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Lecture 22
GIRSANOV’'S THEOREM

An example

Consider a finite Gaussian random walk
n
Xn=Y & n=0,...,N,
k=1

where j are independent N(0,1) random variables. The random vec-
tor (Xj,..., Xn) is then, itself, Gaussian, and admits the density

PRI IR

with respect to the Lebesgue measure on RY, for some Cy > 0.

Let us now repeat the whole construction, with the n-th step hav-
ing the N(pp,1)-distribution, for some py,...,uny € R. The result-
ing, Gaussian, distribution still admits a density with respect to the
Lebesgue measure, and it is given by

1 ( 2 2 2
_ (@ G oo -2
f(xl,...,xN):CNe .
The two densities are everywhere positive, so the two Gaussian mea-
sures are equivalent to each other and the Radon-Nikodym derivative

turns out to be

dQ _ f(X1,..XN)
dap — f N

(X1, XN)

e (lel_]42(X2_Xl)_“‘_]‘N(XN_XN—l)) +% (y%+y2+~~~+y%,>

1
_ eZQ’:l pe(Xe—Xe—1)— 75 Tilq M

Equivalent measure changes

Let Q be a probability measure on F, equivalent to IP, ie.,, VA € F,
P[A] = 0 if and only if Q[A] = 0. Its Radon-Nikodym derivative
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Z = fl% is a non-negative random variable in IL' with E[Z] = 1. The
uniformly-integrable martingale

Zy =E[Z|F], t >0,

is called the density of Q with respect to P (note that we can - and
do - assume that {Zt}c[o ) is cadlag). We will often use the shortcut
Q-(local, semi-, etc.) martingale for a process which is a (local, semi-,
etc.) martingale for (Q), F, F;, Q).

Proposition 22.1. Let {Xt}c(0,00) be a cadlag and adapted process. Then X
is a Q-local martingale if and only if the product {Z;Xi}c(000) is a cadlag
IP-local martingale.

Before we give a proof, here is a simple and useful lemma. Since
the measures involved are equivalent, we are free to use the phrase
“almost surely” without explicit mention of the probability.

Lemma 22.2. Let (Q, H,P) be a probability space, and let G C H be a sub-
o-algebra of H. Givan a probability measure Q on H, equivalent to IP, let
Z = Z% be its Radon-Nikodym derivative with respect to IP. For a random
variable X € IL1(F, Q) we have XZ € L' (IP) and

EQ[X|G] = rzg EIXZIG), as.

where EQ[-|G] denotes the conditional expectation on (Q, H, Q).

Proof. First of all, note that the Radon-Nikodym theorem implies that
XZ € L'(IP) and that the set {IE[Z|G] = 0} has Q-probability (and,
therefore IP-probability) 0. Indeed,

Q[E[Z|9] = 0] = E®[1{g(z/g)-0}) = E[Z1{(z/g)~0}]
= E[E[Z1{g|z/g]-0}|9]]

Therefore, the expression on the right-hand side is well-defined almost
surely, and is clearly G-measurable. Next, we pick A € G, observe that

EQ[14 i EIXZIG]] = E[Z1a g5} 5 E[XZ|G)
[E[Z|G 14 g EIXZIG)]

[E[zX14|G]] = EQ[X14],

E
E

and remember the definition of conditional expectation. O

Proof of Proposition 22.1. Suppose, first, that X is a Q-martingale. Then
EQ[X;|F;] = X, Q-a.s. By the tower property of conditional expecta-
tion, the random variable Z; is the Radon-Nikodym derivative of (the
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restriction of) Q with respect to (the restriction of) IP on the probability
space (Q), F;, IP) (prove this yourself!). Therefore, we can use Lemma
22.2 with F; playing the role of H and F; the role G, and rewrite the
Q-martingale property of X as

(22.1) ZlS]E[XtZtU-'S] = X;, Q —as., ie. E[X;Z|Fs] = ZXs, P — ass.

We leave the other direction, as well as the case of a local martingale
to the reader. O

Proposition 22.3. Suppose that the density process {Z;} e o) IS continu-
ous. Let X be a continuous semimartingale under IP with decomposition X =
Xo+ M+ A. Then X is also a Q-semimartingale, and its Q-semimartingale
decomposition is given by X = Xo + N + B, where

t
N=M-F, B:A—i—thereFt:/ Ld(M,Z).
0

Proof. The process F is clearly well-defined, continuous, adapted and
of finite variation, so it will be enough to show that M — F is a Q-
local martingale. Using Proposition 22.1, we only need to show that
Y = Z(M — F) is a IP-local martingale. By Itd’s formula (integration-
by-parts), the finite-variation part of Y is given by

t
—/0 ZudF, +(Z, M)y,

and it is easily seen to vanish using the associative property of Stieltjes
integration. O

One of the most important applications of the above result is to the
case of a Brownian motion.

