first order equation (kK = 0) and compute the first order approximation of
the first moment (n = 1). Then we have

. . 1 ) 1
divepy” — D, - pi) divepl” + nlN “Dve- 5" (=8 + @) — U Uop”
1 ] ho ..
=2+ 28 ) = v (T (),

Inserting the moments p(()") from (4.10), (4.15) we finally have

1 h
pgl) =7 {—divx (©pI 4+ pUsU) +Udiv,(pU) — Tn]\f,yfl gp(—pU +wg) — %divx(pI)} .

Therefore, we have the approximation of order v of p{!) by

ey (1) (1)

P = py’ +rpp = jo+ i (4.18)
1 h,
= U+ 07 {=VulO0) = pU V.U 47— 200U~ 50) — S0V, )
i € 6m
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where wq satisfies div,wy =0 and
roty —pU = rot; —wy.
€ €

Finally, using the continuity equation (4.2) we obtain the DCBS equations

0 . . h3v
778_5 +div, (pU +V]1) = 10—2Amp7 (4'19)

. ~ - 1 ho
J1=17), ) ==Vu(Op) —pU-V,U + Tn]]_l 2Pl —w) = %—WV:E,O, (4.20)

1 1
divgw =0 and roty ng =roty W (4.21)

U=-ntE, E=-V® and div,(e(z)V,®)=~v(nNp—-C(z)). (4.22)

Our two models, the VPFP and WPFP cases, are obtained from (4.19)-(4.22)
by resp. setting hy =0 and 7 =1, © = 1: The DCBS limit of the VPFP equation
is the augmented drift-diffusion—Poisson model

0 . .
na—f: + div, (pU +vj1) = 0, (4.23)
. ~ ~ Y 1
J1="7j, J==Va(®p) = pU-VaU TN —plpU — w), (4.24)
. 1 1
divyw =0 and rot, —pU =rot, ~w, (4.25)
5 €

U=-nrE, E=-V® and div,(e(x)V,®)=~v(n"Yp—-C(x)). (4.26)

And the DCBS limit of the W PFP equation isalso an augmented drift-diffusion—
Poisson model, where the diffusion constant is increased due to the quantum effects

of the QFP-term:

0 . .
na—i + div, (U +vjr1) = 0, (4.27)
o Cho B v 1
J1=— <1 or 12 Vaep —pU -V U + N1 Ep(pU —w), (4.28)
. 1 1
divzw =0 and rotz ng = rotg W, (4.29)

U=-n7E, E=-V® and div,(e(x)V,®)=vn""p—-C(z)). (4.30)

These are the non-dimensional versions. The dimensionalized equations can be
obtained by reversing the scalings in Section 2 and one obtains

o -

a_f + diva(pU + 75) = 0, (4.31)
~ 62 T
3= =Va(Op) = pU - VoU + ——p(pU — w), (4.32)
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div,w =0 and rot, lpU =rot, lw, (4.33)
£ £

U=-S7E, E=-V® and div,(c(2)V,®) =e(p— C(z)) (4.34)
m
for the DCBS of the VPFP system, and
ap . ~
T div,(pU + 1j) = 0, (4.35)

~ UJPh2 h2 62 T
j=- (@ + —r. + 12m2672> Vep—pU- -V, U+ Egp(pU —w), (4.36)

div,w =0 and rot, lpU =rot, lw, (4.37)
€ €

U= —%TE, E=-V® and div,(e(z)V,®) =e(p— C(x)) (4.38)

for the DCBS of the WPFP system. In the literature, 4 = iT is referred to as the
mobility and is tabulated for different materials and semiconductors geometries. In
fact, p can depend on the local field E(¢,z). In this case the above procedure is
still valid, yielding the same systems with a field dependent mobility.

Remark 4.1 Our DCBS limit of the VPFP equation (4.23)-(4.26) differs the
DCBS limit of the BGK-Boltzmann—Poisson equation that was derived in [11].
The difference appears in the diffusion term: in the VPFP case is isotropic and
it is the same as in the (LFS) drift-diffusion equation, i.e. Vz(Op), while in the
BGK-Boltzmann-Poisson case it is given by (0 + 2 Eo E)V, p. This anisotropy in
the diffusion is due to the fact that the leading distribution is not symmetric for
the drift—collision balance regime in the BGK-Boltzmann—Poisson system, while
the leading term in the expansion wyq is symmetric with respect to u for the VPFP
equation.

