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Course: M362K Intro to Stochastic Processes
Term: Fall 2014
Instructor: Gordan Zitkovic

Lecture 5
GENERATING FUNCTIONS

The path-counting method used in the previous lecture only works
for computations related to the first n steps of the random walk, where
n is given in advance. We will see later that most of the interesting
questions do not fall into this category. For example, the distribution
of the time it takes for the random walk to hit the level I # 0 is like
that. There is no way to give an a-priori bound on the number of steps
it will take to get to I. To deal with a wider class of properties of
random walks (and other processes), we need to develop some new
mathematical tools.

DEFINITION AND FIRST PROPERTIES

As we know, the distribution of an INy-valued random variable X is
completely determined by the sequence {pi }xen, of numbers in [0, 1]
given by

Pr = ]P[X = k], k € No.

As a sequence of real numbers, {py}ren, can be used to construct a
power series:

Px(s) = Y pis. (5.1)
k=0

It follows from the fact that Y |[px| < 1 that the radius of conver-
gence' of {py}ren, is at least equal to 1. Therefore, Px is well defined
for s € [—1,1], and, perhaps, elsewhere, too.

Definition 5.1. The function Px given by Px(s) = Y2 pis® is called
the generating function of the random variable* X.

Before we proceed, let us derive expressions for the generating func-
tions of some of the popular INp-valued random variables.

* Remember, that the radius of conver-
gence of a power series Y5 ; a;x* is the
largest number R € [0,00] such that
Yiro agxk converges absolutely when-
ever |x| < R.

> more precisely, of its pmf {p }ren, -
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Example 5.2.

1. Bernoulli (b(p)). Here pg = g, p1 = p, and py = O, for k > 2.
Therefore,
Px(s) = ps+q.

2. Binomial (b(n, p)). Since py = (})p¥q"*, k=0,...,n, we have

Px(s) = ) (Z) pra" st = (ps +9)",

k=0

by the binomial theorem.

3. Geometric (g(p)). For k € Ny, px = g*p, so that

Px(s) = Y q's"p=p Y (g) = .
k=0 k=0 q

4. Poisson (p(A)). Given that p; = e’/‘%(, k € Ny, we have

© )k I (S)\)k _ _
A k _ A _ ASA A 1
e —k!s =e E x = e et = A1),

Some of the most useful analytic properties of Px are listed in the
following proposition

Proposition 5.3. Let X be an No-valued random variable, {pg}ren, its
pmf, and Px be its generating function. Then

1. Px(s) = E[s*], s € [-1,1],
2. Px(s) is convex and non-decreasing with 0 < Px(s) <1 fors € [0,1]
3. Px(s) is infinitely differentiable on (—1,1) with

an > _
WP)((S) = Zk(k—l)...(k—n—l—l)sk "pr, n € N. (5.2)
k=n

In particular,
1 4"
Pn = E@PX(S) »

and so s — Px(s) uniquely determines the sequence { py } ke, -

Proof. Statement 1. follows directly from the formula

[e9)

Elg(X)] = k;)g(k)r’k,

applied to g(x) = s*. As far as (3) is concerned, we only note that
the expression (5.2) is exactly what you would get if you differentiated
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the expression (5.1) term by term. The rigorous proof of the fact this
is allowed is beyond the scope of these notes. With 3. at our disposal,
2. follows by the fact that the first two derivatives of the function Px
are non-negative and that Px (1) = 1. O

Remark 5.4.

1. If you know about moment-generating functions, you will notice
that Px(s) = Mx(log(s)), fors € (0,1), where Mx(A) = E[exp(AX)]
is the moment-generating function of X.

2. Generating functions can be used with sequences {aj }rcn, which
are not necessarily pmf’s of random variables. The method is useful
for any sequence {a; }ren, such that the power series Y7 a;s® has
a positive (non-zero) radius of convergence.

3. The name generating function comes from the last part of the prop-
erty (3). The knowledge of Px implies the knowledge of the whole
sequence {pi}reN,- Put differently, Px generates the whole distri-
bution of X.

