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1. Number Fields

K3
o

A number field is a finite extension of Q. To be more precise, we’ll begin with some review of field extensions
and algebraic elements.

Definition 1.1. A complex number « € C is algebraic if there exists p(x) € Q[z] such that p(«) = 0.

Any algebraic element o defines an ideal I, = {p € Q[z] | p(o) = 0}. Since Q is a field, Q[z] is a PID
and so I, = (p) for some p € I, (which must be irreducible). The unique monic polynomial that generates I,
is called the minimal polynomial for «, which we’ll denote pin,o. We call the degree of an algebraic number

deg() := deg(pmin,a)-

Proposition 1.2. The following are equivalent:
1. o is algebraic.
2. [Qla] : Q] < oo
3. Qla] = Q(a).

Proof:

(1 = 2): If « is algebraic and d = deg(«), then Q[a] = Q[z]/I, is a finite dimensional Q vector space
with basis {1, a, ...,a?1}. Therefore [Q[a] : Q] = d < oo.

(1 = 3): Since pmin,« is irreducible, I, is a maximal ideal and so Q[q] is a field. Since it contains «,
Qle] = Q(a).

(3 = 1): The element 1 € Q(a) is also contained in Q[a], so 1 = g(«) for ¢ € Q[a]. Then ag(a) — 1 = 0.
Thus « satisfies the polynomial zg(z) — 1.

(2 = 1): Q[a] being a finite vector space over Q means that the elements {a'} for i sufficiently large
must be mutually dependent. This induces a polynomial relation in o with Q coefficients, hence « is
algebraic.

O

Remark 1.3. If o, 8 are algebraic, then it is easy to check that o+ 5, a3, and «/ (the latter only when § # 0) are
also algebraic. The algebraic elements of C therefore form a subfield of C.

Definition 1.4. If F'is a field containing Q and [F' : Q] < oo, then Fis called a number field of degree n = [F' : Q).

Remark 1.5. For any number field F, the primitive element theorem guarantees us a (not necessariy unique)
element a € F such that F' = Q(«).

Definition 1.6. For a number field F, an embedding of F' into C is a homomorphism ¢ : F' — C. An embedding
is called real if im(¢) C R and complex otherwise.

Given the finiteness of I as an extension, a natural question to ask about embeddings is how many there are.
We know that, if ¢ is a complex embedding, then so is its complex conjugate ¢. Thus the number of embeddings
must be of the form r; + 2ry, where ry is the number of real embedings and 2r; is the number of complex
embeddings.

Corollary 1.7. For a number field F of degree n, there are exactly n distinct embeddings.
Proof:
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Fix a primitive element ¢, so that F' = Q(«). Any homomorphism ¢ : F' — C is determined by the image
of a. Since I = ¢(F') = Q(¢(a)) = Q[x]/(Pmin,é(a)) and F' = Q[z]/(Pmin,«), the minimal polynomials of
a and ¢(«) are the same. Therefore ¢(a)) must be another root of pyin «. Since it has no repeated roots,
there are exactly n choices of roots in C.

0

1.1 Norm, Trace, and Discriminant <»

For a € F, consider the map m, : F' — F given by x — ax. This is a Q linear map, so it has a trace and a
determinant. These are used to define the norm and trace of an element:

Definition 1.8. Given « € F, the trace of « is tr(m,) and is denoted trp/g (). The norm of a is the determinant
det(m,) and is denoted Np/q(c). We sometimes drop the “F/Q" subscript when the number field is implicit.

Remark 1.9. Notice that basic properties of trace and determinant extend to the field norm and trace: tr(a+5) =
tr(a) 4+ tr(B) and N(aB) = N(a)N(B).

Proposition 1.10. Let deg(F) = n, and {¢1, ..., dn } be the distinct embeddings of F. Then for any « € F:

trr/g(a) = Z pi(a)

Npjgla) = H@(Oé)

Proof:

Consider the field Q(a) C F' and the map m,, : Q(a) — Q(«). Since the minimal polynomial p,,, of m,
iS Pmin,«, Which has no multiple roots, m, is diagonalizable. The number of eigenvalues of m,, is the
degree m = [Q(«) : Q]. Then, if {c; } are the roots of pmin,qa:

trge)/ol@) = Y
j=1

Note that every embedding Q(«) — C can be extended to e = deg(F/Q(«)) embeddings F' — C. Then,
by the same reasoning as above, we have:

m

tre/g(a) = Zeaj

j=1
But since the image of ¢; must be a root of pin o, we get:

n

trejg(e) =Y é()

i=1

The same can be done to show that the product formula.

The trace as a map F' — Q induces a pairing:
(= —)Fr:FxF—=Q

(z,y) = tre/g(ry)

We sometimes drop the F' subscript on the brackets unless it is necessary.
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Exercise 1.11. Show that (—, —) ¢ is a nondegenerate bilinear pairing.

Definition 1.12. Givenn elements oy, ..., a,, € F, the discriminant disc(ay, ..., a,) is defined to be the determinant
of the matrix («a;, a;).

There are several observations about the discriminant that will be useful:

1. The discriminant can be evaluated using the embeddings ¢x:
disc(ar, ..., ay) = det(tr(aiay)) = det((¢r(ay) " ¢r(ay)) = det(dr(ay))?
2. If (B, ..., Bn) = M(aa, ..., o) for some matrix M, then:
disc(B1, ..., Bn) = det(M)? disc(au, ..., )

This follows from the previous observation.

3. For F = Q(«) of degree d, the discriminant of the power basis {1, q, ...,a?"1) is:

Lodi(e) o i)\
disc(1, o, ..., a9 1) = det :

1 Gal@) o ala)i?
= H(qbi(a) — ¢j(a))?
= NF/Q(p;nin,a(a))

where we used the Vandermonde determinant formula.

Proposition 1.13. For F//Q a degree d number field and B = {cu, ..., aq} be a collection of elements in F. Then B forms
a basis of F'/Q if and only if disc(a1, ..., aq) # 0.

Proof:

One direction is straight-forward: if they don’t form a basis, there is a linear relation on the «;. This
extends to a linear relation on the columns of ¢;(c;), hence making the discriminant zero by the first
observation above. For the other direction, it sufices to prove that the discriminant is nonzero for one
basis (and then use observation 2). We choose the power basis {1, , ..., a®~!}, which has discriminant:

disc(1, ..., a1 = H(@'(OZ) — ¢;())?

1<j

This is nonzero because otherwise ¢;(a) = ¢;(a) for j # i, which would imply that ¢; and ¢; sent « to
the same thing.

O

As an application, we construct the total embedding of F' into R™ x C"2, where 7 is the number of real
embeddings and r; is the number of pairs of complex embeddings. For each pair of complex embeddings

(¢i, i), we chose one representative to define a map:

d:F - R™ x C
o= ((;51(0[), ) ¢7‘1 (a)a ¢T1+1(a)7 ) ¢T1+T2 (a))

real complex rep.’s

This is non-canonical, since we made arbitrary choices of representatives. The question we will answer is: what
does the image of ® look like?
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Example 1.14. Consider F' = Q(«) for a® = 2. Then there are two complex embeddings and one real. If w is a
(primitive) cube root of unity, then one example of ¢ would be:

o(a) = (V2,0172)
Theorem 1.15. For a number field F of degree d:
* & maps a basis of F//Q to an R basis of R™ x C"2.
* O is injective.
* im(®P) is dense.
Proof:
We identify C with R? in the usual way. This induces a map ® : F — R%

1. If wy, ..., wq is a basis of F//Q, then by multilinearity of the determinant:

<I>(w1)
det | 1 | =(2i)"* det(¢i(wy))
@(wd) #0

Therefore {®(w;)} form a basis of R?, and hence so do {®(w;)}.

2. Suppose ®(f) = 0. Extend § to a basis B of F//Q. Then ®(B) cannot be a basis because it has at
most d — 1 linearly independent elements. This contradicts 1).

3. We have shown that ®(F') contains a R x C"2 over Q. Since Q is dense in R, so too must ®(F') be
dense in R™ x C".

O

1.2 Algebraic Integers &
Definition 1.16. For a number field F, an element « € F is an algebraic integer (also called integral) if pmin o has
integer coefficients.
Proposition 1.17. Let a be an element of a number field F. The following are equivalent:

1. «is integral.

2. There exists a monic f(x) € Z[x] such that f(«) = 0.

3. Zla] is a finitely generated Z module.

4. There exists a finitely generated, nonzero Z module M C F such that «M C M.

Proof:

(1 = 2): Take f(x) to be the minimal polynomial of «.

(2 = 1): Write f(z) = pmin,a(2)q(z) for ¢(z) € Q[z] monic. If r = deg(pmin,a) and Pmina = 5, B2’
then the coefficients of the  highest degree terms f(z) are {1, ..., 8, }. These are integers by assumption,
so in fact pmin,« € Z[z].

(1 = 3): Abasis for Z[a] 2 Z[z]/(Pmin.a) is {1, a, ...,a" "1}, so it is finitely generated.

(3 = 4): Take M = Z[a].
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(4 = 2): Take 21, ..., x,, as as generators for M. Then since ax; € M for all i, we have a matrix relation:

axy X1

for N a matrix with integer coefficients. Then det(af,, — N) = 0, and so the polynomial det(zI,, — N) €
Z[z] satisfies .

O

Remark 1.18. If o and 3 are algebraic integers, then Z[a + 5] C Z[a] @ Z[5] must be finitely generated as a Z
module because each of Z[«], Z[3] is. Therefore, by above, « 4 3 is an algebraic integer. For similar reasons, o8
is also an algebraic integer. This proves:

Corollary 1.19. The set of all algebraic integers in F' (denoted OF) is a subring.
Exercise 1.20. Show that Frac(Op) = F.
Theorem 1.21. For a degree number field F' of degree d, the ring of integers Or is a free Z module of rank d.

Proof:

Let a4, ..., o, be a basis of F//Q. For each «;, there exists an integer m such that ma; is integral (just
take m to be the lem of the denominators of the coefficients of pyin ;). Thus, we can assume {«;} are
integral. This directly means that the rank of Op is at least d. Now define the map ¢ : FF — Q% by:

¢(B) = (a1, B), (az, B), ... {@a, )

Note that, for z,y € Op, (z,y) € Z because the trace of an algebraic integer is again an algebraic integers
in Q (i.e. they are in Z). Therefore ¢ sends O to Z%. Further, this is an injection because the (—, —) is
nondegenerate. Therefore the rank of O is at most d. Since it clearly has no torsion, it must be free of
rank exactly d.

O

Example 1.22. Let F' be a quadratic number field (degree 2). Then there is a squarefree integer d such that
F = Q(V/d). It is a standard exercise to show that the ring of integers O depends on d mod 4 in the following
way:
Z[\/d) d=2,3mod 4
Or =
Z[(14+d)/2] d=1mod4

Remark 1.23. Suppose o = (o, ..., &) and 8 = (B, ..., Bn) are two bases of Op. Then there is an integer matrix
M such that « = Mp. Since both M and M ~! are integer matrices, det(M) € Z* = {£1}. In particualar, the
discriminants disc(av, ..., @) and disc(S1, ..., B,) are equal and they define an invariant of Op. This is known as
the discriminant of the number field, denoted disc F'.

Lemma 1.24. Any set of elements {1, ..., Ba} in O with squarefree discriminant form a basis of Op.

Proof:

If {8} is not a basis, then writing 8 = M« for a basis & = {«;} requires det(M) ¢ Z*; in particular,
disc(Bi, ..., Bn) = det(M)? disc(a, ..., ) is not squarefree.

O

One should keep in mind that this is not an if and only if statement.
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In this section, we will define Dedekind rings in order to give a theory of ideal facorization in O. Recall these
equivalent definitions of a ring R being Noetherian:
1. Every ideal I C R is finitely generated.
2. Every nonempty collection of ideals in R has a maximal element.
3. Every ascending chain of ideals Iy C I; C I» C ... eventually stabilizes.
Exercise 2.1. Show that these are equivalent.
An important fact about Noetherian rings is the Hilbert Basis Theorem:
Proposition 2.2. If R is a Noetherian ring, then so is R[x] (and hence so is R[x1, ...z, ]).

Definition 2.3. Suppose R C S are rings. We say « € S is integral over R if there exists a monic polynomial
f € Rlz] such that f(a) = 0.

Definition 2.4. A domain R is integrally closed if every o € Frac(R) that is integral is in R itself.

Example 2.5. Z[\/5] is not integrally closed because @ € Q(v/5) is integral over Z (and hence over Z[v/5]) but
is not in Z[v/5].

Definition 2.6. The Krull dimension of a commutative ring R is the length of the longest chain of nested prime
ideals po C p1 C p2 C ... C p,, (length is determined by the number of inclusions, not the number of primes).

Example 2.7. The Krull dimension of Z is 1 and the Krull dimension of Z[z1, ..., z,,] is n + 1. More generally, the
Krull dimension of R[z] is one more than the Krull dimension of R.

Definition 2.8. A commutative ring R is Dedekind if:

1. Ris a Noetherian domain.

2. Ris integrally closed.

3. The Krull dimension of R is < 1 (i.e. non-zero primes are maximal).
Proposition 2.9. The ring of integers O of a number field F is a Dedekind ring.

Proof:
Since Op is finitely generated as a Z module, any submodule (ideal) is also finitely generated. To show
that it is integrally closed, let o € F be integral over Op. Then Op[«] is a finite O module, and hence
also a finite Z module. Therefore the submodule Z[q] is also finitely generated, which is true if and only
if o is integral over Z.

Finally, let p C Or be nonzero. Then O /p is an integral domain. We claim that p contains a nonzero
integer m; inded, for any nonzero o € p, the degree 0 coefficient of pyin o is in p. Thus (m) C p and we
have a ring surjection:

Or/(m) - Op/p

We note that, if d is the rank of Op, then O /(m) = (Z/mZ)®?. In particular, it is finite. Therefore O /p
is finite. Any finite integral domain is a field, so p must be maximal. Therefore the Krull dimension is
1.

O
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2.1 Fractional Ideals and Unique Factorization <>

Definition 2.10. For a Dedekind ring R, let F' denote the fraction field of R. A fractional ideal I of R is an additive
subgroup of F' such that 3o € F™* such that ol is a nonzero ideal of R.

Proposition 2.11. The following are true for a Dedekind ring R with F' = Frac(R):
1. Every nonzero ideal of R is fractional.
2. Every fractional ideal that is contained in R is an ideal of R.
3. If I, J are fractional ideals, then IJ = {>" «;3; | oy € I, B; € J} is a fractional ideal.
4. aR is a fractional ideal of R for any nonzero cv.
5. For all fractional ideals I, the set =1 = {« € F | oI C R} is a fractional ideal of R.
Proof:
1. Clearly1-1 C R.

2. Let I C R be fractional. Then it is easy to check that I is an additive subgroup of R, so we need
only verify that r/ C I for any r € R. Let o € F'* be such that o is an ideal of R. Then ral C al.
For any a € I, this inclusion means that there exists b € I such that raa = ba, and therefore:

afra—b)=0=ra—b=0=ra=".

Therefore ra € I,sorl C I.
3. If a, § are such that of C Rand J C R, then clearly a8IJ C R.

