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Course: Theory of Probability II
Term: Spring 2015
Instructor: Gordan Zitkovic

Lecture 17
BROWNIAN MOTION AS A MARKOV PROCESS

Brownian motion is one of the “universal” examples in probability.
So far, it featured as a continuous version of the simple random walk
and served as an example of a continuous-time martingale. It can also
be considered as one of the fundamental Markov processes. We start
by explaining what that means.

The Strong Markov Property of the Brownian Motion

Definition 17.1 (Markov property). A stochastic process {X}c(c0)/
defined on the filtered probability space (€, F, {Ft};c[,00), P) is said
to be an {7} }c(o,.0)-Markov process if, for all B € B(R), and t,h > 0,
we have

P[X;,y € B|Ft] = P[X;,), € Blo(X})], as.

Example 17.2 (Brownian motion is a Markov Process). Let {Bt};c(o,00)
be a Brownian motion, and let .7:tB = 0(Bs, s < t) be its natural filtra-
tion. The independence of increments implies that B;,;, — B; is inde-
pendent of F, B for t,h > 0. Therefore, for a bounded Borel function
f:R = R, we have

E[f (Bn) | ] = E[f (Bt + (B — Br)) | FF] = f(By), as.

where f(x) = E[f(x + Biyj, — Bt)]. In particular, we have

E[f(Brn)|FF] = E[f (Bran)|o(B)], as.,

and, by setting f = 1,4, we conclude that B is an FB-Markov process.

A similar statement, only when the deterministic time ¢ is replaced
by a stopping time 7 is typically referred to as the strong Markov
property. While the main goal of the section is to state and prove it,
we make a quick detour and introduce another important notion, a
slight generalization of what it means to be a Brownian motion.

Definition 17.3 ({7 }c(o,c0)-Brownian motion). Let {Fi},c(0) be a
filtration. An {F}};c(00)-adapted process {B;}c(o 00 is said to be an
{Ft}te[0,00)-Brownian motion, if
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1. By—Bs ~ N(0,t —s),for 0 < s <t < oo,
2. B; — B; is independent of F5, for all 0 <s <t < co, and

3. forall w € Q), f — B(w) is a continuous functions.

The following proposition gives an (at first glance unexpected)
characterization of the {Ft}c[)-Brownian property. It is a special
case of a very common theme in stochastics. It features a complex-
valued martingale; that simply means that both its real and imaginary
parts are martingales.

Proposition 17.4 (A characterization of the {ft}te[O,OO)—Brownian mo-
tion). An {F}c(o,00)-adapted process { Xt} (0,00 With continuous paths is
an {Ft}ye(o,0)-Brownian motion if and only if the complex-valued process

{Ytr}tE[O,oo)/ given by
o1
Y] = el’Xf+§’2tfort >0, r€ER, (17.1)

is an {Fi }ie[o,00)-martingale, for each r € R. In particular, an {Fi}e(0,00)-
Brownian motion is an { Fi }y¢[0,.0)-Markov process and also an {Fi } (g 00)-
martingale.

Proof. The martingality of Y” (for each r) implies that the conditional
characteristic function of the increment X, — X;, given F;, is centered
normal with variance #, for all t,h > 0. By Proposition 10.18, X;,j —
X; is independent of 7}, and we conclude that X is an {F}};c(0c0)-
Brownian motion.

The Markov property follows from the fact that the conditional
distribution of X;,j, given F;, is normal with mean X; (and variance
h), so it only depends on X;. The martingale property, similarly, is the
consequence of the fact that X;,, — X, is centered, conditionally on
Fr. O

We know already that each Brownian motion is an {ftB}te[O,w)—
Brownian motion. There are other filtrations, though, that share this
property. A less interesting (but quite important) example is the nat-
ural filtration of a d-dimensional Brownian motion?®, for d > 1. Then,
each of the components is an {F (Blf“"Bd)}te[oroo)—Brownian motion. A
more unexpected example is the following;:

Proposition 17.5 (Brownian motion is an {]:tB +}t€[0,oo)-Brownian mo-
tion). Let {B}c(o,e0) be a Brownian motion, and let {]—'P*}te[ofoo) be the
right-continuous augmentation of its natural filtration {FP},c 0,00)- Then
{Bt}ic(o,00) is an {F T }ie(0,00)-Brownian motion, and an {F{} g0 o)
Markov process.

