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1. Introduction

Morse theory studies smooth manifolds by looking at particular differentiable functions on that
manifold, called Morse functions. This paper will look at a homology theory for smooth
manifolds that makes use of Morse functions and their critical points. The resulting Morse
homology will define an invariant of the smooth manifold that is equivalent to its singular
homology. We will use this equivalence to prove Poincaré duality and the Morse inequalities.
We will also compute some examples Morse homology groups. The primary reference used is
Hutchings’s lecture notes on Morse homology [2].

2. Morse Basics

Let X be a smooth, closed, compact manifold of dimension n and let f : X → R be a C∞

function on X. A critical point p ∈ X of f is called nondegenerate when the Hessian
Hp(f) : Tp(X)→ Tp(X) at that point is nonsingular.

Definition 2.1. A function f ∈ C∞(X) is called Morse if every critical point of f is
nondegenerate.

Notation: Given a morse function f : X → R and a real number a ∈ R, we denote
f−1([−∞, a]) by Xa.
The Hessian matrix Hp(f) is symmetric, and therefore has only realy eigenvalues. The signs of
these eigenvalues define what is called the index of the point p. That is, for a critical point p of
a Morse function, the Morse index, denoted ind(p), is the number of negative eigenvalues of the
matrix Hp(f), counted with multiplicity.

Example 2.2. The most standard, and most important, example of a morse function is the
height function h : X → R, where X is a manifold embedded in Rn+1. This function is the
projection onto the n+ 1’st coordinate of a point x ∈ X. The set of critical points of h form a
submanifold crit(h) ⊂ X. We can ensure that it is zero dimensional through appropriately
deforming X. Since X is compact, crit(h) is a finite collection of isolated points. Take, for
example, the torus T = S1 × S1 embedded vertically in R3 (see Figure 1). There are four
critical points of h, corresponding to either saddle points, minima, or maxima. The red point
has index 2, the purple points have index 1, and the blue point has index 0.

In order to define a homology theory using Morse functions, it is important to prove that these
functions exist. That is, given any smooth manifold X, does there exist a morse function
f : X → R? We just showed that, in the case where X embeds into Rn+1, we can take f to be
the height function.
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Figure 1. Nondegenerate critical points of the height function h : T → R.

Proposition 2.3. There exists a Morse function on every smooth manifold X.

Proof. (From [1]) We first prove the case where X ⊂ Rn is an open subset. Let f : Rn → Rn be
any smooth function. Consider the gradient function g = grad(f) : X → Rn given by:

x 7→
(
∂f

∂x1
(x), ...,

∂f

∂xn
(x)

)
The critical points of f are exactly the fibers of 0 under g. The nondegenerate critical points of
f are the points x ∈ g−1(0) such that dgx is nonsingular. In other words:

{x ∈ X | x ∈ crit(f), x degenerate} = g−1(0) ∩ crit(g).

Now, for α ∈ Rn, consider the function fα + 〈α, ·〉, where 〈·, ·〉 is the standard inner product on
Rn. Then ga = grad(fα) = g + α. By Sard’s Theorem, almost every choice of α will make 0 a
regular value of gα. Therefore, generically, fα will be Morse.
Now suppose that X is any smooth manifold and f is a smooth map on X. We can take an
embedding X ⊂ RN for some N . Take an open cover {Uβ} of X such that for each Uβ , there
are n of the N coordinate functions x1, ..., xN that provide local coordinates for Uβ . Fix a Uβ ,
and for simplicity assume that x1, ..., xn are its local coordinates. For any (α, γ) ∈ Rn × RN−n,
we have the following function:

fα,γ = f + 〈(α, γ), ·〉
We showed in the above case that, for almost all choices of α ∈ Rn, this is a Morse function.
Since we can ensure that {Uβ} is a countable cover, this implies that a generic fα,γ will be
Morse on all of X. �

This proof hints to the important fact that being Morse is a generic property of functions in
C∞(X). Another important result in Morse theory relates the critical points of a Morse
function to the cell structures of a smooth manifold:

Theorem 2.4. Let X be a smooth manifold and f : X → R a Morse function with critical
point p with index `. Suppose f(p) = q and f−1([q − ε, q + ε]) is compact and contains only one
cricital point (namely p). Then Xq+ε = Xq−ε ∪ e`, where e` is an `-cell.

