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1. Number Fields
v

A number field is a finite extension of Q. To be more precise, we’ll begin with some review of field extensions
and algebraic elements.

Definition 1.1. A complex number α ∈ C is algebraic if there exists p(x) ∈ Q[x] such that p(α) = 0.

Any algebraic element α defines an ideal Iα = {p ∈ Q[x] | p(α) = 0}. Since Q is a field, Q[x] is a PID
and so Iα = (p) for some p ∈ Iα (which must be irreducible). The unique monic polynomial that generates Iα
is called the minimal polynomial for α, which we’ll denote pmin,α. We call the degree of an algebraic number
deg(α) := deg(pmin,α).

Proposition 1.2. The following are equivalent:

1. α is algebraic.

2. [Q[α] : Q] <∞.

3. Q[α] = Q(α).

Proof:
(1 ⇒ 2): If α is algebraic and d = deg(α), then Q[α] ∼= Q[x]/Iα is a finite dimensional Q vector space
with basis {1, α, ..., αd−1}. Therefore [Q[α] : Q] = d <∞.

(1 ⇒ 3): Since pmin,α is irreducible, Iα is a maximal ideal and so Q[α] is a field. Since it contains α,
Q[α] = Q(α).

(3⇒ 1): The element 1
α ∈ Q(α) is also contained in Q[α], so 1

α = q(α) for q ∈ Q[α]. Then αq(α)− 1 = 0.
Thus α satisfies the polynomial xq(x)− 1.

(2 ⇒ 1): Q[α] being a finite vector space over Q means that the elements {αi} for i sufficiently large
must be mutually dependent. This induces a polynomial relation in α with Q coefficients, hence α is
algebraic.

�

Remark 1.3. If α, β are algebraic, then it is easy to check that α+ β, αβ, and α/β (the latter only when β 6= 0) are
also algebraic. The algebraic elements of C therefore form a subfield of C.

Definition 1.4. If F is a field containingQ and [F : Q] <∞, then F is called a number field of degree n = [F : Q].

Remark 1.5. For any number field F , the primitive element theorem guarantees us a (not necessariy unique)
element α ∈ F such that F = Q(α).

Definition 1.6. For a number field F , an embedding of F into C is a homomorphism φ : F → C. An embedding
is called real if im(φ) ⊂ R and complex otherwise.

Given the finiteness of F as an extension, a natural question to ask about embeddings is howmany there are.
We know that, if φ is a complex embedding, then so is its complex conjugate φ. Thus the number of embeddings
must be of the form r1 + 2r2, where r1 is the number of real embedings and 2r2 is the number of complex
embeddings.

Corollary 1.7. For a number field F of degree n, there are exactly n distinct embeddings.

Proof:
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1 Number Fields

Fix a primitive element α, so thatF = Q(α). Any homomorphism φ : F → C is determined by the image
of α. Since F ∼= φ(F ) ∼= Q(φ(α)) ∼= Q[x]/(pmin,φ(α)) and F ∼= Q[x]/(pmin,α), the minimal polynomials of
α and φ(α) are the same. Therefore φ(α) must be another root of pmin,α. Since it has no repeated roots,
there are exactly n choices of roots in C.

�

1.1 Norm, Trace, and Discriminant v

For α ∈ F , consider the map mα : F → F given by x 7→ αx. This is a Q linear map, so it has a trace and a
determinant. These are used to define the norm and trace of an element:

Definition 1.8. Given α ∈ F , the trace of α is tr(mα) and is denoted trF/Q(α). The norm of α is the determinant
det(mα) and is denoted NF/Q(α). We sometimes drop the “F/Q" subscript when the number field is implicit.

Remark 1.9. Notice that basic properties of trace and determinant extend to the field norm and trace: tr(α+β) =
tr(α) + tr(β) and N(αβ) = N(α)N(β).

Proposition 1.10. Let deg(F ) = n, and {φ1, ..., φn} be the distinct embeddings of F . Then for any α ∈ F :

trF/Q(α) =
∑
i

φi(α)

NF/Q(α) =
∏
i

φi(α)

Proof:
Consider the fieldQ(α) ⊂ F and the mapmα : Q(α)→ Q(α). Since the minimal polynomial pmα ofmα

is pmin,α, which has no multiple roots, mα is diagonalizable. The number of eigenvalues of mα is the
degreem = [Q(α) : Q]. Then, if {αj} are the roots of pmin,α:

trQ(α)/Q(α) =

m∑
j=1

αj

Note that every embedding Q(α)→ C can be extended to e = deg(F/Q(α)) embeddings F → C. Then,
by the same reasoning as above, we have:

trF/Q(α) =

m∑
j=1

eαj

But since the image of φi must be a root of pmin,α, we get:

trF/Q(α) =

n∑
i=1

φ(α)

The same can be done to show that the product formula.
�

The trace as a map F → Q induces a pairing:

〈−,−〉F : F × F → Q

(x, y) 7→ trF/Q(xy)

We sometimes drop the F subscript on the brackets unless it is necessary.
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1 Number Fields

Exercise 1.11. Show that 〈−,−〉F is a nondegenerate bilinear pairing.

Definition 1.12. Givenn elementsα1, ..., αn ∈ F , the discriminant disc(α1, ..., αn) is defined to be the determinant
of the matrix 〈αi, αj〉.

There are several observations about the discriminant that will be useful:

1. The discriminant can be evaluated using the embeddings φk:

disc(α1, ..., αn) = det(tr(αiαj)) = det((φk(αj)
Tφk(αj)) = det(φk(αj))

2

2. If (β1, ..., βn) = M(α1, ..., αn) for some matrixM , then:

disc(β1, ..., βn) = det(M)2 disc(α1, ..., αn)

This follows from the previous observation.

3. For F = Q(α) of degree d, the discriminant of the power basis {1, α, ..., αd−1) is:

disc(1, α, ..., αd−1) = det

1 φ1(α) · · · φ1(α)d−1

...
...

...
1 φd(α) · · · φd(α)d−1


2

=
∏
i<j

(φi(α)− φj(α))2

= NF/Q(p′min,α(α))

where we used the Vandermonde determinant formula.

Proposition 1.13. For F/Q a degree d number field andB = {α1, ..., αd} be a collection of elements in F . ThenB forms
a basis of F/Q if and only if disc(α1, ..., αd) 6= 0.

Proof:
One direction is straight-forward: if they don’t form a basis, there is a linear relation on the αi. This
extends to a linear relation on the columns of φi(αj), hence making the discriminant zero by the first
observation above. For the other direction, it sufices to prove that the discriminant is nonzero for one
basis (and then use observation 2). We choose the power basis {1, α, ..., αd−1}, which has discriminant:

disc(1, α, ..., αd−1) =
∏
i<j

(φi(α)− φj(α))2

This is nonzero because otherwise φi(α) = φj(α) for j 6= i, which would imply that φi and φj sent α to
the same thing.

�

As an application, we construct the total embedding of F into Rr1 × Cr2 , where r1 is the number of real
embeddings and r2 is the number of pairs of complex embeddings. For each pair of complex embeddings
(φi, φi), we chose one representative to define a map:

Φ :F → Rr1 × Cr2

α 7→ (φ1(α), ..., φr1(α)︸ ︷︷ ︸
real

, φr1+1(α), ..., φr1+r2(α)︸ ︷︷ ︸
complex rep.’s

)

This is non-canonical, since we made arbitrary choices of representatives. The question we will answer is: what
does the image of Φ look like?
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1 Number Fields

Example 1.14. Consider F = Q(α) for α3 = 2. Then there are two complex embeddings and one real. If ω is a
(primitive) cube root of unity, then one example of Φ would be:

Φ(α) =
(

3
√

2, ω
3
√

2
)

Theorem 1.15. For a number field F of degree d:

• Φ maps a basis of F/Q to an R basis of Rr1 × Cr2 .

• Φ is injective.

• im(Φ) is dense.

Proof:
We identify C with R2 in the usual way. This induces a map Φ̃ : F → Rd.
1. If ω1, ..., ωd is a basis of F/Q, then by multilinearity of the determinant:

det

Φ̃(ω1)
...

Φ̃(ωd)

 = (2i)−r2 det(φi(ωj))︸ ︷︷ ︸
6=0

Therefore {Φ̃(ωi)} form a basis of Rd, and hence so do {Φ(ωi)}.
2. Suppose Φ(β) = 0. Extend β to a basis B of F/Q. Then Φ(B) cannot be a basis because it has at

most d− 1 linearly independent elements. This contradicts 1).
3. We have shown that Φ(F ) contains a Rr1 ×Cr2 over Q. Since Q is dense in R, so too must Φ(F ) be

dense in Rr1 × Cr2 .
�

1.2 Algebraic Integers v

Definition 1.16. For a number field F , an element α ∈ F is an algebraic integer (also called integral) if pmin,α has
integer coefficients.

Proposition 1.17. Let α be an element of a number field F . The following are equivalent:

1. α is integral.

2. There exists a monic f(x) ∈ Z[x] such that f(α) = 0.

3. Z[α] is a finitely generated Z module.

4. There exists a finitely generated, nonzero Z moduleM ⊂ F such that αM ⊂M .

Proof:
(1⇒ 2): Take f(x) to be the minimal polynomial of α.
(2 ⇒ 1): Write f(x) = pmin,α(x)q(x) for q(x) ∈ Q[x] monic. If r = deg(pmin,α) and pmin,α =

∑r
j=1 βjx

j

then the coefficients of the r highest degree terms f(x) are {β1, ..., βr}. These are integers by assumption,
so in fact pmin,α ∈ Z[x].
(1⇒ 3): A basis for Z[α] ∼= Z[x]/(pmin,α) is {1, α, ..., αr−1}, so it is finitely generated.
(3⇒ 4): TakeM = Z[α].
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1 Number Fields

(4⇒ 2): Take x1, ..., xn as as generators forM . Then since αxi ∈M for all i, we have a matrix relation:αx1...
αxn

 = N

x1...
xn


for N a matrix with integer coefficients. Then det(αIn −N) = 0, and so the polynomial det(xIn −N) ∈
Z[x] satisfies α.

�

Remark 1.18. If α and β are algebraic integers, then Z[α + β] ⊂ Z[α] ⊕ Z[β] must be finitely generated as a Z
module because each of Z[α],Z[β] is. Therefore, by above, α+ β is an algebraic integer. For similar reasons, αβ
is also an algebraic integer. This proves:

Corollary 1.19. The set of all algebraic integers in F (denoted OF ) is a subring.

Exercise 1.20. Show that Frac(OF ) = F .

Theorem 1.21. For a degree number field F of degree d, the ring of integers OF is a free Z module of rank d.

Proof:
Let α1, ..., αn be a basis of F/Q. For each αi, there exists an integer m such that mαi is integral (just
take m to be the lcm of the denominators of the coefficients of pmin,αi ). Thus, we can assume {αi} are
integral. This directly means that the rank of OF is at least d. Now define the map ϕ : F → Qd by:

ϕ(β) = (〈α1, β〉, 〈α2, β〉, ..., 〈αd, β〉)

Note that, for x, y ∈ OF , 〈x, y〉 ∈ Z because the trace of an algebraic integer is again an algebraic integers
in Q (i.e. they are in Z). Therefore ϕ sends OF to Zd. Further, this is an injection because the 〈−,−〉 is
nondegenerate. Therefore the rank of OF is at most d. Since it clearly has no torsion, it must be free of
rank exactly d.

�

Example 1.22. Let F be a quadratic number field (degree 2). Then there is a squarefree integer d such that
F = Q(

√
d). It is a standard exercise to show that the ring of integers OF depends on dmod 4 in the following

way:

OF =

{
Z[
√
d] d ≡ 2, 3 mod 4

Z[(1 +
√
d)/2] d ≡ 1 mod 4

Remark 1.23. Suppose α = (α1, ..., αn) and β = (β1, ..., βn) are two bases of OF . Then there is an integer matrix
M such that α = Mβ. Since bothM and M−1 are integer matrices, det(M) ∈ Z× = {±1}. In particualar, the
discriminants disc(α1, ..., αn) and disc(β1, ..., βn) are equal and they define an invariant of OF . This is known as
the discriminant of the number field, denoted discF .

Lemma 1.24. Any set of elements {β1, ..., βd} in OF with squarefree discriminant form a basis of OF .

Proof:
If {βi} is not a basis, then writing β = Mα for a basis α = {αi} requires det(M) /∈ Z∗; in particular,
disc(β1, ..., βn) = det(M)2 disc(α1, ..., αn) is not squarefree.

�

One should keep in mind that this is not an if and only if statement.
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2. Dedekind Rings
v

In this section, we will define Dedekind rings in order to give a theory of ideal facorization in OF . Recall these
equivalent definitions of a ring R being Noetherian:

1. Every ideal I ⊂ R is finitely generated.

2. Every nonempty collection of ideals in R has a maximal element.

3. Every ascending chain of ideals I0 ⊂ I1 ⊂ I2 ⊂ ... eventually stabilizes.

Exercise 2.1. Show that these are equivalent.

An important fact about Noetherian rings is the Hilbert Basis Theorem:

Proposition 2.2. If R is a Noetherian ring, then so is R[x] (and hence so is R[x1, ...xn]).

Definition 2.3. Suppose R ⊂ S are rings. We say α ∈ S is integral over R if there exists a monic polynomial
f ∈ R[x] such that f(α) = 0.

Definition 2.4. A domain R is integrally closed if every α ∈ Frac(R) that is integral is in R itself.

Example 2.5. Z[
√

5] is not integrally closed because
√
5+1
2 ∈ Q(

√
5) is integral over Z (and hence over Z[

√
5]) but

is not in Z[
√

5].

Definition 2.6. The Krull dimension of a commutative ring R is the length of the longest chain of nested prime
ideals p0 ⊂ p1 ⊂ p2 ⊂ ... ⊂ pn (length is determined by the number of inclusions, not the number of primes).

Example 2.7. The Krull dimension of Z is 1 and the Krull dimension of Z[x1, ..., xn] is n+ 1. More generally, the
Krull dimension of R[x] is one more than the Krull dimension of R.

Definition 2.8. A commutative ring R is Dedekind if:

1. R is a Noetherian domain.

2. R is integrally closed.

3. The Krull dimension of R is ≤ 1 (i.e. non-zero primes are maximal).

Proposition 2.9. The ring of integers OF of a number field F is a Dedekind ring.

Proof:
Since OF is finitely generated as a Z module, any submodule (ideal) is also finitely generated. To show
that it is integrally closed, let α ∈ F be integral over OF . Then OF [α] is a finite OF module, and hence
also a finite Zmodule. Therefore the submodule Z[α] is also finitely generated, which is true if and only
if α is integral over Z.

Finally, let p ⊂ OF be nonzero. ThenOF /p is an integral domain. We claim that p contains a nonzero
integerm; inded, for any nonzero α ∈ p, the degree 0 coefficient of pmin,α is in p. Thus (m) ⊂ p and we
have a ring surjection:

OF /(m) � OF /p

We note that, if d is the rank ofOF , thenOF /(m) ∼= (Z/mZ)⊕d. In particular, it is finite. ThereforeOF /p
is finite. Any finite integral domain is a field, so p must be maximal. Therefore the Krull dimension is
1.

�
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2 Dedekind Rings

2.1 Fractional Ideals and Unique Factorization v

Definition 2.10. For a Dedekind ringR, let F denote the fraction field ofR. A fractional ideal I ofR is an additive
subgroup of F such that ∃α ∈ F ∗ such that αI is a nonzero ideal of R.
Proposition 2.11. The following are true for a Dedekind ring R with F = Frac(R):

1. Every nonzero ideal of R is fractional.

2. Every fractional ideal that is contained in R is an ideal of R.

3. If I, J are fractional ideals, then IJ = {
∑
αiβi | αi ∈ I, βi ∈ J} is a fractional ideal.

4. αR is a fractional ideal of R for any nonzero α.

5. For all fractional ideals I , the set I−1 = {α ∈ F | αI ⊂ R} is a fractional ideal of R.
Proof:

1. Clearly 1 · I ⊂ R.
2. Let I ⊂ R be fractional. Then it is easy to check that I is an additive subgroup of R, so we need

only verify that rI ⊂ I for any r ∈ R. Let α ∈ F ∗ be such that αI is an ideal of R. Then rαI ⊂ αI .
For any a ∈ I , this inclusion means that there exists b ∈ I such that raα = bα, and therefore:

α(ra− b) = 0⇒ ra− b = 0⇒ ra = b.

Therefore ra ∈ I , so rI ⊂ I .
3. If α, β are such that αI ⊂ R and βJ ⊂ R, then clearly αβIJ ⊂ R.
4. If α 6= 0, then αR is an additive subgroup of F and αα−1R ⊂ R, so it is also a fractional ideal.
5. Exercise.