*a d-dimensional Brownian motion
(B',...,B%) is simply a process, taking
values in R?, each of whose components
is a Brownian motion in its own right,
independent of all the others.

Last Updated: March 7, 2015



Lecture 17: BROWNIAN MOTION AS A MARKOV PROCESS

3 of 14

Proof. Thanks to Proposition 17.4, it suffices to show that (17.1) holds
with F; replaced by ]-'tB . For that, we start with the fact that, for
e<h,

. . _l 201
Efe/Xeh| FE | = e"X+e=27(1=8) a5 forallr € R.

We condition both sides with respect to 72, and use the tower prop-
erty to conclude that

, , 1
E[eXen| FB ] = lE[e”X“f_Erz(h_s) |FB], as., forall ¥ € R.

We let ¢ N, 0 and use the dominated convergence theorem and the
right continuity of X to get

) . 1 . 1
]E[617Xt+h|ft€_] — ]E[e”Xf—Erzﬂ}“ﬁr] = e”Xf_irzh, as., forallr e R. O

Corollary 17.6 (Blumenthal’s o-1 law). For t > 0, the o-algebras FP+
and ]-"tB are a.s.-equal, i.e.,

for each A € FBT there exists A’ € FP such that P[AAA'] = 0.

Proof. Thanks to the { .7-'tB e [0,00)"Brownian property of the Brownian
motion, given t > 0 and a nonnegative Borel function f, we have

E[f(Bsy, Bs,, -, Bs,)|F] = E[f(Bsy, By, ..., Bs, ) |o(By)]

(17.2)
= ]E[f(le,Bsz,. "’Bsn)|FtB]’ as.,
forall s, > 5,1 > ...,s1 > t. Trivially,
E[14|FE] = E[14|F2], as., forall A € F;. (17.3)

Let A denote the set of all events A in Foo = V;>9FP such that
E[14]Ff] = E[14|FE], as.. By (17.2) and (17.3), A contains all sets
of the form A1 N A,, for A € F; and Ay € 0(Bs,s > t). The m— A-
theorem can now be used to conclude that E[14|F2 | = E[14|FP], for
all A € Fo, and, in particular, for all A € ftﬂ, ie., that

1A:1A/ a.s.,wherelA/:IE[lA|]-"tB}. O
Corollary 17.7. With probability 1, the Brownian path takes both strictly
positive and strictly negative values in each neighborhood of 0.
Proof. Suppose, to the contrary, that P[A] > 0, where
A={3e>0, B;>0forte[0¢}.

Check that A € FP*, so that P[A] = 1. Since {=Bt}ic[o,00) I8 also @
Brownian motion, we have IP[B] = 1, where

B={3e>0, Bs<O0fortel0¢}.
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Consequently,
P[{3e>0, B=0fort e [0,¢]} =1,
and so, there exists ¢y > 0 such that
P[{B: =0fort € [0,&0]} > 0.

In particular, IP[B;, = 0] > 0, which is in contradiction with the fact
that B, is normally distributed with variance gy > 0.

We conclude that IP[A] = 0, i.e., with probability 1, for each ¢ > 0
there exists t € [0, ¢) such that B; < 0. Similarly, with probability 1, for
each ¢ > 0 there exists t € [0,¢) such that B; > 0, and the claim of the
proposition follows. O

Proposition 17.8 (The strong Markov property of the Brownian mo-
tion). Let {Bi}c(o,00) be @ Brownian motion and let T < oo, a.s., be an
{FE+Y} te[0,00)~Stopping time. Then the process {Wt}c (0,00, given by

Wt = B‘H—t - B’[‘/

is a Brownian motion, independent of FE+.

