BILINEAR OPERATORS WITH NON-SMOOTH SYMBOL, I

JouN E. GILBERT AND ANDREA R. NAHMOD*

In memory of A. P. Calderdn

ABSTRACT. This paper proves the LP-boundedness of general bilinear operators associated to a symbol
or multiplier which need not be smooth. The Main Theorem establishes a general result for multipliers
that are allowed to have singularities along the edges of a cone as well as possibly at its vertex. It
thus unifies ealier results of Coifman-Meyer for smooth multipliers and ones, such the Bilinear Hilbert
transform of Lacey-Thiele, where the multiplier is not smooth. Using a Whitney decomposition in the
Fourier plane a general bilinear operator is represented as infinite discrete sums of time-frequency para-
products obtained by associating wave-packets with tiles in phase-plane. Boundedness for the general
bilinear operator then follows once the corresponding LP-boundedness of time-frequency paraproducts
has been established. The latter result is the main theorem proved in Part II, our subsequent paper
[11], using phase-plane analysis.

1. INTRODUCTION

Let B: S(R) x S(R) — S’'(R) be a continuous bilinear operator which commutes with simulta-
neous translations. Then there exists m in S'(R x R), the symbol or multiplier, such that

(L1) B = [ [ miemF©) s e agan

and B commutes also with simultaneous dilations if m is homogeneous of degree 0. It is easy to
see that f, g — B(f, g) is continuous as a mapping from S(R) x S(R) into L?(R) when m is in
L>(R?), and that B(f, g) lies in the complex Hardy space HZ(R) if in addition the support of m
lies in the half-plane £ + 7 > 0. The basic LP-boundedness problem is to prescribe conditions on
m = m(&, n) so that B extends to a bounded operator from LP(R) x L4(R) into L"(R) for p, ¢ > 1.
This two-part series of papers establishes such LP-boundedness when m is not necessarily smooth,
unifying previous results of Coifman-Meyer for smooth multipliers with ones for the non-smooth
case, including the recent results of Lacey-Thiele for the Bilinear Hilbert transform, as suggested
by Remark V.3 in [2].
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2 GILBERT AND NAHMOD

Main Theorem I. Let I' be a closed one-sided cone with vertex at the origin and m = m(§, n) a
function having derivatives of all orders inside I such that

1 |0“
TSH(E ), ar)) o el 20

(1.2) |IDm(&, n)| < const.<

Then the bi-linear operator

Cr:fig — / m(€, 1) (&) gln) 7€ dean

is bounded from LP(R) x L4(R) into L"(R), 1/p+1/q=1/r < 3/2, so long as no edge of I' lies on
the diagonal £+mn = 0 or on a coordinate axis. Furthermore, when I lies in the half-plane E+n > 0
and r > 1, the operator Cr has range in the complex Hardy space H{(R).

There is a corresponding Hardy space result when I' lies in the half-plane £ + n < 0. By
changing variables n — —n we also obtain an equivalent result for sesqui-linear operators that is
often useful.

Corollary 1. Under the hypotheses of Main Theorem I the sesqui-linear operator
Cofog — [ m(eon) Fle) G =0 dga

is bounded from LP(R) x L1(R) into L™(R), 1/p+1/q=1/r < 3/2, so long as no edge of I lies on
the diagonal € —n = 0 or on a coordinate axis. Furthermore, when T lies in the half-plane &€ —n > 0
and v > 1, the operator Cp has range in the complex Hardy space H{(R).

Strictly speaking, in these two results the multiplier m need only be smooth up to some suf-
ficiently high order, but no attempt is made to quantify the necessary smoothness. If m is C'™°
everywhere in the plane except possibly at the origin its restriction to any cone I' will satisfy (1.2)
automatically provided

1

(1.3) |D*m(&, n)| < const. (GEAEE

la| > 0;

in particular, (1.3) will be satisfied whenever m is C'>° and homogeneous of degree 0. For such
multipliers the edges of the cone could be allowed to lie on one or more of the coordinate axes since
]? — ﬂ(o,m) is bounded on LP(R). Thus an easy corollary of Main Theorem I is the following
result confirming a conjecture made in [10].

Corollary 2. Let mg = mo(§,n) be a piecewise C*°-function on X1 which is C* in a neighborhood

of the points (&, =) and let By, be the bilinear operator whose symbol is the degree zero homogeneous
extension m = m(€, n) of mg. Then By, : LP(R) x LP (R) — LY(R); in addition,

(a) if mo(€, =€) = 0, then By, : LP(R) x LP (R) — H*(R), while
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(b) if mo(€,m) = 0 when & +n <0, then B,, : LP(R) x L? (R) — HA(R).

The formulation of Main Theorem I also arises naturally from the Fourier plane geometry of
cone operators as well as time-frequency analysis. For when f, g are replaced by their wave-
packet expansions, a cone lying in the half-plane £ + n > 0 will eliminate from Cr(f, g) all wave-
packets except those having vanishing moments and frequency in a fixed half-line. Consequently,
translations in frequency take place in one direction only, and the wave packets not eliminated all
belong to a complex Hardy space.

The proof of Main Theorem I proceeds via special cases. For a given 6 let

~

Cryifrg — | m(&, n) £(€)G(n) > & dedn

be the cone operator associated with the half-plane Py = {(f, n): tanf —n > O} and Cp, the
corresponding sesqui-linear version.

(1.4) Theorem. Let m =m(§, n) be a function having derivatives of all orders in the half-plane
Py such that

. ol
dist((€, n), 8P9)> ’

Then, if OPy is not one of the coordinate axes, Cp, and Cp, are bounded from LP(R) x Li(R) into
L"(R), 1/p+1/q=1/r < 3/2, whenever 0 # —m /4 and /4 respectively.

|ID“m(&, n)| < const. < la| > 0.

Again the coordinate axes can be allowed if m satisfies (1.3) everywhere away from the origin
in the plane. By taking m(&, n) = 1 we thus obtain all the Bilinear Hilbert transform results of
Lacey-Thiele (¢f. [16], [17]). Actually, one could attempt to establish Main Theorem I based on
these results of Lacey-Thiele, but we do not do so because our goal is to develop techniques that
will be readily applicable in other contexts. While these techniques have certain commonalities
with those used by Lacey-Thiele, they are significantly different. Save for the restriction r > 2/3,
theorem (1.4) also includes the well-known result of Coifman-Meyer establishing the boundedness
of

~

ool 9) = [ (&) Fl€) gl 2 da

from LP(R) x L4(R) into L"(R), r > 1/2, for any C*°-function m satisfying (1.3) (cf., [3, 4]). In
fact, it is enough to write Crz as the sum Cp, + Cg2\p, for any allowed choice of 6. What is
interesting, however, is that a natural ‘miniaturization’ of the proof of Main Theorem I actually
provides a proof of the LP-boundedness of Cr2 for the full range of r as well as the reason for
the failure to obtain the lower value of r in Main Theorem I. Indeed, in (1.3) the only singularity
in the multiplier is at the origin - there is a preferred point in frequency, in other words - so
that wave packets have only to contain translations in time and dilation. By contrast, in Main
Theorem I there is no such preferred point because the singularities can lie on the full boundary of
I". As a result wave packets now have to contain translation in frequency as well, i.e., modulation.
Even after including modulations, however, there is only one point in the proof of Main Theorem
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I, an application of the Hausdorff-Young inequality, at which it becomes essential to impose the
condition r > 2/3. Save for this, the proof of Main Theorem I would be valid without restriction on
r. For the reader’s convenience we have included the ‘miniaturized’ proof for Crz in an Appendix
(see also [12] [14] for other recent and independent proofs of the latter and more).

Although LP-boundedness of Cp_, in (1.4) follows from that of Cp, by a change of variable it is
geometrically more convenient to deal independently with Cp, and Cp, for a restricted range of 6.
To be precise, we shall prove the following results.

(1.5) Theorem. Let m = m(&, n) be a function having derivatives of all orders in the half-plane
Py such that

1 larf
dist((¢&, 1), 3P9)> 7

Then Cp, is bounded from LP(R)x L1(R) into L"(R), 1/p+1/q=1/r < 3/2, solong as0 < § < /4
while Cp, is bounded if 0 < 0 < 7 /4.

|D*m(&, n)| < const. < la| > 0.

Granted (1.5), Main Theorem I and theorem (1.4) follow easily.