�

The main fact that we will use about Dedekind rings is that they admit prime factorization, just like in
the integers. In fact, we can think of Dedekind rings as a generalization of the integers (just as OF was the
generalization of integers as a subring Q).
Theorem 2.12. Let R be a Dedekind ring. Then the set I(R) = {fractional ideals I ⊂ Frac(R)} is abelian group under
multiplication. Moreover, I(R) ∼=

⊕
primes Z. In other words, every fractional ideal factors uniquely into a finite product

of powers of prime ideals.
To prove this, we will need three lemmata:

Lemma 2.13. For R a Noetherian ring, every ideal I ⊂ R contains a product of prime ideals.
Proof:

Define the set:
S = {I ⊂ R | I does not contain a product of prime ideals}

Assume that S is nonempty; then there is a maximal element I0 of S. Since I0 cannot be a prime ideal,
there exists r, s ∈ R such that rs ∈ I0 but r, s /∈ I0. Then (I0, r) and (I0, s) are ideals containing I0
properly. Since I0 wasmaximal in S, then (I0, r) and (I0, s) both contain a product of prime ideals. Then
(I0, r)(I0, s) also contains a product of prime ideals. However, by construction of r and s, (I0, r)(I0, s) ⊂
I0, and so I0 contains a product of primes. This is a contradiction, so S = ∅.

�

Lemma 2.14. Let R ⊂ F be a Dedekind ring contained in a field. For I ⊂ R a proper ideal, then ∃λ ∈ F \ R such that
λI ⊂ R.
Proof:
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2 Dedekind Rings

Let p be a prime ideal containing I and fix a nonzero element a ∈ I . Then by the previous Lemma,
the ideal it generates contains a product of primes: p1p2 · · · pn ⊂ (a). Further, we can take n to be the
minimal such length. Then we have p1p2 · · · pn ⊂ p, which means p = pi for some i. Without loss of
generality, let i = 1. Since n was minimal, p2 · · · pn is no longer a subset of (a), and so we may take
b ∈ p2 · · · pn \ (a). Then b/a ∈ F \ R. Further, any x ∈ I is also in p1 = p, so bx ∈ p1p2 · · · pn ⊂ (a).
Therefore bx/a ∈ R and b

aI ⊂ R.

�

Lemma 2.15. If I is a fractional ideal of R, then II−1 = R.

Proof:
By definition of I−1, the fractional ideal II−1 is contained in R, so it must be an ideal of R (part 2. of
Proposition 2.11). Assume that II−1 6= R; then by the previous Lemma, there exists some λ ∈ F \ R
such that λII−1 ⊂ R. If we rewrite λII−1 as I · λI−1, we see that:

λI−1 ⊂ I−1 ⇒ λnI−1 ⊂ I−1 ∀n

Now pick y ∈ I nonzero, and notice that λnyI−1 ⊂ yI−1 ⊂ R. Fixing x ∈ I−1 nonzero, this says that
λnxy ∈ R and therefore λn ∈ Rx−1y−1. This means that R[λ] ⊂ Rx−1y−1. Since R is Noetherian, we
must conclude that R[λ] is a finitely generated submodule, which is true if and only if λ is integral. But
λ /∈ R by choice, and R is integrally closed. This is a contradiction.

�

The proof of Theorem 2.12 will follow from the next few claims.
Claim 1: Every nonzero prime ideal of R is a finite product of prime ideals.
Proof:

Let S = {J ⊂ R | J is not a product of primes} and assume it is nonempty. Then it has a maximal
element I . Since I is not prime, it is not maximal so I ⊂ p properly for some prime p. Consider Ip−1 ⊂
pp−1 = R. This is a proper ideal of R. By Lemma 2.14, there exists some λ ∈ F \ R such that λ ∈ p−1.
Therefore p−1 6⊂ R, which makes I a strict subset of Ip−1. Since I was maximal in S, we must be able to
write Ip−1 = p1 · · · pn for pi prime. However, that would mean I = pp1 · · · pn, which is a contradiction.
Therefore S is empty.

�

Claim 2: The expression of an ideal as a product of primes is unique (up to reordering).
Proof:

Suppose p1 · · · pr = q1 · · · qs are two expressions of I (we can assume s ≥ r). Then q1 · · · qs ⊂ p1. Assume
qi 6= p1 for all i. Then choose xi ∈ qi with xi /∈ p1. Then the product x1 · · ·xs is in q1 · · · qs and hence is
in p1. This is a contradiction because p1 is prime, so we must have qi = p1 for some i. Without loss of
generality i = 1, so:

p1 · · · pr = p1q2 · · · qs
We can multiply both sides by p−11 to eliminate p1 from the product. Repeating this, we end up with
R = qs−r · · · qs. Since prime ideals are proper, so we must have r = s. Further, each qi was equal to
some pj .

�

Claim 3: The previous two claims apply to all fractional ideals (except possibly with negative powers).
Proof:
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2 Dedekind Rings

If I is fractional, then let a, b ∈ R be such that ab I ⊂ R. Then we can write:

a

b
I = (a)(b)−1I = p1 · · · pn

uniquely. Rearranging:
I = p1 · · · pn · (a)−1(b)

Further, we can also write (a) and (b) as a product of primes, which in turn expresses I as a product of
(possibly negative) powers of primes. We leave verifying uniqueness as an exercise.

�

The following useful fact comes as a corollary to unique factorzation:

Corollary 2.16. For ideals I ⊂ J ideals of a Dedekind ring R, there exists an ideal J ′ ⊂ R such that I = JJ ′.

Proof:
Write J = pe11 · · · penn . Since I ⊂ J , we have I ⊂ p1 and therefore Ip−e11 ⊂ Jp−e11 = pe22 · · · penn . Repeating
this until we exhaust prime factors of J , we get IJ−1 ⊂ R. Since it is contained in R, it is an ideal so we
can set J ′ = IJ−1.

�

As an application, let’s briefly return to the case of R = OF for a number field F . Fix a prime ideal p ⊂ OF
and consider the diagram:

F ⊃ OF ⊃ p

Q ⊃ Z ⊃ p ∩ Z

The ideal p ∩ Z has a generator which must be prime, so we can write (p) = p ∩ Z for a prime p ∈ Z. In this
situation, we say that “p lies above p." It is not hard to show thatOF /p is a finite integral domain1 , and contains
a copy of Z/pZ. ThereforeOF /p ∼= Fpn for some n. Moreover, since p ∈ p, we have pOF ⊂ p. Corollary 2.16 then
says that there is some J such that Jp = pOF . In particular, p divisdes pOF . Since pOF has only finitely many
prime factors, it follows that there can only be finitely many primes p lying over p.

2.2 The Ideal Class Group v

For a Dedekind ring R, we how have a well-defined group structure on the set of fractional ideals I(R). We can
then define the group homomorphism:

ϕ : F ∗ → I(R)

α 7→ (α)

The kernel of ϕ is the group of units R∗. The cokernel of ϕ is I(R)/ im(ϕ). This is the ideal class group of R,
denoted Cl(R). It is the group of fractional ideals modulo principal fractional ideals. Thus, for any Dedekind
ring R, we have the exact sequence:

0 R∗ F ∗ I(R) Cl(R) 0

The first fact we would like to show is that Cl(R) is finite for any R. To start, it is easy to characterize when
it is trivial:

Proposition 2.17. Let R be a Dedekind ring. Then the following are equivalent:

1. Cl(R) = {1}.
1Hint: show that p contains a prime number p, hence |OF /p| ≤ |OF /p| <∞

10



2 Dedekind Rings

2. Every fractional ideal is principal.

3. R is a PID.

4. R is a UFD.

Proof:
(1 ⇐⇒ 2) This is by definition of Cl(R).
(2⇒ 3⇒ 4) Exercise.
(4 ⇒ 2) It suffices to show that every prime ideal is principal. Let p be prime and fix x ∈ p nonzero.
Since R is a UFD, we can write x = α1α2 · · ·αn for αi irreducible. Since p is prime, αi ∈ p for some i.
Therefore (αi) ⊂ p; but since αi is irreducible, (αi) is prime. Therefore Krull dimension≤ 1 implies that
p = (αi).

�

Theorem 2.18. Let F be a number field with ring of integers OF . Then Cl(OF ) is a finite group.

Remark 2.19. Sometimes we write Cl(F ) instead of Cl(OF ). The order of the class group hF := |Cl(OF )| is
known as the class number of F .

Our strategy for proving thiswill be to define a norm on fractional ideals and show that this norm is bounded
on Cl(OF ). We can define the norm of an ideal using the following fact: every ideal I ⊂ OF is a product of prime
ideals and OF /p is finite for any prime, so the ring OF /I is finite.

Definition 2.20. Let I ⊂ OF be an ideal. Then the norm of I is NF/Q(I) := |OF /I|.

Remark 2.21. Recall that for any x ∈ OF , the determinant of the multiplication map mx : OF → OF defines
the norm of x. However, |det(mx)| = | coker(mx)| = |OF /mOF | = NF/Q(mOF ). Thus the norm of an element
coincides with the norm of the ideal that it generates (in absolute value).

Lemma 2.22. Let I, J be ideals of OF . Then N(IJ) = N(I)N(J).

Proof:
Since we have ideal factorization, it suffices to prove this when I is prime. Notice that:

N(IJ) = |OF /IJ | = |OF /J ||J/IJ |

Therefore we must show |I/IJ | = |OF /I|. We showed earlier thatOF /I is a finite field, and hence J/IJ
is a vector space over that field. Pick α ∈ J \ IJ , and consider the linear mapmα : OF /I → J/IJ given
by x 7→ αx. This is an injection and im(mα) = αOF + IJ . Since αOF ⊂ J , by Lemma 2.16 there exists
an ideal J ′ such that αOF = JJ ′. Further:

JJ ′ + IJ = J ⇐⇒ J ′ + I = OF

⇐⇒ I - J ′

⇐⇒ J ′ 6⊂ I

If we suppose J ′ ⊂ I , then αOF = JJ ′ ⊂ IJ , and hence α ∈ IJ . This is a contradiction, so J ′ 6⊂ I . By
above, this thenmeans JJ ′+IJ = J . Therefore im(mα) = αOF +IJ = J , whichmakesmα a surjection.
We have thus demonstrated an isomorphism I/IJ ∼= OF /I as (finite) vector spaces, which gives us the
desired result.

�

We can now use the multiplicativity of the norm to define norms of fractional ideals:

1 = N(II−1) = N(I)N(I−1)⇒ N(I−1) =
1

N(I)
.

11



2 Dedekind Rings

In other words, if I =
∏
i p
ei
i , then:

N(I) =
∏
i

N(pi)
ei

Proposition 2.23. For every number field F/Q, there exists an integer G such that for every ideal I there exists α ∈ I
with N(α) ≤ GN(I).

Proof:
Let α1, ..., αd be a basis of OF and consider the set:

Sm =

{∑
i

xiαi | xi ∈ Z, 0 ≤ xi ≤ m

}
⊆ OF

This has size (m + 1)d. Choose m such that md ≤ N(I) < (m + 1)d and let π : OF → OF /I be the
natural projection. We have chosen m such that π(Sm) = OF /I , so there must exist s1, s2 ∈ Sm such
that π(s1) = π(s2). Let α = s1 − s2 ∈ I . Since the ocoefficients of s1 and s2 were positive and less than
m, we can write:

α =
∑
i

xiαi

for |xi| < m. Now for each i define:

Gi =

d∑
j=1

|σi(αj)|

where {σj} are the distinct embeddings F ↪→ C. We note that:

|σj(α)| ≤
d∑
j=1

|xi||σj(αi)| ≤ Gjm

Therefore:

N(α) =

∣∣∣∣∣∣
∏
j

σj(α)

∣∣∣∣∣∣ ≤
 d∏

j

Gj


︸ ︷︷ ︸

G

md

Since N(I) ≥ md, this inequality becomes N(α) ≤ GN(I) as desired.
�

This bound is the necessary tool in proving that Cl(OF ) is finite.

Proof (of Theorem 2.18):
Wewill first show that every ideal class c ∈ Cl(OF ) has a representing ideal with norm less thanG, then
we will show that the set of ideals with norm less than G is finite. From this, it will follow that Cl(OF )
is finite.

Given c ∈ Cl(OF ), let I be an ideal representative of c−1. Then, by Proposition 2.23, there exists α ∈ I
such that N(α) ≤ GN(I). If we consider the ideal αOF ⊂ I , by Corollary 2.16 there exists J such that
αOF = IJ . Further, J is a representative of c and:

N(J) = N(α)N(I)−1 ≤ GN(I)N(I)−1 = G

Therefore every ideal class has a representative with norm bounded by G.
Now consider the set:

B = {I ⊂ OF | N(I) ≤ G}

12



2 Dedekind Rings

If we write any element of this set as I =
∏t
i=1 p

ei
i , we have:

N(I) =

t∏
i=1

N(pi)
ei ≤ G

We showed at the end of Section 2.1 that N(pi) = pmii , where pi lies over pi andmi ≥ 1. Since there are
finitely many primes less than or equal to G and finitely many primes lying over a given prime ideal,
there can only be finitelymany products shown above. Since ideal factorization is unique, it then follows
that B is a finite set.

�
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3. Geometry of Numbers
v

While the preceeding discussion could provide a bound on the size of Cl(OF ), it would be very crude and
wouldn’t be very sensitive to the structure of the number field F . Introducing the language of geometry and
lattices will, among other things, give us a better picture of the class group and better bounds on it size. To start,
here a few characteristics of finitely generated abelian groups that we will use:

Theorem 3.1. Let G be a free abelian group of rank n and H be a subgroup. Then:

1. H is free of rankm ≤ n.

2. There is a basis e1, ..., en of G and a set of positive integers a1|a2|...|am such that {a1e1, ..., amem} is a basis of H .

Using this, one can show that if A is a finitely generated abelian group, it is isomorphic to Zr ⊕ Z/m1Z ⊕
...⊕ Z/mtZ for some r andmi. In particular, A is finite if and only if its rank is 0.

Corollary 3.2. For an n by n matrixM with entries in Z acting on G = Zn with image H = M(G), we have:

1. G/H is finite if and only if det(M) 6= 0.

2. If det(M) 6= 0, then |det(M)| = [G : H].

3.1 Lattices v

Lattices discrete subgroups of the Euclidean plane. Here wewill develop some of the necessary tools associated
to lattices to prove two of Minkowski’s important theorems about lattices and number fields. One of these says
that given a lattice, a convex symmetric body of a certain volume must intersect it somewhere. The other uses
this fact to place a tighter bound than the one in Proposition 2.23.

Definition 3.3. For a real vector space V of finite dimension, a subsetL ⊂ V is a lattice if there exists e1, ..., en ∈ L
such that:

1. L = Ze1 + ...+ Zen.

2. e1, ..., en is a basis of V over R.

Remark 3.4. Some sources relax the second condition, allowing for lattices whose rank is less than the dimension
of V . However, these are clearly just full rank lattices in a subspace of V .

Example 3.5. The standard example of lattice is Zn ⊂ Rn. So too isM(Zn) for a matrixM of full rank. In fact,
these are all of the lattices in Rn.

Proposition 3.6. For a number field F , the ring of integersOF is a lattice in F⊗QR ∼= Rr1×Cr2 (where r1 is the number
of real embeddings of F and r2 is half the number of complex embeddings).

Proof:
Since OF free of rank d = deg(F/Q), we can write OF = Ze1 + ... + Zed for {ei} a basis of F/Q. By
Theorem 1.15, the map Φ : F → F⊗QR sends {ei} to a basis of F⊗QR.

�

Example 3.7. For d squarefree, the ring of integers ofQ(
√
d), which we characterized in Example 1.22, is a lattice

in R2 (or C). The two possibilities of this lattice are showin in Figure 3.1.

Definition 3.8. A subgroup G ⊂ V of a vector space V is discrete if ∀x ∈ G, there exists ε > 0 such that
Bε(x) ∩G = x. It is co-compact if V/G is compact.

14
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Figure 3.1: Lattices representing the ring of integers of Q(i) and Q(
√
−3).

Proposition 3.9. For V a finite dimensional vector space over R, L ⊂ V a subgroup, the following are equivalent:

1. L is a lattice.

2. L is a discrete subgroup and is co-compact.

3. L generates V over R (i.e. V = L⊗ZR) and for every bounded set B ⊂ V , the intersection B ∩ L is finite.

Proof:
( 1⇒ 2) Since L = Ze1 + ...+ Zen, we have a surjection:{∑

xiei | 0 ≤ xi < 1
}
→ V/L

Since the left is compact, the right must also be compact.
FINISH

�

Corollary 3.10. If I is a fractional ideal of a number field F , then I is a lattice in F⊗R.

Proof:
There exists α ∈ F such that αI ⊂ OF , and we can assume α ∈ Z+ (exercise). Letm ∈ Z∩αI , which we
have shown is nonempty in the proof of Proposition 2.9. Then we have:

m

α
OF ⊂ I ⊂

1

α
OF .

SinceOF is a lattice, so is qOF for any q ∈ Q∗. Therefore the m
αOF and 1

αOF are both lattices. Then since
m
α is co-compact, so is I . Additionally, since 1

αOF is discrete, so is I . Therefore I is a lattice.
�

Definition 3.11. The fundamental domain of a lattice L ⊂ V is:

DL =
{∑

xiei | 0 ≤ xi < 1
}

where {ei} are a basis of L.