4. If a # 0, then aR is an additive subgroup of F and aa 'R C R, so it is also a fractional ideal.

5. Exercise.
O

The main fact that we will use about Dedekind rings is that they admit prime factorization, just like in
the integers. In fact, we can think of Dedekind rings as a generalization of the integers (just as Or was the
generalization of integers as a subring Q).

Theorem 2.12. Let R be a Dedekind ring. Then the set TZ(R) = {fractional ideals I C Frac(R)} is abelian group under
multiplication. Moreover, Z(R) = Z. In other words, every fractional ideal factors uniquely into a finite product
of powers of prime ideals.

primes

To prove this, we will need three lemmata:
Lemma 2.13. For R a Noetherian ring, every ideal I C R contains a product of prime ideals.
Proof:

Define the set:
S ={I C R| I doesnot contain a product of prime ideals}

Assume that S is nonempty; then there is a maximal element I, of S. Since I, cannot be a prime ideal,
there exists 7,s € R such that rs € Iy butr,s ¢ Iy. Then (Iy,r) and (Ip, s) are ideals containing I
properly. Since I, was maximal in S, then (I, ) and (I, s) both contain a product of prime ideals. Then
(Lo, ) (1o, s) also contains a product of prime ideals. However, by construction of r and s, (1o, 7)({o,s) C
Iy, and so I, contains a product of primes. This is a contradiction, so S = 0.

O

Lemma 2.14. Let R C F be a Dedekind ring contained in a field. For I C R a proper ideal, then 3\ € F' \ R such that
A CR.

Proof:
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Let p be a prime ideal containing I and fix a nonzero element a € I. Then by the previous Lemma,
the ideal it generates contains a product of primes: pips - --p, C (a). Further, we can take n to be the
minimal such length. Then we have pips---p, C p, which means p = p; for some i. Without loss of
generality, let ¢ = 1. Since n was minimal, ps - - - p,, is no longer a subset of (a), and so we may take
bepy---pp\ (a). Thenb/a € F \ R. Further, any z € I is alsoin p; = p, so bx € p1p2---p, C (a).
Therefore bz /a € Rand 21 C R.

Lemma 2.15. If I is a fractional ideal of R, then 11! = R.
Proof:

By definition of / —1 the fractional ideal I7~! is contained in R, so it must be an ideal of R (part 2. of
Proposition [2.11). Assume that I1~! # R; then by the previous Lemma, there exists some A € F'\ R
such that AI/—" C R. If we rewrite A\II~!' as I - \I~!, we see that:

Mtcr = I 'tclitvn

Now pick y € I nonzero, and notice that \"y/ = C yI~! C R. Fixing € I~! nonzero, this says that
A'zy € R and therefore \* € Rz~ly~!. This means that R[\] C Rz~'y~!. Since R is Noetherian, we
must conclude that R[)] is a finitely generated submodule, which is true if and only if A is integral. But
A ¢ R by choice, and R is integrally closed. This is a contradiction.

The proof of Theorem will follow from the next few claims.

Claim 1: Every nonzero prime ideal of R is a finite product of prime ideals.

Proof:

Let S = {J C R | J isnota product of primes} and assume it is nonempty. Then it has a maximal
element I. Since [ is not prime, it is not maximal so I C p properly for some prime p. Consider Ip~! C
pp~! = R. This is a proper ideal of R. By Lemma there exists some A € F'\ Rsuch that A € p~1.
Therefore p~! ¢ R, which makes I a strict subset of Ip~'. Since I was maximal in S, we must be able to

write Ip~! = p; - - - p,, for p; prime. However, that would mean I = pp; - - - p,,, which is a contradiction.
Therefore S is empty.

Claim 2: The expression of an ideal as a product of primes is unique (up to reordering).
Proof:
Supposep; - - pr = q1 - - - q5 are two expressions of I (we canassume s > r). Thenq; - - - q; C p1. Assume
q; # p1 for all i. Then choose z; € q; with x; ¢ py. Then the product x; - - - x5 is in ¢y - - - 45 and hence is
in p;. This is a contradiction because p; is prime, so we must have ¢; = p; for some ¢. Without loss of
generality i = 1, so:

Pi-Pr=p1dz2---Gs

We can multiply both sides by p; ! to eliminate p; from the product. Repeating this, we end up with
R = qs—r---qs. Since prime ideals are proper, so we must have » = s. Further, each q; was equal to
some .

Claim 3: The previous two claims apply to all fractional ideals (except possibly with negative powers).
Proof:



2 DepexiND RiNGs

If I is fractional, then let a,b € R be such that £ I C R. Then we can write:
a _
21 = (@) T =p1-pa
uniquely. Rearranging:
I=p1-pn-(a)7' (D)

Further, we can also write (a) and (b) as a product of primes, which in turn expresses I as a product of
(possibly negative) powers of primes. We leave verifying uniqueness as an exercise.

O

The following useful fact comes as a corollary to unique factorzation:
Corollary 2.16. For ideals I C J ideals of a Dedekind ring R, there exists an ideal J' C R such that I = JJ'.

Proof:

Write J = p{* - - p. Since I C J, we have I C p; and therefore Ip; “* C Jpi “* = p3? - - - pir. Repeating
this until we exhaust prime factors of J, we get I.J —1 ¢ R. Since it is contained in R, it is an ideal so we
canset J = I1J7 1.

O

As an application, let’s briefly return to the case of R = O for a number field F. Fix a prime ideal p C Op
and consider the diagram:

F > Orp D p

Q D Z D pnNnZ

The ideal p N Z has a generator which must be prime, so we can write (p) = p N Z for a prime p € Z. In this
situation, we say that “p lies above p." It is not hard to show that O /p is a finite integral domairﬂ, and contains
a copy of Z/pZ. Therefore Op /p = Fp» for some n. Moreover, since p € p, we have pOp C p. Corollary2.16/then
says that there is some J such that Jp = pOp. In particular, p divisdes pOp. Since pOr has only finitely many
prime factors, it follows that there can only be finitely many primes p lying over p.

2.2 The Ideal Class Group &

For a Dedekind ring R, we how have a well-defined group structure on the set of fractional ideals Z(R). We can
then define the group homomorphism:
p: F*—>TI(R)

a— (a)

The kernel of ¢ is the group of units R*. The cokernel of ¢ is Z(R)/im(yp). This is the ideal class group of R,
denoted CI(R). It is the group of fractional ideals modulo principal fractional ideals. Thus, for any Dedekind
ring R, we have the exact sequence:

0 — R — F* —I(R) — CI(R) — 0

The first fact we would like to show is that CI(R) is finite for any R. To start, it is easy to characterize when
it is trivial:
Proposition 2.17. Let R be a Dedekind ring. Then the following are equivalent:

1. CI(R) = {1}.

IHint: show that p contains a prime number p, hence |OF /p| < |OF /p| < oo

10
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2. Every fractional ideal is principal.
3. RisaPID.
4. Risa UFD.

Proof:

(1 <= 2) This is by definition of CI(R).

(2 = 3 = 4) Exercise.

(4 = 2) It suffices to show that every prime ideal is principal. Let p be prime and fix * € p nonzero.
Since R is a UFD, we can write = oo - - - o, for « irreducible. Since p is prime, «; € p for some 3.
Therefore (a;) C p; but since «; is irreducible, (o) is prime. Therefore Krull dimension < 1 implies that
p= ().

O

Theorem 2.18. Let F' be a number field with ring of integers Op. Then Cl(Or) is a finite group.
Remark 2.19. Sometimes we write C1(F') instead of C1(Op). The order of the class group hp := |Cl(Op)| is
known as the class number of F.

Our strategy for proving this will be to define a norm on fractional ideals and show that this norm is bounded
on Cl(OF). We can define the norm of an ideal using the following fact: every ideal I C O is a product of prime
ideals and O /p is finite for any prime, so the ring Or/I is finite.

Definition 2.20. Let I C O be an ideal. Then the norm of I is Np,o(I) := |Or/I|.

Remark 2.21. Recall that for any € Op, the determinant of the multiplication map m, : Or — Op defines
the norm of . However, | det(m,)| = | coker(m.)| = |[Or/mOF| = Np/o(mOFr). Thus the norm of an element
coincides with the norm of the ideal that it generates (in absolute value).

Lemma 2.22. Let I, J be ideals of Op. Then N(IJ) = N(I)N(J).

Proof:
Since we have ideal factorization, it suffices to prove this when I is prime. Notice that:

N(1J) = |Op/1J| = |Or/J||J/1]|

Therefore we must show |I/IJ| = |Op/I|. We showed earlier that Or /I is a finite field, and hence J/I.J
is a vector space over that field. Pick « € J \ IJ, and consider the linear map mq, : Or/I — J/I.J given
by 2 — az. This is an injection and im(mq) = aOp + I.J. Since aOp C J, by Lemma[2.16| there exists
an ideal J’ such that «Or = JJ'. Further:

JI +1J=J <— J +1=0r
— ItJ
— J¢I
If we suppose J' C I, then aOp = JJ' C IJ, and hence a € IJ. This is a contradiction, so J' ¢ I. By
above, this then means JJ'+1.J = J. Therefore im(m,) = aOp +1J = J, which makes m,, a surjection.

We have thus demonstrated an isomorphism 7/1J = Or/I as (finite) vector spaces, which gives us the
desired result.

0

We can now use the multiplicativity of the norm to define norms of fractional ideals:

I=NII"Y)Y=NONI H=NI")=

N{)

11



2 DEepexiND RiNGs

In other words, if I =[], p;’, then:

N(I) =[] N (o)
Proposition 2.23. For every number field F/Q, there exists an integer G such that for every ideal I there exists o € I
with N(a) < GN(I).

Proof:
Let aq, ..., ag be a basis of O and consider the set:

Sm{ZziaHxiEZ,ngigm}gOp

K2

This has size (m + 1)4. Choose m such that m¢ < N(I) < (m + 1) and let 7 : O — Op/I be the
natural projection. We have chosen m such that 7(S,,) = Op/I, so there must exist s1,s2 € S, such
that 7(s1) = m(s2). Let @ = s1 — so € I. Since the ocoefficients of s; and so were positive and less than

m, we can write:
o = E €T;0
i

for |z;| < m. Now for each i define:
d
Gi=>_loi(e;)]
j=1
where {0} are the distinct embeddings F — C. We note that:
d
o (@) <Y failloj ()| < Gym
j=1
Therefore:

d
N(a) = Hoj(a) < (H Gj) m?
j j

G
Since N(I) > m4, this inequality becomes N (o) < GN(I) as desired.

This bound is the necessary tool in proving that C1(Or) is finite.

Proof (of Theorem :

We will first show that every ideal class ¢ € Cl(Or) has a representing ideal with norm less than G, then
we will show that the set of ideals with norm less than G is finite. From this, it will follow that C1(OF)
is finite.

Given ¢ € Cl(Op), let I be an ideal representative of c~'. Then, by Proposition 2.23L there exists o € [
such that N(«) < GN(I). If we consider the ideal O C I, by Corollary there exists J such that
aOp = 1J. Further, J is a representative of ¢ and:

N(J)=N(a)N(I)"' <GN(I)N(I)"' =G

Therefore every ideal class has a representative with norm bounded by G.
Now consider the set:
B={ICcOr|N(I)<G}

12



2 DepexiND RiNGs

If we write any element of this set as I = []._, p*, we have:

We showed at the end of Sectionthat N(p;) = p;"*, where p; lies over p; and m; > 1. Since there are
finitely many primes less than or equal to G and finitely many primes lying over a given prime ideal,
there can only be finitely many products shown above. Since ideal factorization is unique, it then follows
that B is a finite set.

0

13



3. Geometry of Numbers

K3
o

While the preceeding discussion could provide a bound on the size of Cl(Op), it would be very crude and
wouldn't be very sensitive to the structure of the number field F'. Introducing the language of geometry and
lattices will, among other things, give us a better picture of the class group and better bounds on it size. To start,
here a few characteristics of finitely generated abelian groups that we will use:

Theorem 3.1. Let G be a free abelian group of rank n and H be a subgroup. Then:
1. H is free of rank m < n.
2. There is a basis eq, ..., e, of G and a set of positive integers ay|az|...|an, such that {a1e1, ..., amen } is a basis of H.

Using this, one can show that if A is a finitely generated abelian group, it is isomorphic to Z" & Z/m1Z &
... ® Z/m,Z for some r and m;. In particular, A is finite if and only if its rank is 0.

Corollary 3.2. For an n by n matrix M with entries in Z acting on G = Z™ with image H = M (G), we have:
1. G/H is finite if and only if det(M) # 0.
2. If det(M) # O, then | det(M)| = [G : H].

3.1 Lattices <

Lattices discrete subgroups of the Euclidean plane. Here we will develop some of the necessary tools associated
to lattices to prove two of Minkowski’s important theorems about lattices and number fields. One of these says
that given a lattice, a convex symmetric body of a certain volume must intersect it somewhere. The other uses
this fact to place a tighter bound than the one in Proposition [2.23}

Definition 3.3. For a real vector space V' of finite dimension, a subset L C V' is a lattice if there exists ey, ..., e, € L
such that:

1. L =Zey + ... + Ze,,.
2. eq,..., e, is a basis of V over R.

Remark 3.4. Some sources relax the second condition, allowing for lattices whose rank is less than the dimension
of V. However, these are clearly just full rank lattices in a subspace of V.

Example 3.5. The standard example of lattice is Z™ C R™. So too is M (Z™) for a matrix M of full rank. In fact,
these are all of the lattices in R™.

Proposition 3.6. For a number field I, the ring of integers O is a lattice in F®@gR = R™ x C™ (where 1 is the number
of real embeddings of F' and ry is half the number of complex embeddings).

Proof:

Since Op free of rank d = deg(F/Q), we can write O = Zej + ... + Zey for {e;} a basis of F/Q. By
Theorem the map @ : F' — F®gR sends {¢;} to a basis of F®QgR.

O

Example 3.7. For d squarefree, the ring of integers of Q(v/d), which we characterized in Example is a lattice
in R? (or C). The two possibilities of this lattice are showin in Figure

Definition 3.8. A subgroup G C V of a vector space V is discrete if Vo € G, there exists ¢ > 0 such that
B(z) N G = x. Itis co-compact if V/G is compact.

14



3 GEOMETRY OF NUMBERS

Figure 3.1: Lattices representing the ring of integers of Q(7) and Q(v/—3).

Proposition 3.9. For V a finite dimensional vector space over R, L C V' a subgroup, the following are equivalent:
1. L is a lattice.
2. L is a discrete subgroup and is co-compact.
3. L generates V over R (i.e. V = L@zR) and for every bounded set B C V, the intersection B N L is finite.

Proof:
(1= 2)Since L = Zey + ... + Ze,,, we have a surjection:

{inei |0 <z < 1} —V/L

Since the left is compact, the right must also be compact.
FINISH

Corollary 3.10. If I is a fractional ideal of a number field F', then I is a lattice in F®R.
Proof:

There exists a € F such that ol C Of, and we can assume o € Z™T (exercise). Let m € Z N o, which we
have shown is nonempty in the proof of Proposition[2.9} Then we have:

1
mOF clIc —0OpF.
« «

Since O is a lattice, so is ¢OF for any ¢ € Q*. Therefore the O and éO r are both lattices. Then since
™ is co-compact, so is I. Additionally, since éO r is discrete, so is I. Therefore I is a lattice.

