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L eft Orderability
A groupG # 1 isleft-orderable(LO) if d strict total order onG
suchthag<h=fg<fthvfeG

e RisLO

GLO,1#H<G=HLO

G > g (# 1) finite order=- G not LO

G locally indicable= G LO

G,H LO = G« H LO (Vinogradov, 1949)

G (countable) LO= 3 embeddingc C Homea, (R)

braid groupB;, is LO (Dehornoy, 1994)



e M compact, orientable, prime 3-manifold (poss. with bouwpplar

Thenm1(M) is LO < m1(M) has an LO quotient
(Boyer-Rolfsen-Wiest, 2005)

Hence (1(M) > 0= m1(M)LO
So interesting case is when

M is aQ-homology 3-sphere (QHS)



SupposeM has aco-orientable taut foliatiod

m1(M) acts on leaf spacé of universal covering oM

If £2=R (F isR-covered then we get non-trivial homomorphism
m1(M) — Homea. (R) oo m(M)isLO

Theorem (BRW, 2005)

M a Seifert fibered QHS. Then (M) is LO < M has base orbifold

S(ay, . ..,a,) and admits a horizontal foliation.



Theorem (Calegari-Dunfield, 2003)

M a prime, atoroidal QHS with a co-orientable taut foliati,dﬁ the

universal abelian cover of M. Then (M) is LO.

Thurston’s universal circle construction gives
p: w1 (M) C Homea, (S
Central extension
1 Z — Homea, () — Homea, (S} — 1

Restriction ofp to 1 (M) lifts to Homea, (St) ¢ Homea, (R)



Heegaard Floer Homology (Ozsvath-Szabd)

M a QHS

HF(M) : finite dimensionalZ,-vector space
dimHF(M) > [H1(M)]

M is anL-spacdf equality holds

E.g. lens spaces atespaces

Is there a “topological” characterization bfspaces?

Conjecture

M a prime QHS. Then

M is an L-space & m(M) isnot LO



E.g.
M is anL-space

m1(M) finite
m1(M) not LO

Theorem (OS, 2004)

If M is an L-space then M does not admit a co-orientable taut

foliation.

So Conjecture=- : if M has a co-orientable taut foliation then
m1(M) is LO (virtually true by Calegari-Dunfield)

M ZHS graph manifold admits a taut foliation, horizontal iclea
Seifert piece. Henckl not anL-space;r1(M) LO

(Boileau-Boyer, 2011)



(A) Seifert manifolds

Theorem

The Conjecture is true if M is Seifert fibered.

Base orbifold is either

S(ay,...,an):
M anL-space= M does not admit a horizontal foliation
(Lisca-Stipsicz, 2007)
& (M) not LO (BRW, 2005)

(also observed by Peters)

P?(ag,...,an):  m1(M) notLO (BRW, 2005)



ShowM is anL-space by inductive surgery argument using:

N compact, orientable 3-manifoldN a torus;a, 6 C ON, a - 6 =1,

such that

[Hi(N(a + 8)) = [Hi(N(@))[ + [H1(N(8))|
Then N(«),N(5) L-spaces= N(a + ) L-space  (x)
(OS, 2005)

(usesHAF surgery exact sequence of a triad)
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(B) Sol manifolds
N = twisted|-bundle/Klein bottle

N has two Seifert structures:

base Mobius band; fibefg

baseD?(2, 2); fiber ¢y
wo-p1=10noN
f : ON — ON homeomorphismM = N Us N
AssumeM a QHS (f(vo) # £¢o)
M Seiferte f(pi) = £¢j (somei,j € {0,1})

Otherwise M is a Sol manifold
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m1(M)isnot LO (BRW, 2005)
Theorem

M is an L-space

f, = [i g} (c # 0) with respect to basispg, ¥1

. al
(1) Trueif f,= [1 0]
f(p1) = ¢o, SoM Seifert
(2 Trueif f,= E 3] = [i :CLJ [cl) ﬂ = [i é] (to)

wherety : 9N — ON is Dehn twist alongpg

d

*
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Write W(f) = N Us N

BorderedHF calculation showQT:(W(f)) = ﬁl\:(W(f otp))

So reduced to case (1)

(3) Ingeneral, induct offic| :

closed curves” ON and usg+)

do surgery on suitable simple
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(C) Dehn surgery

Theorem (OS, 2005)

K a hyperbolic alternating knot. Then(K) is not an L-spac&'r € Q

Theorem (Roberts, 1995)

K an alternating knot.

(1) If K is not special alternating then () has a taut foliation
VreQ.

(2) If K is special alternating then K) has a taut foliation either
Vr>0orVvr <O.
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K(1/q)isaZHS .. foliation is co-orientable
K(1/q) atoroidal .. 71(K(1/q)) C Homea (S')
H?(m1(K(1/q))) = 0; so lifts tomry(K(1/q)) € Homeo, (R)

m1(K(1/q)) iIsLO (¥vgq#0in(1),Yq>0 or¥q< 0 in(2))

Theorem

Let K be the figure eight knot. Then(K(r)) is LO for—4 <r < 4.

Uses representationsp : 71(S* \ K) — PSLy(R)
(Also true forr = £4  (Clay-Lidman-Watson, 2011))
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(D) 2-fold branched covers

L alinkinS®

¥ (L) =2-fold branched cover df
Theorem (OS, 2005)

If L is a non-split alternating link theX:(L) is an L-space.

(uses () ;

K= ) = S(L), BLo), B(Ly) asurgery triad
L L, Ly with detL = detLg + detL.,)

Theorem

If L is a non-split alternating link themr;(X(L)) is not LO.

(Also proofs by Greene, Ito)
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L alink in S, D a diagram oL

Define groupr(D) :

generatorsay, . .., a, «— arcs of D

relations «— crossings ofD
N/
N
3 ey e
Theorem (Wada, 1992)

m(D) 2 m(X(L)) * Z
. m(D)LO <= m1(X(L)) LO (if L # unknot)
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Supposer(D) LO
glagla=1 < §la=a'y
a <y <« gla<l
.. at each crossing either
g <g <&
or a >a > a
or & =a =a
Shade complementary regionsalternately Black/White
Define grapH’(D) Cc S
vertices «—— B-regions

edges «—— crossings



=
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AssumeD connected, alternating

We want to show 71(X(L)) notLO

True if L =unknot; soassumke # unknot
Then m(Z(L)LO < «(D)LO

So assume 7(D) LO

Orient edges of I'(D

%? ~7
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I" a connectedsemi-oriented graphC 7

KK

cycle sink source

where, in each case, there is at least one oriented edge
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Lemma

LetI’ ¢ S be a connected semi-oriented graph with at least one

oriented edge. Theh has a sink, source or cycle.

Let T =T(D)
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cycle:

a contradiction, since at least one oriented edge
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sink:

a contradiction, since at least one oriented edge
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Similarly for a source
a, >a,>--->ag, >a,, contradiction

by Lemma, all edges of I'(D) are unoriented

(sinceD connected) a;=ay=---=ay

L = unknot, contradiction
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L quasi-alternating — X(L) anL-space

Question

Does L quasi-alternating = m1(X(L)) notLO?
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