Proof of (1.4). After a change of variable £ — —§,7 — —n and z — —x if necessary, we can
assume that —7w/4 < 6 < 37/4, 6 # 0. On the other hand, by interchanging the roles of f and g
if necessary, we can further assume that —7/4 < 6 <0 or 0 < # < w/4. Now the LP-boundedness
of Cp, established in (1.5) takes care of this last range of 6, leaving just the case —7w/4 < 6 < 0.
But this follows from the boundedness of Cp, established in (1.5), changing variables n — —n. O

Proof of Main Theorem 1. That Cr has range in the complex Hardy space Hr(R), r > 1, when I'
lies in the half-plane & + 7 > 0 is clear once LP-boundedness has been established. To deduce the
boundedness of Cr from (1.4) choose half-planes Py, and Py, so that I" is one half of the two-sided
cone Py, N Py,. Then there exist C°*°-functions oy, 1, and o2 so that the support cone of oy lies
strictly inside I" and

o) = ([ e+ [ aen+ [ o)

1 2

~

x m(&, n) F(€)G(n) > & dedn.

The LP-boundness of Cr thus follows immediately from (1.4) and the Coifman-Meyer result for Cg2
which itself is a consequence of (1.4). O

Thus we shall concentrate on proving theorem (1.5). There are two fundamental ideas. The
first is to represent Cp, in terms of a doubly-infinite sum of ‘discrete’ bilinear operators, and
then secondly to establish LP-boundedness for these discretizations. Given positive numbers a;, a
positive rational p, and M ,-test functions ®9) let

(1.6) (@) = 0@ (@) = $2¢;(sFx — as0) it 5= 0r,

be the corresponding wave packet associated with a tile @ ~ {k,¢,n} in phase plane, incorporating
translation in time, scaling, and modulation; c¢f section 2 for terminology and notation. By
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analogy with ‘standard’ paraproducts we form the sum

= D " enen (£, Diin ) (9 Bin ) Sien

k4

over all tiles @ ~ {k,¢,n} in phase plane, the coefficients cs, being in £°°. In ‘standard’ paraprod-
ucts there are no modulations and boundedness from ¢>° x L*°(R) x LI(R) into L?(R) is well-known
under the assumption that at least two of the ‘mother wave functions’ have vanishing moment (and
more generally). Since modulation need not preserve vanishing moments, however, stronger con-
ditions will have to be imposed to secure analogous LP-boundedness results for D(f, g). Let w)
be finite intervals such that

(1.7) supppV C w®, supps® C w®,  suppd® C w®);

these w) will be referred to as the Fourier support intervals of the ¢(9) though the actual support
may well be a subset of w(/). The substitute for vanishing moments is the requirement that the
w(?) have pairwise-disjoint closure.

(1.8) Definition. Fiz positive constants aj, a positive rational p, and M, -test functions ),
Then the bilinear operator

Dif,g— 3 i (f, dgn ) (9. O ) birns 5 =27,
k.l,n

will be called a time-frequency paraproduct if the 1) have pairwise-disjoint Fourier support inter-
vals w9,

There is a corresponding sesqui-linear version

D f, g — Z ckﬁn f: ¢k£n><g7 ¢I(§2€)n>¢§:2)n

k.,

These definitions do not allow any of the ¢(9) to be the traditional choice of a gaussian, of course,
since we have maximized the localization in frequency. The series

S (X anfdh) (s o))

k=—00 “,n=—00

converges in L?(R) whenever g is an L?-function and f is a band-limited Schwartz function (cf.
(2.5)). So by restricting to such functions we can always assume that a time-frequency paraproduct
is measurable, finite almost everywhere, and locally integrable. Part II of this series [11] is devoted
to a proof of the following result. It requires a delicate phase-plane analysis in the spirit of C.

Fefferman’s proof of Carleson’s theorem on the almost everywhere convergence of Fourier series of
L2-functions [1] [7].
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Main Theorem II. Let ¢\9) be M, (R)-test functions whose Fourier support intervals w) have
pairwise-disjoint closure. Then the time-frequency paraproduct

D: {Ckin}7 f7 g — Z Sk/z Ckin < f7 ¢](€1g)n <ga lE:QE?n> gfi)n’ S = 2/1’
k4

is bounded from £> x LP(R) x L1(R) into L"(R), 1/p+1/q = 1/r < 3/2. Furthermore, the operator
norm of D satisfies the inequality

IPllop < const. P([oM]], 6@, 6™]])
for some polynomial P depending only on aj,p and the Fourier support intervals w)
Examples show that the restriction » > 2/3 in Main Theorem II is sharp (cf. [15]). Since

2 2
<g7 ggé)n> = )\kﬁn<gg ](gg)n>7 |Ak@n| = 17

corresponding LP-boundedness results for D follow immediately from those for D.
To represent Cp, in terms of doubly-infinite sum of time-frequency paraproduct

(e o]

Danalfo9) = 3 crnAha) 2 ([, 0l0) (g, 0ion) dion

k. l,n=—0oc0

with respect to ‘mother’ wave functions ¢() varying with A1, Ay € Z2. The coefficients cj,, will
be defined in terms of the multiplier m = m(&, n); smoothness of m guarantees decay of the
ckn- There is an entirely analogous decomposition of Cp,. This will done in section 3 by first
constructing a Whitney covering of Py by squares and then taking Short Time Fourier transform
expansions on each square. The key requirements of the Dy, », are readily apparent. For by the
triangle inequality (taking r > 1, for example), Main Theorem II ensures that

ICr, (f; 9)llr < conmst. <Z (sup fekn (A1, A2)]) HDAIAQHop>HprHqu-

A1,A2 k,n

Now (1.2) will guarantee that supy ,, |ckn(A1,A2)| decays as fast as any polynomial in A;, Ao,
while Main Theorem II controls ||Dx,,l|lop- In diagonalizing Cp,, therefore, it will be crucial to
ensure that || Dy, ,||op increases no faster than some fized polynomial in A;, Ay. It is here that
translation in time plays a key role. The proof of Main Theorem II proceeds by reducing a general
time-frequency paraproduct into ever more simple cases.

In section 4 we establish LP-boundedness for each fixed frequency n, extending previous results
([3][18, p.287] [5] [20, p. 274]) to the full range r > 1/2. More precisely, given M ,-test functions
| their translates and dilates will be defined by

,(:E) (x) = "2z — a0), s=2°,

for fixed positive a; and rational p.
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(1.9) Theorem. Let D) pe M, -test functions at least two of which have vanishing moment.
Then the ‘standard’ paraproduct

Pifig— > s 0)) (g0 ) vl
k,l=—oc0

is a bounded operator from (> x LP(R) x L1(R) into L"(R), 1/r = 1/p+ 1/q < 2, whose norm
satisfies the inequality

IPllop < const. [[m(ar) ™| |lw(az)® | |m(as)v® |
uniformly in the (.

Underlying a time-frequency paraproduct is an essential structural invariance in translation,
modulation and dilation coming from the Schrodinger representation of the so-called Affine-Weyl-
Heisenberg group, an extension of the Heisenberg group. This invariance is fundamental to the
proof both of Main Theorem I and Main Theorem II. In section 2 by applying the same affine
transformation in frequency to all the ¢\, hence preserving disjointness of their Fourier support
intervals, a general time-frequency paraproduct is represented as a finite sum of ones in which

(i) s=2K for some K which we are free to specify, and

1

5, which either contains the origin or is

(i) the w') all lie in some interval (a, o + 1), |a| <
contained in (0, 1).
Thus the three w(@) can be assumed to lie inside one of the basic intervals

< 2M—1_1 2M—1_1

(110) (07 1)7 (M = 1)’ - 2M -1 ’ 2M -1

), (M >1)

which generate respective grids W, in R via affine transformations ¢ — 2M*¢ +n (c¢f. section
5). In the case M = 1 this is just the usual dyadic grid, of course. The value of K is specified in
terms of the separation of the w¥); more precisely, s = 2MN where N is chosen so large that in
case M = 1 there is at least one interval in W, of length 1/2V between adjacent w(7) as well as one
between each end-point of [0, 1) and the nearest w"), while in case M > 1 there are corresponding
intervals in Wy of length ~ 1/2™¥_ Hence in proving Main Theorm IT it is enough to begin with
time-frequency paraproduct

(1.11) D(fg) = D cwn2R(F 600 (g 60, B,
k,l,n=—0oc0

where M is determined by which of the intervals in (1.10) contains all the Fourier support intervals
(4 and
w') an

&)n(w) _ 8k/2¢(j)(8kx — a;0) eQwisk‘xn7 s — 9MN

Such a time-frequency paraproduct will be said to be (M, N)-canonical form. Fuller details of this
reduction and its implications are given in section 5.
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This paper has had a gestation period of several years with the final written version being
completed in the summer of 1999. During that time period different aspects of this paper and
most of the ideas have been presented by the authors at various lectures, including those in 1997 at
Georgia Tech (AMS meeting), the University of New Mexico (AMS meeting), Rutgers University,
and MSRI at Berkeley (Special semester in Harmonic Analysis); in 1998 at TAS in Princeton,
Temple University (AMS meeting), the University of Texas at Austin and Brown University and
in 1999 at Georgia Tech.