15



3 Geometry of Numbers

Notice that the fundamental domain depends on the choice of basis. What doesn’t depend on this choice,
however, is the volume of the fundamental domain. This is known as the covolume of L. More precisely, if µ is
a Haar measure on V , then covol(L) = µ(DL). It is not hard to show that this is independent of basis choice of
L, since the determinant of an integral change of basis matrix must be ±1 (see Remark 1.23). Since we will only
ever use lattices in Rn, from here out the measure chosen is the Lebesgue measure.

Lemma 3.12. LetM be a matrix with R coefficients and let L = M(Zn). Then:

1. L is a lattie if and only if det(M) 6= 0.

2. If L is a lattice, then covol(L) = |det(M)|.

Proof:
1. L is a lattice if and only ifM takes the standard basis to another basis of Rn, which is true if and

only if det(M) 6= 0.
2. Let {ei} be the standard basis of Zn. Since L = ZM(e1) + ... + ZM(en), the fundamental domain

of L is the image of the fundamental domain of Zn. Its volume is exactly the area spanned by the
columns ofM , which is the determinant.

�

Lemma 3.13. If S ⊂ Rn and L ⊂ Rn is a lattice such that µ(S) > covol(L), then there exist s1 6= s2 ∈ S such that
s1 − s2 ∈ L.

Proof:
Let π : Rn → Rn/L be the projection map. The volume of Rn/L as a set in Rn is covol(L). Note that if
π|S was an injection, then it would be area preserving, and therefore µ(π(S)) = µ(S) > covol(L). But a
set in Rn/L cannot have volume more than covol(L), so π must not have been injective on S. The result
follows.

�

Definition 3.14. A set C ⊂ Rn is symmetric (with respect to the origin) if x ∈ C ⇐⇒ −x ∈ C. It is convex if for
all x, y ∈ C, (t− 1)x+ ty ∈ C for t ∈ [0, 1].

Theorem 3.15 (Minkowski). Let L be a lattice in Rn and let C ⊂ Rn be measurable which is convex and symmetric.
Suppose also that µ(C) > 2n covol(L). Then C contains a nonzero element of L. Moreover, if C is compact, then
µ(C) ≥ 2n covol(L) is sufficient.

Proof:
Let S = 1

2C, so that µ(S) = 2−nµ(C) > covol(L). By Lemma 3.13, there exist s1, s2 ∈ S such that
s1 − s2 ∈ L. Therefore there are c1, c2 ∈ C such that 1

2 (c1 − c2) ∈ L. Since C is symmetric, −c2 ∈ C, so
by convexity we get 1

2c1 + 1
2 (−c2) ∈ C. Therefore 1

2 (c1 − c2) ∈ L ∩ C and is nonzero.
In the case where C is compact, fix ε > 0 and define:

Cε =
⋃
x∈C

Bε(x).

Since C is compact, we can refine this to a finite cover Cε =
⋃N
i Bε(xi). Then µ(Cε) ≤ µ(C) + εM for

someM , so we can apply the previous case to Cε. Letting ε be sufficiently small, we can ensure that the
lattice point we found is contained in C.

�
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3.2 Minkowski’s Theorem v

This section we will state and prove the second Minkowski theorem, which is a stronger version of Proposition
2.23 with an explicit value of G depending on the lattice discriminant of F .

Proposition 3.16. Let F be a number field, with r1 the number of real embeddings and r2 the number of complex embed-
dings. Let Φ : F → F⊗QR be the map defined in Theorem 1.15. Then:

1. covol(OF ) = 2−r2 |discF |1/2.

2. For I a fractional ideal, covol(I) = N(I) covol(OF ).

Proof:
We identify C with R2 in the usual way. Let {ω1, ..., ωn} be a basis of OF and let φ1, ..., φr1 be the real
embeddings ofF and let φr1+1, ..., φr1+r2 be distinct, non-conjugate embeddings ofF . Define thematrix:

M =

φ1(ω1) · · · φr1(ω1) Reφr1+1(ω1) Imφr1+1(ω1) · · · Imφr1+r2(ω1)
...

...
...

...
...

φ1(ωn) · · · φr1(ωn) Reφr1+1(ωn) Imφr1+1(ωn) · · · Imφr1+r2(ωn)


Notice thatM(Zn) = Φ(OF ). ApplyingLemma3.12, we get covol(OF ) = |det(M)| = 2−r2 |det(φi(ωj))| =
2−r2 |discF |1/2. The last equality came from observation 1 about the discriminant in Section 1.1.

Now let I be a fractional ideal. Then there exists a nonzero integer m such that mI ⊂ OF . Since
OF /mI is finite,mI is a subgroup ofOF whose rank is the same as that ofOF . Then there exists an n by
n integer matrix A such that Aω is a basis for mI (here ω = (ω1, ..., ωn) is a basis for OF ). By Corollary
3.2, [OF : mI] = |det(A)|. However, we also know that [OF : mI] = N(mI) = mnN(I). By Lemma 3.12,
the covolume ofmI is |det(AM)|, whereM is the same as above. Therefore:

covol(mI) = |det(AM)| = |det(A)||det(M)| = mnN(I) covol(OF )

On the other hand, multiplying the lattice I bym has the effect of pulling out a factormn in its covolume,
so covol(mI) = mn covol(I). Therefore we get covol(I) = N(I) covol(OF ) as desired.

�

Lemma 3.17. For r1, r2 ∈ Z+ and R ≥ 0, define the set:

W (r1, r2, R) =

{
(x1, ..., xr1 , y1, ..., yr2) ∈ Rr1 × Cr2

∣∣∣ r1∑
i

|xi|+ 2

r2∑
i

|yi| ≤ R

}

Letting n = r1 + 2r2, then the volume of this set is µ(W (r1, r2, R)) = 2r1

n!

(
π
2

)r2
Rn.

Proof:
We will induct on n. There are two base cases: r1 = 1, r2 = 0 and r1 = 0, r2 = 1. In the former case,
W (1, 0, R) = {x ∈ R | |x| ≤ R} has volume 2R = 21

1!

(
π
2

)0
R1. In the latter case, W (0, 1, R) = {y ∈ C |

2|y| ≤ R} has volume π(R/2)2 = 20

2!

(
π
2

)1
R2.

There are two inductive steps. The first is fixing r2 and sending r1 → r1 + 1. We are assuming the
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formula is true for n− 1 = r1 + 2r2. In this case the volume is:

|W (r1 + 1, r2, R)| =
∫ R

−R
W (r1, r2, R− |t|)dt

=

∫ 0

−R
W (r1, r2, R+ t)dt+

∫ R

0

W (r1, r2, R− t)dt

= 2r1
(π

2

)r2 1

(n− 1)!

[∫ 0

−R
(R+ t)n−1dt+

∫ R

0

(R− t)n−1dt

]

=
2r1+1

n!

(π
2

)r2
Rn.

The second case is r2 7→ r2 + 1 fixing r1. Then:

|W (r1, r2 + 1, R)| =
∫
{0≤|z|≤R/2}

W (r1, r2, R− 2|z|)dz

=
2r1

(n− 2)!

(π
2

)r2 ∫ R/2

0

∫ 2π

0

t(R− 2t)n−1dθdt

=
2r1

(n− 2)!

(π
2

)r2
· 2π

∫ R/2

0

t(R− 2t)n−2dt

=
2r1

(n− 2)!

(π
2

)r2+1 Rn

(n− 1)n

Therefore the formula also holds for n.
�

Theorem 3.18 (Minkowski). Let F/Q be a degree n number field, r1 and r2 be the number of real and non-conjugate
embeddings of F into C. Then every ideal I of OF contains an element x ∈ I such that:

N(x) ≤ n!

nn

(
4

π

)r2
|discF |1/2N(I)

Proof:
Recall from Proposition 3.16 that covol(I) = 2−r2N(I)|discF |1/2. LetX(R) := W (r1, r2, R), and choose
R such that:

µ(X(R)) =
2r1

n!

(π
2

)r2
Rn = 2n covol(I) (3.2.1)

= 2n2−r2N(I)|discF |1/2 (3.2.2)

Since X(R) is symmetric, convex, and compact, by Theorem 3.15 there exists a nonzero x ∈ I ∩X(R).a
By virtue of being in X(R), this element satisfies:

n∑
i

|φi(x)| ≤ R

Combining this with the inequality of geometric and arithmetic means, we have:

|N(x)| =

∣∣∣∣∣∏
i

φi(x)

∣∣∣∣∣ ≤
(∑n

i |φi(x)|
n

)n
≤ Rn

nn
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Using equation 3.2.2, we get the desired inequality:

N(x) ≤ n!

nn

(
4

π

)r2
N(I)|discF |1/2

aWere are slightly abusing notation and thinking of I as the lattice Φ(I) ⊂ Rr1 × Cr2 .

�

Remark 3.19. As n grows, the two constant terms in front of the discriminant decreasemonotonically. As a result,
this bound gets tigher as the degree of F/Q increases. The bounding coefficient of N(I) is called theMinkowski
constant.

Corollary 3.20. Let F/Q be of degree n. Then:

1. |discF | ≥
(
nn

n!

(
π
2

)r2)2.
2. |discF | ≥ πn

4 . In particular, if |discF | = 1, then F = Q.

3. Every ideal clas contains an ideal I ⊂ OF such that N(I) ≤ n!
nn

(
4
π

)r2 |discF |1/2.

4. |Cl(OF )| <∞.

Proof:
We have shown that 3)⇒ 4) in the proof of Theorem 2.18, so we will only prove the first three.
1. Let I ⊂ OF be any ideal. For any α ∈ I , we must have N(α) ≥ N(I). By Minkowski’s theorem,

there exists x ∈ I such that N(x) ≥ n!
nn

(
4
π

)r2 |discF |1/2N(I). Combining these inequalities gives:

n!

nn

(
4

π

)r2
|discF |1/2 ≥ 1

from which the desired inequality follows.
2. Since nn ≥ 2n−1n!, we have:(π

4

)2r2 (nn
n!

)2

≥ 4n−1
(π

4

)2r2
≥ 4n−1

(π
4

)2r1 (π
4

)r1
=
πn

4

Combining this with the first inequality, we find |discF | ≥ πn

4 .
3. Let c be an ideal class, and let I ⊂ OF be an ideal representing c. Let x ∈ I be such N(x) ≤

n!
nn

(
4
π

)r2 |discF |1/2N(I), by Minkowski’s theorem. Then since xOF ⊂ I , we have xI−1 ⊂ OF and
so xI−1 is an ideal also representing c and:

N(xI−1) =
N(x)

N(I)
≤ n!

nn

(
4

π

)r2
|discF |1/2.

�

Exercise 3.21. Show that Cl(OF ) = {1} for F = Q(
√

14). In this case n!
nn

(
4
π

)r2 √|discF | ≈ 3.74. What ideals
have norm less than or equal to 3? Clearly N(I) = 1 is trivial, so consider N(I) = 2, 3. Since 2 and 3 are prime
numbers, I must be a prime ideal. We have shown that the norm of a prime ideal is pn for some prime p ∈ Z
lying over I and n ≥ 1. In this case, our only choices are p = 2, 3 and n = 1. Therefore I lies over 2 or it
lies over 3, which means I divides either (2) or (3). We note that (3) and (2) have prime factorizations (3) and
(4−
√

14)(4+
√

14), respectively.2 In either case, all divisors of (2) and (3) are principal. Therefore I is principal,
and so every ideal class can be represented by a principal ideal.

2The claim that (3) is prime we will prove later
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3 Geometry of Numbers

Corollary 3.22. For any positive integer ∆, there are finitely many number fields with discriminant less than or equal to
∆.

Proof (sketch):
Use Minkowski’s theorem to show that there exists α ∈ OF such that F = Q(α) and |φi(α)| ≤ 1 + ∆.
Then the coefficients of the minimal polynomial of α, which are elementary symmetric polynomials
in φi(α), are bounded by a function of the Minkowski constant. There can be only finitely many such
polynomials, hence finitely many such fields.

�

3.3 Dirichlet’s Theorem v

The next important theorem is Dirichlet’s Theorem. This characterizes the multiplicative group of OF , which
we’ll denote by O×F . Recall that an element x ∈ OF is called a root of unity if xn = 1 for some n. We denote
the roots of unity by µF . Our first step for proving this theorem will be showing that the roots of unity are the
kernel of the map:

Log : O×F → Rr1+r2

x 7→ (log |φ1(x)|, log |φ2(x)|, ..., 2 log |φr1+1(x)|, ..., 2 log |φr1+r2(x)|)

where {φi}i≤r1 are real embeddings the others are a choice of non-conjugate complex embeddings as usual.
This is clearly a group homomorphism, so it makes sense to talk about its kernel.

Lemma 3.23. Let F be a number field. If α ∈ OF is nonzero such that |φi(α)| ≤ 1 for all i, then α is a root of unity.

Proof:
If |φi(α)| ≤ 1, then |φi(αk)| ≤ 1 for all k. Let fk be the characteristic polynomial of αk over F :

fk =

n∏
i=1

(x− φi(αk))

We can expand this to something of the form fk = xn +
∑
ajx

j , where
(|aj |≤n
j≤nn

)
because φi(αk) ≤ 1.

Since fk is of degree n and its coefficients are bounded by nn, the set of such fk is finite. This means that
the set of their roots is finite (i.e. {φ1(αk)}k∈N is finite). Therefore φ1(α) = φ1(αN ) for some N , which
implies α− αN = 0⇒ αN−1 = 1. Therefore α is a root of unity.

�

Corollary 3.24. ker(Log) = µF .

Proof:
If α ∈ µF , then φi(αN ) = φi(1) = 1. Therefore |φi(α)| = 1, which means log(|φi(α)|) = 0, so α ∈
ker(Log). On the other hand, if log(|φi(α)|) = 0, then it is a root of unity by the Lemma above.

�

Theorem 3.25 (Dirichlet). Let F be a number field and O×F be the multiplicative group of its ring of integers. Then
O×F
∼= µF ⊕ Zr1+r2−1.

This is saying that the torsion part of O×F is exactly µF and its free part has rank r1 + r2 − 1. It is clear
that µF is the torsion part of O×F (by definition of torsion). Since im(Log) ⊂ Rr1+r2 , the Corollary shows that
im(Log) = Zm for somem. Therefore, to prove Dirichlet’s theorem it suffices to show thatm = r1 + r2 − 1.
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3 Geometry of Numbers

Lemma 3.26. Fix 1 ≤ k ≤ r1 + r2, and α ∈ OF nonzero. Then there exists β ∈ OF nonzero such that:

log |φi(β)| < log |φi(α)|

for all i 6= k and N(β) ≤
(
2
π

)r2 √|discF |.

Proof:
This will be an application of Minkowski’s theorem. Define the constant:

H =

(
2
π

)r2 √|discF |∏
i 6=k

|φi(α)|
2

If k ≤ r1, define:

E =

z ∈ Rr1 × Cr2

∣∣∣∣∣∣
|zi| ≤ |φi(α)|/2 ∀i ≤ r1, i 6= k
|zi|2 ≤ |φi(α)|/2 ∀i > r1, i 6= k

|zk| ≤ H


otherwise, if k > r1 define E by:

E =

z ∈ Rr1 × Cr2

∣∣∣∣∣∣
|zi| ≤ |φi(α)|/2 ∀i ≤ r1, i 6= k
|zi|2 ≤ |φi(α)|/2 ∀i > r1, i 6= k

|zk|2 ≤ H


It is easy to see that in both cases E is compact, symmetric, and convex. Further, its volume is:

µ(E) =
∏

i≤r1,i6=k

2|φi(α)|
2

·
∏

r1<i,i6=k

π|φi(α)|
2

· δ ·
(

2

π

)r2 √
|discF |∏
i 6=k

|φi(α)|
2

where δ = 2 if k ≤ r1 and δ = π if k > r1. This simplifies to:

µ(E) = 2r1πr2
(

2

π

)r2 √
|discF |

= 2n2−r2
√
|discF |

= 2n covol(OF )

Therefore by Minkowski’s theorem E and OF has a nonzero intersection, so let β ∈ E ∩OF be nonzero.
Moreover, β manifestly satisfies the required conditions since it is contained in E.

�

Corollary 3.27. If 1 ≤ k ≤ r1 + r2, there exists a unit uk such that log |φi(uk)| < 0 for all i 6= k.

Proof:
Pickα0 ∈ OF nonzero, anduse the above lemma to construct a sequenceα0, α1, α2, ... such that log |φi(αm)| <
log |φi(αm−1)| for all i 6= k and N(αm) ≤

(
2
π

)r2 √|discF |. Since αmOF has norm bounded by a func-
tion independent of m, the set of ideals {αmOF } is finite (see the second part of our proof of Theorem
2.18). Therefore α`OF = αjOF for integers ` > j, which implies α`

αj
is a unit in OF . By construction,

log |φi(α`/αj)| < 0. Therefore uk = α`/αj is the desired unit.
�
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3 Geometry of Numbers

Now we can prove Theorem 3.25. Observe that N(α) = 1 for any α ∈ O×F , hence im(Log) is contained in a
hyperplane:

im(Log) ⊆ H =

{
(x1, ..., xr1+r2) |

∑
i

xi = 0

}
Since dim(H) = r1 + r2 − 1, it suffices to show that im(Log) is a (full rank) lattice inH.