Proof. We do the proof only in the case of a bounded 7. We’'ll come
back to the general case a bit later. Thanks to the characterization
in Proposition 17.4, we need to show that the exponential process

. 1
{e’rXHﬁj#(TH)}te[oroo) is a martingale with respect to {Fr+t}c(g,00)s
for all » € R. Thanks to boundedness of 7, this is a direct consequence
of the optional sampling theorem (specifically, Proposition 16.23). [

The reflection principle

Before we deal with the continuous time, search for “reflection princi-
ple” and “ballot problem” for a neat simple idea in enumerative com-
binatorics. We are going to apply it in continuous time to the Brow-
nian motion to say something about the distribution of its running
maximum. As a preparation for the mathematics, do the following
problem first:

Problem 17.1. Let {X;}c[g ) be a stochastic process with continuous
trajectories, and let T be an [0, oo]-valued random variable. Define the
mapping « : O — C[0, ) by

K(w) = {Xt/\T(w) (W)}te[o,oo), for w € Q.

Show that « is measurable from (Q, F) into (C[0, o), B(C[0,0))).

_2}

The idea behing the reflection principle.
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Proposition 17.9 (Reflection principle). Let {B:};c(o00) be a Brownian
motion, and let T be a stopping time with T(w) < oo, for all w € Q). Then
the process {B} (o), given by

Bi(w) = {B & =T (17.4)

is also a Brownian motion.

Proof. Consider the mapping K : QO — [0,00) x C[0,00) x C[0, ),
given by

K(@) = (7(), {Bie() (©) Hrelopo)s {Brw) () = Beo) (@) rcloes) )-

It follows from Problem 17.1 (or a very similar argument) that K is F-
B(]0,00)) x B(C[0,00)) x B(C[0, c0))-measurable, so it induces a mea-
sure P - a pushforward of P - on [0,00) x C[0,0) x C[0,00). More-
over, by the strong Markov property of the Brownian motion, the pro-
cess {Brit — Br}ic[oe) I8 @ Brownian motion, independent of FB+,
Since both T and {Brat} (o) are measurable with respect to FBT,
the first two components 7(w), { Bjr(w) (@) }1e[o,00) Of K are indepen-
dent of the third one. Consequently, the measure P is a product of a
probability measure P’ on [0, c0) x C[0,00) and a probability measure
Py on C[0,00), where, as the notation suggests, the measure Py is a
Wiener measure on C[0, ). The same argument shows that the push-
forward of IP under the mapping L : Q) — [0,00) x C[0,00) x C[0, ),
given by

L(w) = (T(@), {Btnr(eo) (@) ey 1= (Be(ey+4(@) = Beeo) (©)) }reloes) )

is also equal to Px = P’ x Py, because {—~Wi}c[o) is @ Brownian
motion, whenever {W;} (g ) is one.

Define the mapping S : [0,00) x C[0,00) x C[0,00) — C[0,c0), by
S(t,x1,x2) = x, where

) {xl(t), b<t

x1(T) + x2(t), t>1.

It is left to the reader to prove that S is continuous, and, therefore,
measurable. Therefore, the compositions S o K and S o L, both defined
on () with values in C[0, c0) are measurable, and the pushforwards of
P under them are the same (beacuse both K and L push IP forward into
the same measure on R x C[0, c0) x C[0,00)). The composition S o L is
easy to describe; in fact, we have

S(L(w))t = Br(w),
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so the pushforward of IP under S o L equals to the Wiener measure
Py on C[0, o). Therefore, the pushforward of IP under S o K is also a
Wiener measure. In other words the process S o K - which the reader
will readily identify with {Bt}c[o,00) - is @ Brownian motion. O

Definition 17.10. Let {B:};c[g0) be a Brownian motion. The process
{Mi}ie(0,00), Where
M; =supBs, t >0

s<t

is called the running maximum of the Brownian motion {B; };¢/g,c0)-

Proposition 17.11. Let {B}} (g 00) be a Brownian motion, and let {M; } (g o0

be its running-maximum process. Then the random vector (My, By) is abso-
lutely continuous with the density

fomy By) (m,0) = 29" (2m —b)1 (0 p<mys

where ¢ is the density of the unit normal.