Remark 5.5. Note that the true radius of convergence varies from dis-
tribution to distribution. It is infinite in 1. , 2. and 4., and equal to
1/g > 11in 4. in Example 5.2. For the distribution with pmf given by
Pk = ﬁ, where C = (32, ﬁ)’l, the radius of convergence is
exactly equal to 1. Can you see why?

CONVOLUTION AND MOMENTS

The true power of generating functions comes from the fact that they
behave very well under the usual operations in probability.

Definition 5.6. Let {pi}ren, and {qx}ken, be two probability-mass
functions. The convolution p * g of {py}ren, and {gx }ren, is the se-
quence {7x }ren,, Where

n =

Pkqn—k, 1 € No.

n
k=0

This abstractly-defined operation will become much clearer once we
prove the following proposition:

Proposition 5.7. Let X, Y be two independent INy-valued random variables
with pmfs {prtren, and {qx tken,- Then the sum Z = X +Y is also No-
valued and its pmf is the convolution of { px frew, and {qx }ken, in the sense
of Definition 5.6.
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Proof. Clearly, Z is INp-valued. To obtain an expression for its pmf, we
use the law of total probability:

P[Z =n] = Y P[X = K[P[Z = n|X = k].

On the other hand,

P[Z=n|X=k=P[X+Y=n|X=k=P[Y=n—kX=K

=P[Y=n—k|,
where the last equality follows from independence of X and Y. There-
fore,
n n
P(Z=n]=) PX=KPY=n—k =) pfnr O
k=0 k=0

Corollary 5.8. Let {py}ren, and {px}ren, be any two pmfs.

1. Convolution is commutative, i.e., pxq = q * p.
2. The convolution r = p * q of two pmfs is a pmf, i.e. ry > 0, forall k € Ny

and Y 22 e = 1.

Corollary 5.9. Let {py}ren, and {px }ren, be any two pmfs, and let
P(s) = ) prs* and Q(s) = Y gys*
k=0 k=0

be their generating functions. Then the generating function R(s) = Y5>, rys*,
of the convolution r = p * q is given by

Equivalently, the generating function Px.y of the sum of two independent
INo-valued random variables is equal to the product

Px1y(s) = Px(s)Py(s),

of the generating functions Px and Py of X and Y.

Example 5.10.

1. The binomial b(n, p) distribution is a sum of n independent Ber-
noullis b(p). Therefore, if we apply Corrolary 5.9 n times to the
generating function (g + ps) of the Bernoulli b(p) distribution we
immediately get that the generating function of the binomial is

(q+ps)...(g+ps)=(q+ps)".
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2. More generally, we can show that the sum of m independent random
variables with the b(n, p) distribution has a binomial distribution
b(mn, p). If you try to sum binomials with different values of the
parameter p you will not get a binomial.

3. What is even more interesting, the following statement can be shown:

Suppose that the sum Z of two independent INyp-valued random
variables X and Y is binomially distributed with parameters n and
p- Then both X and Y are binomial with parameters ny, p and ny, p
where nx +ny = n. In other words, the only way to get a binomial
as a sum of independent random variables is the trivial one.

Another useful thing about generating functions is that they make
the computation of moments easier.

Proposition 5.11. Let {py }ren, be a pmf of an No-valued random variable
X and let P(s) be its generating function. For n € N the following two
statements are equivalent

1. E[X"] < oo,

"P(s)
2.~

_2u

5

exists)

) exists (in the sense that the left limit limg d”dlz

In either case, we have
dn

E[X(X—1)(X=2)...(X=n+1)] = 15P(s)| _.

The quantities
E(X], EX(X-1)], EXX-1)(X-2)],...

are called factorial moments of the random variable X. You can get
the classical moments from the factorial moments by solving a system
of linear equations. It is very simple for the first few:

E[X] = E[X],
E[X?] = E[X(X —1)] + E[X],
E[X%] = E[X(X —1)(X —2)]] + 3E[X(X — 1)] + E[X], ...
A useful identity which follows directly from the above results is the
following:
Var[X] = P"(1) + P'(1) - (P'(1))?,

and it is valid if the first two derivatives of P at 1 exist.