Theorem 22.4 (Girsanov; Cameron and Martin). Suppose that the filtra-
tion {F}e(0,00) 18 the usual augmentation of the natural filtration generated
by a Brownian motion {B}} (o c0)-

1. Let Q ~ TP be a probability measure on F and let {Zi}yc(o,00) be the

corresponding density process, i.e., Zy = ]E[%U—}]. Then, here exists a
predictable process {0t }1c(0 o) in L(B) such that Z = E( [ 0y dBy) and

t
By — / 0, du is a Q-Brownian motion.
0

2. Conversely, let {0t}1c(o00) € L(B) have the property that the process
Z = E( [y 0udBy) is a uniformly-integrable martingale with Ze > 0,
a.s. For any probability measure Q ~ IP such that ]E[‘Zl% | Foo] = Zeo,

t
Bt_/euduztzor
0

is a Q-Brownian motion.

-6

A cloud of simulated Brownian paths
on [0, 3]

8

The same cloud with darker-colored
paths corresponding to higher values of
the Radon-Nikodym derivative Z3.
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Proof.

1. We start with an application of the martingale representation the-
orem (Proposition 21.16). It implies that there exists a process
p € L(B) such that

t
ZF:1+prww

Since Z is continuous and bounded away from zero on each seg-
ment, the process {6 };¢[0,0), given by 6 = p¢/Z; is in L(B) and we
have ,

Z=1+AZWM&-

Hence, Z = &( fo 0, dB,). Proposition 22.3 states that B is a Q-
semimartingale with decomposition B = (B — F) + F, where the
continuous FV-process F is given by

ot

't t
Ft = /0 %“<B,Z>L¢ :/O %UZuell du :\/O Gu du.

In particular, B — F is a Q-local martingale. On the other hand, its
quadpratic variation (as a limit in IP-, and therefore in Q-probability)
is that of B, so, by Lévy’s characterization, B — F is a Q-Brownian
motion.

2. We only need to realize that any measure Q ~ IP with E[g% | Foo] =
Zs will have Z as its density process. The rest follows from (1). O

Even though we stated it on [0,c0), most of applications of the
Girsanov’s theorem are on finite intervals [0, T], with T > 0. The
reason is that the condition that £( [, 6, dB,) be uniformly integrable
on the entire [0, 00) is either hard to check or even not satisfied for most
practically relevant 6. The simplest conceivable example 6; = u, for
all t > 0 and p € R\ {0} gives rise to the exponential martingale

Z; = el'Br 7%”%, which is not uniformly integrable on [0, %) (why?). On
any finite horizon [0, T}, the (deterministic) process ply<r) satisfies
the conditions of Girsanov’s theorem, and there exists a probability
measure P*T on Fr with the property that B = By — ut is a P+T
Brownian motion on [0, T]. It is clear, furthermore, that for Ty < Ty,
P*Ti coincides with the restriction of P2 onto Fr,. Our life would
be easier if this consistency property could be extended all the way up
to Foo. It can be shown that this can, indeed, be done in the canonical
setting, but not in same equivalence class. Indeed, suppose that there
exists a probability measure IP* on F«, equivalent to IP, such that IP¥,
restricted to Fr, coincides with P*T, for each T > 0. Let {Zi}e(0,00)
be the density process of IP* with respect to IP. It follows that

Zr = exp(uBr — $4*T), forall T > 0.
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Since y # 0, we have By — %yT — —oo, a.8.,, as T — oo and, so,
Zeo = limr_,o ZT = 0, a.s. On the other hand, Z, is the Radon-
Nikodym derivative of IP# with respect to IP on F«, and we conclude
that IP¥ must be singular with respect to IP. Here is slightly different
perspective on the fact that IP and IP¥ must be mutually singular: for
the event A € F, given by
A= {Jim % —o},
t—o0

we have P[A] = 1, by the Law of Large Numbers for the Brownian
motion. On the other hand, with Bt being a IP¥ Brownian motion, we
have

o3

t=—p]=0,

~|

PH[A] = P¥[lim 2t = 0] = P¥[lim

t—o0 t—o0

because B;/t — 0, P*-a.s. Not everything is lost, though, as we can

still use employ Girsanov’s theorem in many practical situations. Here

is one (where we take P[X € dx] = f(x)dx to mean that f(x) is the
density of the distribution of X.)

Example 22.5 (Hitting times of the Brownian motion with drift). De-
fine 7, = inf{t > 0 : B; = a} for a > 0. By the formula derived in a
homework, we have

2
Pt € dt] = \/l;ltiﬁe*% dt.

For T > 0, (the restriction of) P and PHT are equivalent on Fr with
the Radon-Nikodym derivative

1, T
dbt” = exp(uBr — 1p*T).