Proposition 3.28. Log(O×F ) is a lattice inH.

Proof:
We will show that Log(O×F ) satisfies condition 3) of Proposition 3.9, which is equivalent to it being a
lattice. Let Bc(0) ⊂ Rr1+r2 be the ball of radius c centered at 0. Then Log(x) ∈ H ∩ Bc(0) satisfies
|φi(x)| ≤ ec for all i. Since OF is a lattice, the set of elements x ∈ OF satisfying |φi(x)| ≤ ec is finite, so
therefore Log(O×F ) ∩ Bc(0) must also be finite. Since every bounded set is contained in Bc(0) for some
c, we have Log(O×F ) ∩B being finite for any bounded set B ⊂ Rr1+r2 .

By the previous Corollary, there are units {uk} ∈ O×F for all 1 ≤ k ≤ r1 + r2 that are not in µF . Since
their image under Log is contained in H and log |φi(uk)| < 0, we must have log |φk(uk)| > 0. Then the
matrixM = log |φi(uj)| has positive entries on the diagonals and negative entries everywhere else. This
property ensures that the rank ofM is at least r1 + r2− 1. Since the all ones vector is in the kernel ofM ,
we conclude that the rank ofM is r1 + r2 − 1. Therefore {uk} spanH over R.

�
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4. Ramification and Decomposition of Primes
v

Recall that, in working through Exercise 3.21, we claimed that (3) was prime in OQ(
√
14). In this section we will

show why this was true in more generality. The problem we would like to answer is: given a prime number
p ∈ Z, how does (p) = pOF factorize? After we answer this, we will also be able to state some important facts
about ramification of primes and generalize this discussion to extensions of number fields other than Q.

Lemma 4.1. Let F/Q be a number field and α ∈ OF be such that F = Q(α) and [OF : Z[α]] <∞. Then disc(pmin,α) =
[OF : Z[α]]2 discF .

Proof:
Exercise. (Hint: Use observation 2. about the discriminant from §1.1)

�

Theorem 4.2 (Kummer’s Lemma). Let f(x) ∈ Z[x] be irreducible and monic, and let α be a root of f in its splitting
field. Form F = Q(α) and let p ∈ Z be a prime such that p - [OF : Z[α]]. Suppose that f(T ) = he11 (T ) · ... · herr (T ) in
Fp(T ), with hi(T ) irreducible in Fp[T ] and hi 6= hj . If gi(T ) ∈ Z[T ] are such that gi ≡ hi mod p, then pi = (gi(α), p)
are distinct prime ideals of OF and p = pe11 · ... · perr . Moreover, N(pi) = pdeg(hi).

Proof:
Firstwe claim thatZ[α]/(gi(α), p) ∼= Fp[T ]/hi(T ) ∼= Fq , where q = pdeg(hi). This follows from the fact that
Z[α]/(gi(α), p) ∼= Zp[α]/gi(α) = Zp[α]/hi(α). Through this isomorphism, wewill show thatOF /pi ∼= Fq ,
from which we will deduce the theorem.

Let d = [OF : Z[α]; then p - d implies that there exist a, b ∈ Z such that ap + bd = 1. Define the
map mbd : OF /pi → Z[α]/(gi(α), p) by x 7→ bdx. We must check a few things to verify that this is well-
defined. First, bdOF ⊂ Z[α] because Z[α] is an index d sublattice ofOF . Moreover, if x ∈ pi we can write
it as x = βgi(α) + γp (β, γ ∈ OF ) and therefore:

bdx = bgi(α)(dβ) + bp(dγ)

Since dβ, dγ ∈ Z[α], we have bdx ∈ (gi(α), p). Finally, to verify that it is a homomorphism, keep in mind
bd− 1 = ap and consider:

mbd(x) ·mbd(y)−mbd(xy) = bdx · bdy − bdxy
= bdxy(bd− 1)

= p · (dxy)ab (∈ pZ[α])
= 0

Thereforembd is well-defined. To see that this map is injective, suppose bdx ∈ (gi(α), p) ⊂ Z[α]. Then:

x = (ap+ bd)x = a(px) + bdx ∈ pi

Similar reasoning shows thatmbd is surjective. Therefore it is an isomorphismandOF /pi ∼= Z[α]/(gi(α), p) ∼=
Fq . This means that pi is maximal, and therefore prime. and N(pi) = pdeg(hi).

Note that
∏

peii =
∏

(gi(α), p)ei ⊆ pOF because
∏
gi(α) ≡ 0 mod p. Additionally, since hi are monic:

N
(∏

peii

)
=
∏

N(pi)
ei = p

∑
ei deg(hi) = pdeg(f) = N(pOF )

Therefore pOF =
∏

peii . The final thing we must verify is that pi 6= pj for i 6= j. Since hi and hj are
coprime in Fp[T ], there are a(T ), b(T ) ∈ Fp[T ] such that a(T )hi(T ) + b(T )hj(T ) = 1 in Fp[T ]. Passing to
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4 Ramification and Decomposition of Primes

appropriate lifts to Z[x] and evaluating at α, we get:

a(x)gi(x) + b(x)hj(x) = 1 + pk ⇒ 1 = a(α)gi(α) + b(α)gj(α)− pk ∈ (gi(α), gj(α), p)

Note that (gi(α), gj(α), p) = (pi, pj). Therefore 1 ∈ (pi, pj), so they are not the same ideal.
�

Definition 4.3. A prime p ∈ Z factoring as pOF =
∏

peii is called ramified (in F ) if ei > 1 for some i.

Corollary 4.4. Let F/Q be a number field, let p ∈ Z be prime, and let α ∈ OF . Then if p ramifies in F , then either
p | [OF : Z[α]] or p | discF .

Proof:
Let pOF =

∏
peii be the factorization of p. By assumption, ei > 1 for some i. Then by Kummer’s Lemma,

fmin,α has a multiple root mod p, which is true if and only if p divides disc(f). By Lemma 4.1, we also
have:

disc(f) = [OF : Z[α]]2 discF

From here, we see that if p - [OF : Z[α]], then p | discF and vice versa.
�

Example 4.5. Returning to the case F = Q(
√

14) and OF = Z[
√

14], we can apply Kummer’s lemma to the ideal
(3) in OF . The minimal polynomial of α =

√
14 is f(x) = x2 − 14, which is T 2 + 1 in F3[T ]. It is easy to check

that this is irreducible, so we h1(T ) = f(T ), which implies (3) is prime.

Example 4.6. Let α be a root of f(x) = x3 − x − 1 and let F = Q(α). The discriminant of f is 23, which is
squarefree and so therefore [OF : Z[α]] = 1. Consider the ideal (5) ∈ OF . Since 5 does not divide [OF : Z[α]], we
can apply Kummer’s lemma as we did in the previous example. In this case f(T ) = (T − 2)(T 2 + 2x− 2) is the
irreducible representation of f(T ) in F5[T ]. Therefore (5) = p1p2, where p1 = (α−2, 5) and p2 = (α2+2α−2, 5).

Proposition 4.7. Let p ∈ Z be a prime, f(x) ∈ Z[x] which is Eisenstein with respect to p, and let α be a root of f . Then
p - [OF : Z[α]], where F = Q(α).

Proof:
Write f(x) = xn + an−1x

n−1 + · · ·+ a0. We are assuming p | ai and p2 - a0. Suppose that p | [OF : Z[α]].
Consider the ideal:

I = {h ∈ Fp[x] | ∃g ∈ Z[x] such that h ≡ g mod p and g(α) ∈ pOF }

Since Fp[x] is a PID, we have I = (h0) for some h0 ∈ Fp[x]. Note that xn = f mod p, so I is not empty
(taking g = f ). Since p | [OF : Z[α]], there exists β ∈ OF \Z[α] such that pβ ∈ Z[α]. Write pβ =

∑n−1
i=0 biα

i,
which implies that p - bi for some i. Therefore:

k(x) =

n−1∑
i=0

bix
i /∈ pZ[x]

Moreover, k̄(x) 6= 0, k(α) = pβ ∈ pOF . Therefore k(x) ∈ I , which means deg(k) ≤ n − 1. Since xn ∈ I ,
this means h0 = xm for m ≤ n − 1. Thus xn−1 ∈ I because it is an ideal. By the conditions on I , this
means αn−1 ∈ pOF . Using the minimal polynomial of α:

−α (αn−1 + an−1α
n−2 + · · ·+ a1)︸ ︷︷ ︸

∈pOF

= a0
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4 Ramification and Decomposition of Primes

Therefore a0 ∈ pαOF ⇒ a0
p ∈ αOF ⇒ (a0/p)

n−1 ∈ αn−1OF ⊆ pOF . This implies a0
p ∈ pZ, which

contradicts p2 - a0.
�

Theorem 4.8. Let F be a number field, p ∈ Z a prime. Then p ramifies in F/Q if and only if p | discF .

Lemma 4.9. LetA be a ring andBi ⊃ A be rings containingA (for 1 ≤ i ≤ n). Suppose also thatBi are finitely generated
free A modules. Write B = B1 × ...×Bn. Then discB/A =

∏n
i=1 discBi/A.

Proof:
It is sufficient to prove for n = 2. Suppose that {x1, ..., xd1} is a basis of B1/A, and {y1, ..., yd2} is a basis
of B2/A. Then {(xi, 0), (0, yj)} are a basis of B/A. Then:

discB/A = det

(
tr(mxixj ) 0

0 tr(myiyj )

)
= det(tr(mxixj )) · det(tr(myiyj )) = discB1/A · discB2/A

�

Similar reasoning can also prove:

Lemma 4.10. If I is an ideal of a ring A, and B is a ring containing A that is free and finitely generated over A. Then:

disc (B/IB) = im(disc(B/A)) ∈ A/I

Where the discriminant of B/IB is over A/I .

Using these lemmata, we can prove the theorem:

Proof of Theorem 4.8:
Take ω1, ..., ωn to be a basis ofOF . These reduce to a basis ωi ofOF /pOF over Z/pZ. Write p = pe11 · · · perr
for pi prime ideals. By the Chinese Remainder Theorem:

OF /pOF ∼= OF /p
e1
1 × · · · ×OF /perr

Let {δik} be a basis ofOF /peii overZ/pZ, where k = 1, ..., r. Then disc(F/Q) = det(tr(mωiωj )). Changing
basis appropriately, this is disc(OF /Z) ≡ disc(OF /p/Z/pZ) mod p. Then:

udisc(F/Q) =

r∏
k=1

det(tr(mδikδjk))

=

r∏
k=1

disc(OF /p
ei
i /Z/pZ)

Where u is a unit in Z/pZ. If ei = 1, thenOF /p = Fq and disc(Fq/Fp) = disc(xp
a−x) 6= 0 because xpa−x

has no multiple roots. Moreover, if for some i we have ei > 1, we claim that disc(OF /p
ei/Z/pZ) = 0.

To see this, take π ∈ pi \ p2i . Then π ∈ OF /p
ei
i is nilpotent. Construct a basis of OF /peii over Z/pZ

starting with π. Let {π, γ1, ..., γf} be this basis. Then πγj is nilpotent, which implies tr(mπγj ) = 0 for all
j. Therefore disc(OF /p

ei
i /Z/pZ) = 0 as claimed. Finally, this means disc(OF /Z) = disc(F/Q) = 0 mod

p.
�

Corollary 4.11. Let F be a number field. Then there are only finitely many primes p ∈ Z that ramify in F .

Corollary 4.12. If F is a number field not equal to Q, then there is a prime p ∈ Z that ramifies in F .

25



4 Ramification and Decomposition of Primes

4.1 Prime ideals in Galois Extensions v

In the above discussion, for any prime p ∈ Z and number field F , we were able to characterize factorization
pOF =

∏
i p
ei
i . In this case, if we define fi := [OF /pi : Z/pZ], then multiplicativity of the norm implies that:

N(pOF ) = p
∑
eifi ⇒

∑
i

eifi = [F : Q]

We can strengthen this fact by considering the more general setting of field extensions L ⊃ K ⊃ Q, whereK,L
are number fields. Fix a prime ideal p of OK . Then we can consider its saturation in pOL in OL. As usual, it
factorizes as pOL = qe11 ...q

er
r for primes qi ⊂ OL. If we define fi(L/K) := [OL/qi : OK/p] (this is known as the

inertia degree of qi over p), then the same reasoning shows that:∑
i

eifi = [L : K]

Remark 4.13. Just as in the case above whereK = Q, we say that p is ramified when at least one of the exponents
ei is greater than 1.

Proposition 4.14. If L/K is a Galois extension of number fields and p ⊂ OK is a prime ideal with factorization pOL =∏r
i q

ei
i , then e1 = e2 = ... = er and f1(L/K) = f2(L/K) = ... = fr(L/K). In particular, f · r · e = [L : K].

Lemma 4.15. For a Galois extension L/K and p ⊂ OK a prime ideal, the Galois group G = Gal(L/K) acts transitively
on the set of prime ideals of OL dividing pOL.

Proof:
Let {q1, ..., qr} be the primes dividing pOL and suppose this is false; then without loss of generality
q2 6= gq1 for all g ∈ G. Then, since they are both prime, we have q2 + gq1 = OL for all g. Then we can
write 1 = xg + yg for xg ∈ q2, yg ∈ gq1. Note that xg ≡ 0 mod q2 and xg ≡ 1 mod gq1 for all g. Then:

1 =
∏
g∈G

(xg + yg) = x+
∏
g∈G

yg

where x ≡ 0 mod q2 and x ≡ 1 mod gq1 for all g (or equivalently g−1x ≡ 1 mod q1). Then taking the
norm of x:

NL/K(x) =
∏
g∈G

g−1x⇒ NL/K(x) ≡ 1 mod q1

Since x ∈ q2, the product
∏
g∈G gx is also in q2 because q2 is an ideal. Therefore NL/K(x) ∈ q2 ⇒

NL/K(x) ∈ q2 ∩ OK = p. But we also showed that NL/K(x) ≡ 1 mod q1, which means NL/K(x) ≡ 1
mod p, which is a contradiction.

�

Proof (Proposition 4.14):
Let g ∈ Gal(L/K) be such that g(q1) = q2. Then gpOL = pOL, which implies gqe11 gq

e2
2 · · · gqerr =

qe11 qe22 · · · qerr , and therefore gqe11 = qe22 by unique factorization. Thus e1 = e2, and similarly for every
other ei.

Now let f1 = [OL/q1 : Ok/p] and f2 = [OL/q2 : Ok/p], and g as above. Then g : OL/q1 → OL/q2 is a
well-defined bijection. Further, g|Ok/p is the identity. Thus, if {v1, ..., vf1} is a basis of OL/p over Ok/p,
then {gv1, ..., gvf1} is a basis for OL/q2 over OK/p. Hence f1 = f2 and similarly for every other fi.

�
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4 Ramification and Decomposition of Primes

4.1.1 Decomposition and Inertia Groups

In this section L/K is assumed to be a Galois extension of number fields with Galois group G. Fix p ⊂ OK and
q ⊂ OL prime such that q lies over p. Then let pOL =

∏r
i q

e
i and f = fi(L/K).

Definition 4.16. The decomposition group associated to q is:

Dq = {g ∈ G | gq = q} ⊂ G

A few properties about Dq are immediate. One is that |Dq| = ef , by the orbit stabilizer theorem. The other
is that Dgq = gDqg

−1. If G is abelian, the latter shows that the decomposition group depends only on the
choice of p and not on the prime lying over it. Standard Galois theory says that Dq uniquely corresponds to an
intermediate field:

LDq = {x ∈ L | g(x) = x ∀g ∈ Dq}
where L ⊃ LDq ⊃ K. Denote qD := q ∩OLDq .

Lemma 4.17. For qD, p and q as above, qDOL = qeD and pOLDq =
∏
i∈I giqD, where eD = e and I is an index set of

G with |I| = r.

Proof:
Since Gal(L/LDq) = Dq, Lemma 4.15 says that the only prime ideal that can lie over qD is q. Therefore
qDOL = qeD for some eD. Since every prime in OL lying over p is of the form gq for some g ∈ G, every
prime in OLDq lying over p must be of the form gq ∩ OLDq = gqD. This means that pOLDq =

∏
i∈I gqD

for some index set I . All we now have to verify is that eD = e and |I| = r.
Since the left cosets of Dq in G act uniquely on q and hence qD, the size of I must be equal to the

number of left cosets of Dq. Since |Dq| = ef and |G| = fre, we have |I| = r. Moreover, notice that:

pOL = (pOLDq )OL =
∏
i∈I

gi(qDOL) =
∏
i∈I

giq
eD = qeD1 · · · qeDr

Where qi = giq. By unique factorization we then have eD = e.
�

Remark 4.18. The field tower picture in this discussion is:

L ⊃ OL ⊃ q1, ..., qr

LDq ⊃ OLDq ⊃ qD,1, ..., qD,r

K ⊃ OK ⊃ p

ef

r

Where qD,i = qi ∩OLDqi
.

Exercise 4.19. Let q ⊂ OL be a fixed prime lying over p, denote kq := OL/q and kp := OK/p. Show that:

OK/p = OLDq/qD

(Hint: show that f(LDq/K) = [OLDq /qD : OK/p] = 1).