O

Definition 3.11. The fundamental domain of a lattice L C V is:

DL:{inei|0§xi<l}

where {e;} are a basis of L.

15



3 GEOMETRY OF NUMBERS

Notice that the fundamental domain depends on the choice of basis. What doesn’t depend on this choice,
however, is the volume of the fundamental domain. This is known as the covolume of L. More precisely, if 1 is
a Haar measure on V, then covol(L) = u(Dy). It is not hard to show that this is independent of basis choice of
L, since the determinant of an integral change of basis matrix must be +1 (see Remark[1.23). Since we will only
ever use lattices in R”, from here out the measure chosen is the Lebesgue measure.

Lemma 3.12. Let M be a matrix with R coefficients and let L = M (Z™). Then:
1. L is a lattie if and only if det(M) # 0.
2. If L is a lattice, then covol(L) = | det(M)].

Proof:
1. L is a lattice if and only if M takes the standard basis to another basis of R™, which is true if and
only if det(M) # 0.
2. Let {e;} be the standard basis of Z". Since L = ZM (e1) + ... + ZM (e,), the fundamental domain
of L is the image of the fundamental domain of Z". Its volume is exactly the area spanned by the
columns of M, which is the determinant.

O

Lemma 3.13. If S C R™ and L C R" is a lattice such that u(S) > covol(L), then there exist s; # so € S such that
S1 — Sg € L.

Proof:

Let 7 : R® — R™/L be the projection map. The volume of R™/L as a set in R™ is covol(L). Note that if
7|s was an injection, then it would be area preserving, and therefore (7 (S)) = p(S) > covol(L). Buta
set in R™/L cannot have volume more than covol(L), so # must not have been injective on S. The result
follows.

O

Definition 3.14. A set C' C R" is symmetric (with respect to the origin) if x € C <= —x € C. It is convex if for
allz,y e C, (t — 1)z +ty € Cfort € [0,1].

Theorem 3.15 (Minkowski). Let L be a lattice in R™ and let C C R™ be measurable which is convex and symmetric.
Suppose also that p(C) > 2" covol(L). Then C contains a nonzero element of L. Moreover, if C is compact, then
wu(C) > 2" covol(L) is sufficient.

Proof:

Let S = 1C, so that u(S) = 27"u(C) > covol(L). By Lemma there exist s1,s2 € S such that
s1 — 89 € L. Therefore there are ¢y, co € C such that %(cl — ¢2) € L. Since C' is symmetric, —¢cy € C, s0
by convexity we get 2¢1 + 1 (—cz) € C. Therefore £(c; — ¢2) € L N C and is nonzero.

In the case where C is compact, fix € > 0 and define:

Ce = U B(z).

Since C' is compact, we can refine this to a finite cover C, = Uiv Be(z;). Then u(Ce) < u(C) + eM for
some M, so we can apply the previous case to C.. Letting € be sufficiently small, we can ensure that the
lattice point we found is contained in C.

16



3 GEOMETRY OF NUMBERS

3.2 Minkowski’s Theorem <>

This section we will state and prove the second Minkowski theorem, which is a stronger version of Proposition
[2.23| with an explicit value of G' depending on the lattice discriminant of F'.

Proposition 3.16. Let F' be a number field, with ry the number of real embeddings and ro the number of complex embed-
dings. Let ® : ' — F®gR be the map defined in Theorem[1.15 Then:

1. covol(Op) = 27"2| disc F|'/2.
2. For I a fractional ideal, covol(I) = N(I) covol(Op).

Proof:

We identify C with R2? in the usual way. Let {w1, ...,w, } be a basis of O and let ¢y, ..., ¢,, be the real
embeddings of F' and let ¢y, 41, .., ¢r, +r, e distinct, non-conjugate embeddings of F'. Define the matrix:

p1(w1) - G (w1) Redppi(wr) Imorpi(wi) - Imey, 40, (w1)
M= z z z s
P1(wn) o Br(wn) Redryi(wn) Iméryi(wn) <o Imeyp 0, (wn)

Notice that M (Z™) = ®(Op). Applying Lemma[3.12} we get covol(O) = | det(M)| = 27"2| det(¢;(w;))| =
2772| disc F'|*/2. The last equality came from observation 1 about the discriminant in Section

Now let I be a fractional ideal. Then there exists a nonzero integer m such that mI C Op. Since
Or/mlI is finite, mI is a subgroup of O whose rank is the same as that of Op. Then there exists an n by
n integer matrix A such that Aw is a basis for mI (here w = (w1, ...,wy) is a basis for Or). By Corollary
[OF : mI] = | det(A)|. However, we also know that [0 : mI] = N(mlI) = m™N(I). By Lemma[3.12}
the covolume of mI is | det(AM )|, where M is the same as above. Therefore:

covol(mlI) = | det(AM)| = | det(A)|| det(M)| = m"N(I) covol(OF)

On the other hand, multiplying the lattice I by m has the effect of pulling out a factor m™ in its covolume,
so covol(mlI) = m™ covol([). Therefore we get covol(I) = N(I) covol(Op) as desired.

Lemma 3.17. For ry,ro € Z" and R > 0, define the set:

T

Z\xz\ +QZ|yi| < R}

Letting n = 1y + 21y, then the volume of this set is (W (r1, 72, R)) = 2+ (g)r2 R,

n!

N

W(rlaTQuR) = {(xlv s Ty y Y1, ~~~uy7‘2) € R™ x C™

Proof:

We will induct on n. There are two base cases: 71 = 1,70 = 0 and r; = 0,7, = 1. In the former case,
W(1,0,R) = {z € R | |z| < R} has volume 2R = 2; (g)ORl. In the latter case, W (0,1, R) = {y € C |
2|y| < R} has volume 7(R/2)? = 22—(,) (g)l R2.

There are two inductive steps. The first is fixing ro and sending r; — r; + 1. We are assuming the

17



3 GEOMETRY OF NUMBERS

formula is true for n — 1 = 7 + 2r5. In this case the volume is:
R
W(ry +1,r9, B)| :/ W(r1, e, R — [t])dt
-R
0 R
:/ W(Tl,TQ,R+t)dt+/ W(’l"l,’I“Q,R—t)dt
—-R 0

_ o (g)z (71%1)' /OR(R +nldt + /OR(R - t)"ldt]

2T1+1 r
n! 2

The second case is rg — 75 + 1 fixing ;. Then:

W(re,rs +1,B)| :/ W(r1,ra, R — 2|2|)dz
{0<]z|<R/2}

91 r2 R/2 ,27
= / / — 2t)" " tdfdt
(n—2)!

27“1 T\ "2 R/2
== (=) .2 t(R — 26)"2dt
(n—2)! (2) 7T/0 ( )

- (n2j12)! (g)rﬁl (n Ijnl)n

Therefore the formula also holds for n.

O

Theorem 3.18 (Minkowski). Let F/Q be a degree n number field, r1 and ro be the number of real and non-conjugate
embeddings of F into C. Then every ideal I of O contains an element x € I such that:

P /4N\™
N(z) < = () | disc F|*/2N (1)
n" \mw
Proof:

Recall from Proposition 3.16|that covol(I) = 272 N(I)|disc F|'/2. Let X (R) := W (r1, 72, R), and choose

R such that:

2" w2 n __ on

WX (R) = = (5) R"™ = 2" covol(I) (3.2.1)
= 2"2 "2 N(I)| disc F|'/? (3.2.2)

Since X (R) is symmetric, convex, and compact, by Theorem there exists a nonzero z € I N X (R)f]
By virtue of being in X (R), this element satisfies:

ZI@ <R

Combining this with the inequality of geometric and arithmetic means, we have:

(2 0n( >|) _R"

=

18
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Using equation we get the desired inequality:

= o

| T2
Na) <™ (4> N(I)| disc F| /2
™

TWere are slightly abusing notation and thinking of I as the lattice ®(I) C R™ x C"2.
g

Remark 3.19. Asn grows, the two constant terms in front of the discriminant decrease monotonically. As a result,
this bound gets tigher as the degree of F'//Q increases. The bounding coefficient of N (I) is called the Minkowski
constant.

Corollary 3.20. Let F'/Q be of degree n. Then:
1. |dise F| = (2 (3)")"
2. |disc F| > %. In particular, if | disc F'| = 1, then F' = Q.
3. Every ideal clas contains an ideal I C O such that N(I) < 2L (4)™ | disc F|Y/2.
4. | Cl(OF)| < .
Proof:

We have shown that 3) = 4) in the proof of Theorem so we will only prove the first three.

1. Let I C Op be any ideal. For any o € I, we must have N(a) > N(I). By Minkowski’s theorem,
there exists « € I such that N(z) > :L'—; (%)r2 |disc F|'/2N(I). Combining these inequalities gives:

! T2
i <4) |disc F|*/2 > 1
n" \mw
from which the desired inequality follows.

2. Since n™ > 2"~ In!, we have:

n

(B () o (2 s (0 (2) -2
4 n! - 4 - 4 4 4

Combining this with the first inequality, we find | disc F/| > ’TT”.

3. Let c be an ideal class, and let I C Op be an ideal representing c. Let x € I be such N(z) <
oL (4)™ | disc F|Y/2N(I), by Minkowski’s theorem. Then since zOf C I, we have zI~! C O and

nmn

so zI~! is an ideal also representing ¢ and:

| T2
N(zI™Y) = NE?; < % (i) | disc F|/2.

=

O

Exercise 3.21. Show that C1(Of) = {1} for F' = Q(v/14). In this case 2 ()" \/[disc F| ~ 3.74. What ideals
have norm less than or equal to 3? Clearly N(I) = 1 is trivial, so consider N(I) = 2, 3. Since 2 and 3 are prime
numbers, I must be a prime ideal. We have shown that the norm of a prime ideal is p™ for some prime p € Z
lying over I and n > 1. In this case, our only choices are p = 2,3 and n = 1. Therefore I lies over 2 or it
lies over 3, which means I divides either (2) or (3). We note that (3) and (2) have prime factorizations (3) and
(4—+/14)(4+/14), respectivelyﬂ In either case, all divisors of (2) and (3) are principal. Therefore I is principal,
and so every ideal class can be represented by a principal ideal.

2The claim that (3) is prime we will prove later
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Corollary 3.22. For any positive integer A, there are finitely many number fields with discriminant less than or equal to
A.

Proof (sketch):

Use Minkowski’s theorem to show that there exists & € Op such that F = Q(«) and |¢;(a)] < 1+ A.
Then the coefficients of the minimal polynomial of «, which are elementary symmetric polynomials
in ¢;(«), are bounded by a function of the Minkowski constant. There can be only finitely many such
polynomials, hence finitely many such fields.

O

3.3 Dirichlet’s Theorem <&

The next important theorem is Dirichlet’s Theorem. This characterizes the multiplicative group of O, which
we'll denote by O. Recall that an element 2 € Op is called a root of unity if 2™ = 1 for some n. We denote
the roots of unity by pp. Our first step for proving this theorem will be showing that the roots of unity are the
kernel of the map:

Log: O — Rt

T = (log ‘(bl (x)‘?IOg |¢2(.’L‘)|, ey 210g |¢T1+1(x)|’ ) 210g |¢7‘1+T2 (.%‘)D

where {¢; }:<,, are real embeddings the others are a choice of non-conjugate complex embeddings as usual.
This is clearly a group homomorphism, so it makes sense to talk about its kernel.

Lemma 3.23. Let F' be a number field. If o € Op is nonzero such that |¢;(c)| < 1 for all i, then « is a root of unity.

Proof:
If |¢i(a)| < 1, then |¢;(a®)| < 1 for all k. Let f, be the characteristic polynomial of o* over F:

n

fie =[] (= = ¢ilc®))
i=1
We can expand this to something of the form fi, = 2" + > a;27, where (|;‘7<‘§") because ¢;(a) < 1.
Since f}, is of degree n and its coefficients are bounded by n", the set of such fi is finite. This means that
the set of their roots is finite (i.e. {¢1(a*)}ren is finite). Therefore ¢1(a) = ¢;(a”) for some N, which

implies o — ¥ = 0 = oV ~! = 1. Therefore « is a root of unity.
U
Corollary 3.24. ker(Log) = ur.
Proof:
If a € pup, then ¢;(a”) = ¢;(1) = 1. Therefore |¢;(a)| = 1, which means log(|¢;(a)|) = 0, so a €
ker(Log). On the other hand, if log(|¢;(a)|) = 0, then it is a root of unity by the Lemma above.
0

Theorem 3.25 (Dirichlet). Let F be a number field and O} be the multiplicative group of its ring of integers. Then
O;‘ =~ /,LF @ ZT1+T271.

This is saying that the torsion part of O} is exactly ur and its free part has rank ry + o — 1. It is clear
that pp is the torsion part of O (by definition of torsion). Since im(Log) C R "2, the Corollary shows that
im(Log) = Z™ for some m. Therefore, to prove Dirichlet’s theorem it suffices to show that m = r; +ry — 1.

20



3 GEOMETRY OF NUMBERS

Lemma 3.26. Fix 1 < k <11 + 19, and o € O nonzero. Then there exists 3 € Or nonzero such that:
log |¢;(B)] < log|¢i(cv)]

foralli # kand N(8) < (%)™ /| disc F|.
Proof:
This will be an application of Minkowski’s theorem. Define the constant:

" (2)™ /| disc F|

= ¢i(a
H#k\ é )|

If £ < rq, define:

|2i| < [di(a)l/2Vi <r1yi# K
E={2eR" xC™ | |z|> <|pi(a)|/2Vi>r1,i £k
l2e| < H

otherwise, if k > r; define E by:
|2i| < lpi)|/2 Vi <riyi # K

E=<zeR" x(C" |zi|2§|¢i(a)|/2Vi>r1,i7ék
2k|? < H

It is easy to see that in both cases E is compact, symmetric, and convex. Further, its volume is:

wey= I 2991 ”|¢i(a)|.5.(2)2\/m

H#k \dnga)l

2

2 s

i<ri,i#k r1<i,itk

where § =2if k <ry and 6 = 7 if £ > ry. This simplifies to:

2\
w(E) =2"g" () v/ | disc F|
T
=2"27"24/|disc F|

= 2" covol(OF)

Therefore by Minkowski’s theorem E and Or has a nonzero intersection, so let 5 € E N Op be nonzero.
Moreover, # manifestly satisfies the required conditions since it is contained in E.

Corollary 3.27. If 1 < k < ry + ro, there exists a unit uy, such that log |¢;(uy)| < 0 forall i # k.

Proof:
Pick ap € O nonzero, and use the above lemma to construct a sequence oy, a, g, ... such thatlog |¢; (o, )| <
log |¢;(tm—1)]| for all i # k and N(a,) < (2)" /| disc F|. Since a,,Or has norm bounded by a func-
tion independent of m, the set of ideals {«,,,OF} is finite (see the second part of our proof of Theorem
2.18). Therefore a,Or = a;OF for integers £ > j, which implies £ is a unit in Or. By construction,
log |¢i(aw/a;)| < 0. Therefore u, = ay/c; is the desired unit. '

O
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Now we can prove Theorem Observe that N(a) = 1 for any o € Of, hence im(Log) is contained in a
hyperplane:

im(Log) C H = {(‘Tl’ ooy Ty g ) | sz = 0}

Since dim(H) = ry + ro — 1, it suffices to show that im(Log) is a (full rank) lattice in H.
Proposition 3.28. Log(Oy) is a lattice in H.