As the final edition of this paper was being completed we learned that C. Muscalu, C. Thiele
and T.Tao were able to extend our bilinear result to certain multilinear operators. Their approach
is somewhat different in that they exploit the idea of using restricted-type estimates to do an
induction argument to pass from symbols having one dimensional singularities -as in the bilinear
case - to certain multilinear operators associated to symbols with higher dimensional singularities
but of codimension strictly larger than one. In the process of doing so they provide a different
proof of our bilinear result [19].

2. PRELIMINARIES, TIME-FREQUENCY PARAPRODUCTS

As norm estimates involving smoothness and decay are needed frequently, it is convenient to
work within the setting of test functions and molecules as in [9], for instance. In this terminology
a function ¢ = ¢(x) is said to be an M, -test function when it has continuous derivatives up to
order [u] such that

]Dkqﬁ(x)\ < const.

S Talapree Skl

and the inequality
|y |1

(1 [a])t+2n

holds for all z,y € R with |y| < (1 + |z]). The set of all such functions becomes a Banach
space, denoted by M, (R), under the natural weighted supremum norm, where 4 is very large but

‘D[M]¢($ +y) — D[M]¢(x)] < const.

fixed. Given an M, -function ¢ we shall always denote its norm by ||¢||. Furthermore, wherever
this notation occurs, ¢ is to be interpreted as an M ,-function since an appropriate subscript will
be added to ||(-)|| to indicate the norm on any Banach space other than M, (R). A function ¢
in M, (R) is said to be an M -molecule when it has vanishing moments up to order [u]. The
advantages that vanishing moments create will play a key role in this series of papers.

Like each L?(R)-space, M, (R) is invariant under the respective operations

(2.1) o(x) — oz —N), o(x) — 81/2¢(8x), b(z) — o(x) p2mizé

of translation, dilation and modulation. Each is bounded, but not uniformly bounded, on M, (R);
in the case of translation, for instance, the inequality

(2.2) lo(- = NIl < const.(1+ [A)*[¢]

holds uniformly in ¢ and A, and the same inequality holds for dilation and modulation. To-
gether these representations generate the Schrodinger representation of the so-called Affine-Weyl-
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Heisenberg group on M, (R) (cf. [8, ch.3], [13]). Given M ,-test functions ¢/), the set of wave-
packets

. j j j misPrbin
(2:3)(1) (@) = 93 (@) = "2 (shx — a;0) g = 9r,

is then the representation of a lattice {(s*, a;l, b;n) : k, £, n € Z} in this group having mesh size
{s, a;, b;} without restriction on a; and b;, while

.. 1 2 1
(2.3) i) ST cuen UL o) (g o ) ok, s =2°
k.ln

is the sum of matrix coefficients of these representations over lattices with three possibly different
mesh sizes. Although we shall avoid the language of representation theory, group-invariance in
the form of coordinate changes and modulations will used repeatedly to simplify time-frequency
paraproduct. When doing so,

(2.4) m(a) : f(z) — a'/? fax), a>0

will denote the unitary action of dilation on L?*(R).

Convergence of the series defining D(f, g) is easily established.

(2.5) Proposition. Let f be a band-limited Schwartz function. Then the series
1 2 3
> (X oo o))
k=—00 “,n=—00

defining a time-frequency paraproduct D(f, g) converges in L*(R) whenever g is an L?-function;
furthermore, the inequality

(/OO D(f, g)(:c)!%lg[;)l/2 < const. [{cren}lloo </°° ’g(x)de)l/z

holds uniformly in g and {cgen} with constant depending on f and the o).

By restricting the constants cig, we obtain corresponding results for the time-frequency para-
product in which the frequencies lie on a half-line, for instance.

Proof. Write

D(f, 9) = (Z + Z)( i "2 cren ( f Ohn ) (9. ¢§§L>¢@L)

k<K k>K l,n=—o0
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with K a large positive integer. The first sum can be estimated using well-known L?-boundedness
properties of Gabor frames (cf. [6, p.440]). To this end, fix f,g and h in L?(R). Then

[(X 2 s o) (o o) o) ) TG s
k<K,

n=—oo

< const. H{cm}umuﬂb{zskﬂ( > ool o) )

k<K l,n=—o0

Now after a change of variable
(0.6 = [ @6HNW TG abe o ay

and correspondingly for h. The result of Daubechies et al. [6] thus ensures that the inequality

[e.o]

2 3
ST gy 01 h, dip, 0] < const. [lgllz 1Al

{n=—o00

holds uniformly in k with constant depending on ¢(®) and ¢(®. Hence

(S X #2antr o) (e di) oo ) o

k<K {n=—o0

< const. s"/|[{cken}tllos £ II2llgll2]1A]l2.

It is in dealing with large values of k that the hypothesis on f is needed since
- X AT (ke —2mia1 (s *E—n
(£ ) = 572 [ FQF(smre — et et gg

For if supp f C [a, b] and w® = [a, ], the wave packet coefficient ( f, &L) will vanish unless

[a, b] N [s"(n+a), s*(n+B)] # 0.

Consequently, given K large, there exists ng (depending on f and w(l)) so that this coefficient will
be zero for all k > K unless |n| < ng. Thus the sum over large k reduces to one of the form

S (X Han o) (s o))

[n|<ng kf=—o00

in other words to a finite sum of ‘standard’ paraproducts. But each of these will be bounded as
a mapping from ¢ x L2(R) into L?(R) since each modulate ¢/ (z)e?™"* remains an M ,-test
function with norm depending on n, while disjointness of the Fourier supports ensures that at least
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two of these modulates has vanishing moment for each fixed n. This completes the proof of the
proposition. [

The essential invariance under translation, dilation and modulation is exploited in a number of
ways. Firstly, it enables a general time-frequency paraproduct D(f, g) to be written in terms of a
finite number of ones having a canonical form, and so reduce the proof of LP-boundedness to these
special forms. Let

1 2 3
(2.6) D(f, g9) = Z Chin 52 (], D ) (9, Ohtn ) Ohn s=2°
k,l,n=—0oc0

be a general time-frequency paraproduct in which p = L;/L and no restrictions are placed on
the Fourier support intervals w®) of the ¢U) other than the fact they have disjoint closure. After
padding by zeros if necessary we can obviously assume that L; = 1. In addition, since every integer
k can be written as k= kL + XA with 0 < A < L,

<f7 ]E;lg)n> = 2"‘@/2 /_ (7T(1/2>‘)f)(y) ¢(1)(2my _ aly) eQﬂ'iQ“yn dy

Thus

m(1/2Y(D(f, 9)) = > Da(w(1/2Y)f,7(1/2})g)
where "
@) Dafig) = S en?2 (5 6 (0, 92 6
and T

oW (z) = 2k/2¢0) (kg — a;) p2mi2tan

On the other hand, after replacing each ¢() in Dy by the same modulate ¢(7) (x) e2™m if necessary,
we can also assume that the Fourier support intervals of the ¢U) in (2.7) are disjoint intervals in
(0,2%) for some sufficiently large choice of integer d. But n = v29+! +~ with —2¢ < v < 2. Hence
if we set

¢gj) — 7.‘-(1/2d+1) (qs(j)(.) 627”'7('))’

then the ng ) have disjoint Fourier support intervals ng ) such that

wy) < (y/2M, /27 4 5) C (=5, 1)

furthermore,

D)\(f7 g) = Z D)\’Y(fa g)
¥
where D), is the time frequency paraproduct associated with the ng ) F inally, the same coset
argument used to pass from p = 1/L to p = 1 can be used again on each Dy, to pass from p =1
to p = K for any choice of positive integer K. As dilation and modulation are bounded on all
LP-spaces we thus obtain the following result, taking a = ~/29+1,
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(2.8) Theorem. In proving Main Theorem II it is enough to assume that D(f, g) is a time-
frequency paraproduct in which p = K, where K is a positive integer which can be chosen freely,
and the Fourier support intervals of the $\9) all lie in an interval (o, v + %) containing the origin
or lying inside (0,1).

The reason for restricting to the particular time frequency paraproduct in (2.8) is that we shall
then be able to link the Fourier support intervals with grid structures in frequency (cf. also section
5). This link will become crucial in Part II (¢f. [11]).