Example 5.12. Let X be a Poisson random variable with parameter A.
Its generating function is given by

Px(s) = 71,
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Therefore, %Px(l) = A", and so, the sequence (E[X], E[X(X —1)], E[X(X —
1)(X —2)],...) of factorial moments of X is just (A,A%,A3,...). It fol-

lows that
E[X] = A,
E[X?] = A2+ A, Var[X] = A
E[X3] = A3 +3A24A,...

RANDOM SUMS

Our next application of generating functions in the theory of stochastic
processes deals with the so-called random sums. Let {i,},eN be a
sequence of random variables, and let N be a random time (a random
time is simply an Ny U {+o0}-value random variable). We can define
the random variable

N
Y =13 &
k=0
for w € Q by
0, N(w) =0,
Y(w) =
@ {sz_(;”) Gi(w), N(w)=1.

More generally, for an arbitrary stochastic process {X}ren, and a
random time N (with P[N = 4o0] = 0), we define the random variable
Xn by Xn(w) = Xn(w)(w), for w € Q. When N is a constant (N = n),
then Xy is simply equal to X;;. In general, think of X as a value of
the stochasti process X taken at the time which is itself random. If

Xy = Y8 | &, then Xy = YN | &.

Example 5.13. Let {{,},en be the increments of a symmetric simple
random walk (coin-tosses), and let N have the following distribution

0 1 2
NN<1/3 1/3 1/3)

which is independent of {{,}nen (it is very important to specify the
dependence structure between N and {¢, },cN in this setting!). Let us
compute the distribution of Y = Z,I{\IZO ¢ in this case. This is where we,
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typically, use the formula of total probability:
P[Y =m] =P[Y = m|N = 0] P[N = 0]
+P[Y =m|N =1]P[N =1]

+P[Y = m|N = 2] P[N = 2]
=P[)_ & =m|N =0]P[N =0]
k=0

+1P[i & =m|N =1]P|N =1]
k=0

N
+P[) & =m|N =2]P[N =2]

k=0
1
= 3 (P[0 =m] +P[gy = m] + P[g) + & = m]).
When m = 1 (for example), we get
1
PlY =1] = (Hgﬂ =1/6.

Perform the computation for some other values of m for yourself.

What happens when N and {¢,, },en are dependent? This will usu-
ally be the case in practice, as the value of the time N when we stop
adding increments will typically depend on the behaviour of the sum
itself.

Example 5.14. Let {&,},en be as above - we can think of a situation
where a gambler is repeatedly playing the same game in which a coin
is tossed and the gambler wins a dollar if the outcome is heads and
looses a dollar otherwise. A “smart” gambler enters the game and
decides on the following tactic: Let’s see how the first game goes. If I lose,
I'll play another 2 games and hopefully cover my losses, and If I win, I'll
quit then and there. The described strategy amounts to the choice of the
random time N as follows:

1/ é 1/
N =
3I él 71'

Y — 1, él = -1,
-1+8+38, ¢1=1

Py =1] = P[Y = 1/& = 1JP[& = 1] + P[Y = 1/ = ~1JP[& = 1]
1-Plg = 1]+ P& + & = 2Pl& = —1]
—j0+h=¢

Then

I
—_

Therefore,
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—3] = &. The expectation
=0.

Similarly, we get P[Y = —1] =
E[Y]isequal3to1-3 4 (—1)-

.-NH»M»A

and P[Y
(-3)-

Q= H

We will return to the general (non-independent) case in the next
lecture. Let us use generating functions to give a full description of
the distribution of Y = Z,Z(V:O ¢ in this case.

Proposition 5.15. Let {,}nen be a sequence of independent No-valued
random variables, all of which share the same distribution with pmf { py fren,
and generating function Pg(s). Let N be a random time independent of
{&n}nen. Then the generating function Py of the random sum'Y = 2,1(\]:0 Cr
is given by

Py(s) = Pn(Pz(s)).

