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Lecture 3
THE LEBESGUE INTEGRAL

The construction of the integral

Unless expressly specified otherwise, we pick and fix a measure space
(S, S, 1) and assume that all functions under consideration are defined
there.

Definition 3.1 (Simple functions). A function f € £°(S, S, ) is said to
be simple if it takes only a finite number of values.

The collection of all simple functions is denoted by £5™P0 (more
precisely by £5™PO(S, S, 1)) and the family of non-negative simple
functions by Eilmp’o. Clearly, a simple function f : S — R admits a

(not necessarily unique) representation

f=Y ala, (3.1)
k=1

foray,...,ay € Rand Ay, ..., A, € 8. Such a representation is called
the simple-function representation of f.

When the sets Ay, k = 1,...,n are intervals in R, the graph of the
simple function f looks like a collection of steps (of heights a7y, ..., ay).
For that reason, the simple functions are sometimes referred to as step
functions. The Lebesgue integral is very easy to define for non-negative
simple functions and this definition allows for further generalizations':

Definition 3.2 (Lebesgue integration for simple functions). For f €
£i_1mp’0 we define the (Lebesgue) integral [ f du of f with respect to
by

[ Fin= Faan < 009,
=1

where f = Y/ a;14, is a simple-function representation of f,

Problem 3.1. Show that the Lebesgue integral is well-defined for sim-
ple functions, i.e., that the value of the expression Y} apt(Ay) does
not depend on the choice of the simple-function representation of f.

*In fact, the progression of events you
will see in this section is typical for
measure theory: you start with indica-
tor functions, move on to non-negative
simple functions, then to general non-
negative measurable functions, and fi-
nally to (not-necessarily-non-negative)
measurable functions. This approach is
so common, that it has a name - the
Standard Machine.
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Remark 3.3.

1. It is important to note that [ fdu can equal +oco even if f never
takes the value +oo. It is enough to pick f = 14 where y(A) = +co
- indeed, then [ fdu = 1u(A) = oo, but f only takes values in
the set {0,1}. This is one of the reasons we start with non-negative
functions. Otherwise, we would need to deal with the (unsolvable)
problem of computing co — co. On the other hand, such examples
cannot be constructed when p is a finite measure. Indeed, it is
easy to show that when y(S) < oo, we have [ fdu < oo for all
fe sl

2. One can think of the (simple) Lebesgue integral as a generalization
of the notion of (finite) additivity of measures. Indeed, if the simple-
function representation of f is given by f = Y, 14, for pairwise
disjoint Ay,..., Ay, then the equality of the values of the integrals
for two representations f = 1 4, and f = Yi_114, is a simple
restatement of finite additivity. When A, ..., A, are not disjoint,
then the finite additivity gives way to finite subadditivity

n
Uk 1Ak SZ

but the integral [ fdu “takes into account” those x which are cov-
ered by more than one Ay, k = 1,...,n. Take, for example, n = 2
and A1 N Ay = C. Then

f=1a+14, =14)\c+21c +14,c,

and so
[ £ = w4\ C) + #(A2\ ©) +21(C) = (A1) + u(A2) + (C).

Simy . ..
PO is a convex cone, i.e., that it is closed

It is easy to see that L7
under finite linear combmatlons with non-negative coefficients. The

integral map f — [ fdu preserves this structure:

Problem 3.2. For f1, f» € Eiimp 0 and a1, > 0 we have
1. if fi(x) < fo(x) forall x € S then [ fidu < [ fody, and
2. [(mfi+acfo)dp=w [ frdu+as [ frdp.
Having defined the integral for f € Eiimp'o, we turn to general®
non-negative measurable functions. In fact, at no extra cost we can

consider a slightly larger set consisting of all measurable [0, co]-valued
functions which we denote by £9 ([0, oc]).

> Even though there is no obvious advan-
tage at this point of integrating a func-
tion which takes the value +oo, it will
become clear soon how convenient it re-
ally is.
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Definition 3.4 (Lebesgue integral for nonnegative functions). For a
function f € £9 ([0, 0]), we define its Lebesgue integral [ fdu by

/fdy —sup{/gdy g e L0 o(x) < flx), Vx € s} € [0, 00].

Problem 3.3. Show that | fdu = co if there exists a measurable set A
with y(A) > 0 such that f(x) = oo for x € A. On the other hand, show
that [ fdu = 0 for f of the form

00, XEA,
f(x) = o0lp(x) = 0, x#A,

whenever p(A) = 0.