Invariance also allows Main Theorem II to be applied on occasion to sums such as those in
(2.3)(ii) even though the (p,(fz)n may contain modulations in which b; # 1. Set

[e.°]

(2.9) DO(fg) = D crns™ (L o) (g, oion ) o, s=2°

k., f,n=—00

where the cp,g?n are defined by (2.3)(i), allowing b; # 1. Dilation eliminates the b; from the wave

packets in D(¥). For after a change of variable,

sk/2 / (7(b1) f)(z) oD (sFz — arl) e 27" inz gy

= sh/2 / f(x) (m(1/b) M) (skx — aiby ¢) e 2mistna gy

Consequently, if we define ¢) by
o (@) = (w(1/b)e@) (@) = b (a/b;)
and corresponding wave packets (b,(jgn by
(bgz)n(x) = sk/ng(j)(sk:L‘ —a;b;l) eQ”iskm,

then

DO (x(b)f, m(ba)g) = w<b3>( S s (L, o) (o, éilwﬁfz%)-

k,,n=—o00

On the other hand, dilation ensures that
supp M C [&o, &] = supp o1 C [& /b1, & /bi],

and correspondingly for 3(®. As dilation is bounded on all LP-spaces, the following result is an
immediate corollary of Main Theorem II.
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(2.10) Theorem. The operator D'¥) in (2.9) associated with wave packets
j ] isFbinz
(P](g‘]e)n(x) — Sk/2g0(])(8kilf— ajg) 627T’LS b;
is bounded from £>° x LP(R) x LI(R) into L"(R), 1/p+ 1/q = 1/r < 3/2 provided the Fourier

support intervals w9 of the dilates ﬂ(l/bj)tp(j) have pairwise-disjoint closure. Furthermore, the
operator norm of D) satisfies the inequality

1Dy < comst. P, @, o))
for some polynomial P depending only on aj, b, p and the wt),

Specific applications of (2.10) will arise in the next section.

3. DIAGONALIZATION OF CONE OPERATORS

In this section M ,-test functions 19 will be chosen so that C p, can be represented as a doubly-
infinite sum

(3'1) Cp, (fi9) = i Dg\fg\g (fa 9)

)\,)\2 = -0

of functions

[e.o]

2 3
DL (F9) = 3. o) s"2(f, 04 ) (g, o) ehn
k. l,n=—0oc0
in which
(3.2) eW(x) = vz +a;)), (=12); oD@ = @,

and the wave packets (p,(jé)n are defined by

(pl(cjé)n(x) _ Sk‘/ZSO(j)(Skx —al) ezms’“bjm;

for a fixed choice of positive constants a;, b; and a independently of A\;, A\2. The coefficients ¢,
will satisfy the inequality

||
1
3.3 Cin(A1, A < const. [ ————
3 e S )
uniformly in k, n for each multi-index « because of smoothness condition (1.2). There are two
crucial points to note.

e Property (3.2) forces the ©U) to have the same Fourier support interval as 1) for each j,
independently of A1, \s. In turn this guarantees that the dilates W(l/bj)(p(j) the ¢ too have
Fourier support intervals independent of A1, Ao for each j.
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e The construction also ensures that the ¢9) have disjoint Fourier support intervals which
remain disjoint after dilation ¢\ — ¢U) = w(1/b;)p\9), guaranteeing that (2.10) can be
applied to each Dg\flz

There is a corresponding representation of Cp,. Granted these, theorem (1.5) follows quickly.

Proof of Theorem (1.5). By the triangle inequality

o0
ICr, |l < const. ( ST sup leen(A, Ao HszHop) 115 llgllq-
)\1,A2=—OO k7n
when r > 1, while for r < 1
00 1/r
ICp, |l < const. ( > (s lekn(A,2) [Paralon) ) 1£1lp llglla-
A Ag=—o0 T

On the other hand, by (2.10) and (3.2),
1Paisallop < const. P([p M +ard), 92 (- +az o), [[9])

uniformly in A1, A2, so

1Cr, (f5 9)llr < comst. || f]| [|gllq;

using (2.2) and (3.3). An entirely analogous argument takes care of Cp,, completing the proof of
theorem (1.5). O

To ‘diagonalize’ Cp, fix 0 € (0, w/4] and recall that Py is the half-plane {(§, ) : £tanf—n >0 }.
The basic idea is to generate a Whitney covering { Ri,,} of Py by translating and dilating a single
square R; the /U) then arise as smooth bump functions associated with R. Choose L > 8, and let
© = (&) be a C*>*-bump function which generates a partition of unity for (0, co) in the sense that

supp© C (L—1, L+1); ST oas7he) =y, (6, s=2E
k=—oc0

Then O(& tan # — 1) has support in the strip
Spo = {(&,n): L—-1< &tanf—n < L+1}
lying inside Py, while

Y O(sHtanb—n) = 1, (& n) € Py,

k=—o00
provides a partition of unity of Py. Consequently, the decomposition

~

Cr(f 9)a) = 3 ( [ el Hgtant — ) mie, 1) Fl©) gl >+ dfdn)
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localizes Cp, smoothly to the strip Sy and its dilates. To construct the Whitney covering of Py set

M _ Je. L @ _ [, L
w —{5.‘5 §2}, w —{@‘GHWH‘Q}

~ 1+tan6
and w® = {§ : ‘5‘ < 1}. The conditions L > 8 and 0 < § < 7/4 ensure that the w()
are pairwise-disjoint. Now set R = w) x w(®; translations and dilations of R will provide the
required covering of Py. Indeed, set

1 tan @
(3.4) 1 1+ tand’ 2 1+ tang’ 3 1+ 02 )

so that (&, n) — (£ + bin, n + ban) fixes both Sy and Py. Then the translates and dilates

Ryn = {(Sk(§+b1n), sF(n+ban)): (&, 1) € R}, —00 < k,n < oo,

of R cover Py; consequently,

U Ren = P, dist(Rin, OP) ~ s*.

To exploit this geometry first choose a function ¥®) whose Fourier transform is a C*°-bump
function such that supp ¥ C w® and

o0

Yo WPE-nP =1, ¢eRr

n=—oo

The function

o€, m) = O(Etand — 1) P (€ + 1)

thus has support in the parallelogram Sy N {(£, 1) : € +1 € w® }; in particular, ¢ has support in
the square R = w® x w?. Consequently,

[e.o]

CP@ (fv g) (ZL‘) = Z Sk Ckn(f, g)(x) eQm’s’“nm

k,n=—o00
is a smooth localization of Cp, to the squares Rj,,, setting

Ckn(f; g)((l?) = sik /R m(§7 77) O'(S_ké‘ - bln7 5_k77 - bzn)

x OO (s7he 4 57— ) F(©) §lm) T dgdn.

By changing variables we can also express Cg, as an integral

Con(f. 9)(&) = s* ( [ mls¥ e+ b sk + ban) ol ) 9 €+ )

~

X (s (€ + bim)) G (0 + bon)) 2 (€5 dﬁd”)
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over R. The still finer decomposition of Cp, stems from Short Time Fourier expansions on
R. Choose functions (M), 1)(?) whose Fourier transforms are C'*°-bump functions such that
supp ) C wl), j=1,2, and

YD) D () o(€,m) = ol n).

Set a; = 1/|w|. Then on R

N (e 1 - —2mia
F(s* (€ +bin)) D (€) = m( Z (f, ¢,(§2n>e 2 1515),
812—00
while
- 1 s 4

~r k _ (2) —2771(1282

B0+ b)) = o (3 (v )
where
(3.5) lE:JZ)Jn(I) = "2 (skx —a;l)) e%iskmb‘f", j=12.

Substituting these expansions into the integral for Cg,, we see that

Conlfo 9)@) = Y {fo o) (9. 05) Crupy ()

817822—00

with
Craes@) = 17 [ mlsH(€+ bim). (0 + bam)) (€, ) 59 (€ )
% 6—27ria1€1§ 6—27ria2 lam 627risk’a:(§+77) dfdn
But
~ ok 1 > ,
PO () e2mistat = —|w(3)|< > zbg(skx_ageg)e%wsfsf)

£3=—OO

on w®, setting az = 1/|w®|. To complete the decomposition of Cy,, it remains to compute the
inverse Fourier transform of the smooth ‘localizations’ of the multiplier m; smoothness condition
(1.2) then controls the decay of these inverse Fourier transforms. More precisely, when My, =
My (x, y) is defined by

My (z, y) = ﬁ </R m(s*(& 4+ bin), s¥(n+ ben)) o (€, n) 2T dfdn>

a simple Fourier transform argument together with (1.2) shows that the inequality

loef
1
3.6 M (z, < const. | —————
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holds uniformly in £ and n for each multi-index «. Furthermore,

1 o0
Cen(f, 9)(z) = W( Z Myn(asls — arly, agls — asxls)

£y ,£2,83=—00

X (f, i) (g, ) Y @ (sha — ageg))

All that remains is to replace the sum over all integers ¢1,¢>, and ¢3 with a sum over integers
f, Al, )\2. Set
bs =0, M=230_y4, r=r_y,.
aq as
Then a;/as = az/a; = 2; furthermore, in view of (3.5),

(3.7) w,(fezn(x) = s*/20) (skx — azl + a;)\)) e2mis"abn ji=1,2
We have now assembled all the ingredients necessary for (3.1). Set

PD@) = 6D @+a), (=12  ¢P@) = @ (a)

with a; = 1/|w9|; clearly supp @) = supp 12(7') C w9 whatever the value of i, Ao or j. Next,
in view of (3.5) and (3.7), take a = a3 and define wave packets gogz)n by

(pl(cjé)n(x) _ 8k:/2(p(j)(8kx —al) ezmskbjm’ 5 — 21/L’

with the b; being specified in (3.4). Then

) L
CPg (fv g) = Z s* Ckn(fa g) 2T — Z D,(\flz (fa g)
k,n=—o00 A1, A2
setting
> 1
DP9 = D g Minlaihn,a2de) 2 (f 00 (9, el ) el
k,l,n=—00 ’w( )’

Finally, to check that the Fourier support intervals remain disjoint after dilation @) — 7(1/ bj)cp(j ),
note that 0 < by, by < 1, while b5 = 1. Thus w® is unchanged; on the other hand, w(® lies in
(0, 00), say w) = [&), &], and lies to the right of w®) because the latter contains the origin.
Since

supp(m(1/b1)™M) ™ C (& /b1, & /b1), 0<b <1,

the Fourier support of m(1/b;)p will be disjoint from that of m(1/b3)p® (= ©®)). The same
argument applies to 7(1/by)p(?) because w?) lies in (—oo, 0) to the left of w(3).