The quantum corrected model (4.27)-(4.30) is apparently new. We point out
that a related quantum drift diffusion model ([21], [22]) has recently been inves-
tigated as a simple model for simulating quantum semiconductor devices. That
model was derived as a LFS limit (n < 1) from the isothermal quantum hydrody-
namic model ([15]) and it differs from our model in the non-linear terms entering
in the current (4.28).

Remark 4.2 In both the classical and quantum case one can continue the above
process iteratively to find higher v-order terms in the expansion for p(l), the energy
p@ . or even all higher order moments.

Remark 4.3 As in the case of the BGK-Boltzmann—Poisson system, a new fea-
ture in this augmented drift-diffusion system we obtain the field w in the DCBS

equations. Using Maxwell’s equations this field can be interpreted as the curl of a
magnetic field created by the particles.
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5 Ballistic scaling

In Section 2 we presented the ballistic scaling (BS) equation for the VPFP system:

0 1 1 1
0V (N V) = g div (ol +POEVL), (6

coupled to the scaled Poisson equation (2.8). The ballistic regime appears when
[ — 0and « ~ 1. Obviously this does not give rise to a macroscopic limit. Formally
the limiting equation would be

of 1 1

1 .
E+(u-v$)f+§(vm<1>-vv)f = %mdlvv(vf). (5.2)

Therefore either Hilbert or Chapman—Enskog expansions (along the lines of §3, 4)
would not give a drift-diffusion-like system.

Alternatively, one could either study the large time behavior of the macroscopic
quantities of (5.1) or introduce a macroscopic closure of (5.1). This approach will
be investigated elsewhere.

To illustrate some features of (5.1) let us briefly discuss the large time behavior
of the space-homogeneous analogue of (5.1). We consider the operator

:l(E'Vv)f'i'L :

k= 2 200 7(x)

divy,(vf).

It is easy to check that any solution with unit mass of the space-homogeneous
problem
of _ Kf
ot

tends to the equilibrium fo(v) = d(v + 7E) as t — 0, where ¢ is the Delta distri-
bution. It means that the velocity of the particles concentrate on the drift velocity,
which in this scaling is of the order of the ballistic velocity.

However, let us clarify the relation between the BS and the D CBS equations.
One can write the non-dimensional parameters n and v in terms of the parameters
« and [ obtaining

2 2 5.3
5. v=2ap. (5.3)
Remember that the DCBS is valid when 7 ~ 1 and v — 0 which is equivalent to
a — 0, 6= 0and a ~ (. Therefore, the DCBS scaling is an intermediate regime
between the LFS and the BS regime when the drift velocity is not high enough.
The BS has been used previously for studying the so-called Child-Langmuir
law in semiconductors in the case of the relaxation time operator (see [3] and the
references therein). Finally, let us remark that very recently Fokker-Planck type
equations have been derived from the Bolt zmann equation for semiconductors using
the BS and a spherical harmonic expansion (SHE model). In the SHE model one
obtains an equation for the distribution function in energy-position space. We refer
to [4, 5, 27] for this kind of models.
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6 Numerical simulation

The aim of this section is to show that the three presented scaling regimes indeed
appear in a realistic simulation of a simple problem. We shall present simulations
for a silioon nt — n — n™ diode, and we shall see that different regimes (LFS,
DCBS, BS) are dominant at different positions z € Q of the device. With this
information one can then decompose the domain © and use the (locally) relevant
model in each subdomain. The main purpose of such a procedure is to restrict
the (computationally expensive) original kinetic model to rather small regions, and
to solve instead a hybrid model, where the macroscopic limiting equations (drift-
diffusion type models) are used wherever possible.

) [ source drain
500000

400000
300000
200000

100000

channel

0.2 0.4
X

Figure 1: Doping profile of the silicon n*-n-n" device. The applied bias accelerates the
electrons from source to drain.