This shows that the critical points of a Morse function on a smooth manifold X give X a CW
structure. We can see this in our Torus example, where we had one index 0 point, two index 1
points, and an index 2 point. Indeed, the Torus is homeomorphic to the CW complex
e0 ∪ e1 ∪ e1 ∪ e2.
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3. The Moduli Space of Flow Lines

We now proceed to defining a homology theory for a smooth manifold that makes use of paths
between critical points of a morse function.
Let X be a smooth, closed, compact manifold of dimension n, and fix a pair (f, g), where f is a
morse function X → R and g = 〈·, ·〉 is a Riemannian metric on X. The gradient vector field of
f is the vector field gradf defined by 〈grad(f), ·〉 = df . When X is embedded in RN , this
vector field is given explicitly by:

grad(f)(x) =

(
∂f

∂x1
(x), ...,

∂f

∂xN
(x)

)
Integrating grad(f) gives the flow of the gradient field on X, and so we obtain a family of
diffeomorphisms φa : X → X, where a ∈ R. Each map φa takes a point x ∈ X and flows along
grad(f) for time a. Therefore φ0 = idX and dφx

ds = grad(f).

Definition 3.1. If p is a critical point of a Morse function f : X → R, the ascending and
descending submanifolds associated to p are:

A(p) =

{
x ∈ X | lim

s→−∞
φs(x) = p

}
D(p) =

{
x ∈ X | lim

s→∞
φs(x) = p

}
Returning to the case where X ⊂ Rn+1 and f is the height function, it is clear why A(p) and
D(p) are called the ascending and descending manifolds. We can think of pouring syrup on X,
and the points of D(p) are the points that move towards p and A(p) are the points that move
away from p.

Proposition 3.2. The ascending manifold A(p) is diffeomorphic to an open disk of dimension
n− ind(p) and the descending manifold D(p) is diffeomorphic to an open disk of dimension
ind(p).

Proof. (sketch) The idea is to look at the linearized flow of grad(f) near p. The index, which is
the number of negative eigenvalues of Hp(f), represents the number of linearly independent
directions that the gradient flow is pointing towards p. Since there are no eigenvalues of 0, the
number of “in” directions plus the number of “out” directions must be n. This determines the
dimension of D(p), and similarly the complementary dimension of A(p). �

Definition 3.3. The pair (f, g) is called Morse-Smale if f is morse and, for every
p, q ∈ crit(f), A(q) intersects D(p) transversely.

Definition 3.4. For p, q ∈ crit(f), a flow line from p to q is an embeded curve γ : R→ X such

that dγ
dt = −grad(f)(γ(t)), limt→−∞ γ(t) = p, and limt→∞ γ(t) = q.

Note that any point x ∈ A(q) ∩D(p) determines a path γ from p to q, given by integrating the
vector field −grad(f) with initial condition x. Therefore we can identify the space of paths
from p to q with A(q) ∩D(p). Note that starting at any x′ = γ(t0) for t0 6= 0 and integrating
will give the same path γ that x gave. Therefore we equip A(q) ∩D(p) with the equivalence
relation x ∼ x′ ⇐⇒ x′ = γ(t0) for some t0 ∈ R.

Definition 3.5. For p, q ∈ crit(f), the moduli space of flow lines from p to q is the quotient
M(p, q) = A(q) ∩D(p)/ ∼.
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Remark 3.6. It should be noted that, in most of the literature, this quotient is written as
A(q) ∩D(p)/R because this equivalence relation can be realized by an R action by translating
the domain of a curve by a real number t0.

Proposition 3.7. When (f, g) is Morse-Smale, the moduli space M(p, q) for distinct
p, q ∈ crit(f) is a manifold of dimension ind(p)− ind(q)− 1.

Proof. The Morse-Smale condition implies that the intersection A(q) ∩D(p) is transverse, and
therefore a manifold of dimension n− ind(q) + ind(p)− n = ind(p)− ind(q). The R action is
free and smooth, therefore the quotient is a smooth manifold of dimension
ind(p)− ind(q)− dim(R) = ind(p)− ind(q)− 1. �

As a corollary, we conclude that flow lines do not exist from p to q if ind(p) ≤ ind(q). To see
this, note that if they did, then A(q) ∩D(p) would have dimension at least 1; but we saw that
dim(A(q) ∩D(p)) = ind(p)− ind(q) ≤ 0. Therefore M(p, q) = ∅ whenever ind(p) ≤ ind(q).