Finally, we are ready to define the integral for general measurable
functions. Each f € £° can be written as a difference of two functions
in £ in many ways. There exists a decomposition which is, in a sense,
minimal. We define

fT =max(f,0), f~ = max(—f,0),

sothat f = f — f~ (and both f™ and f~ are measurable). The mini-
mality we mentioned above is reflected in the fact that for each x € S,
at most one of f* and f~ is non-zero.

Definition 3.5 (Integrable functions). A function f € £V is said to be
integrable if

/f+dy<ooand /f‘dy<oo.

The collection of all integrable functions in £° is denoted by £'. The
family of integrable functions is tailor-made for the following defini-
tion:

Definition 3.6 (The Lebesgue integral). For f € L!, we define the
Lebesgue integral [ fdy of f by

[fan= [t [ an.

Remark 3.7.

1. We have seen so far two cases in which an integral for a function
f € L0 can be defined: when f > 0 or when f € £!. It is possible to
combine the two and define the Lebesgue integral for all functions
f € £° with f~ € £!. The set of all such functions is denoted by

Note:  While there is no question that
this definition produces a unique num-
ber [ fdu, one can wonder if it matches
the previously given definition of the
Lebesgue integral for simple functions.
A simple argument based on the mono-
tonicity property of part 1. of Problem
3.2 can be used to show that this is, in-
deed, the case.

Note: Relate this to our convention that
coXx 0 =0x00=0.
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£9-1 and we set
[fau= [ frau— [ dne (~eo,e0), for fe .

Note that no problems of the form co — co arise here, and also note
that, like ES)F, £9-1 ig only a convex cone, and not a vector space.
While the notation £° and £! is quite standard, the one we use for
£971 is not.

2. For A € Sand f € £°7! we usually write [, fdu for [ f14dp.

Problem 3.4. Show that the Lebesgue integral remains a monotone
operation in £%~!. More precisely, show that if f € £°~! and ¢ € £°
are such that g(x) > f(x), forall x € S, then g € £ and [ gdu >

[ fdp.

First properties of the integral

The wider the generality to which a definition applies, the harder it is
to prove theorems about it. Linearity of the integral is a trivial matter
for functions in [,ilmp'o, but you will see how much we need to work to
get it for £9. In fact, it seems that the easiest route towards linearity
is through two important results: an approximation theorem and a
convergence theorem. Before that, we need to pick some low-hanging
fruit:

Problem 3.5. Show that for fi, f, € £ ([0,0]) and a € [0, o0] we have
1. if fi(x) < fo(x) forall x € Sthen [ fidu < [ fodp.
2. [afdu=uffdpu.

Theorem 3.8 (Monotone convergence theorem). Let {f,},en be a se-
quence in L9 ([0, 0]) with the property that

filx) < falx) <...forallx €8S.

Then
li,gn/fndu = /fd%
where f(x) = lim, f,(x) € £ ([0, 00]), for x € S.

Proof. The (monotonicity) property (1) of Problem 3.5 above implies
that the sequence [ f, du is non-decreasing and that [ f, du < [ fdp.
Therefore, lim,, [ f,du < [ fdu. To show the opposite inequality, we
deal with the case [ fdu < co and pick ¢ > 0 and g € Ei'imp’o with

g(x) < f(x), forallx € Sand [ gdu > [ fdu —e (the case [ fdu = oo
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is similar and left to the reader). For 0 < ¢ < 1, define the (measurable)

sets {An}nen by
Ay ={fn >cg},neN.

By the increase of the sequence {f,},en, the sets {A;},en also in-
crease. Moreover, since the function cg satisfies cg(x) < g(x) < f(x)
for all x € S and cg(x) < f(x) when f(x) > 0, the increasing con-
vergence f;, — f implies that U, A, = S. By non-negativity of f, and
monotonicity,

/f”dnu Z /fn1A11dy ZC/glA”d‘u,

and so

sup/f,1 du > csup/glAn du.
n n -

Letg =Yk, a;1p. be a simple-function representation of g. Then

k k
/glAn d‘ll = / Z ailBiﬂA,, d,u - lei‘u(Bi n Al’l)
i=1 i=1

Since A, S, we have A, NB; /' B;, i =1,...,k and the continuity
of measure implies that u(A, N B;) /* u(B;). Therefore,

k
/glA,, du /) wip(B;) = /gdu-
- i=1
Consequently,

lirrln/fndy :sup/fndy > c/gdy, forall c € (0,1),
n

and the proof is completed when we let ¢ — 1. O
Remark 3.9.