The corresponding representation for C p, is obtained in exactly the same way except for changes
in the geometry made necessary by the presence of the term £ —n in Cp, instead of the corresponding
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€+mnin Cp,. In fact, this is why this  has to be restricted to the range 0 < # < 7/4. Fix such a 6
and choose any integer L with L = 2% for some integer K large enough so that L > 4/(1 — tan6);
in particular, L becomes increasingly large as § — w/4. As before, let © = ©(£) be a C*°-bump

function so that supp® C (L -1, L+ 1) and

Yoo =x,.,©, s=2YE

k=—oc0
Then again

Cr(f9)(z) = > ( O(s " (¢ tand —n)) m(€, n)f(&)ﬁem“—mdfdn)

k=—oco \’ Po

localizes Cp, smoothly to the strip Sy and its dilates. Now set

L L
(1) — : _—_— < lL (2) = N D EEEEE— <
v {§ '6 1+tanf| — 2 }’ v {f ‘§+1+tan0‘ -

')

N[

and

2L
@) = = ——| <15,
v {§ ‘§ 1+tan9‘ - }

The conditions on L and # ensure that the w) are pairwise disjoint intervals. Again we let
R = w x w® but now the geometry becomes fundamentally different because & + 1 has been
replaced by € —n. Set

1 tan 6
by = ——— by = ——— b3 =b; —by =1
! 1 —tanf’ 2 1—tan@’ 3 ter ’

so that (&, n) — (§ + bin, n + ban) fixes Sp and Py. Then the squares

R = {(sP(€+bin), s*(n+bon)): (£, m) €R},  —o0 < k,n < oo,

provide a Whitney covering of Py in the sense that

U BRen = P, dist(0Ps, Bin) ~ s*.

k,n=—o00

To exploit this new geometry let /(3 be a function whose Fourier transform is a C*°-bump function
such that suppy® C w®, while

o0

Y [sE-n) =1, (E€R).

n=—oo

Then the function

o€, m) = O(Etand —n) Y3 (€ — 1)
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has support in the parallelogram Sy N {(£, 1) : € —n € w® }, and hence also in the rectangle
R = w™W xw® . From here-on with these new definitions the construction is exactly the same as for
the previous case save for the fact that § is now replaced by g. Thus Cp, admits a doubly-infinite
sum representation

Cr,(f, 9) = Z Dy, (f. 9)

)\1 AQ——OO
of time-frequency paraproduct
= 1
Do 0) = 3 i ha) ™2 (£, 00 (0, el ) ol
k,fn=—00

with s = 21/L, We omit the details.

4. LP-BOUNDEDNESS FOR ‘STANDARD’ PARAPRODUCTS

In this section we start down the path to Main Theorem II by proving the preliminary theorem
(1.9) establishing LP-boundedness of a ‘standard’ paraproduct

Pifig— S ees(f00) (9,00 ) 0
k,l=—00

associated with functions
,(je) () = sk/2 ¢(i)(5kx —al) = gi) (z), s =2°

in which at least two ) have vanishing moment; thus extending previous results for ‘standard’
paraproducts (cf. [3][18, p.287] [5] [20, p. 274]). In view of the reduction arguments in section 2
it is enough to establish the corresponding weak type estimate

(4.1) o P 0@)] = 2] < o Llelele)

for each v > 0 assuming s = 2, a; = 1, and I = [27%¢,27%(¢ + 1)) a dyadic interval; here Cy, will
denote a constant satisfying

Cy < const. (1 + W] [w®][w])

where the constant on the right may change but it will always be independent of the . There are
three steps in the proof.

Step 1. Choose f € LP(R), g € LY(R) and {cr} € £*°, ||{c1}]|oo = 1. The first step is reminiscent
of the familiar Calderén-Zygmund decomposition. Fix v > 0 and set

Eyag ={x: Mp(Mf)(x) > rp } U {z: My(Mg)(x) > kg }
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BRI lglla’® v/7\"
Fp = <71/p> ’ Rq <71/q> :
lgllg 11

where

With these choices

T
(42) ‘Ebad’ S COIlSt.<Hf|’pHg”q>
Y

since

1A\ (Il lglla\™ _ (lalle\* _
<“p>_<f>_<”q>7 et =

As a function, P(f,g) can now be decomposed into ‘bad’ and ‘good’ functions

P(f7 g) = Pbad(f: g) + Pgood(f: g)

by setting
Poaalf, ) = D w22 (f,00)) (g, 07 ) uiy

I1C Epaa

i.e., summing over dyadic intervals contained wholly within Ejpqq. The (b(li) appearing in Ppaq(f, g)
are ‘concentrated’ inside Fjy,4, so the bad function can be estimated sufficiently far away from Ejy.q
using solely decay estimates. Set

B, = |J 4

IC Epaa

where Al denotes the interval centered at I of length A|I].

(4.3) Theorem. The inequalities |E1| < const.|Ep.q| and

1
! / Praa(f, 9)(@)dz < Cy |Epadl
Y JR\E,

hold uniformly in f,g and v, provided p > 1.

Granted (4.3) it follows that

£ 1l llglla \ "
Hz : [Poaa(f, 9)(x)] > v} < Cy <% ’
leaving only the proof of the corresponding estimate for the good function

Pgood(f, g) = Z Cke 2k/2 <fv (1) > <gv ¢(2) > ]({;?é)

IC Evaa
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Proof of (4.3).To estimate |F1| let Jq, Js, ... be maximal, hence disjoint, dyadic intervals in Fpqq.
Then
|Er| < 4 |J;] < const. |Epag-
j
To estimate Ppqq let I be an arbitrary dyadic interval, not necessarily contained in FEp,q for the
moment. Then the inequality

L (1) (2) (3) . .
/R\me \/me >(g, > I ()’d

(4.4) < co b (int 7)) (i, 090

holds uniformly in m, m > 1. Indeed, the Hardy-Littlewood maximal function controls the
coefficients in the sense that

L @ cons O ( in T
(45) T < const ) (g, M) ).

and similarly for g, irrespective of vanishing moments. On the other hand,

] )
o 17

)| dx < const.

¢(3)
\/\I /]R\le |

This establishes (4.4). The presence of the factor 2™ allows (4.4) to be extended to all dyadic
intervals I in a given dyadic interval J. Fix k > 0 and let I be any interval in J with |I| = 27%|.J|.
Then

I = 27%|J] = J C 2" C 4J.

Because of the last of these inclusions,

(1) (2) (3)
/R\U!muf, ) (g, 02 9 ()| de

< Cy 2% <J§r€1f1 Mf(x)> (;gfl Myg(x ))

But by the first of these inclusions, the inequality

< k
J}IGIfI M f(z) const. 2 wlIEIfJ M f(z)

together with the corresponding one for g always holds. Thus, summing first over all I C J,
|I| = 27%]J|, and then over all k > 0, we see that

/R \Zc,f W (g, o) P (@) da

\4&J rc g

(4.6)
< ol (ut 207(0) )t 2o ).
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Now, finally, let Jq, Jo, ... be the same maximal dyadic intervals in Ep.q as before. Maximality
ensures that the next larger dyadic interval to J; is not contained in Ejp,q, which in turn ensures
that 4J; € Epqq. Consequently, for such J;

xlélg Mf(z) < const. <m16n4ij Mp(Mf)(x)> < const. Ky

and similarly for g. Since the J; are disjoint, theorem (4.3) thus follows immediately from (4.6). O

Step 2. Estimates for Pyo0q are needed. Denote by I all dyadic intervals I for which I & FEpqq.
Then

() (g, 0P )9,

POO(f?-g):

and, in view of (4.5), all the coefficients in Pyo0q(f, g) have bounds

1 1 2
1, )] < const. [0k, —= [(g, ¥ < const. [P #,

m VI -

irrespective of vanishing moments. We have to show that

ufupuguq>ﬁ

(4.7) {21 [Pgooalfs 9)(@) = v} < C¢< -

When 1 and (3 have vanishing moment this is straightforward. For then

{di} x h— > dr (h, P ) pl?,

Iely

is bounded from ¢>° x L4(R"™) into L(R), and so

1/q
([ Pactt @) < Comy il

Taking h = g we obtain (4.7) because of the choice of kj, k4, completing the proof of theorem
(1.9) for all » > 1/2 when ¢(®, ¢(3) have vanishing moment. A reversal of the roles of f and g
establishes the same result when (1), 1) have vanishing moment. But the adjoints of a ‘standard’
paraproduct are well-defined when r > 1. Consequently, theorem (1.9) also remains true, at least
for r > 1, irrespective of which two of the ¥(/) have vanishing moment.