Proof:

We will show that Log(Oj}) satisfies condition 3) of Proposition which is equivalent to it being a
lattice. Let B.(0) C R™ ™" be the ball of radius ¢ centered at 0. Then Log(z) € H N B.(0) satisfies
|¢i(z)| < e° for all 4. Since Op is a lattice, the set of elements x € O satisfying |¢;(x)| < e° is finite, so
therefore Log(O}.) N B.(0) must also be finite. Since every bounded set is contained in B.(0) for some
¢, we have Log(O}:) N B being finite for any bounded set B C R 72,

By the previous Corollary, there are units {u;} € Oy forall 1 < k < ry + r, that are not in pp. Since
their image under Log is contained in # and log |¢;(ux)| < 0, we must have log |¢x(ux)| > 0. Then the
matrix M = log|¢;(u;)| has positive entries on the diagonals and negative entries everywhere else. This
property ensures that the rank of M is at least r; + 2 — 1. Since the all ones vector is in the kernel of M,
we conclude that the rank of M is ry + 7o — 1. Therefore {uy} span A over R.
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4. Ramification and Decomposition of Primes

K3
o

Recall that, in working through Exercise[3.21] we claimed that (3) was prime in Og(y1a)- In this section we will
show why this was true in more generalify. The problem we would like to answer is: given a prime number
p € Z, how does (p) = pOpr factorize? After we answer this, we will also be able to state some important facts
about ramification of primes and generalize this discussion to extensions of number fields other than Q.

Lemma 4.1. Let F/Q be a number field and o € Op be such that F' = Q(«) and [OF : Z]a]] < oo. Then disc(pmin,a) =
[OF : Z[a])? disc F.
Proof:
Exercise. (Hint: Use observation 2. about the discriminant from §1.1)
O

Theorem 4.2 (Kummer’'s Lemma). Let f(x) € Z[z] be irreducible and monic, and let « be a root of f in its splitting
field. Form F = Q(«) and let p € 7Z be a prime such that p 1 [Op : Z[«]]. Suppose that f(T) = hi*(T) - ... - her(T) in
F,(T), with h;(T') irreducible in F,[T] and h; # h;. If g;(T) € Z[T) are such that g; = h; mod p, then p; = (g:(a),p)
are distinct prime ideals of O and p = p$* - ... - per. Moreover, N (p;) = pdes(hi).

Proof:

First we claim that Z[a]/(g;(a), p) = F,[T]/h:(T) = F,, where ¢ = pd°8(":). This follows from the fact that
Zlal/(gi(@),p) = Zpla]/gi(a) = Zp[a]/hi(e). Through this isomorphism, we will show that O /p; = F,,
from which we will deduce the theorem.

Let d = [OF : Za; then p 1 d implies that there exist a,b € Z such that ap + bd = 1. Define the
map myq : Or/p; — Z[a]/(g:(c),p) by & — bdz. We must check a few things to verify that this is well-
defined. First, bdOr C Z[a] because Z[«] is an index d sublattice of Or. Moreover, if = € p; we can write
itas x = Bgi(a) + vp (8,7 € Or) and therefore:

bdx = bg;(a)(dB) + bp(dv)

Since d, dvy € Z[a], we have bdz € (g;(c), p). Finally, to verify that it is a homomorphism, keep in mind
bd — 1 = ap and consider:

mpa () - Mmpa(y) — mpa(zy) = bdx - bdy — bdxy
= bdxy(bd — 1)
= p- (dzy)ab (€ pZ[a))
—0
Therefore my, is well-defined. To see that this map is injective, suppose bdz € (g;(c), p) C Z[c]. Then:

x = (ap + bd)x = a(pz) + bdx € p;

Similar reasoning shows that my, is surjective. Therefore itis anisomorphism and Or /p; = Z[a]/(g:(a), p) =
F,. This means that p; is maximal, and therefore prime. and N(p;) = pdes(hi)
Note that [[p;* = [[(g:(e),p)® C pOp because [] g;(«) = 0 mod p. Additionally, since h; are monic:

N (H pfz) — HN(pi)e,, _ pz e; deg(h;) :pdeg(f) _ N(pOF)

Therefore pOr = [[p;*. The final thing we must verify is that p; # p, for ¢ # j. Since h; and h; are
coprime in IF,, [T, there are a(T"), b(T') € F,[T] such that a(T)h;(T) + b(T)h;(T) = 1 in F,,[T]. Passing to
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appropriate lifts to Z[z] and evaluating at «, we get:
a(x)gi(z) + b(x)hj(x) =1+ pk = 1 = a(@)gi(a) + bla)g;(a) —pk € (gi(@), gj(a), p)

Note that (g;(@), gj(@),p) = (pi, ;). Therefore 1 € (p;,p;), so they are not the same ideal.

Definition 4.3. A prime p € Z factoring as pOr = [ p;* is called ramified (in F') if e; > 1 for some i.

Corollary 4.4. Let F//Q be a number field, let p € Z be prime, and let o« € Op. Then if p ramifies in F, then either
p| [OF : Z]|a]] or p | disc F.

Proof:
Let pOp = []p;’ be the factorization of p. By assumption, e; > 1 for some i. Then by Kummer’s Lemma,
fmin,o has a multiple root mod p, which is true if and only if p divides disc(f). By Lemma we also

have:
disc(f) = [OF : Z]a])* disc F

From here, we see that if p t [OF : Z[a]], then p | disc F and vice versa.
|

Example 4.5. Returning to the case F' = Q(v/14) and O = Z[v/14], we can apply Kummer’s lemma to the ideal
(3) in Op. The minimal polynomial of a = /14 is f(x) = 2? — 14, which is T2 + 1 in F3[T]. It is easy to check
that this is irreducible, so we h; (T') = f(T'), which implies (3) is prime.

Example 4.6. Let a be a root of f(z) = 2° — 2 — 1 and let F = Q(«). The discriminant of f is 23, which is
squarefree and so therefore [OF : Z[a]] = 1. Consider the ideal (5) € Op. Since 5 does not divide [Op : Z[«a]], we
can apply Kummer’s lemma as we did in the previous example. In this case f(T) = (T — 2)(T? + 2z — 2) is the
irreducible representation of f(7') in F5[T’]. Therefore (5) = p1ps, where p; = (a—2,5) and po = (a? +2a—2,5).

Proposition 4.7. Let p € Z be a prime, f(x) € Z[x] which is Eisenstein with respect to p, and let o be a root of f. Then
p1[OF : Z[a]], where F = Q(«).
Proof:
Write f(z) = 2™ + ay,—12" "' + - - - + ag. We are assuming p | a; and p? { ag. Suppose that p | [OF : Z[a]].
Consider the ideal:

I ={h €Fplz]|3g € Z|z] such that h = g mod p and g(«) € pOr}

Since F,[z] is a PID, we have I = (h) for some hy € F,[z]. Note that 2™ = f mod p, so I is not empty
(taking g = f). Since p | [OF : Z[a]], there exists § € Or\Z[a] such thatpg € Z[a]. Write p8 = 31" b,
which implies that p { b; for some i. Therefore:

n—1

k(x) = Z bix' ¢ pZx]
i=0

Moreover, k(z) # 0, k(a) = pB € pOr. Therefore k(x) € I, which means deg(k) < n — 1. Since 2" € I,
this means hy = z™ for m < n — 1. Thus 2"~ € I because it is an ideal. By the conditions on I, this
means o ! € pOp. Using the minimal polynomial of a:

—1 -2
—a(@" a1+t a) = ag

epOF
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Therefore ag € paOr = % € aOf = (ao/p)"~t € " 1Op C pOp. This implies % € pZ, which
contradicts p® 1 ao.
O

Theorem 4.8. Let F be a number field, p € Z a prime. Then p ramifies in F/Q if and only if p | disc F.

Lemma 4.9. Let Abearingand B; O A be rings containing A (for 1 < i < n). Suppose also that B; are finitely generated
free A modules. Write B = By x ... X B,,. Then disc B/A =[], disc B; /A.
Proof:

It is sufficient to prove for n = 2. Suppose that {x1, ..., z4, } is a basis of By /A, and {y1, ..., Y4, } is a basis
of By/A. Then {(z;,0), (0,y,)} are a basis of B/A. Then:

disc B/A = det (a2, ) 0 = det(tr(my,s,)) - det(tr(my,,,)) = disc By /A - disc By /A
0 tr(myiyj) o Y
U
Similar reasoning can also prove:
Lemma 4.10. If I is an ideal of a ring A, and B is a ring containing A that is free and finitely generated over A. Then:
disc (B/IB) = im(disc(B/A)) € A/I
Where the discriminant of B/IB is over A/I.
Using these lemmata, we can prove the theorem:

Proof of Theorem

Take wy, ..., w, to be a basis of Op. These reduce to a basis w; of O /pOF over Z/pZ. Write p = p7* - - - per

for p; prime ideals. By the Chinese Remainder Theorem:

Or/pOr = Op/pi* X -+ X Op/pr
Let {0;1. } be abasis of O /p;* over Z/pZ, where k = 1, ..., 7. Then disc(F/Q) = det(tr(my,w,)). Changing
basis appropriately, this is disc(Op/Z) = disc(Or/p/Z/pZ) mod p. Then:
udisc(F/Q) = H det(tr(ms,,s,, )
k=1
= [ dise(Or/vi*/Z/p2)
k=1

Where v is a unitin Z/pZ. If e; = 1, then O /p = F, and disc(F,/F,) = disc(z?" —z) # 0 because 2P —x

has no multiple roots. Moreover, if for some ¢ we have e¢; > 1, we claim that disc(Op/p® /Z/pZ) = 0.

To see this, take 7 € p; \ p?. Then 7 € Op/p{* is nilpotent. Construct a basis of Or/p§* over Z/pZ

starting with m. Let {m,v1, ..., 77} be this basis. Then 7v; is nilpotent, which implies tr(im.,) = 0 for all

j. Therefore disc(Op/p;*/Z/pZ) = 0 as claimed. Finally, this means disc(Or/Z) = disc(F/Q) = 0 mod

p.

0

Corollary 4.11. Let F be a number field. Then there are only finitely many primes p € Z that ramify in F'.

Corollary 4.12. If F' is a number field not equal to Q, then there is a prime p € Z that ramifies in F.
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R

4.1 Prime ideals in Galois Extensions <

In the above discussion, for any prime p € Z and number field F', we were able to characterize factorization
pOr =[], p;’. In this case, if we define f; := [Op/p; : Z/pZ], then multiplicativity of the norm implies that:

N(pOp) =p=“fi = efi = [F: Q]

We can strengthen this fact by considering the more general setting of field extensions L D K O Q, where K, L
are number fields. Fix a prime ideal p of Ox. Then we can consider its saturation in pOy, in Or. As usual, it
factorizes as pOy, = q7*...q¢" for primes q; C Op. If we define f;(L/K) := [OL/q; : Ok /] (this is known as the
inertia degree of q; over p), then the same reasoning shows that:

Zeifi =[L: K]

Remark 4.13. Just as in the case above where K = (Q, we say that p is ramified when at least one of the exponents
e; is greater than 1.

Proposition 4.14. If L/ K is a Galois extension of number fields and p C Oy is a prime ideal with factorization pOp, =
I1; g, then ey = e = ... = e, and f1(L/K) = fo(L/K) = ... = f(L/K). In particular, f -r-e = [L : K|.

Lemma 4.15. For a Galois extension L/K and p C O a prime ideal, the Galois group G = Gal(L/K) acts transitively
on the set of prime ideals of Or, dividing pOrp.

Proof:

Let {q1,...,q,} be the primes dividing pO;, and suppose this is false; then without loss of generality
q2 # gqi for all g € G. Then, since they are both prime, we have q2 + gq: = Oy, for all g. Then we can
write 1 = x4 + y, for z, € q2,y4 € gq:1. Note that z, = 0 mod g2 and 2, = 1 mod gq; for all g. Then:

1= H(mg+yg):x+Hyg
geG geG

where z = 0 mod q2 and z = 1 mod gq; for all g (or equivalently g1

norm of x:

z = 1 mod q;). Then taking the

NL/K(x) = H g_ll' = NL/K(QL‘) = 1mod q1
geG
Since x € q2, the product [] geq 9T is also in gz because q3 is an ideal. Therefore Ny x(z) € q2 =
Np/k(x) € 2N Ok = p. But we also showed that Ny, /i (z) = 1 mod q;, which means Ny, /i (z) = 1
mod p, which is a contradiction.

i
Proof (Proposition [4.14):
Let g € Gal(L/K) be such that g(q1) = q2. Then gpOr = pOp, which implies gq7*gqs? -+ - gqsr =
q7tq5% - - - q¢7, and therefore gqi* = g5 by unique factorization. Thus e; = eq, and similarly for every

other e;.

Now let f1 =[O /q1 : Ox/p] and fo =[O /g2 : Ok/p], and g as above. Then g : O, /q1 — Or/qz isa
well-defined bijection. Further, g|o, /, is the identity. Thus, if {v1,...,vy, } is a basis of Or, /p over Oy/p,
then {guv, ..., guy, } is a basis for O /qs over O /p. Hence fi = f> and similarly for every other f;.
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4.1.1 Decomposition and Inertia Groups

In this section L/K is assumed to be a Galois extension of number fields with Galois group G. Fix p C O and
q C Oy, prime such that q lies over p. Then let pO, =[] ¢ and f = f;(L/K).

Definition 4.16. The decomposition group associated to q is:
Dyg={9cGlga=q} CG

A few properties about D, are immediate. One is that |D,| = ef, by the orbit stabilizer theorem. The other
is that Dy = gDgg'. If G is abelian, the latter shows that the decomposition group depends only on the
choice of p and not on the prime lying over it. Standard Galois theory says that D, uniquely corresponds to an
intermediate field:

LPs ={z e L|g(x) =xVg € Dy}
where L O LPs 5 K. Denote qp := N Oy p,.
Lemma 4.17. For qp,p and q as above, qpOr, = q°P and pO;p, = [[,c; 9:9p, where ep = e and I is an index set of
G with |I| = r.
Proof:
Since Gal(L/LP1) = D,, Lemma says that the only prime ideal that can lie over qp is g. Therefore
qpOr = q°P for some ep. Since every prime in Oy, lying over p is of the form gq for some g € G, every
prime in O}, lying over p must be of the form gq N O;n, = gqp. This means that pO;n, = [[,c; 99D
for some index set I. All we now have to verify is thatep = e and |I| = .

Since the left cosets of Dy in G act uniquely on q and hence qp, the size of I must be equal to the
number of left cosets of D. Since |Dy| = ef and |G| = fre, we have |I| = r. Moreover, notice that:

pOL = (00,0,)01 = [ [ 9i(apOL) = [[ 19> = a5” - ac”

iel i€l

Where q; = g;q. By unique factorization we then have ep = e.