1. The monotone convergence theorem is really about the robustness
of the Lebesgue integral. Its stability with respect to limiting opera-
tions is one of the reasons why it is a de-facto “industry standard”.

2. The “monotonicity” condition in the monotone convergence theo-
rem cannot be dropped. Take, for example S = [0,1], S = B([0,1]),
and p = A (the Lebesgue measure), and define

fun= nl(o,nfl]/ for n € N.

Then £,(0) =0 foralln € Nand f,(x) =0forn >l and x > 0. In
either case f,(x) — 0. On the other hand

[fean=mr(@1)) =1,
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so that
lim/fnd)\:l >O:/limfnd)\.
n n

We will see later that the while the equality of the limit of the in-
tegrals and the integral of the limit will not hold in general, they
will always be ordered in a specific way, if the functions {f,}neN
are non-negative (that will be the content of Fatou’s lemma below).

Proposition 3.10 (Approximation by simple functions). For each f €
L9 ([0, 0]) there exists a sequence {gn}nen € Lilmp’o such that

1. gn(x) < gni1(x), foralln € Nandall x € S,
2. gu(x) < f(x) forall x € S,
3. f(x) = limy gu(x), forall x € S, and

4. the convergence g, — f is uniform on each set of the form {f < M},
M > 0, and, in particular, on the whole S if f is bounded.

Proof. Forn € N, let A}, k =1,...,n2" be a collection of subsets of S
given by

A=< f< gy = (5 8) k=1 2,

Note that the sets A}, k = 1,...,1n2" are disjoint and that the measur-
ability of f implies that A} € S for k =1,...,n2". Define the function
gn € L7 by

nzn

Qn = k_zllg—nllAltg +n1{f2rl}'

The statements 2., 3., and 4. follow immediately from the following
three simple observations:

* gu(x) < f(x) forallx € S,
* gu(x) = nif f(x) = oo, and
* gu(x) > f(x) —27" when f(x) < n.

Finally, we leave it to the reader to check the simple fact that {g, }neN
is non-decreasing. O

Problem 3.6. Show, by means of an example, that the sequence {gy }neN
would not necessarily be monotone if we defined it in the following
way:
gn = k1q k-1 k., +nl .
n n el 1k } {f=n}

5w
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Proposition 3.11 (Linearity of the integral for non-negative functions).
For f1, f» € £9([0,00]) and a1, ay > 0 we have

/(Mfl +asfr)dy = ﬂl/fl dﬂ+0¢2/f2dﬂ-

Proof. Thanks to Problem 3.5 it is enough to prove the statement for
a1 = ap = 1. Let {g} }nen and {g2},en be sequences in £iimp’0 which
approximate f! and f? in the sense of Proposition 3.10. The sequence
{gn}nen given by g = gk + g2, n € N, has the following properties:

* gy € Eilmp’o forn € N,
* ¢,(x) is a nondecreasing sequence for each x € S,

* gu(x) = fi(x) + fo(x), forall x € S.

Therefore, we can apply the linearity of integration for the simple
functions and the monotone convergence theorem (Theorem 3.8) to
conclude that

/(f1 +fz)dy:1i,gn/(g£+g%)duzli,gn (/g%dwr/gﬁdﬂ)
:/fldﬂ+/f2dV' u

Corollary 3.12 (Countable additivity of the integral). Let {f,} e be a
sequence in L9, ([0, 00]). Then

/ andﬂ—ng\l/fndﬂ-

nelN

Proof. Apply the monotone convergence theorem to the partial sums
gn = f1+ -+ fu, and use linearity of integration. O

Once we have established a battery of properties for non-negative
functions, an extension to £! is not hard. We leave it to the reader to
prove all the statements in the following problem:

Problem 3.7. The family £! of integrable functions has the following
properties:

. f e LViff [[f| du < oo,

=

2. L1 is a vector space,
NS fdp| < JIf] du, for f € L.
JIf+gldp < [Ifl du+ [ gl du, forall f,g € L1,

SV}

o~

Last Updated: September 28, 2013



Lecture 3: THE LEBESGUE INTEGRAL

8 of 14

We conclude the present section with two results, which, together
with the monotone convergence theorem, play the central role in the
Lebesgue integration theory.

Theorem 3.13 (Fatou’s lemma). Let {f, }ne be a sequence in £9, ([0, o]).

Then
/ lim inf fy dyt < lim inf / Fudu.