Step 3. All that remains is to establish (4.7) for r < 1 when ¥, () have vanishing moment
and ¢®) does not. We will actually prove that

(48) L Pt g0t < ¢ (M)’

Y

using a Tent space argument. Given a dyadic interval J let A; be the square of side-length
|J| sitting above J in the dyadic tiling of the upper half-plane, and let x A, be its characteristic
function. Now set

F(z) = Y (£ e/ x,, (), G = Y (g v )xs, (2)

I'elp Iel
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and

(h, ) x4, (2)

1
H(z) = c
PN

where h is an arbitrary function in L*(R). Since

/°° Pyood(f. 9)(x) () dr = onst/ / G, 10, 1) 15

— 00

the proof of (4.8) becomes one of using Carleson measure arguments in the upper half plane. As
13 does not have vanishing moments, however, the only estimates available for H are those of its
non-tangential maximal function; Carleson measures have to come from F' or G.

Recall that Iy denotes all dyadic intervals I for which I ¢ Epqq and that ¢, ¢() have vanishing
moment. Then by the localized ‘Lusin Area’ result for frames established in the Appendix to Part
IT ([11]), the inequality

(49)() (i [ (Z Pt >)p/2dx)1/p < consty

ICJ

holds for all J in Iy together with

(49) (i) (5 [ (X g <2>>|2x1<x>)q/2 dx)l/q < consty kg

IcJ

for g. At the expense of using a possibly larger constant we shall assume that the same constant
appears in (4.9). We use these to begin an iterative choice of families of intervals exhausting Ij.
Choose a dyadic interval J in Iy such that

1/2
(4.10) |J|/< |I| (1)>\2xl(x)> dr > consty 2Pk,
IcJ

Since

L5 s raw) a)
([ (Zm

IcJ

[e.o]

2
_\ f (1)”2 () g dr < const. L ’ (@)[? dx
< A VI |

1CJ

the intervals J satisfying (4.10) will be uniformly bounded in length. Thus we can choose J; for
which |J;| is mazimal among all dyadic intervals J in I satisfying (4.10);set J; ={I € I : I C J;}
and Iy, = J;. Now choose J; for which |.J5| is maximal among all dyadic intervals in I\ J; satisfying
(4.10); set Jo = {I € Ip\Jy : I C J} and Iy, = Jo. Continuing in this way until no further
intervals exist we obtain disjoint dyadic intervals Jy, Js, ... and corresponding disjoint families

J1, Jay oo Set 7Y = {J1, Jo, ... } and
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iV = \J {1:1eT).

JeglV

The same construction can be carried out beginning with maximal intervals J in Iy \]161) for which
the inequality

1/2
(4.11) G (X e i) de = consty 2o,
ICJ

holds. Denote by j(z) {J1, J2, ... } the disjoint dyadic intervals Jq, Jo, ... so obtained, and
set
I = |J {:rer, L =0L\@ul?), % =7a"u5>
Je g

We continue inductively. Suppose a family I, of intervals in [y remains. Choose an interval J; for
which |J1| is maximal among all dyadic intervals in I, satisfying

1/2
(4.12) i /< III Y Py (2 )) dz > consty 2~ /P
ICJ

and set J; ={I € I, : I C Ji}, I, = J1. Now continue as before, first with f until no further
intervals satisfying (4.12) exist, producing jl,(l) as well as the associated family of intervals

I = | {1:1 €Ik
Je g

then with intervals for which
1/2
(4.13) i /< !I! PPy (2 )) do > const, 2”HD/9
ICJ

holds until they too have been exhausted, producing jy(Q) as well as the associated family ]I(VQ) of
intervals. Setting
L = L\IPY VL), 7 =70 u7®,

completes the inductive construction. Since any interval in I is always a candidate for one of the
J’s, every I in Iy for which { f, () # 0 and (g, ¥®) # 0 will belong to one of the J in some

J,. Thus -
Pgooalf g) = ;( > Pl g))

Jejl/

where

Py(f, 9) = Z cr Cf, MY (g, @) ),

1
e VI
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The previous construction enables both the L?-norm of individual Py(f, g) to be estimated as well
as that of (4.8). Indeed, for any J in T set

) = 3050, (), GPE) = 3 (9,47 ) xs, (2)

Iel el

and

(1) _ 1 (3)

Hy" = ¢ (B, ) X4, (2).m

J 1
et

Then

/OO Pi(f, 9)(x) h(z) dw = cons‘ﬂ'</oOo /:: FO(v, ) G (v, t)m dvdt)

s 12

Now, by (4.5), the non-tangential maximal function of H fl) satisfies the inequality
N ) < const 6] (nt Mb0)) i o)
On the other hand, the tent space norms of F' J(i), GJ(]i) are controlled by the choice of the J.

(4.14) Theorem. The function FJ(I) belongs to the Tent space M for each J in jy(l), while Gj(]l)
belongs to M2; more precisely, the inequalities

[FM e < comst. 27777k, 1G Iz < comst. 2774 ke, |15/

hold uniformly in J and v.

There are corresponding results for the intervals in jU(Q), reversing the roles of F' and G in (4.14).
Granted (4.14), the L2-norm of Py(f, g) is easily estimated. For when J belongs to \7,,(1),

el dvdt\ '*
< ([ 6wt

oo oo ) dvdt\ '
([T e e op )

' | Ptr o s

— 00

Consequently,

0 L 1/2
‘ | P o) e Mh<x>2dx) I,

—Vv/T
< const. 2 / Kp Hq< .
J

and so

S IPf iz < const. 2/( )3 \m)

Jeg™M Jeg™M
since the Ij are disjoint. Once again the construction of the J provides an estimate for this last
sum.
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(4.15) Theorem. The J in T satisfy the counting estimate

P
E |I;] < const. 2” <m>
K

P
Jeg™M
uniformly in v.

The analogous result for J in T2 is obtained by reversing the roles of f, g and interchanging
p, q. Hence

oo

Z < Z 1Py (f, 9)“2) < const. K, Ky <||£¢)p’

— P
v=0"7j¢c M

because r < 1. This together with the corresponding result for J in 7, (2), v > 0, completes the
proof of (4.8), and hence that of (1.9) also, once (4.14) and (4.15) have been proved.

Proof of (4.14). Since

1 dvdt\ '/
FV g = sup < / FM (v, t 2—)
2 71 Jeo, | I =

= const. ngg;;(ﬁ/} { Z |I| (f, (1)>‘ (l‘)}dx>1/2’

I1CJ
we have to show that the L'-norm used in (4.9) and thereafter can be replaced by an L%-norm at
the expense possibly of introducing an extra constant factor in the right hand side.

Fix a dyadic interval J C I; and define an £2(J)-valued function on J by

By(x) = { ﬁ<f, .y <x>}@ (z e ).
Then

) 1/2
S0 I o) o) o)

ICJ

(/A

1 1/2
(m / H%(x)\\%d:}:) < const. | @l maro0)

where BMO(J) is understood with respect to the dyadic structure. But because of this structure,

1 1
_ b o
|J0| T H J(y) |J0|

, 1/2
< [ (Z qlea"Pu@)

ICJo

Dyl 2 dy
Jo
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for any dyadic interval Jy C J. Consequently,
1@ Baro(sy < comst. ki, 27"/,

Together these establish the 91*°-estimate for F’ J(l). There is a correponding 91°°-estimate for GJ(]U.
From this the 91?-norm estimate follows since BMO(I;) C L?(I;) on finite intervals. [J

Proof of (4.15). Because the intervals Iy, J € jlsl), are pairwise disjoint,
1 1)\)2 P2 1 1)\(2 P2
S (o) < (X glrer@)
Jegh 1€l Tez®

Thus by (A.7) in the Appendix to Part IT ([11]),

Z{L(Zﬁﬂﬁww%mﬂmm}3mm/mwmwm

e rel e

On the other hand, the construction of the J ensures that

1 1 v/
<Z L ¢(1)>I2x1(ﬂf)> dw > const. (277/7 k)"

5] ), \ 2= 11

Theorem (4.15) follows immediately. O

5. GRID SRUCTURES
A family W of intervals in R is said to form a grid provided
wNw #0 = wCuw, or w C w,
(5.1)

wCcw = 2u| < |w|

hold for all pairs w,w’ € W. One such example is the grid W, consisting of all dyadic intervals
[2Fn, 2%(n 4 1)); more generally, the family W , of all intervals

(5.2) Wi = [2°Fn, 2°F(n + 1)), —00 < k,n < 00

is a grid for each positive integer p. Similarly, the family Z; of all dyadic intervals Iy, =
[27F¢, 27F(¢ + 1)) is a grid as is the family 7; , of intervals

(5.3) I = [27°%, 27°R(0 4+ 1)),  —oo <kl < .