Remark 4.18. The field tower picture in this discussion is:

L D) OL D qi, -5 qr
ef ‘ ‘

LPs > Orpe O qpi,-qDr

K D> Ogx D>  p

Where qp; = q; N O, by, .

Exercise 4.19. Let q C Oy, be a fixed prime lying over p, denote k, := O /q and k, := Ok /p. Show that:
Ok /p=Opos/ap

(Hint: show that f(LP/K) =[O b, /ap : Ok /p] = 1).

Definition 4.20. The dimension [k, : k,] is called the inertia degree of p over q.

Note that f = f(L/K) defined above is exactly the inertia degree. Since any g € D, fixes g, it restricts to an
automorphism of k, fixing k,. Therefore we have a well-defined map:

¢q: Dg — Gal(kq/ky)

g+ 9lk,
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Definition 4.21. The kernel of this homomorphism is called the inertia group of q, denoted I,. It is manifestly a
normal subgroup of the decomposition group D,.

Proposition 4.22. The map ¢ is a surjection.

Proof:

Pick § € Or, such that k; 0) = kq, where 0 is the image of 6 in kq = Or/q. Since k, = O, /qp, we can
assume 0 € Oy p,. Let F(z) € O p, [z] be the minimal polynomial of # and f(z) € ky[z] be the minimal
polynomial of §. Certainly F(f) = 0, where F(z) is the reduction of F' mod qp, so we have f(z) | F(z).

Now let 0 € Gal(kq/ky). Then o is determined by where it sends 6, so let ¥ = (). Since 7 is also
a root of f, it must further be a root of F'(x) since f(z) is a factor of F(x). Therefore one of the roots of
F(x) reduces to 7, call it 7. The Galois group Dy acts transitively on roots of any minimal polynomial,
so there is some 7 € D, such that 7(f) = ~. Restricting 7 to kq gives us an automorphism of k, that
sends 0 to 7, 50 ¢q(7) = 7|, = 0.

O

Since |Dq| = ef and | Gal(kq/ky)| = f, we have |I4| = e. Since the order of the inertia group of q has order
e, the exponent of the factorization of pOy, in a sense it measures how ramified p is. In particular, if p doesn’t
ramify, then I, is trivial and ¢4 is an isomorphism.

4.1.2 The Abelian, Unramified Case
From here on, assume p doesn’t ramify and that /K is an abelian Galois extension. If |kq| = p™, then there is

a canonical generator of Gal(k,/k,), the Frobenius automorphism x — 27”. We denote (q, L/K) := R

zP™) to be the unique preimage of the Frobenius automorphism, which is known as the Frobenius of L/ K. We
also note that (gq, L/K) = g (9, L/K)g for any g € Gal(L/K) because g~ 'Dqg = D,q and:

$galg~" (0, L/K)9)(@) = g~ (4, L/K)gT = g~ (92)"" = g 1ga?” =7""

Since Gal(L/K) is abelian, we have ¢~ (q, L/K)g = (9q, L/ K) for any g. This means that the Frobenius of L/K
only depends on the lower prime p C Og. Therefore we denote it by (p, L/K), keeping in mind that p is not a
prime of Oy, but a prime of Ok.

Definition 4.23. Let I = [, p;’ be a fractional ideal of O . Then the Frobenius of I is:

(I,L/K) := H(pi,L/K)ei € Gal(L/K)

(2

Proposition 4.24. Let L D K D Q be finite field extensions such that L/Q is abelian and Galois. Fix q a prime of Oy, p
a prime of Ok lying below q, and p € Z a prime below p. Suppose that p is unramified in L/Q. Then:

1. (p, K/Q) is the image of (p, L/Q) in Gal(K/Q) = Gal(L/Q)/ Gal(L/K).

2. (p, L/Q)I /D = (p, L/K) in Gal(L/Q).
Proof:

If p is unramified, then so is p, so ¢4 and ¢, are isomorphisms. Since k, = F,,, we have ¢4(p, L/Q) =
(x — aP) € Gal(ky/F,). Moreover, since k, is also characteristic p, we have ¢,(p, K/Q) = (z —
xP) € Gal(k,/Fp). Therefore the resriction of ¢4 (p, L/Q) to k, is ¢, (p, L/Q), and hence the restriction of
(p, L/Q) to K is (p, K/Q). This proves the first claim.

Suppose |k,| = p™, from whence m = f(K/Q). Then ¢4(p, L/K) = (z — 2") and ¢q(p, L/Q) = (z
xP). Thus ¢q(p, L/ K) = ¢q(p, L/Q)™ = (p, L/K) = (p, L/Q)™ as desired.

O
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5. Local Fields

K3
o

All fields we have dealt with so far ebedded into Euclidean space and consequently we had many geometric
tools at our disposal. In this section, we will define another class of field that doesn’t obey standard Euclidean
properties by imposing a different norm, called the p-adic norm. After commpleting with respect to this norm,
we will be able to state similar theorems about ramification, decomposition of primes, and Galois groups.

Definition 5.1. A norm on a field F'is a function | - | : FF — R such that:
1. |z| = 0if and only if z = 0.
2. |zy| = [yl
3.z +yl <laf+y|.

A norm is called Archimedean if |x + y| < max(|z|, |y|).

It follows from these properties that for any field norm | - |, we have |1| = 1 and | — z| = |z|. The most trivial
example of a norm on any field is |0] = 0 and |z| = 1 for all # € F nonzero. This is known as the trivial norm.
From here out, any time we suppose the existence of a norm it is assumed to be nonrivial.

Example 5.2. Let F' = Q. A norm is detetermined by how it acts the primes in Z C Q by the multiplicative

property. For a prime p € Z, the p-adic norm | - |, is defined by [0| = 0, |p| = p~!, |m| = 1, where (m, p) = 1. For

example, if p = 5, the norms of 5,10, and 7 are £, £, and 1, respectively.

Lemma 5.3. If a norm is non-Archimedean, then |z + y| = max(|x|, |y|) for all z,y satisfying |x| # |y|.
Proof:

Assume without loss of generality |z| < |y|, and suppose |z + y| < |y|; then since y = = + y — x, we have
ly| < max(Jz+yl, |z|) < |y|, a contradiction. Therefore |z+y| > |y|. We also have |z+y| < max(|z|, |y|) =
|y| by the non-Archimedean property, so therefore |z + y| = |y|.

O

Remark 5.4. Anorm is non-Archimedean if and only if |2| < 1 = |2+ 1| < 1, which can be seen by taking z = z/y
satisfying |z| < 1.

Lemma 5.5. A norm is non-Archimedean if and only if |m| < 1 for all m € Z.
Proof:

For one direction, we use the fact that |1| = 1 = |m| = |1 + (m — 1)| < 1. For the other direction, assume
|m| <1forall m € Z. Let v € F be such that |z| < 1; then for any positive integer n:

(1 +2)" <|1+nz+..+ne" ! 4+ 2"
<A+ x| + o+ 2] (In < 1)
<1+ n|z|

Therefore |1 + z| < (1 + n|z|)'/" for all n. Taking n — oo gives |z + 1| < 1, so this norm is non-
Archimedean.

O

Any norm on a field induces a topology on that field by considering balls around each point in the usual
way. We say that two norms are equivalent if they induce the same topology on F'.

Lemma 5.6. Let | - |y and | - | be two norms on a field F'. Then they are equivalent if and only if there exists s > 0 such
that |z = |z|5 forall x € F.

Proof:
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One direction is clear, since any | - |; ball of radius r is a | - |2 ball of radius 7°. Now assume | - |; and | - |2
are equivalent. Fix y € F' such that |y|; > 1, and let € F be arbitrary. Let « be such that |z|; = |y|.
Then choosing n/m > « and n/m — «, we have

m am/n

y "=yl =l <

‘an
Moreover, [y~ "|; — 1 as n/m — «. Therefore we also have |2y "|; < 1 and |z™y ™|z — 0 as
n/m — a by equivalence of norms. This shows that |z|2 = |y|$. Let s be such that |y|s = |y|5, which is
independent of z. Thus |z|y = |x|] for s independent of .

O

Theorem 5.7. If | - | is a non-trivial, non-Archimedean norm on Q, then it is equivalent to the p-adic norm | - |, for some
prime p.
Proof:

Using Lemma we have |m| < 1 for all m € Z. Since this norm is nontrivial, there exists a nonzero
g € Q with |g| # 1. Without loss of generality assume |¢| < 1, which means there is some prime p such
that |p| < 1. For any other prime ¢, we have |[¢| > 1 because otherwise we could write:

1 =pk+Im = 1 < max(|pkl|, |[fm]) < 1

Soindeed |¢| > 1. But ¢ < 1 as well, so |¢| = 1. Then pick a such that |p|* = %. Therefore |- | is equivalent
to |- |p.

0

5.1 Defining Local Fields &

Our definition of local field will require a few definitions. As a warm-up, we will define the most canonical
such field: the p-adic numbers and then proceed to define them more generally. For any prime p, we call Q,, the
p-adic numbers, the completion of Q with respect to the p-adic metric | - |, (i.e. equivalence classes of Cauchy
sequences). Because we have chosen a non-archimedean norm, this completion has a very different structure
compared to completions with respect to archimedean norms, like R. As an exercise, the reader can show that
Q, has a power series representation:

QP - {lepl ’ T; € {07"'7p7 1}7U € Zaxv 7é 0}

Similarly, the p-adic integers are defined as Z, = {z € Q, | || < 1}. Under this definition, is is immediate that
Z C 7y, from Lemma 5.5 The power series representation of Z, is:

Zpy = {inpi ‘ z; €{0,...,p— 1}, 20 # 0}
=0

Remark 5.8. For the purposes of this course, the power series representations of Q, and Z,, are not particularly
important. However, we encourage the reader to investigate the arithmetic of p-adic integers using the series
representations if only for self-edification.

Definition 5.9. If F is a field with a non-archimedean norm, then define O = {z € F | |z| < 1} and mp =
{reF||z| <1}

Note that our choice of notation for O suggests that perhaps it is the ring of integers of F' (provided it is a
finite extension). This is true in the case of finite extensions of (@, and is an exercise in the next section.
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Exercise 5.10. For F' = Q,, show that mp = pZ,.
Proposition 5.11. O is a local ring with maximal ideal mp.

Proof:

First we claim that the units of O are exactly those of norm 1. Given a unit z € O, we have 27! €
Op = |z|~! > 1. Combining this with |z| < 1 gives |z| = 1. Conversely, if || = 1, then clearly z~! € F
has norm 1 as well, so z=! € Op. If we suppose I 2 mp is an ideal, then I has an element of norm 1
and thus a unit, so I = Op. Thus my is maximal. Moreover, it is unique because if there were another
maximal ideal, it couldn’t contain units so must be contained in mg, which means it wasn’t maximal to
start with.

O

We define the residue field of F' to be kp = Op/mp. Since kr is compact and discrete, it must be finite. From
the proof of Theorem there exists p such that |p| < 1, which means p € mp. This means kr is a field extension
of Z/pZ.

Definition 5.12. Given a field F, an R-valuation (or simply a valuation) is a map v : F* — R such that v(zy) =
v(z) +v(y) and v(z + y) < min(v(z),v(y)).

If F' is a characteristic zero field with non-archimedean norm, then we can define a valuation on F by |z| =
p~"(®), where p is the prime contained in mz. We call this the induced valuation map on F.

Definition 5.13. A local field (also called a p-adic field) is a field F' of characteristic zero complete with respect
to a non-trivial non-archimedean norm | - | such that the image of the induced valuation map is descrete (i.e.
v(F*) C Ris a lattice).

For a local field F, the lattice v(F*) has a minimal element vy. For any 7 € F such that v(7) = vy, we have
that m generates my because v, generates the group v(#*). Such an element is called a uniformizer of F.

Exercise 5.14. Show that any x € F* can be written uniquely as z = nu for u € O}, 7p a uniformizer of F,
and m an integer.

Lemma 5.15. Let F' be a field with non-archimedean norm and let R C O be a set of representatives of kr and 7y be a
uniformizer of F'. Then every x € OF (and every x € F) can be written uniquely as a convergent sum:

oo
T = inﬂ'}, z; €R
i=0
Proof:
It suffices to show that for any n, we can uniquely write:

n—1
x = Z x4+ 7"b 1)

where b € Op and z; € R. We prove this by induction on n. The base case n = 0 amounts to finding
xo € R such that x — 29 € mp. Clearly we can take z( to be x mod mp, and it is unique because we are
assuming R doesn’t contain duplicate representatives. Now assume we can uniquely write z as in (1).
Then once again we can find a unique x,, € R such that z,, — b € mp. This means:

n—1

T = E x4 7 (2, + cn) E w4+ e
=0

for some ¢ € Op. The result then follows by induction.
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If f € Z[z] is a polynomial with an integer root, then f € F,[z] has a root in F,,. However, the converse is
doesnt generally hold. In the case of a p-adic field, there are conditions under which the converse does hold.
This is the content of Hensel’s lemma, which we will state but not prove.

Lemma 5.16 (Hensel). Let F be a p-adic field, f(x) € Op[z], and oy € Op such that |f(og)| < 1and |f'(a)| = 1.
Then there exists a € O such that mp | (« — o) and f(a) = 0.

5.2 Finite extensions of Q, <

Now we specialize to the case of finite extensions of Q,. We will first show that these are local fields. From
there, we will try to tell the same story that we did with Number Fields, giving an account of ramification and
Galois extensions. As before, out starting point will be the ring of integers. Let I’ be a finite extension of Qp
and consider:

Or ={a € F | pmin,a € Zy[x]}

The reader can verify that this is a ring and that its field of fractions is F' as we did in the Number Field case.
Lemma 5.17. A Dedekind domain R with finitely many prime ideals is a PID.

Proof:
It suffices to prove that any prime ideal is prinicpal, as the result will follow for any other ideal by unique
factorization. Let p1, ..., p,, be the distinct set of primes of R. Pick z € p; \ p} be such that 3c € p1 ... p,,
with z; + ¢ = 1. We can do this because O = p; + p3 - ... - p,,. We note that x; ¢ p; for i > 1 because
otherwise 1 = 1 + ¢ € p;. Thus z; € p;, which means the prime factorization of (x;) is pj. This means
x1 € p}, sor = 1 by assumption on x;. Thus p; = (z1).

Lemma 5.18. Or is a Dedekind domain and a PID.

Proof:

Since O is a finite Z,, module, any submodule (ideal) of O is also finitely generated, so Or is Noethe-
rian. Moreover, if & € F is integral over O, then Op[a] is a finite Op module, and hece a finite Z,
module. Therefore Z, o] is also finitely genrated, so by Proposition o € Op. Finally, if I C Op
is a nonzero prime ideal, then Z, N I is a prime ideal of Z,. The only such ideal is pZ,. We see that
[Or/I : Z,/pZ,] < oo because Op is a finite Z, module. Moreover, since Z,/pZ, is finite, Op /I must
also be finite. Any finite integral domain is a field, so I is maximal. The proves that the Krull dimension

of O Fis 1.
To show that O is a PID, we will show that it has finitely many prime ideals. Since all prime ideals
lie over a prime of Z,,, and there is only one prime ideal of Z,, the factorization pOp = p{" - ... - p5 gives

us all possible ideals of Op.