Definition 4.20. The dimension [kq : kp] is called the inertia degree of p over q.

Note that f = f(L/K) defined above is exactly the inertia degree. Since any g ∈ Dq fixes q, it restricts to an
automorphism of kq fixing kp. Therefore we have a well-defined map:

φq : Dq → Gal(kq/kp)

g 7→ g|kq
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4 Ramification and Decomposition of Primes

Definition 4.21. The kernel of this homomorphism is called the inertia group of q, denoted Iq. It is manifestly a
normal subgroup of the decomposition group Dq.

Proposition 4.22. The map φq is a surjection.

Proof:
Pick θ ∈ OL such that kp(θ) = kq, where θ is the image of θ in kq = OL/q. Since kp = OLDq/qD, we can
assume θ ∈ OLDq . Let F (x) ∈ OLDq [x] be the minimal polynomial of θ and f(x) ∈ kp[x] be the minimal
polynomial of θ. Certainly F (θ) = 0, where F (x) is the reduction of F mod qD, so we have f(x) | F (x).

Now let σ ∈ Gal(kq/kp). Then σ is determined by where it sends θ, so let γ = σ(θ). Since γ is also
a root of f , it must further be a root of F (x) since f(x) is a factor of F (x). Therefore one of the roots of
F (x) reduces to γ, call it γ. The Galois group Dq acts transitively on roots of any minimal polynomial,
so there is some τ ∈ Dq such that τ(θ) = γ. Restricting τ to kq gives us an automorphism of kq that
sends θ to γ, so φq(τ) = τ |kq = σ.

�

Since |Dq| = ef and |Gal(kq/kp)| = f , we have |Iq| = e. Since the order of the inertia group of q has order
e, the exponent of the factorization of pOL, in a sense it measures how ramified p is. In particular, if p doesn’t
ramify, then Iq is trivial and φq is an isomorphism.

4.1.2 The Abelian, Unramified Case

From here on, assume p doesn’t ramify and that L/K is an abelian Galois extension. If |kq| = pm, then there is
a canonical generator of Gal(kq/kq), the Frobenius automorphism x 7→ xp

m . We denote (q, L/K) := φ−1q (x 7→
xp

m

) to be the unique preimage of the Frobenius automorphism, which is known as the Frobenius of L/K. We
also note that (gq, L/K) = g−1(q, L/K)g for any g ∈ Gal(L/K) because g−1Dqg = Dgq and:

φgq(g−1(q, L/K)g)(x) = g−1(q, L/K)gx = g−1(gx)
pm

= g−1gxpm = xp
m

Since Gal(L/K) is abelian, we have g−1(q, L/K)g = (gq, L/K) for any g. This means that the Frobenius of L/K
only depends on the lower prime p ⊂ OK . Therefore we denote it by (p, L/K), keeping in mind that p is not a
prime of OL, but a prime of OK .

Definition 4.23. Let I =
∏
i p
ei
i be a fractional ideal of OK . Then the Frobenius of I is:

(I, L/K) :=
∏
i

(pi, L/K)ei ∈ Gal(L/K)

Proposition 4.24. Let L ⊃ K ⊃ Q be finite field extensions such that L/Q is abelian and Galois. Fix q a prime of OL, p
a prime of OK lying below q, and p ∈ Z a prime below p. Suppose that p is unramified in L/Q. Then:

1. (p,K/Q) is the image of (p, L/Q) in Gal(K/Q) = Gal(L/Q)/Gal(L/K).

2. (p, L/Q)f(K/Q) = (p, L/K) in Gal(L/Q).

Proof:
If p is unramified, then so is p, so φq and φp are isomorphisms. Since kp = Fp, we have φq(p, L/Q) =
(x 7→ xp) ∈ Gal(kq/Fp). Moreover, since kp is also characteristic p, we have φp(p,K/Q) = (x 7→
xp) ∈ Gal(kp/Fp). Therefore the resriction of φq(p, L/Q) to kp is φp(p, L/Q), and hence the restriction of
(p, L/Q) toK is (p,K/Q). This proves the first claim.

Suppose |kp| = pm, from whencem = f(K/Q). Then φq(p, L/K) = (x 7→ xp
m

) and φq(p, L/Q) = (x 7→
xp). Thus φq(p, L/K) = φq(p, L/Q)m ⇒ (p, L/K) = (p, L/Q)m as desired.

�
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5. Local Fields
v

All fields we have dealt with so far ebedded into Euclidean space and consequently we had many geometric
tools at our disposal. In this section, we will define another class of field that doesn’t obey standard Euclidean
properties by imposing a different norm, called the p-adic norm. After commpleting with respect to this norm,
we will be able to state similar theorems about ramification, decomposition of primes, and Galois groups.
Definition 5.1. A norm on a field F is a function | · | : F → R≥0 such that:

1. |x| = 0 if and only if x = 0.

2. |xy| = |x||y|.

3. |x+ y| ≤ |x|+ |y|.
A norm is called Archimedean if |x+ y| ≤ max(|x|, |y|).

It follows from these properties that for any field norm | · |, we have |1| = 1 and | − x| = |x|. The most trivial
example of a norm on any field is |0| = 0 and |x| = 1 for all x ∈ F nonzero. This is known as the trivial norm.
From here out, any time we suppose the existence of a norm it is assumed to be nonrivial.
Example 5.2. Let F = Q. A norm is detetermined by how it acts the primes in Z ⊂ Q by the multiplicative
property. For a prime p ∈ Z, the p-adic norm | · |p is defined by |0| = 0, |p| = p−1, |m| = 1, where (m, p) = 1. For
example, if p = 5, the norms of 5, 10, and 1

12 are 1
5 ,

1
5 , and 1, respectively.

Lemma 5.3. If a norm is non-Archimedean, then |x+ y| = max(|x|, |y|) for all x, y satisfying |x| 6= |y|.
Proof:

Assume without loss of generality |x| < |y|, and suppose |x+ y| < |y|; then since y = x+ y−x, we have
|y| ≤ max(|x+y|, |x|) < |y|, a contradiction. Therefore |x+y| ≥ |y|. We also have |x+y| ≤ max(|x|, |y|) =
|y| by the non-Archimedean property, so therefore |x+ y| = |y|.

�

Remark 5.4. Anorm is non-Archimedean if and only if |z| ≤ 1⇒ |z+1| ≤ 1, which can be seen by taking z = x/y
satisfying |z| ≤ 1.
Lemma 5.5. A norm is non-Archimedean if and only if |m| ≤ 1 for allm ∈ Z.
Proof:

For one direction, we use the fact that |1| = 1⇒ |m| = |1 + (m− 1)| ≤ 1. For the other direction, assume
|m| ≤ 1 for allm ∈ Z. Let x ∈ F be such that |x| ≤ 1; then for any positive integer n:

|(1 + x)n| ≤ |1 + nx+ ...+ nxn−1 + xn|
≤ |1|+ |x|+ ...+ |x|n (|n| ≤ 1)
≤ 1 + n|x|

Therefore |1 + x| ≤ (1 + n|x|)1/n for all n. Taking n → ∞ gives |x + 1| ≤ 1, so this norm is non-
Archimedean.

�

Any norm on a field induces a topology on that field by considering balls around each point in the usual
way. We say that two norms are equivalent if they induce the same topology on F .
Lemma 5.6. Let | · |1 and | · |2 be two norms on a field F . Then they are equivalent if and only if there exists s > 0 such
that |x|2 = |x|s1 for all x ∈ F .
Proof:
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5 Local Fields

One direction is clear, since any | · |1 ball of radius r is a | · |2 ball of radius rs. Now assume | · |1 and | · |2
are equivalent. Fix y ∈ F such that |y|1 > 1, and let x ∈ F be arbitrary. Let α be such that |x|1 = |y|α1 .
Then choosing n/m > α and n/m→ α, we have

|xmy−n|1 = |x|m1 |y|−n1 = |y|αm/n1 < 1

Moreover, |xmy−n|1 → 1 as n/m → α. Therefore we also have |xmy−n|2 < 1 and |xmy−n|2 → 0 as
n/m → α by equivalence of norms. This shows that |x|2 = |y|α2 . Let s be such that |y|2 = |y|s1, which is
independent of x. Thus |x|2 = |x|s1 for s independent of x.

�

Theorem 5.7. If | · | is a non-trivial, non-Archimedean norm on Q, then it is equivalent to the p-adic norm | · |p for some
prime p.

Proof:
Using Lemma 5.5, we have |m| ≤ 1 for all m ∈ Z. Since this norm is nontrivial, there exists a nonzero
q ∈ Q with |q| 6= 1. Without loss of generality assume |q| < 1, which means there is some prime p such
that |p| < 1. For any other prime `, we have |`| ≥ 1 because otherwise we could write:

1 = pk + `m⇒ 1 ≤ max(|pk|, |`m|) < 1

So indeed |`| ≥ 1. But ` ≤ 1 as well, so |`| = 1. Then pick α such that |p|α = 1
p . Therefore | · | is equivalent

to | · |p.
�

5.1 Defining Local Fields v

Our definition of local field will require a few definitions. As a warm-up, we will define the most canonical
such field: the p-adic numbers and then proceed to define themmore generally. For any prime p, we callQp, the
p-adic numbers, the completion of Q with respect to the p-adic metric | · |p (i.e. equivalence classes of Cauchy
sequences). Because we have chosen a non-archimedean norm, this completion has a very different structure
compared to completions with respect to archimedean norms, like R. As an exercise, the reader can show that
Qp has a power series representation:

Qp =

{ ∞∑
i=v

xip
i
∣∣∣ xi ∈ {0, ..., p− 1}, v ∈ Z, xv 6= 0

}

Similarly, the p-adic integers are defined as Zp = {x ∈ Qp | |x| ≤ 1}. Under this definition, is is immediate that
Z ⊂ Zp from Lemma 5.5. The power series representation of Zp is:

Zp =

{ ∞∑
i=0

xip
i
∣∣∣ xi ∈ {0, ..., p− 1}, x0 6= 0

}

Remark 5.8. For the purposes of this course, the power series representations of Qp and Zp are not particularly
important. However, we encourage the reader to investigate the arithmetic of p-adic integers using the series
representations if only for self-edification.

Definition 5.9. If F is a field with a non-archimedean norm, then define OF = {x ∈ F | |x| ≤ 1} and mF =
{x ∈ F | |x| < 1}.

Note that our choice of notation for OF suggests that perhaps it is the ring of integers of F (provided it is a
finite extension). This is true in the case of finite extensions of Qp and is an exercise in the next section.
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5 Local Fields

Exercise 5.10. For F = Qp, show that mF = pZp.

Proposition 5.11. OF is a local ring with maximal ideal mF .

Proof:
First we claim that the units of OF are exactly those of norm 1. Given a unit x ∈ OF , we have x−1 ∈
OF ⇒ |x|−1 ≥ 1. Combining this with |x| ≤ 1 gives |x| = 1. Conversely, if |x| = 1, then clearly x−1 ∈ F
has norm 1 as well, so x−1 ∈ OF . If we suppose I ) mF is an ideal, then I has an element of norm 1
and thus a unit, so I = OF . Thus mF is maximal. Moreover, it is unique because if there were another
maximal ideal, it couldn’t contain units so must be contained in mF , which means it wasn’t maximal to
start with.

�

We define the residue field of F to be kF = OF /mF . Since kF is compact and discrete, it must be finite. From
the proof of Theorem 5.7, there exists p such that |p| < 1, whichmeans p ∈ mF . Thismeans kF is a field extension
of Z/pZ.

Definition 5.12. Given a field F , an R-valuation (or simply a valuation) is a map v : F ∗ → R such that v(xy) =
v(x) + v(y) and v(x+ y) ≤ min(v(x), v(y)).

If F is a characteristic zero field with non-archimedean norm, then we can define a valuation on F by |x| =
p−v(x), where p is the prime contained in mF . We call this the induced valuation map on F .

Definition 5.13. A local field (also called a p-adic field) is a field F of characteristic zero complete with respect
to a non-trivial non-archimedean norm | · | such that the image of the induced valuation map is descrete (i.e.
v(F ∗) ⊂ R is a lattice).

For a local field F , the lattice v(F ∗) has a minimal element v0. For any π ∈ F such that v(π) = v0, we have
that π generates mF because v0 generates the group v(F ∗). Such an element is called a uniformizer of F .

Exercise 5.14. Show that any x ∈ F ∗ can be written uniquely as x = πmF u for u ∈ O×F , πF a uniformizer of F ,
andm an integer.

Lemma 5.15. Let F be a field with non-archimedean norm and let R ⊂ OF be a set of representatives of kF and πF be a
uniformizer of F . Then every x ∈ OF (and every x ∈ F ) can be written uniquely as a convergent sum:

x =

∞∑
i=0

xiπ
i
F , xi ∈ R

Proof:
It suffices to show that for any n, we can uniquely write:

x =

n−1∑
i=0

xiπ
i + πnb (1)

where b ∈ OF and xi ∈ R. We prove this by induction on n. The base case n = 0 amounts to finding
x0 ∈ R such that x− x0 ∈ mF . Clearly we can take x0 to be xmod mF , and it is unique because we are
assuming R doesn’t contain duplicate representatives. Now assume we can uniquely write x as in (1).
Then once again we can find a unique xn ∈ R such that xn − b ∈ mF . This means:

x =

n−1∑
i=0

xiπ
i + πn(xn + cπ) =

n∑
i=0

xiπ
i + πn+1c

for some c ∈ OF . The result then follows by induction.
�
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5 Local Fields

If f ∈ Z[x] is a polynomial with an integer root, then f ∈ Fp[x] has a root in Fp. However, the converse is
doesnt generally hold. In the case of a p-adic field, there are conditions under which the converse does hold.
This is the content of Hensel’s lemma, which we will state but not prove.

Lemma 5.16 (Hensel). Let F be a p-adic field, f(x) ∈ OF [x], and α0 ∈ OF such that |f(α0)| < 1 and |f ′(α0)| = 1.
Then there exists α ∈ OF such that πF | (α− α0) and f(α) = 0.

5.2 Finite extensions of Qp v

Now we specialize to the case of finite extensions of Qp. We will first show that these are local fields. From
there, we will try to tell the same story that we did with Number Fields, giving an account of ramification and
Galois extensions. As before, out starting point will be the ring of integers. Let F be a finite extension of QP
and consider:

OF = {α ∈ F | pmin,α ∈ Zp[x]}

The reader can verify that this is a ring and that its field of fractions is F as we did in the Number Field case.

Lemma 5.17. A Dedekind domain R with finitely many prime ideals is a PID.

Proof:
It suffices to prove that any prime ideal is prinicpal, as the result will follow for any other ideal by unique
factorization. Let p1, ..., pn be the distinct set of primes of R. Pick x ∈ p1 \ p21 be such that ∃c ∈ p1 · ... · pn
with x1 + c = 1. We can do this because OF = p1 + p2 · ... · pn. We note that x1 /∈ pi for i > 1 because
otherwise 1 = x1 + c ∈ pi. Thus x1 ∈ p1, which means the prime factorization of (x1) is pr1. This means
x1 ∈ pr1, so r = 1 by assumption on x1. Thus p1 = (x1).

�

Lemma 5.18. OF is a Dedekind domain and a PID.

Proof:
Since OF is a finite Zp module, any submodule (ideal) of OF is also finitely generated, so OF is Noethe-
rian. Moreover, if α ∈ F is integral over OF , then OF [α] is a finite OF module, and hece a finite Zp
module. Therefore Zp[α] is also finitely genrated, so by Proposition 1.17, α ∈ OF . Finally, if I ⊂ OF
is a nonzero prime ideal, then Zp ∩ I is a prime ideal of Zp. The only such ideal is pZp. We see that
[OF /I : Zp/pZp] < ∞ because OF is a finite Zp module. Moreover, since Zp/pZp is finite, OF /I must
also be finite. Any finite integral domain is a field, so I is maximal. The proves that the Krull dimension
of OF is 1.

To show that OF is a PID, we will show that it has finitely many prime ideals. Since all prime ideals
lie over a prime of Zp, and there is only one prime ideal of Zp, the factorization pOF = pe11 · ... · penn gives
us all possible ideals of OF .

�

Exercise 5.19. If F is a finite extension of Qp, show that OF = OF .

Remark 5.20. In light of the above exercise, we will drop the “OF ” notation and just useOF . We will also denote
the maximal ideal of OF as p instead of mF to be consistent with previous sections. Just as before, we will also
call kp = OF /p to be the residue field.

Theorem 5.21. If F is a finite extension of Qp, then there is a unique norm on F that extends the p-adic norm on Qp.3

Proof:
3 “Extends" here means |αv| = |α|p|v| for all α ∈ Qp, v ∈ F
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5 Local Fields

We will first prove uniqueness, assuming that it exists. Suppose | · |1 and | · |2 are two norms extending
Qp. For every v ∈ F , let cv denote the smallest real number such that |v|1 ≤ cv|v|2. If B1 denotes the
radius 1 ball around the origin (under | · |) the function | · | : B1 → Rmust achieve a maximum since B1

is compact. Let c1 be the maximum. Then for any v ∈ F , we claim that |v|1 ≤ c1|v|2. To see this, pick
α ∈ Qp such that |α|p = 1

|v|1 (we can do this by completeness of Qp); then we have:

|v|1 ≤ c1|v|2 ⇐⇒ |αv|1 ≤ c1|αv|2 ⇐⇒ 1 ≤ c1|αv|2

The right most statement is true by construction of c1. The same argument shows that there exists c2
independent of v such that |v|2 ≤ c2|v|1. Therefore | · |1 and | · |2 induce the same topology on F , so by
Lemma 5.6, | · |1 = | · |α2 for some α. But restricting to Qp ⊂ F requires α = 1 because both norms agree
on Qp. Therefore | · |1 = | · |2.