More generally still, to each integer M > 2 there corresponds a family W, of intervals satisfying
(5.1).
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(5.4) Theorem. The family Wy of intervals

2M=1
Wen = [2Y5(n — ang), 2% (n + ), oM = T
is a grid for each integer M > 2.
When M = 3, for instance, the intervals
Wgp = [Sk(n—%), Sk(n—k%)), —o0 < k,n < o0,

thus form a grid of intervals of length %8’“.

Proof of Theorem (5.4). Suppose M > 2. To establish the first of the properties in (5.1) for Wy,
we can assume without loss of generality that
win = 2MF(n — anr), 2MF(n+ anr)), Wi = [0' —ap, n' + apy)
with & > 0. If wy, N Wiy # 0, then at least one of
2Mk3(

2Mk(

n—ay) < n—ay < n+ o),

(5.5)
2Mk(n—aM) < +ay < 2ME(n+ay)

must hold - say the first one. But 2M*% —1 = A(2M — 1) with A a positive integer. Consequently,

oM _ 9

' < 204 Aoy (2M - 1) + 200 = 2MFn+ AQYTT - 1) + S

Thus
P MRy o ARMTL ),
and so

n +ay < 2+ AQMT D)+ ay = 2MEF(n 4 ayy).

Hence wy/y C wgy,. An entirely analogous argument shows that wy/,,» C wy, continues to hold for
the second inclusion, completing the proof since the second of the conditions in (5.1) is obviously
satisfied. [

To link grids with paraproduct let

(5.6) D(fg) = D w22 050,) (g, ) 05t
k,4,n=—00

be a time-frequency paraproduct in which

I(cjﬂ)n(x) _ 2Kk/2¢(j)(2ka . ajé) 627ri2Kknz

where K will be specified in a moment and the Fourier support intervals of the ¢ all lie in interval
(o, @+ 1), |a] < 1/2 containing the origin or contained in (0, 1) (¢f. (2.8)). Then clearly the
w®) all lie in (0, 1) when @ > 0 ( M = 1 in this case ) or there exists M > 2 so that all lie in
(—anr, anr). Geometrically, the following result is clear.
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(5.7) Theorem. When the support intervals w9 all lie in (0, 1) there is an integer N so that
without loss of generality we can take

w? = [a; /2N, B;/2N), 0<a; <p;<2V

for a suitable choice of integers o and B3;; furthermore, it can assumed that there is a dyadic
interval of length 2=V between adjacent w'9) as well as one between each end-point of (0, 1) and
the nearest w'9).

There are analogous results for the case M > 2, but the geometry becomes more complicated
because at each generation k the intervals

(5.8)(i) [27ME(n — apr), 27ME(n + ap))

leave gaps in (—ans, apr); in fact, between every adjacent pair of intervals at generation k of Wy,
there is an interval

(5.8)(ii) 27MF(n + any), 27ME(n 4+ 1 — ayy))

which does not belong to W;. Nonetheless, for each k£ > 1

n,—1
[—aa, ay) = <U [2_Mk(n—am), 2_Mk(n+1—aM))> U [2_Mk(nr—aM), an)
n=ny
where
ng = —ay (2MF 1), ny = ap(2M* 1)

and each interval in the first union is itself the union of an interval (5.8)(i) in W)y, and a gap
(5.8)(ii) which does not belong to Wy, of course. Note that there are no such gaps adjacent to
the endpoints of [—ans, aar).

(5.9) Theorem. When the Fourier support intervals all lie in [—apr, anr) there is an integer N
so that without loss of generality we can assume

w? = 27MN(a; —an)), 27MN(B; + o)), ng < aj < fj <np

for a suitable choice of integers oy, B;; in addition, we can assume that there is an interval in Wy
of length 2a32~MN between adjacent w9 as well as one between each end-point of [—am, am)
and the nearest w9 .

Notice that each w(?) begins and ends with an interval in Wy of length 2a3,2~MN just as in
the dyadic case (5.7). Families of tiles in phase plane can be introduced using these grids. Let NV
be the integer in (5.7) or (5.9) according as M =1 or M > 1, and let Q7 be the family of tiles

Q ~ {k,t,n} = Iy X Wiy, It € Ty, N, Wikn € Wan
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in phase plane; where s,y and Wy, n denote the family of intervals I, = [2_MNk ¢, 2~ MNk L+
1)) and w, = [2MN*(n — apr), 2MN*(n + apr)) respectively. The intervals In = Iy, and
wqg = wgy Will be called respectively the time and frequency intervals of ). By taking K = M N
in (5.6) we thus arrive at the fundamental link between tiles in phase space and paraproduct: for
each Q ~ {k, ¢, n} in Qs n set

(5.10) gzﬁg)(x) = s"2p0) (sF — a;0) 62”Sknz, s =2MN,

(5.11) Definition. We say that a time-frequency paraproduct D(f, g) is in (M, N)-canonical form
when

1 1) @)\ ,(3)
D(f,g) = Y. £ 05 ) (g, 65 ) ¢
g) QeEQum,N ‘@ |IQ| < @ <g 9 @

where the wave packets are defined by (5.10) and the Fourier support intervals w9 of the ¢\9)
satisfy (5.7) in case M =1 and (5.9) in case M > 1.

The notation in (5.6) and (5.11) for a paraproduct in (M, N)-form will be used interchangably.
These paraproducts have a number of special properties. For each Q) € Qa/ n let

70 :10,1) — wg, (M=1); TQ ¢ [—am,am) — wg, (M >1),
be the affine transformation in frequency mapping [0, 1) and [—aas, aps) respectively onto the
()
Q

frequency interval wg of (). The intervals wy’ = 19 (w(j )) are then the Fourier support intervals

of the wave packets ¢8)-

(5.12) Theorem. The family {wg) :Q € Qu N} is a grid for each j.

Proof. 1t is clearly enough to check the first condition
wg) N wg) #0 = wg) C wg), or, wg) - wg)
in (5.1). So suppose wg) N wg) # 0. If |w$3j)| = |wg)|, then wg) = wg) and there is nothing to

prove. Consequently, we can assume that ]wg)\ < ]wg)\. Since
wg)ﬂwg) 0 = wpﬂwg) # 0,
either wp C wg), or wp overlaps wg) at one edge. In the latter case, theorems (5.7) and (5.9)

ensure that there is an interval dg) in Wy, v such that

(5.13) AP = 27 MNwg|, dF) Nnwp # 0, dY C wd.
But then
wp i i
wpl = 2 L) < (qQ),

lwg|

and so wp C dg) - wg) because of the grid structure on Wy, . U

It will be useful to reformulate the main step in the previous proof in a slightly different way.



BILINEAR OPERATORS 31

(5.14) Corollary. Let P and Q be tiles in Qpr N such that wp N wg) # 0 and |Ig| < |Ip|.
()
g

Then, wp C w
One further consequence of (5.11) will be important in Part IT (¢f. [11]).
(5.15) Theorem. Fiz frequencies \1, Ao with A\ < Ay and let

, 2MNI<:(

Q = Ig x wg, wg = [QMNk(m—aM) m+ an))

be a tile in QN such that wg) < wg). Then A\ € wg) and Ay € wg) hold simultaneously for at
most one choice of k.

There is a corresponding result in the case M =1 for a tile in Q; x
Proof. With the notation of (5.9), A\; belongs to wg) if and only if
2MNFQ™MN (0 —apg) +m) < Ay < 2MNE@TMN(B 4 app) +m),

while Ay belongs to wg ) if and only if

QMNF(Q=MN (o, —ap)+m) < Ny < 2MNE@Q=MN (3 4 o) +m).