Proof. Set gu(x) = infy>, fx(x), so that g, € £ ([0,00]) and gu(x) is a
non-decreasing sequence for each x € S. The monotone convergence
theorem and the fact that liminf f,(x) = sup, gx(x) = lim, g,(x), for
all x € S, imply that

/' andy /lirr}Iinf d.

On the other hand, g,(x) < fi(x) for all k > n, and so

/gndﬂ < gﬁ/fkdu-
Therefore,

tim [ gudye <tim inf [ fidu = limin [ fidn.

Remark 3.14.

1. The inequality in the Fatou’s lemma does not have to be equality,
even if the limit lim, f,(x) exists for all x € S. You can use the
sequence { f, } nen of Remark 3.9 to see that.

2. Like the monotone convergence theorem, Fatou’s lemma requires
that all function { f,; } ,ew be non-negative. This requirement is nec-
essary - to see that, simply consider the sequence {— fy },eN, where
{fn}nen is the sequence of Remark 3.9 above.

Theorem 3.15 (Dominated convergence theorem). Let {f,}neN be a
sequence in L with the property that there exists ¢ € L such that |f,(x)| <
g(x), forall x € X and all n € N. If f(x) = limy f,(x) forall x € S, then

feL and
/fdy:hrrln/fndy.

Proof. The condition |f,(x)] < g(x), forall x € X and all n € IN
implies that g(x) >0, forall x € S. Since f;/ < g, f; <gand g€ L},
we immediately have f, € £!, for all n € N. The limiting function

Note:  The strength of Fatou’s lemma
comes from the fact that, apart from non-
negativity, it requires no special proper-
ties for the sequence {f,},en. Its con-
clusion is not as strong as that of the
monotone convergence theorem, but it
proves to be very useful in various set-
tings because it gives an upper bound
(namely liminf, [ f, du) on the integral
of the non-negative function liminf f,.

Note: The dominated convergence the-
orem combines the lack of monotonic-
ity requirements of Fatou’s lemma and
the strong conclusion of the monotone
convergence theorem. The price to be
paid is the uniform boundedness re-
quirement. There is a way to relax this
requirement a little bit (using the con-
cept of uniform integrability), but not too
much. Still, it is an unexpectedly useful
theorem.

Last Updated: September 28, 2013



Lecture 3: THE LEBESGUE INTEGRAL

9 of 14

f inherits the same properties f© < ¢ and f~ < g from {f,},en SO
f € L1, too.

Clearly g(x) + fu(x) > 0 for all » € IN and all x € S, so we can
apply Fatou’s lemma to get

/gdy+lirr}1inf/fn du :lirr}dinf/(g—i—fn)dy > /lin}linf(g+fn)dy
=/(g+f)du=/gdﬂ+/fdu-

In the same way (since g(x) — fu(x) > 0, for all x € S, as well), we
have

/gdy—limsup/fndy :liminf/(g—fn)dy > /liminf(g—fn)dy
n n n

:/(g—f)dﬂ:/gdﬂ—/fdu-

Therefore
limsup/fn du < /fdy < liminf/f,1 du,
n n
and, consequently, [ fdu =lim, [ f, du. O
Remark 3.16.
Null sets

An important property - inherited directly from the underlying mea-
sure - is that it is blind to sets of measure zero. To make this statement
precise, we need to introduce some language:

Definition 3.17. Let (S, S, i) be a measure space.

1. N € § is said to be a null set if 4(N) = 0.

2. A function f : S — R is called a null function if there exists a null
set N such that f(x) = 0 for x € N°.

3. Two functions f, g are said to be equal almost everywhere - denoted
by f = g, a.e. - if f — g is a null function, i.e., if there exists a null
set N such that f(x) = g(x) for all x € N°.

Remark 3.18.

1. In addition to almost-everywhere equality, one can talk about the
almost-everywhere version of any relation between functions which
can be defined on points. For example, we write f < g, a.e. if
f(x) < g(x) for all x € S, except, maybe, for x in some null set N.
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2. One can also define the a.e. equality of sets: we say that A = B, a.e,,
for A,B € Sif 14 = 1p, a.e. It is not hard to show (do it!) that
A = Bae, if and only if (A A B) = 0 (Remember that A denotes
the symmetric difference: A A B= (A\ B) U (B\ A)).

3. When a property (equality of functions, e.g.) holds almost every-
where, the set where it fails to hold is not necessarily null. Indeed,
there is no guarantee that it is measurable at all. What is true is that
it is contained in a measurable (and null) set. Any such (measurable)
null set is often referred to as the exceptional set.