Exercise 5.19. If F' is a finite extension of Q,, show that Op = Op.

Remark 5.20. In light of the above exercise, we will drop the “Or” notation and just use Or. We will also denote
the maximal ideal of O as p instead of mx to be consistent with previous sections. Just as before, we will also
call k, = Op/p to be the residue field.

Theorem 5.21. If F is a finite extension of Q,,, then there is a unique norm on F that extends the p-adic norm on QPEI

Proof:

3 “Extends" here means |av| = |a|p|v| forall a € Qp,v € F
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We will first prove uniqueness, assuming that it exists. Suppose | - |; and | - |2 are two norms extending
Qy. For every v € F, let ¢, denote the smallest real number such that |v]; < ¢,|v|s. If By denotes the
radius 1 ball around the origin (under | - |) the function | - | : B; — R must achieve a maximum since B;
is compact. Let ¢; be the maximum. Then for any v € F, we claim that |v|; < ¢;]|v]2. To see this, pick
a € Q, such that |a|, = ﬁ (we can do this by completeness of Q,,); then we have:

v < vl <= |av) < calavls <= 1 < c¢]av|s

The right most statement is true by construction of ¢;. The same argument shows that there exists c;
independent of v such that |v|2 < ca2|v];. Therefore | - |1 and | - |2 induce the same topology on F, so by

Lemmaf5.6} | - |1 = | - |$ for some a. But restricting to Q,, C F requires a = 1 because both norms agree
on Q,. Therefore | - | = | - |2.

To show existence, it suffices to define a norm on Op. Fix z € Op and let (z) = p{* --- p%~, where
p; C Op are all prime ideals of Op. Then we can write x = px]* - - - 2%~ for some unit p. If we factor (p)
as pi' - --por, then for every j = 1,...,r, define the norm |z|; = p~%/¢ . We note that Ipl; = p~', so this
norm extends the p-adic norm on Q,. The reader can check that it is non-archimedean.

0

Remark 5.22. If L/Q, is Galois, then |oz| = |z| for all z € F,o € Gal(F/Q,) because otherwise |o(-)| would
define another norm extending | - |,.

Lemma 5.23. Let F be a complete field with respect to some norm |-| and V be a finite dimensional normed vector space over
F with norm compatible with | -|. Let {v1, ..., vy, } be a basis for V over F. Then the infinity norm |x1v1 + ... + TnUn oo 1=
max({|z;}) is equivalent to the norm on V. In particular, V' is complete with respect to its norm.

Proof:

It suffices to show that there exist ¢,¢’ such that ¢| - | < || < ¢/| - |- The second constant ¢’ is
straightforward to find using the triangle inequality:

|10 + oo + Zpvn | < Jxqlor] 4 oo+ 20l |vn] < (Jo1] + oo+ on]) V|00

So we take ¢ = |v1| + ... + |v,|. To find the other constant ¢, we proceed by induction on the dimension
of V. For n =1, ¢ = |v;| suffices. Now for dim (V') = n, consider the following subspaces:

V; = Foy + ...+ Fu, + ... + Fu,

where the hat means omission. Our inductive hypothesis is that the infinity norm on V; is equivalent
to | - |, which then means that V; is complete with respect to this norm. Therefore V; is closed in V, and
hence so is V; + v;. Because 0 ¢ V; + v, there exists ¢; > 0 such that |w; + v;| > ¢; for all w; € Vj. Let
¢ = min({¢; }), so that for every i we have |w; + v;| > cfor all w; € V;. For any v = z1v1 + ... + T, 0y, let
r be the index such that |v|. = |z,|. Then:

s
|10 + oo + Zpvp| = |2 |vp + Z x—lvi > |v]|ooC
iET r

Applying the Lemma above to F" as a Q,, vector space, we obtain:

Corollary 5.24. Any finite extension F' of Q, is complete with respect to the unique norm on F extending | - |,,, and hence
F is a local field.

Proposition 5.25. If F'//Q,, is a finite extension, then 3a € O such that Op = Zy[c/].
Proof:
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Let@ € Op/p be such that kq = Z/pZ[a]. If |kq| = p, then@? — @ = 0. Then applying Hensel’s lemma to
p(z) = 27 — z, there exists ay € Op such that p(ap) = 0 and oy = @ mod p. Let 7 be a uniformizer of
p. Then we claim that O = Z,[ag + 7p|. If k; = o, the collection {k;} fori = 0, ..., ¢ is a complete set
of representatives of k,. By Lemma we have:

OF = Z km}ZP
=0

We note that (ap + 7rp)qn — o as n — 00. Since O is complete, this shows ag € Z, [ + 7F]. Therefore
F € Zplag + mp] and so Op C Z,|ag + 7], which means Op = Z,[ag + 7p].

5.2.1 Ramification in p-adic fields

Let L > K D Q, be finite extensions. We have shown that each of these is a p-adic field whose ring of inters
is a local ring. We denote p;, C Op and px C O to be the associated maximal ideals, e = e(F/K) to be the
ramification index (so that pxOr, = p$), and f = f(L/K) = [Or/p1 : Ok /pk] to be the inertia degree. Since
the residue fields only depend on K and L, we denote them by k;, = Or/pr and kx = Ok /pi. Since there is
only one ideal lying over p in each number ring, we have [L : K] = fe.

Proposition 5.26. Let 5 = {k1,....ks} C O beabasisof O, /py, over O [pk, and let 7y, be a uniformizer of py,. Then:

f e—1
OL - @@kl’ﬂioK

i=1 j=0
Proof:
Let M = Ej > ]4;1‘71'%0 . We will show that O; = M and the remainder is left as an exercise. Fix

x € Or. In Oy, /pr, we can write T = ZLO k,;x; forZ; € Ok /pK since (3 is a basis. Now let {x;} be lifts of
{Z;} and define my = ), k;x; € M. Since x and mg represent the same coset in Oy, /py, the difference
x —my is divisible by 7. We then repeat this process on *2** to get m1 € M with ¢ —m, € 1,0.
Repeating ad infinitum, we obtain a series mg + mm1 + 72msy + ... € M which approximates z in the

sense that:
N
x— E m;Ty,
i=1

Since M is complete (as Ok is complete), z € M.

lim =0
N—o0

O

Definition 5.27. A finite extension K C L of p-adic fields is called totally ramified if f(L/K) = 1and e(L/K) =
[L : K]. Itis called unramified if e(L/K) = 1and f(L/K) = [L : K].

Theorem 5.28. With L and K as above, there exists a unique extension L such that K C Lg is unramified and Ly C L
is totally ramified, from which it follows that [Lo : K| = fand [L : Lg] = e.

Proof:

We will show existence, then uniqueness. Let a € kz, be such that k;, = kx (ao). If Pmin,a, () € ki [z]
is the minimal polynomial of «yy, we can pick a lift of this polynomial p(z) € Ok [z]. Since pmin,a, has no
multiple roots, we have p; ;. ., (@) # 0, and so we may apply Hensel’s lemma to obtain a € O, such
that p(a) = 0. Let Ly = K (). Note that [Ly : K] < deg(p). Since [Ly : K] = e(Lo/K)f(Lo/K), and
f(Lo/K) = [k : ki] = deg(p), we must have [Lj : K| = deg(p). In particular, e(Lo/K) =1, so Ly/K is

34



5 Locat FieLps

unramified. For any intermiediate extension, we always have:

f(Lo/K)f(L/Lo) = f(L/K)

Since we have shown f(Lo/K) = deg(p) = f(L/K), the above equation then implies that f(L/Ly) = 1.
Therefore L/ Ly is totally ramified.

Now suppose that Lj, is another intermediate extension with L{/K unramified and L/L totally
ramified. We apply Hensel’s lemma once again to the same polynomial p to get ' € Op; such that
o/ = ap mod pg and p(a’) = 0. But the roots of p are distinct mod p g, so we must have o = «'. This
means Ly C Lj. Butsince both L and Lj, are unramified over K, we have [L, : K| = f(L/K) = [L; : K].
This means Ly = Lj,.

O

Remark 5.29. If ¢ = |ki|and f = f(L/K), then |kz| = ¢/ and Pmin,a, as above divides 27" — z. Then we can pick
our lift p € Og|[x] so that it divides 29" — z and we can choose ayg to be a generator of k7 = C,s. This implies

that our Hensel lift o satisfies 24’ —  (i.e. it is a root of unity), and moreover it is primitive because oy was.
Thus Ly = K(a) = K({,r_1) is a cyclotomic extension.

As a result of the above observation, we have the following corollary:

Corollary 5.30. If L/Q, is unramified, then L = Q, (), where ( is a primitive p/ — 1 root of unity. In particular, every
unramified extension of Q,, is Galois.

Another observation comes from analysing the case where L/ K was totally ramified to begin with (i.e. Ly =
K). In this case, f(L/K) = 1,0 k;, = kg. Since there is a trivial basis § = {1} of ky, over kg, by Proposition
5.26|we have Oy, = @;;é 7} Og. Since m§ = 7k, this is equivalent to O, = O [ry]. Then:

Frac(Or) = Frac(Ok|[rL]) = L = K(71)

The minimal polynomial of 7y, is easily seen as x* — mx because it satisfies Eisenstein’s criterion. The converse
is also true:

Proposition 5.31. Let L = K («) be an extension of local fields with pwin o () satisfying Eisenstiein’s criterion. Then
L/K is totally ramified.

5.2.2 Krasner’s Lemma

Krasner’s Lemma provides a useful topological criterion for when one extension of a local field is contained in
another. We will use it to show that there are only finitely many extensions of Q,, of a given degree.

Lemma 5.32 (Krasner). Let F'/Q, be a finite extension, and let o, 3 € Q,,, the algebraic closure of Q,. Suppose that

la—B| < |a—o(a)| for all non-identity o € Gal(Qp(«v)), where Q,(c) is the Galois closure of Q,(cv). Then F'(c) C F(5).

Proof:

Let K be a Galois extension of F' containing « and 5. We wish to show that any ¢ € Gal(K/F(f)) fixes
a. By the non-archimedean property, we have:

lo(a) —al =lo(a) =+ 5 —qa
< max(|o(a) - B],]8 - af)
= max(|o(a = F)], |6 — al) (@(8) = P)
=16—al

This contradicts our hypothesis. Therefore o () = .
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Definition 5.33. Let F/Q, be finite and P(z), Q(z) € F[z] be degree n polynomials with coefficients {p;}, {¢:},
respectivel. We define the difference of P and @ as |P — Q| := max({|p; — @i|})-

We will need a technical lemma in addition to Krasner’s Lemma to prove that there are finitely many exten-

sions

of Q, of a given degree.

Lemma 5.34. Let P(x) € F|x] be monic of degree d with no double roots and fix e > 0. Then there exists 6 > 0 such
that if Q(x) € Fl[x] is monic of degree d with |P — Q| < §, then for all roots o of P there is some root 3 of Q such that
o — 8] < e.

The proof is left as an exercise.

Theorem 5.35. For every d > 1, there are finitely many degree d extensions of Q.

Proof:

Let F/Q, be finite. We will first show that there are finitely many totally ramified extensions K /F' of
degree e. By Proposition, these are in bijective correspondence to extensions K = F'(a) with puyin o ()
Eisenstein. Write any such polynomial as:

e—1
pa(z) =2+ > a;z’
0

where a denotes the coefficient vector (a;). Eisentstein’s criterion requires a € pr X ... X pr X (pr \ p%).
Since p, is irreducible over F, it has no multiple roots. Then there is some ¢ > 0 such thate < min |a—ay],
where «; # « are the Galois conjugates of «. By Lemma there exists § such that forall b € pp x
. X pp X (pp \ p%), po(z) is Eisenstein of degree e and |b; — a;| < § = |B; — a;| < €, where j; are the
roots of py(z). For any such b, we then get |5, — ;| < min|a; — o], © # j. By Krasner’s Lemma, we
have F'(o;) C F(B;). Both F(«;), F(B;) are of degree ¢, so F(a;) = F(8;). Thus, if any two coefficient
vectors a, b are close enough in the max norm, their roots induce the same extension K/F. The space
prX...xpr X (pr\p%) is compact, so there is a finite open cover by ¢ nieghborhoods. Coefficients in each
open set of the cover induce the same extension, so there are finitely many totally ramified extensions
K/F of degree ¢ for fixed F.

Now we finish the proof by strong induction on the degree. The base case is is clear, as Q,, is the only
extension of degree 1. Now consider all degree d extensions and assume that there are finitely many
extensions of degree f for all f < d. Then there are finitely many extensions Fj of degree less than d
and finitely many totally ramified extensions of F of degree d/[Fj : Q,]. Since any extension of degree
d is totally ramified over some Fp, there can only be finitely many such extensions.

5.3 The Approximation Theorem and Ostrowski’s Theorem

2
%

In this section we will prove a stronger version of Theorem[5.7} Before we do so, we will prove a related Theorem:

Theorem 5.36. Let F bea fieldand | - |4, ...
e>0,

Proof:

there exists © € F such that |v — a;|; < efori=1,...,n.

Since | - |1 and | - |, are not equivalent, there exist oy, ap € F such that |a1|1 < 1,|ail, > 1,]as)i >
1, |asl, < 1. Lety = 2. Notice that [y[y > 1 and |y|, < 1.

We first claim that there exists z; € F such that |2;]; > 1,|z1]; < 1forall j > 1. To prove this claim,

we proceed inductively on n. For n = 2, taking z; = y as above suffices. Now assume that n > 2 and
that z; exists for any collection of n — 1 norms. If |z;],, < 1, we have already finished, so we consider the
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two cases |z1|, = 1 and |z1|, > 1. In the former case, replace z; by z]"y for some m. Then we note that:
|27yl = |21 |yl > 1

‘Z{ny‘n = |y‘n <1

12"yl = |21l |yl; (1<j<mn)
Since |z1]; < 1, choosing m sufficiently large makes the last equation be less than 1. Therefore in the
case |z1], = 1, we have proven the inductive hypothesis. Now consider the case |z1|, > 1. For every
m € N, define t,,, = 2]" /(1 + 2z]"*). Notice that |¢,,,| — 1 under the norms |- |1, |- |,, and |¢,,| — 0 under the

norms | - |; for 1 < j < n. Now we replace z; by ¢,,y. Then for m sufficiently large we have |t,,y|; < 1.
Moreover we have |t,,y[1 > 1 and [¢,,y], < 1 for m sufficiently large.