Proof. We use the idea from Example 5.13 and condition on possible
values of N. We also use the following fact (Tonelli’s theorem) without

proof:
If aj; > 0, foralli,j, then Y Y a;; =) ) aj. (5.3)
j=0i=0 i=0j=0
Py(s) = Y s"PY = i]
k=0
= Y (L PlY = kIN = iJP[N = i])
k=0 i=0
= Sk( Y P[) ¢ =KPIN = z]) (by independence)
k=0 “i=0 j=0

I
[7e

i skll’[i &G =kP[N=1i (by Tonell)
i=0k=0  j=0

=Y PIN=1Y s"P[Y¢ =K  (by(53)
i=0 k=0 j=0

By (iteration of) Corollary 5.9, we know that the generating function

of the random variable Z;::o ¢j - which is exactly what the second sum

above represents - is (Pz(s))’. Therefore, the chain of equalities above
can be continued as

= Y PIN = i](P(s))

3 This is not an accident. One of the first
powerful results of the beautiful mar-
tingale theory states that no matter how
smart a strategy you employ, you cannot
beat a fair gamble.
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Corollary 5.16 (Wald’s Identity I). Let {¢,},en and N be as in Proposi-
tion 5.15. Suppose, also, that E[N] < oo and E[¢1] < co. Then

N
IE[kE ¢kl = E[N]E[Z4].
=0

Proof. We just apply the composition rule for derivatives to the equal-
lty Py = PN o Pg to get

Py(s) = Py(Pz(s))Ps(s)-
After we lets 1, we get

E[Y] = Py(1) = Py(P;(1))P;(1) = Py (1) Pz (1) = E[N]E[5)]. O

Example 5.17. Every time Springfield Wildcats play in the Superbowl,
their chance of winning is p € (0,1). The number of years between two
Superbowls they get to play in has the Poisson distribution p(A), A >
0. What is the expected number of years Y between the consequtive
Superbowl wins?

Let {Cn }nen be the sequence of independent p(A)-random variables
modeling the number of years between consecutive Superbowl appear-
ances by the Wildcat. Moreover, let N be a geometric g(p) random
variable with success probability p. Then

N
Y= 2 Ck-
k=0

Indeed, every time the Wildcats lose the Superbowl, another ¢. years
have to pass before they get another chance and the whole thing stops
when they finally win. To compute the expectation of ¥ we use Corol-
lary 5.16

E[Y] = E[NJE[] = 1;%.

PROBLEMS

Problem 5.1. If P(s) is the generating function of the random variable
X, then the generating function of 2X + 1 is

@ P(2s+1)
(b) 2P(s) +1
(c) P(s*+1)
(d) sP(s?)

(e) none of the above
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Solution: The correct answer is (d): using the representation Py(s) =
E[s"], we get Poxi1 = E[s**™!] = E[s(s*)] = sE[(s?)*] = sPx(s?).
Alternatively, we can use the fact that

0, ke{0,2,4,...},

P2X+1=k =
2X + ] {pk_l, ke{1,3,5,...},
2

where p, = P[X = n], n € Ny, so that

Pox11(s) =04 pos + 0s% + pls2 +0s° + p254 4+ = sPX(sz).

Problem 5.2. Let X be an INy-valued random variable, and let P(s) be
its generating function. Then the generating function of 4X is given by

1. (P(s))*,
2. P(P(P(P(s)))),
3. P(s%),
4. 4P(s),

5. none of the above.
Solution: 3.

Problem 5.3. Let X and Y be two Np-valued random variables, let
Px(s) and Py(s) be their generating functions and let Z = X -,
V=X4Y,W=XY. Then

1. Px(s) = Pz(s)Py(s),

2. Px(s)Py(s) = Pz(s),

5. none of the above.
Solution: 5.

Problem 5.4. Let X be an INyp-valued random variable and P(s) its
generating function. If Q(s) = P(s)/(1 —s), then

1. Q(s) is a generating function of a random variable,

2. Q(s) is a generating function of a non-decreasing sequence of non-
negative numbers,
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3. Q(s) is a concave function on (0, 1),

4. Q0)=1,

5. none of the above.
Solution: 2.