To show existence, it suffices to define a norm on OF . Fix x ∈ OF and let (x) = pa11 · · · parr , where
pi ⊂ OF are all prime ideals of OF . Then we can write x = µxa11 · · ·xarr for some unit µ. If we factor (p)
as pe11 · · · perr , then for every j = 1, ..., r, define the norm |x|j = p−aj/ej . We note that |p|j = p−1, so this
norm extends the p-adic norm on Qp. The reader can check that it is non-archimedean.

�

Remark 5.22. If L/Qp is Galois, then |σx| = |x| for all x ∈ F, σ ∈ Gal(F/Qp) because otherwise |σ(·)| would
define another norm extending | · |p.

Lemma 5.23. LetF be a complete field with respect to some norm |·| and V be a finite dimensional normed vector space over
F with norm compatible with | · |. Let {v1, ..., vn} be a basis for V over F . Then the infinity norm |x1v1 + ...+xnvn|∞ :=
max({|xi}) is equivalent to the norm on V . In particular, V is complete with respect to its norm.

Proof:
It suffices to show that there exist c, c′ such that c| · |∞ ≤ | · | ≤ c′| · |∞. The second constant c′ is
straightforward to find using the triangle inequality:

|x1v1 + ...+ xnvn| ≤ |x1||v1|+ ...+ |xn||vn| ≤ (|v1|+ ...+ |vn|)|v|∞

So we take c′ = |v1|+ ...+ |vn|. To find the other constant c, we proceed by induction on the dimension
of V . For n = 1, c = |v1| suffices. Now for dim(V ) = n, consider the following subspaces:

Vj = Fv1 + ...+ F̂ vi + ...+ Fvn

where the hat means omission. Our inductive hypothesis is that the infinity norm on Vj is equivalent
to | · |, which then means that Vj is complete with respect to this norm. Therefore Vj is closed in V , and
hence so is Vj + vj . Because 0 /∈ Vj + vj , there exists εj > 0 such that |wi + vi| > εj for all wj ∈ Vj . Let
c = min({εi}), so that for every i we have |wi + vi| > c for all wi ∈ Vi. For any v = x1v1 + ...+ xnvn, let
r be the index such that |v|∞ = |xr|. Then:

|x1v1 + ...+ xnvn| = |xr|

∣∣∣∣∣∣vr +
∑
i 6=r

xi
xr
vi

∣∣∣∣∣∣ > |v|∞c
�

Applying the Lemma above to F as a Qp vector space, we obtain:

Corollary 5.24. Any finite extension F ofQp is complete with respect to the unique norm on F extending | · |p, and hence
F is a local field.

Proposition 5.25. If F/Qp is a finite extension, then ∃α ∈ OF such that OF = Zp[α].

Proof:
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Let α ∈ OF /p be such that kq = Z/pZ[α]. If |kq| = p, then αq −α = 0. Then applying Hensel’s lemma to
p(x) = xq − x, there exists α0 ∈ OF such that p(α0) = 0 and α0 ≡ α mod p. Let πF be a uniformizer of
p. Then we claim that OF = Zp[α0 + πF ]. If ki = αi0, the collection {ki} for i = 0, ..., q is a complete set
of representatives of kp. By Lemma 5.15, we have:

OF =

∞∑
i=0

kiπ
i
FZp

We note that (α0 +πF )q
n → α0 as n→∞. SinceOF is complete, this shows α0 ∈ Zp[α0 +πF ]. Therefore

πF ∈ Zp[α0 + πF ] and so OF ⊆ Zp[α0 + πF ], which means OF = Zp[α0 + πF ].
�

5.2.1 Ramification in p-adic fields

Let L ⊃ K ⊃ Qp be finite extensions. We have shown that each of these is a p-adic field whose ring of inters
is a local ring. We denote pL ⊂ OL and pK ⊂ OK to be the associated maximal ideals, e = e(F/K) to be the
ramification index (so that pKOL = peL), and f = f(L/K) = [OL/pL : OK/pK ] to be the inertia degree. Since
the residue fields only depend on K and L, we denote them by kL = OF /pL and kK = OK/pK . Since there is
only one ideal lying over p in each number ring, we have [L : K] = fe.

Proposition 5.26. Let β = {k1, ..., kf} ⊂ OL be a basis ofOL/pL overOK/pK , and let πL be a uniformizer of pL. Then:

OL =

f⊕
i=1

e−1⊕
j=0

kiπ
j
LOK

Proof:
Let M =

∑
j

∑
i kiπ

j
LOK . We will show that OL = M and the remainder is left as an exercise. Fix

x ∈ OL. InOL/pL, we can write x =
∑f
i=0 kixi for xi ∈ OK/pK since β is a basis. Now let {xi} be lifts of

{xi} and define m0 =
∑
i kixi ∈ M . Since x and m0 represent the same coset in OL/pL, the difference

x−m0 is divisible by πL. We then repeat this process on x−m0

πL
to getm1 ∈M with x−m0

πl
−m1 ∈ πLOL.

Repeating ad infinitum, we obtain a series m0 + πLm1 + π2
Lm2 + ... ∈ M which approximates x in the

sense that:

lim
N→∞

∣∣∣∣∣x−
N∑
i=1

miπ
i
L

∣∣∣∣∣ = 0

SinceM is complete (as OK is complete), x ∈M .
�

Definition 5.27. A finite extension K ⊂ L of p-adic fields is called totally ramified if f(L/K) = 1 and e(L/K) =
[L : K]. It is called unramified if e(L/K) = 1 and f(L/K) = [L : K].

Theorem 5.28. With L andK as above, there exists a unique extension L0 such thatK ⊂ L0 is unramified and L0 ⊂ L
is totally ramified, from which it follows that [L0 : K] = f and [L : L0] = e.

Proof:
We will show existence, then uniqueness. Let α0 ∈ kL be such that kL = kK(α0). If pmin,α0

(x) ∈ kK [x]
is the minimal polynomial of α0, we can pick a lift of this polynomial p(x) ∈ OK [x]. Since pmin,α0

has no
multiple roots, we have p′min,α0

(α0) 6= 0, and so we may apply Hensel’s lemma to obtain α ∈ OL such
that p(α) = 0. Let L0 = K(α). Note that [L0 : K] ≤ deg(p). Since [L0 : K] = e(L0/K)f(L0/K), and
f(L0/K) = [kL : kK ] = deg(p), we must have [L0 : K] = deg(p). In particular, e(L0/K) = 1, so L0/K is
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unramified. For any intermiediate extension, we always have:

f(L0/K)f(L/L0) = f(L/K)

Since we have shown f(L0/K) = deg(p) = f(L/K), the above equation then implies that f(L/L0) = 1.
Therefore L/L0 is totally ramified.

Now suppose that L′0 is another intermediate extension with L′0/K unramified and L/L′0 totally
ramified. We apply Hensel’s lemma once again to the same polynomial p to get α′ ∈ OL′

0
such that

α′ ≡ α0 mod pK and p(α′) = 0. But the roots of p are distinct mod pK , so we must have α = α′. This
meansL0 ⊂ L′0. But since bothL0 andL′0 are unramified overK, we have [L0 : K] = f(L/K) = [L′0 : K].
This means L0 = L′0.

�

Remark 5.29. If q = |kK | and f = f(L/K), then |kL| = qf and pmin,α0
as above divides xqf −x. Then we can pick

our lift p ∈ OK [x] so that it divides xqf − x and we can choose α0 to be a generator of k∗L ∼= Cqf . This implies
that our Hensel lift α satisfies xqf − x (i.e. it is a root of unity), and moreover it is primitive because α0 was.
Thus L0 = K(α) = K(ζqf−1) is a cyclotomic extension.

As a result of the above observation, we have the following corollary:

Corollary 5.30. If L/Qp is unramified, then L = Qp(ζ), where ζ is a primitive pf − 1 root of unity. In particular, every
unramified extension of Qp is Galois.

Another observation comes from analysing the case where L/K was totally ramified to begin with (i.e. L0 =
K). In this case, f(L/K) = 1, so kL = kK . Since there is a trivial basis β = {1} of kL over kK , by Proposition
5.26 we have OL =

⊕e−1
j=0 π

j
LOk. Since πeL = πK , this is equivalent to OL = OK [πL]. Then:

Frac(OL) = Frac(OK [πL])⇒ L = K(πL)

The minimal polynomial of πL is easily seen as xe − πK because it satisfies Eisenstein’s criterion. The converse
is also true:

Proposition 5.31. Let L = K(α) be an extension of local fields with pmin,α(x) satisfying Eisenstiein’s criterion. Then
L/K is totally ramified.

5.2.2 Krasner’s Lemma

Krasner’s Lemma provides a useful topological criterion for when one extension of a local field is contained in
another. We will use it to show that there are only finitely many extensions of Qp of a given degree.

Lemma 5.32 (Krasner). Let F/Qp be a finite extension, and let α, β ∈ Qp, the algebraic closure of Qp. Suppose that
|α−β| < |α−σ(α)| for all non-identity σ ∈ Gal(Qp(α)), whereQp(α) is the Galois closure ofQp(α). ThenF (α) ⊂ F (β).

Proof:
LetK be a Galois extension of F containing α and β. We wish to show that any σ ∈ Gal(K/F (β)) fixes
α. By the non-archimedean property, we have:

|σ(α)− α| = |σ(α)− β + β − α|
≤ max(|σ(α)− β|, |β − α|)
= max(|σ(α− β)|, |β − α|) (σ(β) = β)
= |β − α|

This contradicts our hypothesis. Therefore σ(α) = α.
�
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Definition 5.33. Let F/Qp be finite and P (x), Q(x) ∈ F [x] be degree n polynomials with coefficients {pi}, {qi},
respectivel. We define the difference of P and Q as |P −Q| := max({|pi − qi|}).

We will need a technical lemma in addition to Krasner’s Lemma to prove that there are finitely many exten-
sions of Qp of a given degree.

Lemma 5.34. Let P (x) ∈ F [x] be monic of degree d with no double roots and fix ε > 0. Then there exists δ > 0 such
that if Q(x) ∈ F [x] is monic of degree d with |P − Q| < δ, then for all roots α of P there is some root β of Q such that
|α− β| < ε.

The proof is left as an exercise.

Theorem 5.35. For every d ≥ 1, there are finitely many degree d extensions of Qp.

Proof:
Let F/Qp be finite. We will first show that there are finitely many totally ramified extensions K/F of
degree e. By Proposition, these are in bijective correspondence to extensions K = F (α) with pmin,α(x)
Eisenstein. Write any such polynomial as:

pa(x) = xe +

e−1∑
0

aix
i

where a denotes the coefficient vector (ai). Eisentstein’s criterion requires a ∈ pF × ...× pF × (pF \ p2F ).
Since pa is irreducible overF , it has nomultiple roots. Then there is some ε > 0 such that ε < min |α−αi|,
where αi 6= α are the Galois conjugates of α. By Lemma 5.34, there exists δ such that for all b ∈ pF ×
... × pF × (pF \ p2F ), pb(x) is Eisenstein of degree e and |bi − ai| < δ ⇒ |βi − αi| < ε, where βi are the
roots of pb(x). For any such b, we then get |βi − αi| < min |αi − αj |, i 6= j. By Krasner’s Lemma, we
have F (αi) ⊂ F (βi). Both F (αi), F (βi) are of degree e, so F (αi) = F (βi). Thus, if any two coefficient
vectors a,b are close enough in the max norm, their roots induce the same extension K/F . The space
pF×...×pF×(pF \p2F ) is compact, so there is a finite open cover by δ nieghborhoods. Coefficients in each
open set of the cover induce the same extension, so there are finitely many totally ramified extensions
K/F of degree e for fixed F .

Nowwe finish the proof by strong induction on the degree. The base case is is clear, asQp is the only
extension of degree 1. Now consider all degree d extensions and assume that there are finitely many
extensions of degree f for all f < d. Then there are finitely many extensions F0 of degree less than d
and finitely many totally ramified extensions of F0 of degree d/[F0 : Qp]. Since any extension of degree
d is totally ramified over some F0, there can only be finitely many such extensions.

�

5.3 The Approximation Theorem and Ostrowski’s Theorem v

In this sectionwewill prove a stronger version of Theorem 5.7. Beforewe do so, wewill prove a related Theorem:

Theorem 5.36. Let F be a field and | · |1, ..., | · |n be non-equivalent norms on F . Then given a1, ..., an ∈ F , there for all
ε > 0, there exists x ∈ F such that |x− ai|i < ε for i = 1, ..., n.

Proof:
Since | · |1 and | · |n are not equivalent, there exist α1, α2 ∈ F such that |α1|1 < 1, |α1|n ≥ 1, |α2|1 ≥
1, |α2|n < 1. Let y = α2

α1
. Notice that |y|1 > 1 and |y|n < 1.

We first claim that there exists z1 ∈ F such that |z1|1 > 1, |z1|j < 1 for all j > 1. To prove this claim,
we proceed inductively on n. For n = 2, taking z1 = y as above suffices. Now assume that n > 2 and
that z1 exists for any collection of n− 1 norms. If |z1|n < 1, we have already finished, so we consider the
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two cases |z1|n = 1 and |z1|n > 1. In the former case, replace z1 by zm1 y for somem. Then we note that:

|zm1 y|1 = |z|m1 |y|1 > 1

|zm1 y|n = |y|n < 1

|zmj y|j = |z1|mj |y|j (1 < j < n)

Since |z1|j < 1, choosing m sufficiently large makes the last equation be less than 1. Therefore in the
case |z1|n = 1, we have proven the inductive hypothesis. Now consider the case |z1|n > 1. For every
m ∈ N, define tm = zm1 /(1+zm1 ). Notice that |tm| → 1 under the norms | · |1, | · |n and |tm| → 0 under the
norms | · |j for 1 < j < n. Now we replace z1 by tmy. Then for m sufficiently large we have |tmy|j < 1.
Moreover we have |tmy|1 > 1 and |tmy|n < 1 form sufficiently large.

By this claim, for every j there exists zj ∈ F such that |zj |j > 1 and |zj |i < 1 for all i 6= j. Define
xj,m =

zmj
1+zmj

. Then for each j, |xj,m|j → 1 and |xj,m|i → 0 for i 6= j. Let a = maxi,j |ai|j . Then there
existsM such that |xj,M − 1|j < ε

na and |xj,M |i < ε
na for i 6= j. Let xj ≡ xj,M and set:

x =

n∑
j=1

xjaj

Then:

|x− aj |j =

∣∣∣∣∣∣
∑
i 6=j

xiai + aj(xj − 1)

∣∣∣∣∣∣
j

≤
∑
i 6=j

|ai|j |ai|j + |aj |j |xj − 1|j

< a
ε

na
n

= ε

�

Proposition 5.37. Every nontrivial norm | · | on Q is equivalent to | · |p or | · |∞.

Proof:
If | · | is non-archimedean, we have shown | · | ∼ | · |p by Theorem 5.7, so suppose it is archimedean. Fix
m,n ∈ N greater than 1 and writem in base n; that is, pick 0 ≤ ai ≤ n− 1 such that:

m = a0 + a1n+ ...+ arn
r

where r = floor(logm/ log n). Note that |ai| < n by the triangle inequality. Then:

|m| ≤ |a0|+ |a1||n|+ · · ·+ |ar||n|r

< n+ n|n|+ ...+ n|n|r

≤ (r + 1)n|n|r

≤
(

1 +
logm

log n

)
n|n|logm/ logn
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Doing the same formk for some k ∈ N, we get:

|mk| ≤
(

1 + k
logm

log n

)
n|n|k logm/ logn

⇒ |m| ≤
(

1 + k
logm

log n

)1/k

n1/k|n|logm/ logn

Sending k → ∞, we find |m|1/ logm ≤ |n|1/ logn. Doing the same with m and n swapped, we obtain
equality: |m|1/ logm = |n|1/ logn for all m,n ∈ N greater than 1, and denote this constant by c. The
multiplicative property of norms implies |n| = clogn for all n ∈ Q. Thus | · | is equivalent to | · |∞.

�

A very similar proof idea can show:

Theorem 5.38 (Ostrowski). For F a normed number field with archimedean norm, there exists an injection σ : F → C
such that |x| = |σ(x)|s for some s independent of x.

38



6. Analytic Methods in Number Fields
v

A central player in the analytic theory of number fields is Dedekind’s Zeta function, which we will define here
for Q (in which case it is known as the Riemann Zeta function) and subsequently generalize for an arbitrary
number field. For s ∈ C, the Zeta function is defined by:

ζ(s) =

∞∑
n=1

1

ns

which converges for Re(s) > 1. Then ζ defines a holomorphic function on the subset of the plane {z ∈ C |
Re(z) > 1}. Notice that:

1

2s
ζ(s) =

1

2s
+

1

4s
+

1

6s
+ ...