Proof. By scaling we can assume that t = 1. We pick a level m > 0, and
let T, = inf{s > 0 : Bs = m} be the first hitting time of the level m. In
order to be able to work with a finite stopping time, we set T = 7, A 1,
so that T(w) < oo, for all w € Q. Proposition 17.9 implies that the
process {Bt}tG[O,OO)’ given by (17.4), is a Brownian motion. Therefore,
the random vectors (By, M) and (By, M;), where M; = sup,, Bs, t >
0, are equally distributed. Moreover, {M; > m} = {M; > m}, so for
b < m, m > 0 we have

P[M; > m,B; < b] = P[M; > m, By > 2m — b]
:]P[Ml Z m,31 Z Zm—b],

ie., since {M; > m} = {1, <1} and {M; > m} D {By > 2m — b},
]P[Ml >m, Bl < b] = I[)[Bl >2m — b] (17.5)

Therefore, the left-hand side is continuously differentiable in both m
and b in the region {(m,b) € R?> : m > 0,m < a} and

2
f(Ml,Bl)(m, b) = %P[Ml >m, By < b]

= P P[B > 2m— b = —2¢/@m—b). O

Corollary 17.12. The three random variables My, My — By and |By| (defined
in Proposition 17.11 above) have the same distribution.

101
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Proof. By (17.5), for m > 0, we have

P[M; > m] = P[M; > m,By > m]+P[M; > m,B; < m]

To obtain the second equality in distribution, we use the joint density
function: for a > 0,

(0] m—a
P[B; < M; — 4] =/ / —2¢'(2m — b) dbdm =
0 —00

:/()w2go(m+a)dm:2/uooq)(m)dm:]P[|Bl| >al.0O

Arcsine laws

A random variable X is said to have the arcsine distribution if it is
supported on [0,1] with the cdf F(x) = 2 arcsin /%, for x € [0,1]. Its
density computes to:

Problem 17.2. Show that

1. the random variable X = sin?(Za) has the arcsine distribution, if a
is uniformly distributed on [0, 1].

2
2. the random variable % has the arcsine distribution, if ¢ and %

are independent unit (¢ = 0, ¢ = 1) normals.

Proposition 17.13 (Arcsine laws). Let {B;} (o) be a Brownian motion,
and let {Mi}ic(o00) be its running maximum. Then the following random
variables both have the arcsine distribution:

7 =sup{t <1: By =0}and i, =inf{t >0 : By = M }.

Proof. We start with 7; and note that {7y < t} = {sup,., 4 Bs <
0} U {inf;<;<1 B > 0} and that the two sets are disjoint. Then, Proposi-
tion 17.11 and the independence of By — B; and B; imply that random
vectors (sup,.,.; Bs — By, By) and (|B; — Bt|, B;) have the same joint

1.0
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The distribution function of the arcsine
distribution
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distribution. Therefore, for t € (0,1], we have

Pl <t]=P|sup Bs <0 —I—]P{inf BS>O}
t<s<1 t<s<l
=2P | sup B < 0| =2P | sup (Bs — B;) < —B;
t<s<1 t<s<1

(17.6)
=2P[|B1 — Bi| < —=Bi] =P [|B; — B;| < [B]

=P [(B1 —B)? < B%] =P {(1 — )t < tgz]

=P [CZMZ

< t} ,

where & = B/t and 5 = (B; — B;)//1 —t are independent unit
normals. Problem 17.2 implies that the 7j, indeed, has the arcsine
distribution. Moving on to 7,, we note that

P [, < t] =P |sup(Bs — B;) > sup(Bs — By)
s<t s>t (17.7)
=P ([Bi| = B — Bil] = P [t > (1 - )],
and the conclusion follows just like above. O

The zero-set of the Brownian motion

Our final result show that the random set {f > 0 : B; = 0} - called the
zero set of the Brownian motion - looks very much like the Cantor set.