By this claim, for every j there exists z; € F such that |z;|; > 1 and |z;|; < 1 for all i # j. Define
Tjm = S%Jm Then for each j, |z;.,|; — 1 and |z ,|; — 0 fori # j. Let a = max; j |a;|;. Then there

exists M such that [z as — 1|; < ;5 and |z i|; < ;5 fori # j. Let x; = ;5 and set:

n
xr = E xjaj
Jj=1

Then:

& —ajl; = |y wia; + aj(z; — 1)
i#j ;
<Y lailslasly + laglslae; — 1
i#j
€
<a—n
na
=€

Proposition 5.37. Every nontrivial norm | - | on Q is equivalent to | - |, or | - |so.
Proof:
If | - | is non-archimedean, we have shown | - | ~ | - |, by Theorem[5.7} so suppose it is archimedean. Fix
m,n € N greater than 1 and write m in base n; that is, pick 0 < a; < n — 1 such that:
m=ag+an+..+an"
where r = floor(log m/ log n). Note that |a;| < n by the triangle inequality. Then:
Im| <laol + larf[n] +-- -+ |ar||n|"
<n+nn|+...+nn|"

< (r+ Dnlnl"

< (1 + 10gm> n|n‘logm/logn
logn
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Doing the same for m* for some k € N, we get:

|mk| < (1+k110gm> n|n‘klogm/logn
ogn

logm 1/k

= |m| < <1 + k) nl/k|n|logm/logn
logn

Sending k — oo, we find |m|!/1°8™ < |n|'/1°8" Doing the same with m and n swapped, we obtain

equality: |m|!'/1°8™ = |n|/1°8" for all m,n € N greater than 1, and denote this constant by c. The

multiplicative property of norms implies |n| = ¢!°¢™ for all n € Q. Thus | - | is equivalent to | - |oo.

O

A very similar proof idea can show:

Theorem 5.38 (Ostrowski). For F' a normed number field with archimedean norm, there exists an injection o : F' — C
such that |x| = |o(x)|® for some s independent of x.
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6. Analytic Methods in Number Fields

K3
o

A central player in the analytic theory of number fields is Dedekind’s Zeta function, which we will define here
for Q (in which case it is known as the Riemann Zeta function) and subsequently generalize for an arbitrary
number field. For s € C, the Zeta function is defined by:

(=Y —

ns
n=1

which converges for Re(s) > 1. Then ¢ defines a holomorphic function on the subset of the plane {z € C |
Re(z) > 1}. Notice that:

Repeating again:

1 1 1 1 1
<(5)<1_23> (1—38>_18+58+7s+...

Doing so ad infinitum for all primes yields the identity:

) IT =p)=t1orcs)= []

p prime p prime

1
—ps

Thus if we are able to study analytic properties of {, we can perhaps use those to understand the primes. To do
this, we need to extend the domain of ¢, which can be done through the use of the Gamma function. Defined
on {z € C | Re(s) > 0}, the Gamma function is:

I(s) :/ t5~ e tdt
0

Some properties of this function are that I'(s + 1) = sI'(s) and I'(s) # 0 for any Re(s) > 0. Substituting ¢ — nt,

we find: N 1 1 N
[(s) = / nft et = — = 7/ =1t gy
0 n L'(s) Jo

Then:

0 [e%s}
() =S / ple=ntgy
n=170
e} ts—l
= dt
/0 et —1
1 4s—1 0o 1s—1
t t
= / —dt + / dt
o € — 1 1 et -1
1 ! 1 1 o sl
= ot — = )dt ———dt
1—s+/0 <et—1 t> +/1 et +1
Since the second and third terms converge for all Re(s) > 0, this shows that ((s) can be extended to a meromor-
phic function on {z € C | Re(s) > 0} with a pole of order 1 at s = 1. In fact, using the Monodromy Theorem

from complex analysis, it is possible to extend ((s) to the entire complex plane. Moreover, the only singularity
is at s = 1 just as before and this extension satisfies:

C(1—s)=2(2m)°T'(s) cos(ms/2)((s)

Exercise 6.1. Use the above functional relation to show that ((0) = —3 and ((—1) = — 5.
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6.1 The Zeta Function of a Number Field <>

Throughout this section, let K /Q be a number field. We will define a generalized Zeta function for this number
field and find its domain of convergence, which will depend on [K : Q]. We will also find the residue of this
function at its s = 1 pole, which will provide a formula for the class number. This residue formula will be
important in the next section.

Definition 6.2. The Dedekind Zeta function associated to K is:

1

ICOgk

If we define f(n) to be the number of idelas of Ok of norm n, the Zeta function takes the form of a Dirichlet

series: .
(k(s) = Z f(vsz)
n=1

n

Moreover, there is an analogous product formula which can be derived in a similar manner to the Riemann Zeta

function: .
Ck(s) = Ty
* p}}K (1-N(p)—)

Definition 6.3. The requlator Ry of anumber field K /Qis the determinant of a minor of Log(u;), where uq, ..., Uy, 4r,—1
are generators of the free part of O and Log(—) is the map defined in Section If ri + 79 =1 (i.e. O hasno
free components), then the convention is to let Rx = 1.

Exercise 6.4. Recall that we showed Log(O},) is a lattice in the subspace H = {z € R™""2 | 3~ x; = 0}. Show
that the covolume of this lattice is \/r1 + ro Ry . (Hint: Take the unit orthogonal vector u to % and show that the
covolume of Log(O}) + Zu is the same as the covolume of Log(O ). Then compute the former by re-arranging
columns in the matrix whose rows are v and Log(u;), where {u;} are generators of the free part of O}.)

Theorem 6.5. The Dedekind Zeta function is a meromorphic function on {z € C | Re(s) > 1—1/[K : Q]} with a simple
pole at s = 1. Moreover the residue at this singularity is:

2" (2m)"2 | CI(K)| Ry,
w /| disc K|

where ry is the number of real embeddings of K, r is the number of non-conjugate complex embeddings of K, wg is the
number of roots of unity in K, and Ry is a requlator of K.

Res(Ck,1) =

The main takeaway from this result is that if we know the residue of (x at 1, we have a formula for the class
number hx = | C1(K)|. One of the tools we will use to prove Theorem|6.5]is the following lemma about Dirichlet
series:

Lemma 6.6. Let Z(s) = > .° a,/n® be a Dirichlet series. Suppose that the partial sums of the coefficients satisfy:

t
S(t) = Z an, = O(t")
n=1
forr > 0. Then Z(s)converges in {s € C | Re(s) > r} and is analytic in that region. Morevoer:
. L S()
fim(s — 17(6) = Jim =
Where the limit in s is taken inside the region of convergence of Z.

Proof:
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We will prove the first part and relegate the second claim to Proposition 2.1 in Chapter 4 of Janusz’s
Algebraic Number Fields. For any integers v > u, we have:

v

Gn,
2

n=u

. S(n)—Sn-1
|5~ 8t - 801

_|Sw) _smn SR (1_1)‘

vs u® ” ns (n+1)3
Sw)| |Su—1)] = 1 1
< = - -
< | +] | PO - Gy

Since |S(t)| < at” for some constant a > 0 and ¢ sufficiently large, we have:

S(v)

'US

+ < (u>1)

+’S(u—l)‘< a a 2a

where 0 = Re(s) and we used that v > u. Using the same approximation to S(t) and identity:

1 1 /"“ dt
e ——l
ns  (n+1)3 n tst+l1

— ntl gy
SZWM/ ey
u n

<Js| /°° t"dt
sla —
w [t

|s]a

we find:

1 1
ns (n+1)s

S I5(n)|

~(c—r)jucr
Putting everything together, we get:

an
20

u

< 2a n |s|a 0 (e |s]
w" (o —r)ucr T ouor o—r

for u sufficiently large. For €, > 0, define the region:

D.s(r)={s e C|Re(s) >r+d,|arg(s —r)| < 7/2 — ¢}

In this region, .= is bounded by a positive constant M and

constant V. Using this and the triangle inequality:

m is bounded by a positive

|s] <|s—r\+r: 1 n r < M4 N
,

o—r~ o-r cosarg(s—r) o —

Thus:

v a"| < a,(2+M+N)

nS uO'—T
u
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This can be made as small as we wish by taking u sufficiently large. Therefore Z(s) is Cauchy convergent
in (and also uniformly convergent) forall s € D, s(r) forany e, > 0. Taking e, § — 0, we have the desired
result.

Since we showed that Z(s) is a uniformly convergent series of analytic functions in some region for
every s, it follows also that Z(s) is analytic for all Re(s) > r.

O

Returning to (x, we can rewrite the sum by splitting it over ideal classes in a way that lends itself to the
above lemma. Let ¢ € CI(K) be an ideal class and define:

fe(t)=#{I e c| I COk,N(I) = t}

t

io(t) = fo(n) =#{I € c|I C Ox,N(I) < t}

n=1

SOED DD DA

n=1ceCl(K)

Then:

Lemma 6.7. For any ideal class ¢ € C1(K'), we have:

2™ (27)"2 Ry

wi /| disc K|

ic(t) = t 4+ O/

Proof:

We will prove this for [K : Q] < 2, since the full proof is more compliated than we have time to do and
isn’t much different from the quadratic case. If K = Q, the claim is trivial since i.(t) = #{n € Z | n <
t} = |t] = t+ O(1). Thus we consider K quadratic, which has two subcases (real and complex).

Case 1 (K complex). Write K = Q(v/—d) for d > 0 squarefree. Let o : K — R? be the embedding
a + byv—d — (a,bV/d). Fix an ideal I C Ok in the class of ¢ and a fractional ideal J in the ideal class

¢!, Since IJ = («a) for some o € J (which is unique up to a unit), notice we have the following

correspondence (up to units):
{I€c|ICcOg,NI)<t} < {aecJ|NJ ) <t}={acJ|N(a)<tN(J)} (6.1.1)
Applying o to the set on the right, we get:
{Iec|ICOr,N(I) <t} {(z,y) €a(]) | 2® +y* <tN(J)}

Geometrically, the RHS is o(J) N By(y/tN(J)). Recall from Corollary that o(J) is a lattice, so
this intersection is a finite set as we’d expect. Now let § be the diameter of the fundamental domain of
o(J). Then for any r > 0, we have:

7(r — 8)* < covol(J) - #{o(J) N By(r)} < m(r +0)?

and therefore for r = \/tN(J):

#{o) BV} = S + OV
2m
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where we used Proposition to compute covol(J). Finally, we notice that:

io(t) = i #{o(J) N Bo(v/IN(D))}

which comes from accounting for units in KX in the correspondence in (6.1.1). Since r; = 0, ro = 1, and
Ry =1, this proves the formula for a complex quadratic field.

Case 2 (K real). Write K = Q(V/d) for d > 0 squarefree. Let o : K — R?be a+bvd +— (a+bVd,a—bV/d)
(the two real embeddings of K). Note that o(a) = (z,y) satisfies N(a) = zy by Proposition[1.10] Since
r1 4712 = 0+2 = 2, therank of O} is 1; so let u be a positive generator (this is called a fundamental unit).
We will use the same correspondence (6.1.1), but we have to account for more than just roots of unity,
since O} also contains the span of ux. To account for this, we note that multiplying o by a sufficiently
high power of ux gives the inequality 1 < |£| < u%, where (z,y) = o( ﬂWe then want to count pairs
(x,y) € o(J) that satisfy this inequality and |zy| < tN(J); in other words, we want to compute:

#{(@.y) € o) | oyl < N1 < | 4] < ue} = wiciel®)

Chapter 6 of Marcus’s Number Fields computes the area of the region R = {(z,y) € R? | |zy| < 4,1 <
ly/x| < B%} to be 4A1og(B). Therefore, by intersecting this region with the lattice o(.J), we get:

L AN los(u) | o

ie(t) = wg  covol(J)

__Mos(u) 4o

x4/ | disc K|

This proves the formula, since ry = 2,7 = 0, and R = log(uk).

"We are thinking of ux as a real number in this inequality

Exercise 6.8. Verify Marcus’s formula for the area of the region R that we used in the above proof.

For a complete proof of Lemma [6.7|for a general number field, consult Chapter 6 of Marcus. Finally, we can
use this estimate on the size of i.(t) to prove Theorem

Proof (of Theorem [6.5):

Recall we wrote:

sz('

n=1ceCl(K)

Letting a,, = ZceCl fc( ), the partial sums of a,, satisfy:

Sty => Y fn)

n=1ceCI(K)
> il
ceCl(K)

= 2n(2m)"=Ri. S CUK)| -t + Ot~ 1/1E:a)

Kx+/| disc K|

Therefore by Lemma [6.6] (x (s) converges for all Re(s) > 1 — 1/[K : Q] and is analytic in this domain.
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Moreover, since the pole at s = 1 is simple, the residue at this point is:

Res((x. 1) = lim (s — 1)Gx(s)
lim @

t—oo t

211 (2m)"2 Re| CI(K)|

wi+/| disc K|

O

Just as with the Riemann Zeta function, the Dedekind Zeta function can be extended to a meromorphic
function on all of C using the theory of analytic continuations.

6.2 Dirichlet Characters and L-Functions <

Using the theory of Dirichlet characters and L-functions will allow us to derive an explicit formula for the class
number of a quadratic field.

Definition 6.9. A Dirichlet character is a multiplicative homomorphism x : (Z/nZ)* — C*.

Every Dirichlet character has an associated conjugate character , which is given by post-composing with
complex cojugation. Given Dirichlet a character, we can consider the set of integers m | n such that we have a
factorization:

x:(Z/nZ)* —— (Z/mZ)* —— C*

where the first map is reduction mod m. The smallest such m where such a factorization occurs is called the
conductor of x, denoted f,. Given a character x : (Z/f,Z)* — C*, we can extend it to a function Z — C by
z — x(z mod fy)if (z, fy) = 1 and = — 0 otherwise. We will also call this function .

Definition 6.10. Given a character y and an integer m € Z, the Gauss sum associated to x and m is:

Gm,x)= Y x@&m

a€Z/ fxZ
where (y, is a primitive f,-root of unity. We will usually drop the “a € Z/ f,Z " subscript unless it is necessary.
Proposition 6.11. Given m € Z and a character x, the Gauss sum satisfies:
L G(m,x) = X(m)G(1, x).
2. G(Lx)G(1,X) = X(=1) fx-

Proof:
To prove the first part, if (m, fx) = 1, then m has an inverse mod f, and:

G(m,x) =Y _ x(a)¢™
= x(am™")¢
= x(m)™" > x(a)¢*

x(m)G(1,x)

Where we used that x(m)~! = ¥(m) because any nonzero x(x) has complex norm 1. On the other hand,
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if (m, fy) = d > 1, then x(m) = 0, so we wish to show that G(m, x) = 0.
Glm,x) = > x(a)¢Em =3 x(a)¢l!
e D DR ()
¢ mgﬁ?fx/d
We will show that the inner sum is zero. We will first show that it is zero for a = 1. For all ¢ = 1 mod
fx/d, we have:
Yo xb) =Y x(be) = x(e) > x(b)
mod fy /d v v
We note that if x(c) = 1 for all ¢ = 1 mod f, /d, then the conductor of x would be f, /d, which is false.

Therefore x(c) # 1 for any ¢ = 1 mod f, /d. In particular, this forces the above sum to be zero. Moreover
for any a:

doxt)y= D> x(ba)=x(b)-0=0
mgﬁafx /d maod fx/d
Therefore G(m, x) = 0. This completes the proof of the first statement.

To prove the second, we use the identity that we just established to write:
G(LX)G(Lx) = G(L,X) Y x(b)¢" =D x()G(Lx)¢"
b b

=Y G, =D xla)
b a b

= X(a) )y cler
a b

We claim that the only contributions to the sum over a happen whena+1 = 0mod f,. If (a+1, fy) =1,

then:
Y-S -
b b

because the sum of all f, powers of a f, root of unity is zero. The same reasoning holds for (a +1, f,) =
d # 0. Therefore the only contribution happens for a = —1:

G(LX)G(L,x) = x(-1) > " =x(-1)fy
b

Since x(—1) = x(—1), the desired result holds.