Problem 3.8. Prove the following statements:

1. The almost-everywhere equality is an equivalence relation between
functions.

2. The family {A € S : u(A) = 0or u(A°) = 0} is a v-algebra (the
so-called p-trivial o-algebra).

The “blindness” property of the Lebesgue integral we referred to
above can now be stated formally:

Proposition 3.19. Suppose that f = g, a.e,. for some f,g € LS. Then

/fdu=/gdﬂ.

Proof. Let N be an exceptional set for f = g, a.e,, ie, f = g on N°¢
and p(N) = 0. Then f1nc = glnc, and so [ flnedy = [ glnedp. On
the other hand f1y < ooly and f oolydy = 0, so, by monotonicity,
J finydu = 0. Similarly [ g1xdpu = 0. It remains to use the additivity
of integration to conclude that

[ fau= [ fixedn+ [ fiyay
:/glchy+/g1Ndy:/gdy. O

A statement which can be seen as a converse of Proposition 3.19
also holds:

Problem 3.9. If f € £% and [ fdu = 0, show that f =0, a.e.

The monotone convergence theorem and the dominated conver-
gence theorem both require the sequence {f,},en functions to con-
verge for each x € S. A slightly weaker notion of convergence is
required, though:

Hint: What is the negation of the state-
ment “f = 0. a.e.” for f € £9?
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Definition 3.20. A sequence of functions { f, },eN is said to converge
almost everywhere to the function f, if there exists a null set N such
that

fa(x) = f(x) for all x € N°.

Remark 3.21. If we want to emphasize that f,(x) — f(x) forall x € S,
we say that { f, },eNn converges to f everywhere.

Proposition 3.22 (Monotone (almost-everywhere) convergence theo-
rem). Let {fn }nen be a sequence in L9 ([0, c0]) with the property that

fn < fui1 ae., foralln € IN.

Then
li,grlffndu = /fdu,
if f €L and f, — f, ae.

Proof. There are “co + 1 a.e.-statements” we need to deal with: one
for each n € N in f, < f,4+1, a.e, and an extra one when we as-
sume that f, — f, a.e. Each of them comes with an exceptional set;
more precisely, let {A; },en be such that f,(x) < f,11(x) for x € Af,
and let B be such that f,(x) — f(x) for x € B°. Define A € S by
A = (UyAy) UB and note that A is a null set. Moreover, consider the
functions f, {fu }nen defined by f = flac, fu = fulac. Thanks to the
definition of the set A, fy(x) < fu11(x), foralln € N and x € S;
hence f, — f, everywhere. Therefore, the monotone convergence the-
orem (Theorem 3.8) can be used to conclude that [ f,dpu — [ fdp.
Finally, Proposition 3.19 implies that [ f,du = [ f,du for n € N and
[ Fau— [ . 0

Problem 3.10. State and prove a version of the dominated convergence
theorem where the almost-everywhere convergence is used. Is it nec-
essary for all {f,},en to be dominated by ¢ for all x € S, or only
almost everywhere?

Remark 3.23. There is a subtlety that needs to be pointed out. If a se-
quence { f }nen of measurable functions converges to the function f
everywhere, then f is necessarily a measurable function (see Proposi-
tion 1.23). However, if f;, — f only almost everywhere, there is no
guarantee that f is measurable. There is, however, always a measur-
able function which is equal to f almost everywhere; you can take
liminf, f,, for example.
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Additional Problems

Problem 3.11 (The monotone-class theorem). Prove the following re-
sult, known as the monotone-class theorem (remember that a,, ,* a means
that a, is a non-decreasing sequence and a, — a)

Let ‘H be a class of bounded functions from S into R satisfying the
following conditions

1. H is a vector space,
2. the constant function 1 is in ‘H, and

3. if {fu}tneN is a sequence of non-negative functions in H such that
fu(x) 7 f(x), forall x € S and f is bounded, then f € H.

Then, if H contains the indicator 14 of every set A in some 7r-system
P, then H necessarily contains every bounded o(P)-measurable
function on S.

Problem 3.12 (A form of continuity for Lebesgue integration). Let
(S,S, 1) be a measure space, and suppose that f € L1, Show that
for each € > 0 there exists > 0 such thatif A € S and u(A) < 4, then

| [ fdu| <e

Problem 3.13 (Sums as integrals). In the measure space (IN,2N, 1), let
u be the counting measure.