Definition 17.14. A nonempty set C C R is said to be perfect if it is
closed and has no isolated points, i.e., for each x € C and each e > 0
there exists y € C such that 0 < |y — x| < e.

Problem 17.3. Show that perfect sets are uncountable. Hint: Assume that
a perfect set C is countable, and construct a nested sequence of intervals which “miss”

more and more of the elements of C.

Proposition 17.15 (The zero set of the Brownian path). For w € (), let
Z(w) = {t > 0 : B(w) = 0}, where {B}c(o,00) is @ Brownian motion.
Then, for almost all w € Q),

1. Z(w) is perfect,

2. Z(w) is uncountable,
Z(w) is unbounded,

4. AM(Z(w)) =0, where A is the Lebesgue measure on [0, c0).
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Proof.

1. Z(w) is closed because it is a level set of a continuous function. To
show that it is perfect, we pick M > 0 and for a rational number
g > 0 define the finite stopping time

T =inf{t > q : By =0} A M.

By the Strong Markov Property, W; = B+t — By, t > 0 is a Brown-
ian motion. In particular, there exists a set A; € F with P[A;] =1
such that W(w); takes the value 0 in any (right) neighborhood of 0.
We pick w € A = NyA; and choose a zero tg of B;(w) in [0, M) such
that either g = 0 or ¢ is isolated from the left. Then ty = 7;(w) for
g smaller than and close enough to fy. In particular, B, (w) (w) =0
and, since w € A, ty is not isolated in Z(w) from the right. Con-
sequently, no t € Z(w) N [0, M) can be isolated both from the left
and from the right. The statement now follows from the fact that
M is arbitrary.

2. Follows directly from (1) and Problem 17.3.

3. It is enough to note that Proposition 15.3 and continuity of the tra-
jectories imply that a path of a Brownian motion will keep changing
sign as t — oo,

4. Define Z; = 15,0}, for t > 0. Since the map (t,w) — Bi(w)
is jointly measurable, so is the map (t,w) — Z;(w). By Fubini’s
theorem, we have

E[A(Z)] = 1E[/0°° Z,dt] = /OOOJE[Zt] dt =0,

since E[Z;] = P[By =0] =0, forall t > 0. Thus A(£) =0,as. O

Additional Problems

Problem 17.4 (The family of Brownian passage times). Let {Bt};c[0,00)
be a Brownian motion, and let the stopping times 7., ¢ > 0, be defined
as

T =inf{f >0 : By > c}.

Note: 1 is also known as the (first) passage time of the level c.

1. Show that there exists a function f : (0,00) — (0,00) such that the
random variables 7. and f(c)7; have the same distribution.

2. We have derived the expression

IE[e_MC] = e‘cﬂ, forc,A >0,
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for the Laplace transform of the distribution of 7, in one of previ-
ous problems. Show how one can derive the density of 7. by using
the Brownian running-maximum process {M; }c[o,c)- Note: The dis-
tributions of 7. form a family of so-called Lévy distribution, and provide one of the
few examples of stable distributions with an explicit density function. These distri-

butions are also special cases of the wider family of inverse-Gaussian distributions.

3. Find all &« > 0 such that [E[t¥] < oo. Hint: If you are going to use the

density from 2. above, compute lim;_, VPt > t].

4. Show that the process (7¢).>0 has independent increments (just like
in the definition of the BM) and that the increments over the inter-
vals of the same size have the same distribution (again, just like the
BM). Conclude that the distributions of 1;, ¢ > 0 form a convolu-
tion semigroup, i.e., that

Hey * Hey = Hey+cp fOr 1,02 20,

where p. denotes the distribution of 7. and * denotes the convolu-
tion of measures. Hint: Use the Strong Markov Property or perform a tedious

computation using the explicit expression from 2. above.

5. Show that the trajectories of (7;).>0 are a.s. RCLL (like the BM),
but a.s. not left continuous (unlike the BM). Hint: What happens at levels ¢

which correspond to the values of the local maxima of the Brownian path?

Note: {7 }c>0 is an example of a Lévy process, or, more precisely, a subordinator.