Definition 6.12. Given a Dirichlet character x, the Dirichlet L-function associated to x is:

n

L) =Y x(?)

Notice that if f is the conductor of y, then:
f
> x(n) =G(0,x) = x(0)G(1,x) =0
n=1
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Therefore Y-, x(n) = O(1). By Lemma L(s, x) converges for all Re(s) > 0 and is holomorphic in that
region. Moreover, one can show that L has a product formula:

L(s,x) = [ (0t = x(w)p~) "

p

1

which we won'’t prove here. The remainder of this section will focus on a special class of L-functions that are
associated to what are known as quadratic characters.

6.2.1 Quadratic Characters and Quadratic Fields

A character x : (Z/fZ)* — C* is quadratic if im(y) C {£1}. We say that x is odd if x(—1) = 1, and even
otherwise. The following are some examples of quadratic characters that we will use:

¢ For p an odd prime, define x, = (5) : (Z/pZ)* — {£1}, where (5) is the Legendre symbol. This is a
quadratic character of conductor p.

* x4:(Z/AZ)* — {£1} defined by sending —1 to —1 is a character of conductor 4.
* xs : (Z/8Z)* — {+£1} defined by sending —1 to 1 and 5 to —1 is a character of conductor 8.

* xzg : (Z/8Z)* — {1} defined by sending —1 to —1 and 5 to 1 is a character of conductor 8.

Quadratic characters are used to embed any quadratic number field in a cyclotomic extension of Q, as claimed
in the next Proposition:

Proposition 6.13. Let K be a quadratic number field of discriminant D. Then K C Q((|p)) canonically.

Proof:

First notice that, given any quadratic character x of conductor f, we have x = % and G(1, x)G(1,x) =
x(—1)f. Since G(1, x) is a linear combination of elements in Q(¢y) and its square is x(—1) f, we have
Q(/Xx(~=1)f) € Q(¢y), where (; is a primitive f root of unity. Since K can we written as Q(v/d) for
some squarefree d, it suffices to find a quadratic character x such that x(—1)f = D. Recall that the
discriminant D is equal to d if d = 1 mod 4 and is equal to 4d otherwise. Let d = £p;...ps, with p; prime
and p; < p; fori < j.

We claim that if d = 1 mod 4, the character x = xp,...X;, satisfies x(—1)f, = D. If d = 1 mod 4 and
d odd, we take x = xaXp,---Xp,- If dis even (i.e. p; = 2), then we take x = X3 Xp,---Xp,. The reader can
verify that all of these satisfy the desired criterion.

Remark 6.14. The character that we constructed is sometimes referred to as the character of K.

As a consequence, given K quadratic with discriminant D, we have a surjection ¢ : Gal(Q(¢|p|)/Q) —
Gal(K/Q) given by restriction. These groups are canonically identified with (Z/|D|Z)* and {£1}, respectively.
Therefore ¢ defines a quadratic character.

Claim: ¢ is the character that we constructed in the proof of Proposition [6.13}
Proof:

An element 0,, € Gal(Q((|p|)/Q) is defined by (|p| — (/p|- Notice that ¢(0n) = —1 if and only if
on|x # id. Since K = Q(G(1,Y)), this happens if and only if 7,,(G(1,%)) = —G(1,x). Then we can
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compute:
on(G(L,x) =0 > x(a)(f
=3 Xy,

= G(n,x) = x(n)G(1,x)

The last equality being by Proposition We see that x(n) = —1 if and only if ¢(0,,) = —1. Since x
and ¢ are quadratic, this is enough to show that they are the same.

O

Recall that, for any prime p € Z, there are three posibilities for how (p) = pOk factorizes. If (p) = p, it
is called inert; if (p) = pﬁlﬂ it is called split; if (p) = p?, it is called ramified. The character we constructed
associated to K tells us which of these is the case for any p:

Proposition 6.15. Let x be the associated character of a quadratic field K. Then x(p) = 0 if p ramifies, x(p) = 1 if p
splits, and x(p) = —1 if p is inert.

Proof:

This follows from the two ways we can write the quotient O /pOg. On one hand, we have:
Z/p*Z iff p ramifies
Ok /pOk = (Z/pZ) x (Z/pZ)  iff p splits
F e iff p is inert

This follows from the Chinese remainder theorem and that O is a rank 2 free module. On the other
hand, we know that O = Z[z]/Q(z) for some quadratic Q(z). Then:

Ok /[pOx = (Z[x]/Q(x))/(p - Z[z]/Q(x)) = Fy[z]/q(x)

where ¢(z) € F,[z] is the reduction of Q(z) mod p. There are three posibilities for how ¢(x) can factor,
depending on the discriminant D of K. Since the discriminant of () is the discriminant of ¢ mod p, we
see that ¢(x) has two roots if D is a square mod p, ¢(z) has one root of multiplicity 2 if D is zero mod p,
and ¢(x) is irreducible otherwise. Therefore:

Z/p*Z iff D =0 mod p
Ok /pOx =< (Z/pZ) x (Z/pZ) iff D is a nonzero square mod p
F e otherwise

The reader can check that the right-hand condidtions are equivalent to x(p) = 0, x(p) = 1, and x(p) =
—1, respectively.

O

Corollary 6.16. If p is a prime and x is the character of a quadratic field, then:

[T =N@E)™) =1 -p)(1 - xp)p™).

plp

The proof follows directly from the previous proposition and is left as an exercise.

4 is the conjugate of p, where conjugation is a + bv/d — a — bV/d.
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Theorem 6.17. If K is a quadratic number field and x is the associated character, then:

27| CI(K)|

P ey disc K] K imaginary
(L,x) = 2| CI(K)| log(ur) K real
£/ |disc K|
where ug is the fundamental unit of K if it is real.
Proof:
Using the previous Corollary, we can write:
1 1 1
s) = = = ((s)L(s,
o= 11 =g = Ua== a=ams =<k

Since (x has a simple pole at s = 1 and ¢ has a simple pole at s = 1, it follows that L(1, x) is finite and is

equal to RP?ZS(C? S) = Res(Ck, 1). The theorem then follows from the residue formula from Theorem

O

Example 6.18. Let K = Q(i), where i2 = —1. Then x = x4, which has the formula:

0 a even

x(a) = {(_1)(a—1)/2 a odd

Then the L series at s = 1 is:

1 1 1 7T
Lxy)=1— -2+ - _~-4...= =1
(1,x) 3Tzt 1
By the above theorem, we get:
ClI(K
%:L 4( )|:|CI(K)|:1

Therefore K has trivial class group.
Proposition 6.19. If K is a quadratic field with associated character x whose conductor is f > 1, then:
= a)a if K is imaginar
Li=1, 77 |20 x(@)al if KK is imaginary
77 1>, x(a)logsin(ma/ f)]| if K is real
where the sums are taken over a € Z/ fZ.

Proof:
Using the first property of the Gauss sum, we have:

G, )L(1,x) =) X(”)i(l’X) - G(f: X)

n

=y x(a)Z%

a€Z/fZ n

Since Y7 | 2"/n = —log(l — z) forany |z| < 1,z # 1, we get:

G(LX)L(1,x) =— > x(a)log(1—¢})

a€Z/fZ
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We can rewrite (§ — 1 as:

¢o—1=emialf 1
=isin(2wa/f) + cos(2ma/f) — 1
= 2isin(na/f) cos(ma/f) — 2sin®(wa/ f)
= ™/ isin(ra/f)

Then:

G(1,x)L ZX )log(—e'™/f . 2isin(rwa/ f))
= _ZX (ma_ 2—i—log2—i—log51n(7ra/f)>
= - Zx(a) ima ZX )log sin(ma/ f)

where we used that > x(a) = 0 because y is nontrivial. We note that |G(1, x)| = v/f and that L(1, x)
is positive real, so that:

G(1,0)L(L,x)| = VFL(L, x)

% > x(a)a+Y_ x(a)log Sin(ﬂa/f)‘

:L(l,x):%

If x is even, and hence K is real, the first sum is zero. If x is odd, and hence K is complex, the second
sum is zero. The result follows.

O

These formulas for L(1, x) generalize the 7/4 sum that we saw in the previous example. Just as with that
example, as a consequence we can get a formula for the class number of a quadratic number field:

Corollary 6.20. Let K be a quadratic number field with associated Dirichlet character x whose conductor is f > 1. Then:

| CI(K)| _{ \/m|z x(a)al K imaginary
210g(uK 1>, x(a)logsin(ma/ f)] K real

where the sums are over a € Z/ fZ, ug is a fundamental unit, and wg is the number of roots of unity in K.

Proof:
This follows immediately from Proposition and Theorem[6.17]

Example 6.21. Let K = Q(+/—5). Then x = x4 )5 because f = 20. Since K is imaginary, we have:

2
| CIK)| = m (1) 4 3x(3) + Tx(7) + 9x(9) + 11x(11) + 13x(13) + 17x(17) + 19x(19)]
- 70‘1+3+7+9_11_13_17_19|
40
=5 = )
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7. Introduction to Global Class Field Theory

K3
o

In this section, we will give a brief introduction to the class field theory of global fields. Roughly speaking, a
global field is either a number field or a function field of an algebraic curve. Since we have not dealt with the
latter, this section will only deal with number fields. Our goal will be to define the Ray Class group, which is
a generalization of the Ideal Class Group, and state some of its properties. Then we will finish with the Artin
symbol.

9,
**

7.1 Moduli and the Ray Class Group

Let K be a number field. Recall that for every prime ideal p C O, we have a p-adic valuation:

UP(I/y) = €x — €y

where e, and e, are the unique exponents of p in the factorization of = and y, respectively. This induces the p-
adic norm |- |, := 77*(), where 7 is a generator of the prime ideal p(Ox ), | Moreover, for every real or complex
embedding 7, there is an induced norm given by |7(-)|, where | - | is the standard norm on R and C. Ostrowski’s
theorem says that these two are the only norms that K admits.

Definition 7.1. A place of a number field K is an equivalence class of norm on K.

A place is distinguished by whether it corresponds to a prime ideal p C O (called a finite prime) or an
embedding 7 (called an infinite prime). From here out, we will denote O := Ok, U := O and Spec(O) to be
the set of all places of K.

Definition 7.2. Let K/F be a finite extension of number fields and let ¢ be an infinite prime of K and P be an
infinite prime of F' such that ¢ | p (i.e. ¢ agrees with p when restricted to F'). Then we say that p is ramified in
K/F if pisreal and g is complex.

Definition 7.3. The support Supp(co) of an integral ideal ¢y = Hf p;tis the set of prime ideals {p1, ..., px } dividing

Co.

Definition 7.4. A modulus of K is a formal product ¢ = cycs, where ¢ = Hf p; is an integral ideal (e; > 0)
and c, is a formal square-free product of real places of K. A modulus is also called a cycle. We say c is finite if
Coo = 1.

Example 7.5. If K = Q, there is only one infinite prime, denoted oo, which corresponds to the absolute value
on Q. Examples of moduliarec=1,c=7?-11land c = 7% - 5 - c0.

Given o € K* and a modulus ¢ = ¢yc, we say thata = 1 mod ¢ if vp, (e —1) > ¢; for all p; € Supp(cp) and
if ¢;(a)) > 0 for all ¢, real infinite places in c~. Then we define:

I(c) = {All fractional ideals of O prime to co}
P, = {All fractional ideals of O that are principal and generated by o € K, a =1 mod” ¢}

Remark 7.6. If (a) € P, then there exists v € U such that au =1 mod” c.

The reader can check that P, is a subgroup of I(c). The Ray Class group (otherwise called the Generalized
Ideal Class group) is the quotient I(c)/P.. As our notation suggests, this group depends on the modulus c.
There are three special cases of c:

5Recall that Ry, is a PID when R is a Dedekind domain
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e If ¢ = 1, then I, is the set of all fractional ideals and P, is the set of principal fractional ideals. Therefore
I(1)/ P, = CL(O).
e If ¢ = ¢, then I(c)/ P, is called the Narrow Class group.

o If ¢ = ¢ (i.e. cis finite), then we have the following exact sequence:

1 U, U (0/cOY* —— I(c)/P, — CLO) — 1

where U, = {u € U | u =1 mod’ ¢}. Since (O/cO)* is finite and C1(O) is finite, everything in the above
sequence is finite. Moreover, if we define ¢(c) := [(O/cO)*|, then using exacness we can calculate:

he(c)

he = U U]

where h, = |I(c)/P.| and h = | C1(O)].

For a general modulus, define ¢(c) = 25(¢=)|(0/cy0)*|, where 5(cs) is the number of terms in Cooﬁ Then
the formula we found for k. above actually holds for general c:

hé(c)

Proposition 7.7. For any modulus c, we have |I(c)/P,| = h. = G

In particular, the Ray Class group is finite for any c¢. The finiteness of this group can be thought of as a
generalization of Dirichlet’s theorem of primes in arithmetic progressions, since every Ray class must contain
infinitely many prime ideals.

Example 7.8. Let K = Q again. Let ¢ = moo be a modulus for some m > 2. Since U = {£1}, we have U,, = {1}
and:

I(c) ={r=p/qa€ Q" | (p,co) = (q,c0) = 1}
P.={(r)€Z(0) |r=1mod ¢} = {r e Qt | ¢ | (r — 1)}
Therefore I(c)/P. = (Z/mZ)* and I(cy)/Pey = (Z/mZ)* [{£1}.

7.2 The Artin Symbol &

Let L/K be a Galois extension of number fields, and fix p C Ox and q C Oy, lying over p. Recall the decom-
position group D, C Gal(L/K) was defined as the set of elements in Gal(L/K) that fixed q. We saw in Section
that there is surjection ¢, : Dy — Gal(kq/k;,) given by restriction to k; whose kernel is the intertia group
I,. In the case where L /K was abelian, we defined the Frobeneus element (p, L/K) € Gal(L/K) as the unique
preimage of the Frobenius automorphism in Gal(kq/ky).

Given a modulus c that is divisible by all ramified primes in Ok, we now have a well-defined map for any
abelian extension L of K:

¢C,L,K : I(C) — Gal(L/K)

[Iwi = T, L/K)"

This is known as the Artin symbol. We sometimes denote ¢. 1 x(I) by (I, L/K). Some properties of ¢ that we
won't prove are:

1. If 6 : L — F is a field isomorphism, then ¢ L /o K is another abelian extension. For any ideal a € I(c), we
have (ca,0L/0K) = o(a,L/ K)o L.

2. If K C L C M are abelian extensions, then (a, L/K) = resx (a, M/K).

©This is a generalization of the totient function.
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3. If L/K is abelian and E/K is finite, then Gal(LE/E) is abelian as well. Let p be a prime of K that is
unramified in L/K, and let q be a prime of E with q | p. Then q is unramified in LE/E. Moreover,
(p, L/ K)/E/K) = res(q, LE/E). Since we have:

(b, L/K)® = (p°, L/ K)

for any e, this also means that (N xq, L/K) = (p/(®/%) L/K) = res;(q, LE/E).
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