———————

It will be useful to have an orientation of M(p, q). Note that we have a natural isomorphism of
tangent spaces:

TxD(p) ∼= Tx(D(p) ∩A(q))⊕ Tx(X/A(q))

∼= TγM(p, q)⊕ Txγ ⊕ TxD(q)

This follows from the Morse-Smale condition and Proposition 3.7. To orient M(p, q), fix an
orientation of D(p) and orient M(p, q) such that the isomorphism above preserves orientations.

4. Compactification of M(p, q)

To motivate why we would like to M(p, q) to be compact, consider the case where
ind(p) = ind(q) + 1. By above, the moduli space will be of dimension zero. If M(p, q) were
compact, this would mean that it is just a finite collection of points. This will be the basis for
defining the Morse homology chain complex. In general, however, M(p, q) will not be compact,

so we must look at its compactification M(p, q).
The following theorem characterizes the compactification of M(p, q) as a manifold with
corners, as described in [2].

Theorem 4.1. If (f, g) is Morse-Smale, then for distinct p, q ∈ crit(f), the compactification

M(p, q) is a manifold with corners. The k-dimensional corners of M(p, q) are:

M(p, q)k =
⋃

r1, ..., rk ∈ crit(f)
p 6= ri 6= q

M(p, r1)×M(r1, r2)× ...×M(rk−1, rk)×M(rk, q)

This is saying that we can compactify M(p, q) by adding the space of flow lines between p and
q that break at points ri of intermediate index (see Figure 2). This result is much stronger
than we need in order to define Morse homology, so we relegate the proof to [2].

Corollary 4.2. If p, q ∈ crit(f) are such that ind(p) = ind(q) + 1, then M(p, q) is compact.

Proof. This is immdediate from Theorem 4.1, using the fact that there are no points ri of
intermediate index when p and q differ by 1 in index. �
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Figure 2. Flow lines from p to q, including flow lines that break at an inter-
mediate critical point r.

Corollary 4.3. If p, q ∈ crit(f) are such that ind(p) = ind(q) + 2, then M(p, q) is a compact
1-manifold with boundary and:

∂M(p, q) =
⋃

ind(r)=ind(q)+1

M(p, r)×M(r, q)

5. The Morse Chain Complex

We now have the tools to define a chain complex on using the data of a Morse function f and a
Riemannian metric g. Let criti(f) = {x ∈ crit(f) | ind(x) = i}, and let Ci be the free abelian
group generated by criti(f). Define the map ∂Mi : Ci → Ci−1 by defining it on generators
p ∈ criti(f):

∂Mi (p) =
∑

ind(q)=i−1

#M(p, q) · q

Here #M(p, q) denotes the signed count of points in M(p, q), which is well-defined by our work
in the previous section. Extending linearly gives a map on all of Ci. We now have a chain
complex (C∗, ∂

M ), so long as we verify ∂M ◦ ∂M = 0:

Proposition 5.1. ∂Mi ◦ ∂Mi = 0

Proof. Let p ∈ Ci; then:

∂Mi ∂
M
i (p) =

∑
r∈criti−1(f)

∑
q∈criti−2(f)

#M(p, r)#M(r, q) · q

=
∑

q∈criti−2(f)

#

 ⋃
r∈criti−1(f)

M(p, r)×M(r, q)

 · q
=

∑
q∈criti−1(f)

#∂M(p, q)︸ ︷︷ ︸
=0

·q

= 0

Here we used Corollary 4.3 and the fact that the signed count of the boundary of a 1-manifold
is zero. �
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6. Morse Homology and Singular Homology

Now that we have a chain complex, we can take its homology to obtain MH∗(X, f, g), the
Morse homology of X:

MHn(X, f, g) :=
ker ∂Mn
im ∂Mn+1

Remark 6.1. There are a lot of dependencies here. As stated, this depends not only on the
choice of pair (f, g), but also on the choice of orientation of D(p) for every critical point. At
this point, it is not obvious why these homology groups are independent of these choices.

The standard way to show that MH∗(X, f, g) is independent of these choices is the following
important result:

Theorem 6.2. If X is a closed, smooth manifold and (f, g) is Morse-Smale, then there is a
canonical isomorphism:

MH∗(X, f, g) ∼= H∗(X)

Where H∗(X) is the singular homology of X.