Problem 17.5 (The planar Brownian motion does not hit points). Let B
be a two-dimensional Brownian motion (the coordinate processes are
independent Brownian motions), and let X; = (0,a9) + By, for t > 0
and ap € R\ {0}. The process X is called the planar Brownian motion
started at (0, 4a9).

The purpose of this problem is to prove that X will never hit (0,0)
(with probability 1). In fact, by scaling and rotational invariance,
this means that, given any point (x,y) # (0,a9) the planar Brown-
ian motion will never hit (x,y) (with probability 1). In the language of
stochastic analysis, we say that points are polar for the planar Brown-
ian motion.

1. How can this be, given that each trajectory of X hits at least one
point other than (0, a0)? In fact, it hits uncountably many of them.

2. Show that the planar Brownian motion is rotationally invariant.
More precisely, if U : R> — R? is an orthogonal linear transforma-
tion, then the process X; = UX;, t > 0, is also a planar Brownian
motion (started at U(0, ap).)
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3. We start by defining the stopping time
T=inf{t>0:X;=(00)},

so that what we need to prove is that P[T < oo] = 0. Before it
gets the chance to hit (0,0), X will have to hit the x-axis so that
P[T > T1] = 1, where

leinf{tZO : Xt(z)ZO},

where X = (X1, X)), Let a; = X(T? be the x-coordinate of the
position at which the x axis is first hit. Identify the distribution of
a1, and conclude that IP[al = O] = 0. Hint: Use the formula for the Laplace
transform of Ty and the fact that T; is independent of {X,(D}te[(],w) (by the Strong

Markov Property); also characteristic functions.

4. It follows that T} < oo, a.s., and the point at which the process
hits the x axis is different from (0,0), with probability 1. Hence,
P[T, > T1] = 1, where

B:m%tZH:XP:O}

the first time after T; that the y axis is hit. Moreover, it is clear that
T>Ty as. Letay = X(Ti) be the y-coordinate of the position of the
process at time T5.

The behavior of X from Ty to T, has the same conditional distribu-
tion (given Fr,) as the planar Brownian motion started from (ay,0)
(instead of (0,ap)). Use this idea to compute the conditional distri-
butions of T, and ay, given Fr,, and show that {, = (T, — T1)/ a%
and vy, = ap/a; are independent of FT1 . Hint: Strong Markov Property

and rotational invariance.

5. Continue the procedure outlined above (alternating the x and y
axes) to define the stopping times T3, Ty, ... and note that T > T,
for each n € IN. Consequently, our main statement will follow if
we show that .

P[) 7 =+o] =1,
n=1
where, 7 = T7 and 1, = T, — T),_1, for n > 1. Similarly, define
the positions a3,44,.... Show that there exist an iid sequence of
random vectors {(yn, (i) }new such that

2
ap = ayp_17vn and T, = Jua,_q,

for n € IN. What are the distributions of 7, and ;;, for each n € IN?
Note: Even though it is not used in the proof of the main statement of the problem,

the following question is a good test of your intuition: are 1 and {; independent?
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6. At this point, forget all about the fact that the sequence { (v, {n) }nen
comes from a planar Brownian motion, and show, using discrete-
time methods, that

(e ) (o)
Y=Y a4, 1ln =00, as. (17.8)
n=1 n=1

7. Next, show that the event A = {}_," ; a%flén = oo} is trivial, i.e.,
that P[A] = 0 or IP[A] = 1. Explain why it is enough to show that
limsup,, P[a%_,C, > a] > 0 to prove that P[A] = 1.

8. For the grand finale, show that the random variable In || is sym-
metric with respect to the origin and conclude that P[a2 | > 3] =
%. Use that to show that (17.8) holds.