Problem 5.5. The generating function of the Ny-valued random vari-

able X is given by
s

A T

1. Compute py = P[X = 0].
2. Compute p; = P[X =1].

3. Does E[X] exist? If so, find its value; if not, explain why not.

Solution:
1. po = Px(0),s0 pp =0,
2. p1 = P{(0), and

1
VI-2(1+V1-52)

Ph(s) =

_1
SO p1 = 5.

3. If E[X] existed, it would be equal to P (1). However,

lim P (s) = ,
o5 x () = +o0

so E[X] (and, equivalently, P4 (1)) does not exist.

Problem 5.6. Let P(s) be the generating function of the sequence (py, p1, - - -

and Q(s) the generating function of the sequence (qo, 41, - - . ). If the se-
quence {7y }4eN, is defined by

0, n<l1
n = n—1
Y1 Pkdn—1-k, n>1,
then its generating function is given by (Note: Careful! {r,},enN, is not
exactly the convolution of {p,},eN, and {gn }nen,- )

(@) P(s)Q(s) — poqo

(b) (P(s) — po)(Q(s) — q0)
(© $(P(s) = po)Q(s)

)

Last Updated: March 23, 2016



Lecture 5: GENERATING FUNCTIONS

12 of 16

(d) 1P(s)(Q(s) — q0)
(e) s(P(s) — po)Q(s)

Solution: The elements of {r,},cnN, are

ro =0, =0, 12 = p190, '3 = p191 + P290, Y4 = p192 + p2g1 + P3qo, - - -

If it started from n = 2 it would be exactly the convolution of the
sequences

(pl,pz,...) and (qO,ql,...)

The generating function of the first one is

$(P(s) = po),

while the generating function of the second one is Q(s). Therefore the
generating function of the sequence

(1’2,1’3,. . )

is 1(P(s) — po)Q(s). To “put two zeros” in front of everything, we

need to multiply it by s, so

R(s) = s(P(s) = po)Q(s),

and the correct answer is (e).

Problem 5.7. Let N be a random time, independent of {&;},en,,
where {C, } nel, is a sequence of mutually independent Bernoulli ({0,1}-
valued) random variables with parameter pp € (0,1). Suppose that N
has a geometric distribution g(pg) with parameter p; € (0,1). Com-
pute the distribution of the random sum

N
Y=1) G
k=1

ie., find P[Y = i], for i € Ny. (Note: You can think of Y as a binomial
random variable with “random n”.)

Solution: Independence between N and {{, },en allows us a to use
a result from class which states that the generating function Py (s) of Y
is given by

Py(s) = Pn(Ps(s)),

P2 is the generating function of N (geometric dis-

1—qgs
tribution) and Pg(s) = qp + pps is the generating function of each

where Py(s) =

(Bernoulli distribution). Therefore,

Pg
Pg T—q498 Py
PY S) = = prnd ,
&)= 7= 95 +pps) 1 B0s  1—ays
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— Ps
where py = 1751;%

generating function of a geometric random variable with parameter
py,so P[Y =] = py(qy)".

and gy = 1 — py. Py can be recognized as the

Problem 5.8. A fair coin and a fair 6-sided die are thrown repeatedly
until the the first time 6 appears on the die. Let X be the number
of heads obtained (we are including the heads that may have occurred
together with the first 6) in the count. The generating function of X is

N =

@) Jeis+
b) 5
© %

@ 75

(e) None of the above

Solution: X can be seen as a random sum of %—Bernoulli random vari-
ables with the number of summands given by G, the number of tries
it takes to get the first heads. G is clearly geometrically distributed
with parameter %. The generating function of G is P;(s) = g5, so
the generating function of the whole random sum X is

1+s

Px(s) = Po((3 +39)) = oo

Problem 5.9. Six fair gold coins are tossed, and the total number of
tails is recorded; let’s call this number N. Then, a set of three fair silver
coins is tossed N times. Let X be the total number of times at least two
heads are observed (among the N tosses of the set of silver coins).