Here, we consider a one dimensional silicon n*-n-n™ structure of length 0.6m
with its doping profile C(z) sketched in Figure 1. The domain of the device is
Q= [0,0.6], and the doping profile given by C(z) is a smoothing of the predefined
density values 5 x 10° /um in 0 <z < 0.1 and in 0.5 < 2 <0.6; and 2 x 103 /um in
0.15 <z < 0.45, where we have introduced a smooth intermediate transition with
width 0.05um close to the junctions. Except for this smoothing of C(z), this is
the silicon device analogue of the GaAs device used by Baranger and Wilkins [2].
The numerical out puts between the sharp and smooth C(z) codes have almost any
difference and the smoothing of C(z) makes faster and more stable codes.

Our simulations were performed for applied biases Vhiqs from 0V to 2.5V, but
to save space we shall only include below the results for Vj;,, = 2V. Other param-
eters: m = 0.26 x 0.9109 (1073%kg), e = 0.1602 (10 ¥C), ky = 0.138046 x 10~*
(10-8J/K), e = 11.7 x 8.85418 (10~ F/um), T = 300K and pu = 0.0367. Here,
we have chosen constant (in x) lattice temperature and electron mobility, which
are resp. given by © = %T and p= 2.
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For this device we will now compare the kinetic VPFP model with its scaling
limits in the LF'S and the DCBS regimes. First we list these three models, together
with the boundary conditions that were already presented in §3. The 1D VPFP
equation reads

futof, =SB, = %(vf +0f),, 0<z<06velR  (6.1)

with the boundary conditions
f(t,0,v) = C(0) Mg(v) for v>0, (6.2a)
f(t,0.6,v) = C(0.6) Me(v) for v <O0. (6.2b)
The drift-diffusion equation of the LF'S regime reads
pr+ (—uE(t,z)p—10p,), =0, 0<2z<0.6, (6.3)
with the boundary conditions
p(t,0) = C(0), p(t,0.6) =C(0.6). (6.4)

In 1D the augmented drift-diffusion equation of the DCBS regime reads
o2 72
P+ <pU —710p, —TpUU, + ——p(pU — w)) =0, 0<z<0.6, (6.5)
m €
T

w=const, Ul(t,z) = —pE(t, x),

with the boundary conditions for the density given by (6.4).
The constant w is fixed in 1D using the relation (4.4). This equation reads in
dimensionalized form

Dy = _S<Uf>m

Taking into account that pU is the first order term in the expansion for the current
j = (vf) we can fix w by using (4.6):

9
w = (pU)|a::a:o + E(I)tm|a::a:0,

where z( is an arbitrary point in the region where this augmented drift diffusion
model is employed. In general, w might be time-dependent. However, here we are
interested in the steady state and the variation of the potential is negligible in the
n™ regions of the device. Therefore we choose w to be

w = —(upE)|z=z,, (6.6)

where z; is in the right end point of the region where we use the augmented drift-
diffusion system.
All three models (6.1), (6.3), (6.5) are coupled to the Poisson equation

O, = g(p(x) ~C(z)), 0<xz<0.6 (6.7)
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with the boundary conditions ®(¢,0) =0, ®(£,0.6) = Vy;qs-
In order to understand the relevant scalings of our problem we will first inspect

the local values of the non-dimensional parameters n(z) = “‘E—\/(g”, v = %6 =
C(z)eL

const, y(r) = co|E(x) - The values of the field E(x) are here taken from the steady
state solution of the VPFP system (6.1), (6.7). Figure 2 (left) shows the local
values of 1, v and -y over the whole interval (2. This way we can monitor in which
parts of the device the assumptions of each scaling regime are correct. We realize
that  ~ 1 and v ~ 0 in the channel and, therefore, the DCBS is valid inside the
channel region [0.1,0.5]. Also, we see that the LF'S is valid in the intervals [0, z 4]

and [z B, 0.6], where z4 is close to 0.1 and zp is close to 0.5; they will be specified
below.

h,eg
a,b

15

05

Figure 2: Local non-dimensional parameters, calculated with E(z) from the kinetic sim-
ulation results. Left figure: solid line: n(z); dashed line: v(x); dotted line: v(z). Right
figure: solid line: «a(z); dotted line: 3(z).

Let us review this result in terms of the new non-dimensional parameters a/(z)
and B(z) from (5.3). Figure 2 (right) clearly shows that the local values of these
parameters satisfy « ~ 3 ~ 0 in the channel region.