1. For a function f : IN — [0, co], show that
[ fdu= Y ().
n=1

2. Use the monotone convergence theorem to show the following spe-
cial case of Fubini’s theorem

o0 o0 o0 [ee)
Yo =) )
k=1n=1 n=1k=1

whenever {ay, : k,n € N} is a double sequence in [0, c0].

3. Show that f : N — R is in £! if and only if the series

o]

fn),
=1

n

converges absolutely.

Hint: Use Theorems 3.10 and 2.12

Last Updated: September 28, 2013



Lecture 3: THE LEBESGUE INTEGRAL

13 of 14

Problem 3.14 (A criterion for integrability). Let (S,S,u) be a finite
measure space. For f € £9, show that f € £! if and only if

Y u({f 2 n}) <oo.

nelN

Problem 3.15 (A limit of integrals). Let (S, S, i) be a measure space,
and suppose f € L} is such that [ fdu = ¢ > 0. Show that the limit

li711n/nlog <1+ (f/n)"‘) du

exists in [0, o] for each & > 0 and compute its value.

Problem 3.16 (Integrals converge but the functions don’t ...). Con-
struct a sequence {f, },eN of continuous functions f, : [0,1] — [0,1]
such that [ f, du — 0, but the sequence {f,(x)},eN is divergent for
each x € [0,1].

Problem 3.17 (...or they do, but are not dominated). Construct an
sequence {fy}neN of continuous functions f,, : [0,1] — [0,00) such
that [ f,dy — 0, and f,(x) — 0 for all x, but f ¢ L', where f(x) =
supl’l fn (x) *

Problem 3.18 (Functions measurable in the generated c-algebra). Let
S # @Dbeasetand let f: S — R be a function. Prove that a function
¢+ S — R is measurable with respect to the pair (¢(f), B(R)) if and
only if there exists a Borel function / : R — R such that g =ho f.

Problem 3.19 (A change-of-variables formula). Let (S, S, ) and (T, T, v)
be two measurable spaces, and let F : S — T be a measurable function
with the property that v = F,u (i.e., v is the push-forward of y through
F). Show that for every f € L9 (T, T) or f € LY(T,T), we have

/fdv:/(foF)dy.

Problem 3.20 (The Riemann Integral). A finite collection A = {t,...,t,},
where a = ty) < f; < -+ < t; = band n € N, is called a partition
of the interval [a,b]. The set of all partitions of [a,b] is denoted by
P([a, 0]).

For a bounded function f : [a,b] - R and A = {to,...,tx} €
P([a,b]), we define its upper and lower Darboux sums U(f,A) and

L(f,A) by

u(f,a) = f (t sup f(f)> (B — tk-1)

k=1 (tr—1,tx]

Hint: Prove and use the inequality
log(1 + x*) < ax, valid for x > 0 and
o> 1.
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and

L(f, ) =f< inf )) (b~ ti).

€(tk-1, fk]

A function f : [4,b] — R is said to be Riemann integrable if it is
bounded and

su L(f,A)= inf U(f,A).
Aep([lzb]) (f,8) acit (f,8)

In that case the common value of the supremum and the infimum
above is called the Riemann integral of the function f - denoted by

R) [7 f(x)dx

1. Suppose that a bounded Borel-measurable function f : [4,b] — R is
Riemann-integrable. Show that

b
=) [

2. Find an example of a bounded an Borel-measurable function f :
[a,b] — R which is not Riemann-integrable.

3. Show that every continuous function is Riemann integrable.

4. It can be shown that for a bounded Borel-measurable function f :
[a,b] = R the following criterion holds (and you can use it without
proof):

f is Riemann integrable if and only if there exists a Borel set D C [a,b]
with A(D) = 0 such that f is continuous at x, for each x € [a,b] \ D.
Show that

¢ all monotone functions are Riemann-integrable,

* fogisRiemann integrableif f : [c,d] — R is Riemann integrable
and g : [a,b] — [c,d] is continuous,

¢ products of Riemann-integrable functions are Riemann-integrable.

5. Let ([a, ], B([a, b])*, A*) denote the completion of ([a,b], B([a, b]), A).
Show that any Riemann-integrable function on [a,b] is B(][a, b])*-
measurable.

Hint: Pick a sequence {A,}nen in P([a,b]) so that A, C A,yq and U(f,An) —
L(f,An) — 0. Using those partitions and the function f, define two sequences
of Borel-measurable functions {f,},en and { in}”EN so that in vl fo  fo
f<f< f,and [(f - f)dA = 0. Conclude that f agrees with a Borel measur-
able function on a complement of a subset of the set {f # f} which has Lebesgue

measure 0.
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