(Note: A typical outcome of such a procedure would be the follow-
ing: out of the six gold coins 4 were tails and 2 were heads. Therefore
N = 4 and the 4 tosses of the set of three silver coins may look some-
thing like {HHT, THT, TTT, HTH}, so that X = 2 in this state of the
world. )

Find the generating function and the pmf of X. You don’t have to
evaluate binomial coefficients.

Solution: Let Hy, k € IN, be the number of heads on the k" toss
of the set of three silver coins. The distribution of Hj is binomial so
P[Hy > 2] = P[Hy = 2]+ P[H, = 3] =3/8+1/8 = 1/2. Let & be the
indicator

1, Hy=>2,

He=2 = Vo B <2,
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The generating function P¢(s) of each { is a generating function of a
Bernoulli random variable with p = %, ie.

Pg(s) = (1 +5s).

The random variable N is has a binomial distribution with parameters

n=6andp = % Therefore,

By a theorem from the notes, the generating function of the value of
the random sum X is given by

Pu(s) = Pu(Be(s) = (3+ 33+ 1)) = (3 +9)"

Therefore, X is a binomial random variable with parameters n = 6 and
p=1/4,1ie.

6 367k

Problem 5.10. Tony Soprano collects his cut from the local garbage
management companies. During a typical day he can visit a geomet-
rically distributed number of companies with parameter p = 0.1. Ac-
cording to many years’ worth of statistics gathered by his consigliere
Silvio Dante, the amount he collects from the i" company is random
with the following distribution

X $1000 $2000 $3000
! 0.2 0.4 0.4

The amounts collected from different companies are independent of
each other, and of the number of companies visited.

1. Find the (generating function of) the distribution of the amount of
money S that Tony will collect on a given day.

2. Compute E[S] and P[S > 0].

Solution:

1. The number N of companies visited has the generating function

0.1

Pn(s) = 10557

and the generting function of the amount X; collected from each
one
Px(s) = 0.25'090 4 0.452000 1 0453000,
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The total amount collected is given by the random sum

so the generating function of S is given by

0.1
~ 1—10.9(0.251000 - 0.452000 - 0.453000) "

Ps(s) = Pn(Px(s))

2. The expectation of S is given by

E[S] = P4(1) = PL(Px(1))Pk(1) = E[N]E[X;] = 9 x $2200 = $19800.

To compute P[S > 0], we note that S = 0 if and only if no collec-
tions have been made, i.e,, if the value of N is equal to 0. Since N
is geometric with parameter p = 0.1, so

P[S>0=1-P[S=0]=1-P[N=0]=1-p=09.

Problem 5.11 (Optional, but fun). The Fibonacci sequence {F;},cn, is
defined recursively by

Fo=F =1,F,4» = F,41+ F;,n € Np.
1. Find the generating function P(s) = Y°, Fis* of the sequence

{FH}HE]NO'

2. Use P to derive an explicit expression for F,, n € INg. (Hint: use
partial fractions )

Note: the purpose of this problem is to show that one can use gen-
erating functions to do other things, as well. Indeed {F;},cN, is not
a probability distribution, but the generating function techniques still

apply.
Solution:

1. If we subtract sP(s) and s?P(s) from P(s), we get (note the shift in
the index k in the third line)

(1-s-3s*)P(s) =Y Fs*—s Y Fst—s* Y s
k=0 k=0 k=0

[ee] [ee] [ee]
k=0 k=0 k=0

0 0 0
= 2 FkSk — Z kalsk - Z Fk,ZSk
k=0 k=1 k=2

[e9)
=FR+hAs—F+ Y (F—F_1-FK)s
k=2

=S
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Therefore, s

Pe) =i5—a

2. The equation 1 — s — s2 = 0 has two real roots 512, and we can
express them both in terms of the Golden section

1+45
b= +2f,

as s1 = ¢ and s = 1 — ¢. Therefore, a partial-fraction expansion
gives us

s 1 1 1
P(S)—l_s_sz_\@(l—w_l—(l—fl’)s')'

Both fractions can be recognized as sums of geometric series, so

00 k _ \k
Ps) =Y ("’%‘”) ok,

Generating functions uniquely determine the sequence of their co-
efficients, so
R Ok
=
V5

, for n € INy.
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