After identifying the dominant scalings in the subregions of the simulation do-
main  we shall now compare the “correct” kinetic reference solution with its
drift-diffusion approximations. We shall only compare stationary solutions, i.e.
foo(x,v), poo(x), which we obtain by using a time marching algorithm for the equa-
tions (6.1)-(6.7) until a steady state is reached (the numerical details are deferred
to the end of this section).
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Figure 3: Numerical comparison of kinetic and drift-diffusion models for the silicon n*-

n-nt device at V};,, = 2V. Solid line: the VPFP system; dashed line: the LF'S equation;
dotted line: the domain decomposition LFS-DCBS-LFS equation. Top left: the charge
density p in pm=!; top right: the (mean) velocity u in pum/ps; bottom left: the electric
field E' in V/pum; bottom right: the potential ® in V.

In Fig. 3 we first compare the VPFP-solution to the LFS-drift-diffusion model
for the whole interval [0,0.6], and the macroscopic variables are reasonably close.

Next, we make an adaptive domain decomposition and use the LFS model only
in [0, z4] and [zp, 0.6], and the DCBS in the channel [z 4, zp], as suggested by Fig.
2. For the hybrid model we match the fluxes from (6.3) and (6.5) at x4 and zp.

As suggested by the values of «, 3, n, v (see Fig. 2), we choose z 4 as the
minimum of « inside the channel and xpg as the point where n ~ v ~ 0 in the drain
(and update z 4 and zp periodically during the time marching algorithm). Here, w
is fixed by the value of pU at zp (cf. (6.6)). This produces the results in Figure 3.
Compared to the LFS model in the whole device (i.e. the standard drift—diffusion
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model), we see a sharp improvement of the charge density p(z) and the (mean)
velocity u(z) = ’%’7 close to the channel-drain junction; the potential and the
field are almost identical to the kinetic results. Here, j, is given by the flux of the
drift—diffusion equation equations (6.3) for the LFS model in whole domain, and by
the resulting decomposed flux given by the domain decomposition of drift—diffusion
and augmented drift-diffusion corresponding to the hybrid LFS-D CBS-LFS model.
That means the steady state current j, is given by the local fluxes of the equations
(6.3) and (6.5), respectively, according to the decomposed domain.

Figure 4: Normalized stationary distribution foo(z,v)/poo(x) at several fixed x for
Viias = 2V, obtained from the kinetic simulation and compared to Maxwellians at lattice
temperature ©, centered at the drift and ballistic velocity. Solid line: kinetic solution;
dashed line: Mg(v); dash-dotted line: Mg(v — U); long dashed line: Mg(v — B). Top
left: at x = 0.04um; top right: at x = 0.16um; bottom left: at x = 0.44um; bottom
right: at z = 0.56um.

In Figure 4 we compare the normalized distribution function f.,(z,v)/peo()
from the kinetic simulation to its zeroth order approximations in the Hilbert and
Chapman-Enskog expansions: Mg(v) for the LF'S equation (see (3.2)), Mg(v—U)
for the DCBS equation (see (4.10), (4.11)) and Me(v — B) for the BS equation.

Here, the drift velocity U (z) is —uE (z) and the ballistic velocity B(z) is /2®(x).
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This formula for B(x) follows from (2.1) together with the fact that the electrons are
injected at the source with zero mean velocity (see (6.2a)), and since we calibrated
the potential by ®(0) = 0. The “ballistic Maxwellian” is just a way to visualize the
ballistic velocity compared to the others. Here, the values of E and ® are taken
from the kinetic simulation, but this point is not important since the values of
and ® agree very well between the kinetic results and the hybrid LFS-DCBS-LFS
results.

Finally, we show in Figure 5 the current-voltage (poo, Viias) curves for this device
given by the kinetic simulation, the LFS model (standard drift-diffusion system),
and the hybrid LFS-DCBS-LFS models (drift-diffusion /augmented drift-diffusion
domain decomposition), for applied biases in the interval 0 —2.5V. The curve given
by the hybrid LFS-DCBS-LFS domain decomposition yields the best approximation
to the kinetic curve for applied voltages greater than 0.4V . One has to keep in mind
that the LFS is the dominant regime for small voltages and hence for low fields.
This is the reason why the results of the LES-DCBS-LF'S are not good for small
applied voltages.

current

500

400

300

200

100

1
Vbias

Figure 5: Current-voltage characteristics for the silicon n™-n-n* device. Solid line: the
VPFP system; dashed line: the LFS system (drift—diffusion) in the whole device; dotted
line: hybrid LES-DCBS-LF'S system.