The optional sampling theorem (justified by the uniform integrability
of the martingale exp(uB; — 34%t) on [0,T]) and the fact that {7, <
T} € Fyar € Fr imply that

Elexp(uBr — 3#°T)| Fea1) = exp(uBear — 32 (T A T)).
Therefore,
PHT [, < T = B*" 1y, <ry] = Elexp(uBr — 3#°T) 17, <1}]

= Elexp(uByar — 37 (Ta A T)) 17, <1}]
= E[exp(uBz, — %VZTH)I{T,,ST}]

T 1
= El[exp(pa — %yzra)l{rﬂgT}] = /0 e"”_zP‘ZtP[Tg € di]

T 15 a2
:/ el 21t _lal =37 4y,
0

V2mt3
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On the other hand, {B; — pt};c[o,7) is a Brownian motion under prT,
)

P T, < T =P[%, < T],

where 1, is the first hitting time of the level a of the Brownian motion
with drift u. It follows immediately that the “density” of 1; is given by

(a—pt)?
2l o~"2r gt

P[t, € dt] =

We quote the word “density” because, if one tries to integrate it over
all t > 0, one gets

(a—pt)?

P[t; < oo] = ./0 \/%e_ 2 dt = exp(pa — |pal).

In words, if y and a have the same sign, the Brownian motion with
drift u will hit a sooner or later. On the other hand, if they differ in
sign, the probability that it will never get there is strictly positive and
equal to e,

Kazamaki’s and Novikov’s criteria

The message of the second part of Theorem 22.4 is that, given a “drift”
process {Gt}tE[O,OO)’ we can turn a Brownian motion into a Brownian
motion with drift 6, provided, essentially, that a certain exponential
martingale is a Ul martingale. Even though useful sufficient condi-
tions for martingality of stochastic integrals are known, the situation
is much less pleasant in the case of stochastic exponentials. The most
well-known criterion is the one of Novikov. Novikov’s criterion is, in
turn, implied by a slightly stronger criterion of Kazamaki. We start
with an auxiliary integrability result. In addition to the role it plays in
the proof of Kazamaki’s criterion, it is useful when one needs £(M) to
be a little more than just a martingale.

Lemma 22.6. Let £(M) be the stochastic exponential of M € M. If

sup [E[e*Mr]

TSy

< oo,

for some constant a > 1, where the supremum is taken over the set Sy of all
finite-valued stopping times T, then (M) is an ILP-bounded martingale for
p= 4;‘;&1_21 € (1,00).

Proof. We pick a finite stopping time T and start from the following
identity, which is valid for all constants p,s > 0:

EM)! = E(\/p/sM)s.elP—VP)Me
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For 1 > s > 0, we can use Holder’s inequality (note that 1/s and
1/(1 — s) are conjugate exponents), to obtain

(222)  E[E(M)?] < (E[E(v/p/sMx)))* (Elexp(F2E M)

The first term of the product is the s-th power of the expectation a

positive local martingale (and, therefore, supermartingale) sampled at
a finite stopping time. By the optional sampling theorem it is always
finite (actually, it is less then 1). As for the second term, one can easily

check that the expression p;l/sﬁ attains its minimum in s over (0, 1) for
s =2p—1—2y/p>— p, and that this minimum value equals to f(p),

where = lL. If we pick p = i, then =a
f(p) 2 \/m pick p 11 f(p)

and both terms on the right hand side of (22.2) are bounded, uniformly
in 7, so that £(M) is in fact a martingale and bounded in L7 (why
did we have to consider all stopping times 7, and only deterministic
times?). O

Proposition 22.7 (Kazamaki’s criterion). Suppose that for M € My
we have
im
sup E[e2™"]
TES),
where the supremum is taken over the set Sy of all finite-valued stopping

times, then £(M) is a uniformly integrable martingale.

< o0,

Proof. Note, first, that the function x — exp(%x) is a test function of
uniform integrability, so that the local martingale M is a uniformly
integrable martingale and admits the last element M. For the contin-
uous martingale cM, where 0 < ¢ < 1 is an arbitrary constant, Lemma

22.6 and the assumption imply that the local martingale £(cM) is, in
1

fact, a martingale bounded in IL?, for p = 5.

In particular, it is
uniformly integrable. Therefore,

(22.3) E(cM); = exp(cM; — %c2<M>t) = 5(M)§2e0(1—C)Mt_

By letting t — oo in (22.3), we conclude that £(M) has the last element
E(M)w, and that the equality in (22.3) holds at t = oo, as well. By
Holder’s inequality with conjugate exponents 1/c2 and 1/(1 — ¢?), we
have

1 = E[£(cM)o] < E[€(M)eo]” Elexp( 15 Meo)] .

Jensen’s inequality implies that E[exp (15 Mo )] < ]E[exp(%Moo)}lzTCC,
and so

1 < E[E(M)e]” Elexp(3Meo) 179,
We let ¢ — 1 to get E[€(M)«] > 1, which, together with the non-
negative supermartingale property of £(M) implies that £(M) is a
uniformly-integrable martingale. O
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Theorem 22.8 (Novikov’s criterion). If M € /\/léoc’c is such that

then £(M) is a uniformly integrable martingale.

. Iym 1 1wy . .
Proof. Since e2V'® = E£(M)2e4""'7, the Cauchy-Schwarz inequality
implies that

1 1
E[e2"] = E[£(M):]/2E[e2 ]2 < Efe2 M),

and Kazamaki's criterion can be applied. O
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