⇒ ζ(s)

(
1− 1

2s

)
=

1

1s
+

1

3s
+

1

5s
+

1

7s
+ · · ·

Repeating again:

ζ(s)

(
1− 1

2s

)(
1− 1

3s

)
=

1

1s
+

1

5s
+

1

7s
+ · · ·

Doing so ad infinitum for all primes yields the identity:

ζ(s)
∏

p prime

(
1− p−s

)
= 1 or ζ(s) =

∏
p prime

1

1− p−s

Thus if we are able to study analytic properties of ζ, we can perhaps use those to understand the primes. To do
this, we need to extend the domain of ζ, which can be done through the use of the Gamma function. Defined
on {z ∈ C | Re(s) > 0}, the Gamma function is:

Γ(s) =

∫ ∞
0

ts−1e−tdt

Some properties of this function are that Γ(s+ 1) = sΓ(s) and Γ(s) 6= 0 for any Re(s) > 0. Substituting t 7→ nt,
we find:

Γ(s) =

∫ ∞
0

nsts−1e−ntdt⇒ 1

ns
=

1

Γ(s)

∫ ∞
0

ts−1e−ntdt

Then:

ζ(s)Γ(s) =

∞∑
n=1

∫ ∞
0

ts−1e−ntdt

=

∫ ∞
0

ts−1

et − 1
dt

=

∫ 1

0

ts−1

et − 1
dt+

∫ ∞
1

ts−1

et − 1
dt

=
1

1− s
+

∫ 1

0

ts−1
(

1

et − 1
− 1

t

)
dt+

∫ ∞
1

ts−1

et + 1
dt

Since the second and third terms converge for all Re(s) > 0, this shows that ζ(s) can be extended to a meromor-
phic function on {z ∈ C | Re(s) > 0} with a pole of order 1 at s = 1. In fact, using the Monodromy Theorem
from complex analysis, it is possible to extend ζ(s) to the entire complex plane. Moreover, the only singularity
is at s = 1 just as before and this extension satisfies:

ζ(1− s) = 2(2π)−sΓ(s) cos(πs/2)ζ(s)

Exercise 6.1. Use the above functional relation to show that ζ(0) = − 1
2 and ζ(−1) = − 1

12 .

39



6 Analytic Methods in Number Fields

6.1 The Zeta Function of a Number Field v

Throughout this section, letK/Q be a number field. We will define a generalized Zeta function for this number
field and find its domain of convergence, which will depend on [K : Q]. We will also find the residue of this
function at its s = 1 pole, which will provide a formula for the class number. This residue formula will be
important in the next section.

Definition 6.2. The Dedekind Zeta function associated toK is:

ζK(s) =
∑
I⊂OK

1

N(I)s

If we define f(n) to be the number of idelas of OK of norm n, the Zeta function takes the form of a Dirichlet
series:

ζK(s) =

∞∑
n=1

f(n)

ns

Moreover, there is an analogous product formula which can be derived in a similar manner to the Riemann Zeta
function:

ζK(s) =
∏

p⊂OK

1

(1−N(p)−s)

Definition 6.3. The regulatorRK of a number fieldK/Q is the determinant of aminor ofLog(ui), whereu1, ..., ur1+r2−1
are generators of the free part of O×K and Log(−) is the map defined in Section 3.3. If r1 + r2 = 1 (i.e. O×K has no
free components), then the convention is to let RK = 1.

Exercise 6.4. Recall that we showed Log(O×F ) is a lattice in the subspace H = {x ∈ Rr1+r2 |
∑
i xi = 0}. Show

that the covolume of this lattice is
√
r1 + r2RK . (Hint: Take the unit orthogonal vector u toH and show that the

covolume of Log(O×F ) + Zu is the same as the covolume of Log(O×F ). Then compute the former by re-arranging
columns in the matrix whose rows are u and Log(ui), where {ui} are generators of the free part of O×F .)

Theorem 6.5. The Dedekind Zeta function is a meromorphic function on {z ∈ C | Re(s) > 1−1/[K : Q]}with a simple
pole at s = 1. Moreover the residue at this singularity is:

Res(ζK , 1) =
2r1(2π)r2 |Cl(K)|Rk

wk
√
|discK|

where r1 is the number of real embeddings of K, r2 is the number of non-conjugate complex embeddings of K, wK is the
number of roots of unity inK, and RK is a regulator ofK.

The main takeaway from this result is that if we know the residue of ζK at 1, we have a formula for the class
number hK = |Cl(K)|. One of the tools wewill use to prove Theorem 6.5 is the following lemma about Dirichlet
series:

Lemma 6.6. Let Z(s) =
∑∞
n an/n

s be a Dirichlet series. Suppose that the partial sums of the coefficients satisfy:

S(t) :=

t∑
n=1

an = O(tr)

for r > 0. Then Z(s)converges in {s ∈ C | Re(s) > r} and is analytic in that region. Morevoer:

lim
s→1

(s− 1)f(s) = lim
t→∞

S(t)

t

Where the limit in s is taken inside the region of convergence of Z.

Proof:
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6 Analytic Methods in Number Fields

We will prove the first part and relegate the second claim to Proposition 2.1 in Chapter 4 of Janusz’s
Algebraic Number Fields. For any integers v > u, we have:∣∣∣∣∣

v∑
n=u

an
ns

∣∣∣∣∣ =

∣∣∣∣∣
v∑

n=u

S(n)− S(n− 1)

ns

∣∣∣∣∣
=

∣∣∣∣∣
v∑
u

S(n)

ns
−
v−1∑
u−1

S(n)

(n+ 1)s

∣∣∣∣∣
=

∣∣∣∣∣S(v)

vs
− S(u− 1)

us
+

v−1∑
u

S(n)

(
1

ns
− 1

(n+ 1)s

)∣∣∣∣∣
≤
∣∣∣∣S(v)

vs

∣∣∣∣+

∣∣∣∣S(u− 1)

us

∣∣∣∣+

v−1∑
u

|S(n)|
∣∣∣∣ 1

ns
− 1

(n+ 1)s

∣∣∣∣
Since |S(t)| ≤ atr for some constant a > 0 and t sufficiently large, we have:∣∣∣∣S(v)

vs

∣∣∣∣+

∣∣∣∣S(u− 1)

us

∣∣∣∣ ≤ a

vσ−r
+

a

uσ−r
<

2a

uσ−r
(u� 1)

where σ = Re(s) and we used that v > u. Using the same approximation to S(t) and identity:

1

ns
− 1

(n+ 1)s
= s

∫ n+1

n

dt

ts+1

we find:
v−1∑
u

|S(n)|
∣∣∣∣ 1

ns
− 1

(n+ 1)s

∣∣∣∣ ≤ v−1∑
u

atr|s|
∣∣∣∣∫ n+1

n

dt

ts+1

∣∣∣∣
< |s|a

∫ ∞
u

trdt

|ts+1|

≤ |s|a
(σ − r)uσ−r

Putting everything together, we get:∣∣∣∣∣
v∑
u

an
ns

∣∣∣∣∣ < 2a

uσ−r
+

|s|a
(σ − r)uσ−r

=
a

uσ−r

(
2 +

|s|
σ − r

)
for u sufficiently large. For ε, δ > 0, define the region:

Dε,δ(r) = {s ∈ C | Re(s) > r + δ, |arg(s− r)| ≤ π/2− ε}

In this region, r
Re s−r is bounded by a positive constant M and 1

cos arg(s−r) is bounded by a positive
constant N . Using this and the triangle inequality:

|s|
σ − r

≤ |s− r|+ r

σ − r
=

1

cos arg(s− r)
+

r

σ − r
≤M +N

Thus: ∣∣∣∣∣
v∑
u

an
ns

∣∣∣∣∣ < a(2 +M +N)

uσ−r
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6 Analytic Methods in Number Fields

This can bemade as small as wewish by taking u sufficiently large. ThereforeZ(s) is Cauchy convergent
in (and also uniformly convergent) for all s ∈ Dε,δ(r) for any ε, δ > 0. Taking ε, δ → 0, we have the desired
result.

Since we showed that Z(s) is a uniformly convergent series of analytic functions in some region for
every s, it follows also that Z(s) is analytic for all Re(s) > r.

�

Returning to ζK , we can rewrite the sum by splitting it over ideal classes in a way that lends itself to the
above lemma. Let c ∈ Cl(K) be an ideal class and define:

fc(t) = #{I ∈ c | I ⊂ OK , N(I) = t}

ic(t) =

t∑
n=1

fc(n) = #{I ∈ c | I ⊂ OK , N(I) ≤ t}

Then:

ζK(s) =

∞∑
n=1

∑
c∈Cl(K)

fc(n)
1

ns

Lemma 6.7. For any ideal class c ∈ Cl(K), we have:

ic(t) =
2r1(2π)r2RK

wK
√
|discK|

t+O(t1−1/[K:Q])

Proof:
We will prove this for [K : Q] ≤ 2, since the full proof is more compliated than we have time to do and
isn’t much different from the quadratic case. If K = Q, the claim is trivial since ic(t) = #{n ∈ Z | n ≤
t} = btc = t+O(1). Thus we considerK quadratic, which has two subcases (real and complex).

Case 1 (K complex). Write K = Q(
√
−d) for d > 0 squarefree. Let σ : K → R2 be the embedding

a + b
√
−d 7→ (a, b

√
d). Fix an ideal I ⊂ OK in the class of c and a fractional ideal J in the ideal class

c−1. Since IJ = (α) for some α ∈ J (which is unique up to a unit), notice we have the following
correspondence (up to units):

{I ∈ c | I ⊂ OK , N(I) ≤ t} ↔ {α ∈ J | N(αJ−1) ≤ t} = {α ∈ J | N(α) ≤ tN(J)} (6.1.1)

Applying σ to the set on the right, we get:

{I ∈ c | I ⊂ OK , N(I) ≤ t} ↔ {(x, y) ∈ σ(J) | x2 + y2 ≤ tN(J)}

Geometrically, the RHS is σ(J) ∩ B0(
√
tN(J)). Recall from Corollary 3.10 that σ(J) is a lattice, so

this intersection is a finite set as we’d expect. Now let δ be the diameter of the fundamental domain of
σ(J). Then for any r ≥ 0, we have:

π(r − δ)2 ≤ covol(J) ·#{σ(J) ∩B0(r)} ≤ π(r + δ)2

and therefore for r =
√
tN(J):

#{σ(J) ∩B0(
√
tN(J))} =

πtN(J)

covol(J)
+O(

√
t)

=
2π√
|discK|

t+O(
√
t)
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6 Analytic Methods in Number Fields

where we used Proposition 3.16 to compute covol(J). Finally, we notice that:

ic(t) =
1

wK
·#{σ(J) ∩B0(

√
tN(J))}

which comes from accounting for units in K in the correspondence in (6.1.1). Since r1 = 0, r2 = 1, and
RK = 1, this proves the formula for a complex quadratic field.

Case 2 (K real). WriteK = Q(
√
d) for d > 0 squarefree. Let σ : K → R2 be a+b

√
d 7→ (a+b

√
d, a−b

√
d)

(the two real embeddings of K). Note that σ(α) = (x, y) satisfies N(α) = xy by Proposition 1.10. Since
r1+r2 = 0+2 = 2, the rank ofO×K is 1; so let uK be a positive generator (this is called a fundamental unit).
We will use the same correspondence (6.1.1), but we have to account for more than just roots of unity,
since O×F also contains the span of uK . To account for this, we note that multiplying α by a sufficiently
high power of uK gives the inequality 1 <

∣∣ y
x

∣∣ < u2K , where (x, y) = σ(α).a We then want to count pairs
(x, y) ∈ σ(J) that satisfy this inequality and |xy| ≤ tN(J); in other words, we want to compute:

#
{

(x, y) ∈ σ(J)
∣∣∣ |xy| ≤ tN(J), 1 <

∣∣∣y
x

∣∣∣ < u2K

}
= wKic(t)

Chapter 6 of Marcus’s Number Fields computes the area of the region R = {(x, y) ∈ R2 | |xy| ≤ A, 1 <
|y/x| < B2} to be 4A log(B). Therefore, by intersecting this region with the lattice σ(J), we get:

ic(t) =
1

wK

4tN(J) log(uK)

covol(J)
+O(

√
t)

=
4 log(uK)

wK
√
|discK|

t+O(
√
t)

This proves the formula, since r2 = 2, r1 = 0, and RK = log(uK).
aWe are thinking of uK as a real number in this inequality

�

Exercise 6.8. Verify Marcus’s formula for the area of the region R that we used in the above proof.

For a complete proof of Lemma 6.7 for a general number field, consult Chapter 6 of Marcus. Finally, we can
use this estimate on the size of ic(t) to prove Theorem 6.5:

Proof (of Theorem 6.5):
Recall we wrote:

ζK(s) =

∞∑
n=1

∑
c∈Cl(K)

fc(n)

ns

Letting an =
∑
c∈Cl(K) fc(n), the partial sums of an satisfy:

S(t) =

t∑
n=1

∑
c∈Cl(K)

fc(n)

=
∑

c∈Cl(K)

ic(t)

=
2r1(2π)r2RK

wK
√
|discK|

· |Cl(K)| · t+O(t1−1/[K:Q])

Therefore by Lemma 6.6, ζK(s) converges for all Re(s) > 1 − 1/[K : Q] and is analytic in this domain.
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6 Analytic Methods in Number Fields

Moreover, since the pole at s = 1 is simple, the residue at this point is:

Res(ζK , 1) = lim
s→1

(s− 1)ζK(s)

= lim
t→∞

S(t)

t

=
2r1(2π)r2RK |Cl(K)|

wK
√
|discK|

�

Just as with the Riemann Zeta function, the Dedekind Zeta function can be extended to a meromorphic
function on all of C using the theory of analytic continuations.

6.2 Dirichlet Characters and L-Functions v

Using the theory of Dirichlet characters and L-functions will allow us to derive an explicit formula for the class
number of a quadratic field.

Definition 6.9. A Dirichlet character is a multiplicative homomorphism χ : (Z/nZ)× → C∗.

Every Dirichlet character has an associated conjugate character χ, which is given by post-composing with
complex cojugation. Given Dirichlet a character, we can consider the set of integers m | n such that we have a
factorization:

χ : (Z/nZ)× (Z/mZ)× C∗

where the first map is reduction mod m. The smallest such m where such a factorization occurs is called the
conductor of χ, denoted fχ. Given a character χ : (Z/fχZ)× → C∗, we can extend it to a function Z → C by
x 7→ χ(x mod fχ) if (x, fχ) = 1 and x 7→ 0 otherwise. We will also call this function χ.

Definition 6.10. Given a character χ and an integerm ∈ Z, the Gauss sum associated to χ andm is:

G(m,χ) =
∑

a∈Z/fχZ

χ(a)ξamfχ

where ζfχ is a primitive fχ-root of unity. We will usually drop the “a ∈ Z/fχZ ” subscript unless it is necessary.

Proposition 6.11. Givenm ∈ Z and a character χ, the Gauss sum satisfies:

1. G(m,χ) = χ(m)G(1, χ).

2. G(1, χ)G(1, χ) = χ(−1)fχ.

Proof:
To prove the first part, if (m, fχ) = 1, thenm has an inverse mod fχ and:

G(m,χ) =
∑
a

χ(a)ζam

=
∑
a

χ(am−1)ζa

= χ(m)−1
∑
a

χ(a)ζa

= χ(m)G(1, χ)

Where we used that χ(m)−1 = χ(m) because any nonzero χ(x) has complex norm 1. On the other hand,
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if (m, fχ) = d > 1, then χ(m) = 0, so we wish to show that G(m,χ) = 0.

G(m,χ) =
∑
a

χ(a)ζamfχ =
∑
a

χ(a)ζ
am/d
fχ/d

=
∑
a

ζ
bm/d
fχ/d

∑
b≡a

mod fχ/d

χ(b)

We will show that the inner sum is zero. We will first show that it is zero for a = 1. For all c ≡ 1 mod
fχ/d, we have: ∑

b≡1
mod fχ/d

χ(b) =
∑
“ ”

χ(bc) = χ(c)
∑
“ ”

χ(b)

We note that if χ(c) = 1 for all c ≡ 1 mod fχ/d, then the conductor of χ would be fχ/d, which is false.
Therefore χ(c) 6= 1 for any c ≡ 1 mod fχ/d. In particular, this forces the above sum to be zero. Moreover
for any a: ∑

b≡a
mod fχ/d

χ(b) =
∑
a′≡1

mod fχ/d

χ(ba′) = χ(b) · 0 = 0

Therefore G(m,χ) = 0. This completes the proof of the first statement.