The last figures of this section are devoted to the ballistic scaling. For illus-
tration purposes we increase the value of the mobility by about a factor of 10 to
u = 0.3. This change is not arbitrary; in fact, the key difference between the set
of parameters for a silicon device and the important GaAs parameter set is the
higher mobility in the latter case. For the sake of simplicity we have not included
here the results for the GaAs device, but we show that the ballistic regime is the
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dominant regime in the channel for the standard GaAs parameter set. In Figure 6
we plot the non-dimensional local parameters a(z) and B(x), and we realize that
the dominant scaling in the channel is now the BS, since « ~ 1 and # ~ 0.

a,b

=
a1 N
o 7\/;/ LS L B A LA B B B LB B BN HLE

=

o
o

Figure 6: Local non-dimensional parameters, calculated with E(z) from the kinetic sim-
ulation results for higher mobility. Solid line: a/(x); dotted line: §(z).

In Figure 7 we plot the normalized distribution functions for the same applied
potential Vhias = 2V, and we observe that the “ballistic Maxwellian” gives the
closest match (with respect to the mean velocity) to the kinetic solution in the
channel. The first order approximations of both the LFS and the DCBS are far
from the real (kinetic) solution in the channel.

Finally, we shall illustrate even more clearly that the “real regime” in the chan-
nel region is now the BS. To this end we solve the reduced VPFP system with
B =0 (i.e. weset ©® =0 in (6.1)) and compare the results with the original VPFP
results at the level of normalized distribution functions in steady state. In Figure
8 we only plot this distribution function at one point « in the channel region, and
we see that it is a good approximation for the solution of the full VPFP system in
this case.
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Figure 7: Normalized stationary distribution fu(z,v)/pso(z) at several fixed x for
Viias = 2V and higher mobility, obtained from the kinetic simulation and compared to
Maxwellians at lattice temperature O, centered at the drift and ballistic velocity. Solid
line: kinetic solution; dashed line: Mg (v); dash-dotted line: Mg(v — U); long dashed
line: Mg(v — B). Top left: at = 0.04pm; top right: at x = 0.16um; bottom left: at
x = 0.44pm; bottom right: at z = 0.56um.

6.1 Numerical details

For the discretization of the kinetic VPFP system (6.1), (6.7) we use a uniform
grid both in z and in v, with 150 x 150 points. We cut the velocity space at
v = —a and v = a and impose homogeneous Neumann boundary conditions there
(extrapolation of the numerical solution from inside the domain to the boundary).
Our simulations showed that @ = 3.5um /ps is large enough. For the LFS equation
(6.3) and the DCBS equation (6.5) we also use a uniform grid in = with 150 points
for the interval [0,0.6].

In our simulations we use the WENO (i.e. weighted ENO) scheme developed
in [17]. ENO (developed in [28]) and WENO schemes are designed for hyperbolic
conservation laws or other problems containing either discontinuous solutions or
solutions with sharp gradients. The algorithms are very stable in all the numerical
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Figure 8: Kinetic simulation results at Vj;,, = 2V for the normalized stationary distribu-
tion foo(z,v)/po(x) in the channel at x = 0.32um for higher mobility. Solid line: VPFP
system; dashed line: reduced VPFP system with 5 = 0.

simulations. The FP collision operator and the diffusion terms in the LFS and the
DCBS equations are considered sources of the conservation law and approximated
by finite differences. For the time integration of the kinetic and the drift-diffusion
equations we use a Runge-Kutta method and we update the self-consistent potential
® at each time step by solving the Poisson equation (6.7). This iterative time
stepping is repeated until a steady state ( foo Or poo) is reached.

Let us remark that the main aim of a domain decomposition technique using
scaling limit models, as sketched in this section, is to save computational time.
Owur simulations were carried out on a Pentium 11 400 MHz and the computational
time for kinetic runs is about 35 minutes, compared to 30 seconds for a hybrid
LFS-DCBS-LFS domain-decomposition run.
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