The isomorphism between singular and Morse homologies is easy to define conceptually. Given
a critical point p, we can send it to the simplex that tiles the descending manifold D(p).
Similarly, given a simplex σ, we can flow it along −grad(f); as t→∞, the flow will approach a
collection of critical points. We then send σ to the sum of these critical points. It’s easy to see
that the composition of these maps is the identity if you start from a critical point. The
composition in the other direction, which starts with a simplex, can be shown to be chain
homotopic to the identiy. This is made rigorous in [2].

7. Examples and Applications

Morse homology gives a handy way of understanding singular homology. Insofar as Morse
functions, like the height function, are more intuitive than simplices, Morse homology can be
used to restate results in singular homology in a more intuitive way. We start by computing
the Morse homology of a few shapes using height functions.

Example 7.1. Let T be the torus embedded in R3 as before, but tilted at a small angle so
that it is Morse-Smale (see Figure 3). Let p be the index 2 critical point, q be the index 0
critical point, and r1, r2 be the index 1 critical points. Then:

C0 = 〈q〉

C1 = 〈r1, r2〉

C2 = 〈p〉
From the figure, we see that there are two flow lines with opposite sign from p to r1. Similarly,
there are two flow lines from p to r2, also with opposite sign. This means
#M(p, r1) = #M(p, r2) = 0, and so ∂M2 = 0. By the same reasoning, ∂M1 = 0 as well.
Therefore our chain complex is:

0→ Z 0−→Z⊕ Z 0−→Z→ 0

And our homology groups are therefore Z,Z⊕ Z and Z as expected from singular homology.
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Figure 3. Flow lines between critical points on the tilted torus and the 2-sphere.

Example 7.2. Let’s compute MH∗(S
2). To do this, we can embed S2 into R3 in the standard

way, but that’s a rather boring computation. So instead we embed S2 with two local maxima,
as showin in Figure 3 (the “bean embedding”). Let p1 and p2 be the two local maxima, r be
the saddle, and q be the local minimum. These have index 2, 1 and 0, respectively. Therefore:

C2 = 〈p1, p2〉

C1 = 〈r〉
C0 = 〈q〉

There is only one flow line from p1 to r, and likewise only one from p2 to r. Since these have
the same sign, by symmetry, we have that ∂M2 (p1) = ∂M2 (p2) = r. Thus the map ∂M2 : C2 → C1

is given by summing coefficients. Like with the Torus, there are two flow lines from r to q, each
with opposite sign. Therefore ∂M1 = 0. Thus our chain complex is:

0→ Z⊕ Z +−→Z 0−→Z→ 0

The Morse homology groups are then Z, 0 and 〈a,−a〉/0 ∼= Z, which are indeed the singular
homology groups of S2.

———————

7.1. Poincaré Duality. Poincaré duality has a particularly easy formulation in Morse
homology. We can define the Morse cohomology MH∗ in the same way, except with the pair
(−f, g). We can define the chain groups Ci = criti(f) in the same way as before. Further, since
negating f casuses the index of each critical point to negate (mod n), we can define maps
δMi : Ci → Ci+1 by:

δM (p) =
∑

ind(q)=i+1

#M(p, q) · q

This is now an ascending map because the flow lines go in the other direction. Thus we get a
cochain complex (C∗, δM∗ ), from which we obtain the Morse cohomology MH∗(X). Since the
critical points of −f are the same as the critical points of f , there is an isomorphism
Ci ∼= Cn−i (since a point of index p under f has index n− p under −f). This isomorphism
then descends onto the level of homology groups because the maps ∂ and δ are the same. We
then arrive at Poincaré duality:

MHn−∗(X) ∼= MH∗(X)
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From the perspective of height functions, Poincaré duality is the intuitive statement that
looking at X upside down doesn’t change its homology.

7.2. The Morse Inequalities. Theorem 6.2 allows us to relate the number of critical points
of a Morse function on X to the Betti numbers of X (the ranks of Hi(X)). Let Ci denote the
number of critical points of f with index i, and let bi = rank(Hi(X)). Since MHi(X) is a
quotient of a subgroup of Ci, its rank is at most Ci. Since MHi(X) ∼= Hi(X), we then have
the inequality Ci ≥ bi. These are known as the Morse Inequalities, and they bound the number
of critical points that f can have:

|crit(f)| ≥
∑
i

bi.
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