To prove the second, we use the identity that we just established to write:

G(1, χ)G(1, χ) = G(1, χ)
∑
b

χ(b)ζb =
∑
b

χ(b)G(1, χ)ζb

=
∑
b

G(b, χ)ζb =
∑
a

∑
b

χ(a)ζabζb

=
∑
a

χ(a)
∑
b

ζ(a+1)b

We claim that the only contributions to the sum over a happen when a+1 ≡ 0 mod fχ. If (a+1, fχ) = 1,
then: ∑

b

ζ(a+1)b =
∑
b

ζb = 0

because the sum of all fχ powers of a fχ root of unity is zero. The same reasoning holds for (a+1, fχ) =
d 6= 0. Therefore the only contribution happens for a ≡ −1:

G(1, χ)G(1, χ) = χ(−1)
∑
b

ζ0·b = χ(−1)fχ

Since χ(−1) = χ(−1), the desired result holds.
�

Definition 6.12. Given a Dirichlet character χ, the Dirichlet L-function associated to χ is:

L(s, χ) =

∞∑
n=1

χ(n)

ns

Notice that if f is the conductor of χ, then:

f∑
n=1

χ(n) = G(0, χ) = χ(0)G(1, χ) = 0
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Therefore
∑∞
n=1 χ(n) = O(1). By Lemma 6.6, L(s, χ) converges for all Re(s) > 0 and is holomorphic in that

region. Moreover, one can show that L has a product formula:

L(s, χ) =
∏
p

(
1− χ(p)p−s

)−1
which we won’t prove here. The remainder of this section will focus on a special class of L-functions that are
associated to what are known as quadratic characters.

6.2.1 Quadratic Characters and Quadratic Fields

A character χ : (Z/fZ)∗ → C∗ is quadratic if im(χ) ⊂ {±1}. We say that χ is odd if χ(−1) = 1, and even
otherwise. The following are some examples of quadratic characters that we will use:

• For p an odd prime, define χp =
(
·
p

)
: (Z/pZ)∗ → {±1}, where

(
·
p

)
is the Legendre symbol. This is a

quadratic character of conductor p.

• χ4 : (Z/4Z)∗ → {±1} defined by sending −1 to −1 is a character of conductor 4.

• χ+
8 : (Z/8Z)∗ → {±1} defined by sending −1 to 1 and 5 to −1 is a character of conductor 8.

• χ−8 : (Z/8Z)∗ → {±1} defined by sending −1 to −1 and 5 to 1 is a character of conductor 8.

Quadratic characters are used to embed any quadratic number field in a cyclotomic extension ofQ, as claimed
in the next Proposition:

Proposition 6.13. LetK be a quadratic number field of discriminant D. ThenK ⊂ Q(ζ|D|) canonically.

Proof:
First notice that, given any quadratic character χ of conductor f , we have χ = χ and G(1, χ)G(1, χ) =
χ(−1)f . Since G(1, χ) is a linear combination of elements in Q(ζf ) and its square is χ(−1)f , we have
Q(
√
χ(−1)f) ⊂ Q(ζf ), where ζf is a primitive f root of unity. Since K can we written as Q(

√
d) for

some squarefree d, it suffices to find a quadratic character χ such that χ(−1)f = D. Recall that the
discriminantD is equal to d if d ≡ 1 mod 4 and is equal to 4d otherwise. Let d = ±p1...ps, with pi prime
and pi < pj for i < j.

We claim that if d ≡ 1 mod 4, the character χ = χp1 ...χps satisfies χ(−1)fχ = D. If d ≡ 1 mod 4 and
d odd, we take χ = χ4χp1 ...χps . If d is even (i.e. p1 = 2), then we take χ = χ±8 χp2 ...χps . The reader can
verify that all of these satisfy the desired criterion.

�

Remark 6.14. The character that we constructed is sometimes referred to as the character ofK.
As a consequence, given K quadratic with discriminant D, we have a surjection φ : Gal(Q(ζ|D|)/Q) →

Gal(K/Q) given by restriction. These groups are canonically identified with (Z/|D|Z)∗ and {±1}, respectively.
Therefore φ defines a quadratic character.
Claim: φ is the character that we constructed in the proof of Proposition 6.13.
Proof:

An element σn ∈ Gal(Q(ζ|D|)/Q) is defined by ζ|D| 7→ ζn|D|. Notice that φ(σn) = −1 if and only if
σn|K 6= id. Since K = Q(G(1, χ)), this happens if and only if σn(G(1, χ)) = −G(1, χ). Then we can
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compute:

σn(G(1, χ)) = σn
∑
a

χ(a)ζa|D|

=
∑
a

χ(a)ζna|D|

= G(n, χ) = χ(n)G(1, χ)

The last equality being by Proposition 6.11. We see that χ(n) = −1 if and only if φ(σn) = −1. Since χ
and φ are quadratic, this is enough to show that they are the same.

�

Recall that, for any prime p ∈ Z, there are three posibilities for how (p) = pOK factorizes. If (p) = p, it
is called inert; if (p) = pp 4, it is called split; if (p) = p2, it is called ramified. The character we constructed
associated toK tells us which of these is the case for any p:

Proposition 6.15. Let χ be the associated character of a quadratic field K. Then χ(p) = 0 if p ramifies, χ(p) = 1 if p
splits, and χ(p) = −1 if p is inert.

Proof:
This follows from the two ways we can write the quotient OK/pOK . On one hand, we have:

OK/pOK =

 Z/p2Z iff p ramifies
(Z/pZ)× (Z/pZ) iff p splits

Fp2 iff p is inert

This follows from the Chinese remainder theorem and that OK is a rank 2 free module. On the other
hand, we know that OK = Z[x]/Q(x) for some quadratic Q(x). Then:

OK/pOK = (Z[x]/Q(x))/(p · Z[x]/Q(x)) = Fp[x]/q(x)

where q(x) ∈ Fp[x] is the reduction of Q(x) mod p. There are three posibilities for how q(x) can factor,
depending on the discriminant D of K. Since the discriminant of Q is the discriminant of q mod p, we
see that q(x) has two roots ifD is a square mod p, q(x) has one root of multiplicity 2 ifD is zero mod p,
and q(x) is irreducible otherwise. Therefore:

OK/pOK =

 Z/p2Z iff D ≡ 0 mod p
(Z/pZ)× (Z/pZ) iff D is a nonzero square mod p

Fp2 otherwise

The reader can check that the right-hand condidtions are equivalent to χ(p) = 0, χ(p) = 1, and χ(p) =
−1, respectively.

�

Corollary 6.16. If p is a prime and χ is the character of a quadratic field, then:∏
p|p

(1−N(p)−s) = (1− p−s)(1− χ(p)p−s).

The proof follows directly from the previous proposition and is left as an exercise.

4p is the conjugate of p, where conjugation is a+ b
√
d 7→ a− b

√
d.
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Theorem 6.17. IfK is a quadratic number field and χ is the associated character, then:

L(1, χ) =


2π|Cl(K)|

wK
√
| discK|

K imaginary
2|Cl(K)| log(uK)√

| discK|
K real

where uK is the fundamental unit ofK if it is real.

Proof:
Using the previous Corollary, we can write:

ζK(s) =
∏

p⊂OK

1

1−N(p)−s
=
∏
p

1

(1− p−s)
1

(1− χ(p)p−s)
= ζ(s)L(s, χ)

Since ζK has a simple pole at s = 1 and ζ has a simple pole at s = 1, it follows that L(1, χ) is finite and is
equal to Res(ζK ,1)

Res(ζ,1) = Res(ζK , 1). The theorem then follows from the residue formula from Theorem 6.5.

�

Example 6.18. LetK = Q(i), where i2 = −1. Then χ = χ4, which has the formula:

χ(a) =

{
0 a even

(−1)(a−1)/2 a odd

Then the L series at s = 1 is:
L(1, χ) = 1− 1

3
+

1

5
− 1

7
+ · · · = π

4

By the above theorem, we get:
π

4
=
π|Cl(K)|

4
⇒ |Cl(K)| = 1

ThereforeK has trivial class group.

Proposition 6.19. IfK is a quadratic field with associated character χ whose conductor is f > 1, then:

L(1, χ) =

{
π

f
√
f
|
∑
a χ(a)a| ifK is imaginary

1√
f
|
∑
a χ(a) log sin(πa/f)| ifK is real

where the sums are taken over a ∈ Z/fZ.

Proof:
Using the first property of the Gauss sum, we have:

G(1, χ)L(1, χ) =

∞∑
n

χ(n)G(1, χ)

n
=

∞∑
n

G(n, χ)

n

=
∑

a∈Z/fZ

χ(a)

∞∑
n

ζanf
n

Since
∑∞
n=1 z

n/n = − log(1− z) for any |z| ≤ 1, z 6= 1, we get:

G(1, χ)L(1, χ) = −
∑

a∈Z/fZ

χ(a) log(1− ζaf )
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We can rewrite ζaf − 1 as:

ζaf − 1 = e2πia/f − 1

= i sin(2πa/f) + cos(2πa/f)− 1

= 2i sin(πa/f) cos(πa/f)− 2 sin2(πa/f)

= eiπa/f · 2i sin(πa/f)

Then:

G(1, χ)L(1, χ) = −
∑
a

χ(a) log(−eiπa/f · 2i sin(πa/f))

= −
∑
a

χ(a)

(
iπa

f
− iπ

2
+ log 2 + log sin(πa/f)

)
= −

∑
a

χ(a) · iπa
f
−
∑
a

χ(a) log sin(πa/f)

where we used that
∑
a χ(a) = 0 because χ is nontrivial. We note that |G(1, χ)| =

√
f and that L(1, χ)

is positive real, so that:
|G(1, χ)L(1, χ)| =

√
fL(1, χ)

=⇒ L(1, χ) =
1√
f

∣∣∣∣∣ iπf ∑
a

χ(a)a+
∑
a

χ(a) log sin(πa/f)

∣∣∣∣∣
If χ is even, and hence K is real, the first sum is zero. If χ is odd, and hence K is complex, the second
sum is zero. The result follows.

�

These formulas for L(1, χ) generalize the π/4 sum that we saw in the previous example. Just as with that
example, as a consequence we can get a formula for the class number of a quadratic number field:

Corollary 6.20. LetK be a quadratic number field with associated Dirichlet character χ whose conductor is f > 1. Then:

|Cl(K)| =

{
wK

2
√
| discK|

|
∑
a χ(a)a| K imaginary

1
2 log(uK) |

∑
a χ(a) log sin(πa/f)| K real

where the sums are over a ∈ Z/fZ, uK is a fundamental unit, and wK is the number of roots of unity inK.

Proof:
This follows immediately from Proposition 6.19 and Theorem 6.17.

�

Example 6.21. LetK = Q(
√
−5). Then χ = χ4χ5 because f = 20. SinceK is imaginary, we have:

|Cl(K)| = 2

2 · 20
|χ(1) + 3χ(3) + 7χ(7) + 9χ(9) + 11χ(11) + 13χ(13) + 17χ(17) + 19χ(19)|

=
1

20
|1 + 3 + 7 + 9− 11− 13− 17− 19|

=
40

20
= 2

49



7. Introduction to Global Class Field Theory
v

In this section, we will give a brief introduction to the class field theory of global fields. Roughly speaking, a
global field is either a number field or a function field of an algebraic curve. Since we have not dealt with the
latter, this section will only deal with number fields. Our goal will be to define the Ray Class group, which is
a generalization of the Ideal Class Group, and state some of its properties. Then we will finish with the Artin
symbol.

7.1 Moduli and the Ray Class Group v

LetK be a number field. Recall that for every prime ideal p ⊂ OK , we have a p-adic valuation:

vp(x/y) = ex − ey

where ex and ey are the unique exponents of p in the factorization of x and y, respectively. This induces the p-
adic norm | · |p := π−v(·), where π is a generator of the prime ideal p(OK)p.5 Moreover, for every real or complex
embedding τ , there is an induced norm given by |τ(·)|, where | · | is the standard norm on R and C. Ostrowski’s
theorem says that these two are the only norms thatK admits.

Definition 7.1. A place of a number fieldK is an equivalence class of norm onK.

A place is distinguished by whether it corresponds to a prime ideal p ⊂ OK (called a finite prime) or an
embedding τ (called an infinite prime). From here out, we will denote O := OK , U := O×K and Spec(OK) to be
the set of all places ofK.

Definition 7.2. Let K/F be a finite extension of number fields and let q be an infinite prime of K and P be an
infinite prime of F such that q | p (i.e. q agrees with p when restricted to F ). Then we say that p is ramified in
K/F if p is real and q is complex.

Definition 7.3. The support Supp(c0) of an integral ideal c0 =
∏k
i p

ei
i is the set of prime ideals {p1, ..., pk}dividing

c0.

Definition 7.4. A modulus of K is a formal product c = c0c∞, where c0 =
∏k
i p

ei
i is an integral ideal (ei ≥ 0)

and c∞ is a formal square-free product of real places of K. A modulus is also called a cycle. We say c is finite if
c∞ = 1.

Example 7.5. If K = Q, there is only one infinite prime, denoted∞, which corresponds to the absolute value
on Q. Examples of moduli are c = 1, c = 72 · 11 and c = 72 · 5 · ∞.

Given α ∈ K∗ and a modulus c = c0c∞, we say that α ≡ 1 mod* c if vpi(α− 1) ≥ ei for all pi ∈ Supp(c0) and
if φi(α) > 0 for all φi real infinite places in c∞. Then we define:

I(c) = {All fractional ideals of O prime to c0}

Pc = {All fractional ideals of O that are principal and generated by α ∈ K, α ≡ 1 mod* c}

Remark 7.6. If (α) ∈ Pc, then there exists u ∈ U such that αu ≡ 1 mod* c.
The reader can check that Pc is a subgroup of I(c). The Ray Class group (otherwise called the Generalized

Ideal Class group) is the quotient I(c)/Pc. As our notation suggests, this group depends on the modulus c.
There are three special cases of c:

5Recall that Rp is a PID when R is a Dedekind domain
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• If c = 1, then Ic is the set of all fractional ideals and Pc is the set of principal fractional ideals. Therefore
I(1)/P1 = Cl(O).

• If c = c∞, then I(c)/Pc is called the Narrow Class group.

• If c = c0 (i.e. c is finite), then we have the following exact sequence:

1 Uc U (O/cO)× I(c)/Pc Cl(O) 1

where Uc = {u ∈ U | u ≡ 1 mod* c}. Since (O/cO)× is finite and Cl(O) is finite, everything in the above
sequence is finite. Moreover, if we define φ(c) := |(O/cO)×|, then using exacness we can calculate:

hc =
hφ(c)

[U : Uc]

where hc = |I(c)/Pc| and h = |Cl(O)|.

For a general modulus, define φ(c) = 2s(c∞)|(O/c0O)×|, where s(c∞) is the number of terms in c∞.6 Then
the formula we found for hc above actually holds for general c:

Proposition 7.7. For any modulus c, we have |I(c)/Pc| = hc = hφ(c)
[U :Uc]

.

In particular, the Ray Class group is finite for any c. The finiteness of this group can be thought of as a
generalization of Dirichlet’s theorem of primes in arithmetic progressions, since every Ray class must contain
infinitely many prime ideals.

Example 7.8. LetK = Q again. Let c = m∞ be a modulus for somem > 2. Since U = {±1}, we have Uc0 = {1}
and:

I(c) = {r = p/q ∈ Q× | (p, c0) = (q, c0) = 1}

Pc = {(r) ∈ I(O) | r ≡ 1 mod* c} = {r ∈ Q+ | c0 | (r − 1)}

Therefore I(c)/Pc ∼= (Z/mZ)× and I(c0)/Pc0
∼= (Z/mZ)×/{±1}.

7.2 The Artin Symbol v

Let L/K be a Galois extension of number fields, and fix p ⊂ OK and q ⊂ OL lying over p. Recall the decom-
position group Dq ⊂ Gal(L/K) was defined as the set of elements in Gal(L/K) that fixed q. We saw in Section
4.1.1 that there is surjection φq : Dq → Gal(kq/kp) given by restriction to kq whose kernel is the intertia group
Iq. In the case where L/K was abelian, we defined the Frobeneus element (p, L/K) ∈ Gal(L/K) as the unique
preimage of the Frobenius automorphism in Gal(kq/kp).

Given a modulus c that is divisible by all ramified primes in OK , we now have a well-defined map for any
abelian extension L ofK:

φc,L,K : I(c)→ Gal(L/K)∏
peii 7→

∏
(p, L/K)ei

This is known as the Artin symbol. We sometimes denote φc,L,K(I) by (I, L/K). Some properties of φ that we
won’t prove are:

1. If σ : L → F is a field isomorphism, then σL/σK is another abelian extension. For any ideal a ∈ I(c), we
have (σa, σL/σK) = σ(a, L/K)σ−1.

2. IfK ⊂ L ⊂M are abelian extensions, then (a, L/K) = resK(a,M/K).
6This is a generalization of the totient function.
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3. If L/K is abelian and E/K is finite, then Gal(LE/E) is abelian as well. Let p be a prime of K that is
unramified in L/K, and let q be a prime of E with q | p. Then q is unramified in LE/E. Moreover,
(p, L/K)f(E/K) = resL(q, LE/E). Since we have:

(p, L/K)e = (pe, L/K)

for any e, this also means that (NE/Kq, L/K) = (pf(E/K), L/K) = resL(q, LE/E).
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