Problem 17.6 (An erroneous conclusion). What is wrong with the fol-
lowing argument which seems to prove that no zero of the Brownian
motion is isolated from the right (which would imply that B; = 0 for
all t > 0):

“Define
T=inf{t >0 : By =0and 3¢ >0, B; #0fors € [t,t +¢|}

and note that T is an {]—"f*’}te[o,oo)—stopping time. Therefore the strong
Markov property can be applied to the finite stopping time T At to conclude
that Wy = Bratg+t — Braty, t > 0, is a Brownian motion with the property
that Wi(w) does not take the value 0 on some w-dependent neighborhood of
0 for w € {T < to}. By Corollary from the notes, this happens only on a set
of probability 0, so P[t < ty] = 0, and, since t( is arbitrary, T = oo, a.s.”

Problem 17.7 (The third arcsine law (*)). The third arcsine law states
that the random variable

1
T3:/(; 1{3u>0}du,

which is sometimes called the occupation time of (0, c0), has the arc-
sine distribution. The method of proof outlined in this problem is
different from those for the first two arcsine laws. We start with an
analogous result for the Brownian motion and use Donsker’s invari-
ance principle to apply it to the paths of the Brownian motion.

Let (Xo, X1, ..., Xn) be the first n steps of a simple symmetric ran-
dom walk, i.e., Xg = 0 and the increments ¢y,...,¢,;, where §, =
Xy — Xk_1 are independent coin tosses. As in the proof of the reflec-
tion principle for random walks, we think of X as a random variable
which takes values in the path space
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C(0,...,n) ={(x0,x1,..., %) € Z' s xy=0,x—xj_q1 € {0,1}, fori=1,...,n}.

and define the functionals Iy, J, : C(0,...,n) — Ng by
Li(x) =#{1<k<mn: x>0}

and

Jo(x) =min{0 <k <n : x = Or%agn xi},

for x € C(0,...,n). The first order of business is to show that I,,(X)
and J,(X) have the same distribution for n € IN when X is a simple
random walk (this is known as Richard’s lemma).

1. Let P: {—1,1}" be the partial sum mapping, i.e., forc = (c1,...,cn) €
{-1,1}", P(c) = x, where xy = 0, x; = Z;‘Zl g, k=1,...,n. We
define a mapping T : {—1,1}" — {—1,1}" by the following proce-
dure:

¢ Place in decreasing order of k those cj for which P(c); > 0.

¢ Then, place the remaining increments in the increasing order of k.

For example,
TC((l,l,—l,—l,—1,1,1)> = (1,-1,1,1,-1,-1,1).

With T, defined, let T : C(0,...,n) — C(0,...,n) be the transfor-
mation whose value on x € C(0,...,n) you obtain by applying T, to
the increments of x and returning the partial sums, i.e. T = P~1T.P.
For example

T((0,1,2,1,0,—1,0,1)) =(0,1,0,1,2,1,0,1).

Prove that T is a bijection and thatif (Y, ..., Y,) = T((XO, N .,Xn)),

then Yy, ..., Y, is a simple symmetric random walk. Hint: Induction.

2. Show that I,,(x) = J,(T(x)), foralln € N, x € C(0,...,n). Deduce
Richard’s lemma. Hint: Draw pictures and use induction.

3. Prove that functional

g(f) = inf{t € [0,1] = f(t) = supsciq) f(s)}

is not continuous on C[0, 1], but it is continuous at every f € C[0, 1]
which admits a unique maximum (hence a.s. with respect to the
Wiener measure on C[O, 1]) Note: We are assuming the reader will easily
adapt the notions and results from the canonical space C[0, c0) to its finite-horizon

counterpart C[0,1].
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4. Show that the functional #, defined by

1
h(f) :/0 1if(n>0y dt,

is not continuous on C[0, 1], but is continuous at each f € C[0,1]
which has the property that limg\ o fol 1i0<f(r)<e) 4t = 0, and, hence,
a.s. with respect to the Wiener measure on C|0, 1].

5. Let {X} }te[o,l] be the n-scaled interpolated random walk constructed
from X as in Definition 14.37. Show that the difference

1
%In(X) — /O 1{th>0} dt
converges to 0 in probability.

6. Use Donsker’s invariance principle (Theorem 14.38) and the Port-
manteau theorem to identify the distribution of 3.
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