Consequently,
2_MN(aj — Bi —2ap) < 27MNk(), — A1) < 2_MN(5J~ — a; + 2apy).
But
1 <oa; — B —2anm
since there is an interval of length 2=~ between w(” and w); on the other hand,
Bi —a; < ny —ng < (2ap)(2MY - 1).
Thus
OMN(=1) < N, — N\, < 2MNk

completing the proof of (5.15) since these can be satisfied for just one value of k. [

The grid structure built into an (M, N)-canonical form can also be exploited to establish point-
wise convergence results sharpening the norm convergence results in (2.5).
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(5.16) Theorem. The infinite series defining a time-frequency paraproduct D(f, g)(x) in (M, N)-
canonical form converges absolutely for each x when f, g are band-limited M, -molecules; more
precisely, the inequality

o0

S lenen sT2(F 0k ) (9, 05 ) Son @] < Cll{cken} oo

kf,n=—occ

holds uniformly in x for each such f and g.

Thus so long as we restrict to band-limited M ,-molecules any time-frequency paraproduct in
(M, N)-canonical form can be manipulated freely. Such unconditionality will become crucial in
Part IT (¢f. [11]).

Proof of (5.16). We give the proof in the case M > 2, leaving the reader to make the necessary
changes for M = 1. Recall that if f and ¢ are M -molecules then the vanishing moment property

ensures that
min(1, s7F)»

(1+ s7F 4 s=F|g] )+t
when ¢re(z) = s*/2¢(s* — al) (cf., for instance, [9]). On the other hand,

[(f, dre)| < const.|f|lg]l s~/

ok/2

|¢k@(x)| < HQZSH (1+ ]skx—aﬁ\)l‘*‘”

whether or not ¢ has vanishing moment. Now let f, g be band-limited M ,-molecules. By dilating
if necessary, we can assume that f, g have support in (—ays, aps). For each n the modulate

() = ¢9(x) i
is an M ,-test function such that

16D < const. (1 + [n|*)]|¢® ]| m

n?

and the restriction on the supports of the Fourier transforms of the ¢() ensures that at least one
of ¢£L1), %2) has vanishing moment for a given n. Fix n. Then the sum

o0

1 2 3
D= leken s L 0500 (9, S ) Shon (@)
k,{=—00

converges for each x. Indeed, suppose that ¢£11) has vanishing moment. By the earlier basic estimate
for M ,-molecules,

k)2 min(1, s‘k)“>

(7,001 < const 7116 (1+ nly (/2 BEC L

uniformly in ¢ and n, while

ok /2

(1+|ske — al])l+H

163 (@)] < 0@
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for all . On the other hand,

2
(g, 620 )| < const. |6 |14l

for all k, ¢ and n irrespective of vanishing moment. (If ¢>$?) has vanishing moment we reverse the
roles of f and g.) Consequently, the inequality

D= lekens" 2 o) (9 Shon ) Do (@)
k,{=—0oc0
(5.17)
(o0} . _k. o
u k/zmln(l,s )
< C|{ekentlloo(1+ |n]) <k; S (1 + s—F)l+n

holds uniformly in x for each fixed n. So far, the band-limited assumption has not been been needed.
Its purpose is to restrict which k, n can occur. Again fix n for the moment. Then ( f, ,(cle)n> =0
unless the interval [s¥(n—ayy), s¥(n+ayr)) containing the support of (E,(:E)n intersects [—aus, ang).
Hence by the grid property,

(f, Shn) 0 = {[Sk(n_aM)’Sk(an”g[‘%am, or
» Vkin

[s"(n = anr), s%(n + an)) O [—anr, ou).

In the first of these cases the only possible values of (k,n) are k < 0 and |n| < s~ ay;, while in

the second, n = 0 and k& > 0. There are similar results for (g, 225)71 ). As the case of a single value

of n has been dealt with already in (5.17), we are left with the first case. But here

Y (5 S et o o i)

k= —o0 In|<s kap ~€=—oc0

0

min(1, s~F)»
< Clawtle 3 (X P FE),

k=—o00 * |n|<s Fan

completing the proof. [
APPENDIX: LP-BOUNDEDNESS OF Cp2

In this appendix a proof of the LP-boundedness of Cg2 for the full range of r, i.e., 1/r =1/p+1/q <
2, is given (see also [12][14]). Yet again it is enough to consider cone operators. In fact, by using a
finite partition of unity on the unit circle we can write Cg2 is a finite sum of bilinear cone operators

Crlf, g) = /F m(e, ) F(€) aln) 2= agan

where the cone I either lies wholly inside a quadrant of R? or inside a cone straddling a coordinate
axis. Without loss of generality, therefore, it is enough to consider the case of

Lo = {(&m):0 < &6 <n <166}, Ty = {(&n):0< |y < i€
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Most crucially of all, however, the support of the symbol m = m(§, n) can be assumed to lie inside
I". Thus, unlike a Cr in the Main Theorem, the singularity occurs only at the origin, not along
the edges of the cone. The basic idea is essentially the same as in section 3: we choose M,,-test
functions 1) so that each Cr can be written as a doubly-infinite sum

(A'l) Cl"(f, g) = Z P)\l)\z(fa g)

)\1,A2=—OO

of standard paraproduct

Panlfig) = D 220 h) (f. 610 (9. 0)) 0L
k,{=—00
in which
(A2) 6D@) = v (@ +a)) (=12, V@) = ¢ ()

and the ¢§f2 are defined by
¢(j)(x) - Qk/2¢(j)(2kx — al)

for a fixed choice of positive constant a. Smoothness of the multiplier m ensures that the coefficients
satisfy an inequality

1 m
A3 A Ao)| < comst. [ ———
) futin ) < ot ()

uniformly in k for every integer m > 0. One crucial point of the construction is that ¢ will always
have vanishing moment, as will at least one ¢!) or ¢?, whether I' = Ty or T + so that Theorem
(1.9) can be applied to every paraproduct in (A.1). Granted such a representation, therefore, the
LP-boundedness of Cr for the full range of r follows easily.

Suppose r < 1. Then

[e.o]

1/r
feetr ol < constc (S0 oup lenu ) 1Pasnlln)”) 61 Lol

)\1,A2 = -0

On the other hand, by (1.9) and (A.2),

2
IPasrsllop < const. {1 + (H @ (- + aj/\j)||)‘|¢(3)”}

J=1

uniformly in A1, Ao, so

ICo(f, 9)llr < const. [ f]lp [|gllq;
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using (2.2) and (A.3), hence completing proof of the LP-boundedness of Cg2. It is perhaps worth
noting that only the simpler version of (1.9) was used in this proof above since we could guarantee
that ¢(® had vanishing moment and hence avoid the intricacies of step 3 in section 4.

To establish the representation of Cr, suppose first that I' = T'y and let R be the square w(®) xw(?)
where w(®) = w®?) = [2, 66]. Then the dilates R, = {(2%¢, 2%n) : (£, ) € R} of R provides a

covering

o€ |J Re  dist(R,0) ~ 2F,

k=—o0

of Ty. On the other hand, when w®) = [1,257], then

RcC{&mn:&+new?}

To exploit this geometry, first choose functions ¥(7) whose Fourier transforms are C*-bump func-
tions such that supp¢?) C w(@), 7=1,2 and

Z &(1)(2—1:5) @(2)(2—’677) = 1, (& n) €To;

k=—00

next choose a C'°-function o = o(&, 1) so that supp ¢ C R and
o€ MV © PP () = (PP ().
Finally, choose a 1(3) whose Fourier transform is a C'*°-function such that supp 121\(3) c w® and
PO+ PV (© EP () = P (E) PP ().

Then

C —k —k
Fofa ;(/Rk (2 £, 2 77)

~

X () G(n) P (27k€) @ (2=kn) 3 (278 (€ 4 1)) 2™ EHD gean)

provides a smooth localization of Cr, to Rj. After a change of variable, therefore,

Cro(fv g)(CL‘) = Z QkCRk,(fﬁ g)(.’l?)

k

where

Cr(f.9)@) = 3¢ [ m(2'e 2)olen)

X F(25€) G(25n) 0 (€) 9@ () §) (€ + ) 272 #(EF) dedp,
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The ‘standard’ paraproduct decomposition (A.1) now follows taking Fourier series expansions on
the w9, Indeed, on R

fA(2k§)W§) = 2k/2|w(1)| < Z fa ¢,(§2 —27ria1€1§>’

while

o~ - = (1 —27miagls
g(zkn) ¢(n) = 2k/2|w(2)| < Z 97 wké)g 2 ¢ n>7

setting
l(cjzi(l’) = 220D (2k g —a; 0;), a; = 1/jw).
On the other hand,
N amiztel —1 N 3)(ok.,. _ 2miazlsé
FO() e = ‘w@)’(@ D WOk —asts)e )

After substituting these in Cg, (f, g) the representation (A.1) of Cr(f, ¢g) then follows exactly as
in section 3. We omit the details. Notice that in this this localization all three ¢/) have vanishing
moments.

There is an entirely analogous localization of Cr, taking
w =12, 10, w? =[-1,1], w® = (0, 16).

Here ¢(1) and ¢® still have vanishing moment but ¢(®) does not. Again we omit the details.
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