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L eft Orderability
A groupG # 1 isleft orderable(LO) if d strict total order< on G
suchthag < h=fg<thvf e G

e RisLO
GLO, 1#H<G=HLO

G LO = Gtorsion-free
G,H LO <= G« H LO (Vinogradov, 1949)
G (countable) LO— 3 embeddings C Homea, (R)
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Theorem

Homeao, (R) is LO.
Proof.
Let Xy, Xo, . .. be a dense subset Bf
g,h€ Homeo.(R), g#h

Let n = least index such thaf(x,) # h(xp).
Defineg<h <= g(X) < h(xn)
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G is left circularly orderablgLCO) if 3 strict circular order ort,
T c G3, such thatgy, g2, 03) € T = (fgy, fgp,fgs) € TV € G
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« StisLCO
» G (countable) LCO= 3 embeddings c Homeaq, (S')
e G LO= G LCO
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Theorem (Boyer-Rolfsen-Wiest, 2005)

M a compact, orientable, prime 3-manifold (poss. with bamgil
Thenm1(M) is LO< m1(M) has an LO quotient.

Hence (1(M) > 0= m1(M)LO
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Theorem (Boyer-Rolfsen-Wiest, 2005)

M a compact, orientable, prime 3-manifold (poss. with bamgil
Thenm(M) is LO< 71(M) has an LO quotient.

Hence (1(M)> 0= m1(M)LO
So interesting case is when
H.(M; Q) = H.(S; Q)

M is aQ-homology 3-sphere (QHS)
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Foliations

SupposeM has a (codim 1yo-orientable taut foliatioCTF) F
m1(M) acts on leaf spacé of universal covering oM

E.g. if £ = R (F is R-covered then get non-trivial homomorphism
m1(M) — Homea. (R) - m(M)is LO

Theorem (BRW, 2005)

M a Seifert fiberedQHS. Thenr1(M) is LO < M has base orbifold
S(ay, ... ,a,) and admits a horizontal foliation.
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admit{

Foliations

SupposeM has a (codim 1yo-orientable taut foliatioCTF) F
m1(M) acts on leaf spacé of universal covering oM

E.g. if £ = R (F is R-covered then get non-trivial homomorphism
m1(M) — Homea. (R) - m(M)is LO

Theorem (BRW, 2005)

M a Seifert fiberedQHS. Thenr1(M) is LO < M has base orbifold
S(ay, ... ,a,) and admits a horizontal foliation.

3 arithmetic characterization of tho§2(ay, . . ., a,)’s that

horlzintglgg!lsatlons} (Jankins-Neumann, 1985, Naimi, 1994).
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M a prime, atoroidalQHS with a CTFJ\7I the universal abelian cover

of M. Thenr1(M) is LCO andr1(M) is LO.



23

Theorem (Calegari-Dunfield, 2003)

M a prime, atoroidalQHS with a CTFJ\7I the universal abelian cover

of M. Thenr1(M) is LCO andr1(M) is LO.

Thurston’s universal circle construction gives

p: m(M) C Homea,(S')



24

Theorem (Calegari-Dunfield, 2003)

M a prime, atoroidalQHS with a CTFJ\7I the universal abelian cover
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Thurston’s universal circle construction gives
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Theorem (Calegari-Dunfield, 2003)

M a prime, atoroidalQHS with a CTFJ\7I the universal abelian cover

of M. Thenr1(M) is LCO andr1(M) is LO.
Thurston’s universal circle construction gives

p: m(M) C Homea,(S')
Central extension

1 7 — Homea. (S}) — Homeaq, (S}) — 1
/ |

{integer translation} C {f € Homeo, (R) : f(x+1) =f(x) +1Vx e R}

Restriction ofp to 1(M) lifts to mq(sl) C Homea (R)
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Heegaard Floer Homology (Ozsvath-Szabd)

M aQHS. A Heegaard diagram ol gives
HF(M) : finite dimensionalF,-vector space
Zo-graded:  HF(M) = HFo(M) & HF1(M)
X (HF(M)) = [Hi(M; )|
. dimHAF(M) > |Hy(M)]
M is anL-spacef equality holds
E.g. lens spaces atespaces
Is there a “non-Heegaard Floer” characterizatioh-@paces?
Conjecture

M a primeQHS. Then

M is an L-space < m1(M) is not LO
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E.g.

4

m1(M) not LO

m1(M) finite

N\

M anlL-space
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m1(M) finite

E.g. / \s

m1(M) not LO M anL-space
Theorem (OS, 2004)

If M is an L-space then M does not admit a CTF.

So Conjecture= : if M has a CTF them1(M) is LO
By Calegari-Dunfield we do have (il atoroidal)

(1) m(M) LCO
(2) m1(M) virtually LO
Remark

By BRW and Agol (2012)M prime,m1(M) infinite = 71(M)
virtually bi-orderable.
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However,d QHS’s M with 71(M) LCO but not LO

Example (Calegari)

M Seifert fiberedQHS ~ S(p1/qs, P2/02, P3/ds), > 1/G <1
3 central extension

1—7Z—m(M)—A—1

A = (t, G2, gs)-triangle group
A C Isom, (H?) = PSLy(R) c Homeaq, (S}
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Example (Calegari)

M Seifert fiberedQHS ~ S(p1/qs, P2/02, P3/ds), > 1/G <1
3 central extension

1—7Z—m(M)—A—1

A = (t, G2, gs)-triangle group
A C Isom, (H?) = PSLy(R) c Homeaq, (S}

A LCO, Z LO = m(M) LCO
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However,d QHS’s M with 71(M) LCO but not LO

Example (Calegari)

M Seifert fiberedQHS ~ S(p1/qs, P2/02, P3/ds), > 1/G <1
3 central extension

1—7Z—m(M)—A—1

A = (01, 02, g3)-triangle group
A C Isom, (H?) = PSLy(R) c Homeaq, (S}
A LCO, ZLO = my(M) LCO

Butm1(M) LO <= M admits a horizontal foliation, and this doesn’t
always hold.
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M not anL-space

N\

M has a CTF

/ (if M atoroidal)
) LCO

M has anR-covered CTF

AN

m1(M) LO m1(M)

% H

m1(M) virtually LO
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(A) Seifert manifolds
Theorem

The Conjecture is true if M is Seifert fibered.
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(A) Seifert manifolds
Theorem

The Conjecture is true if M is Seifert fibered.

Base orbifold is either
Sz(alv s 7an) :

M admits a horizontal foliation

(Lisca-Stipsicz, 2007)

M not anL-space

(BRW, 2005)

m1(M) LO
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Pz(al, .

,8n)

m1(M) notLO (BRW, 2005)
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P?(ag,...,an):  m1(M) notLO (BRW, 2005)

ShowM anL-space by induction on; using (OS, 2005):

X compact, orientable 3-manifold@X a torus;
a,BCoX, a-f=1and

H1(X(a+ B))[ = [H1(X(a)) [ + [H1(X(8))]|
Then X(a), X(B) L-spaces= X(a + ) L-space

(usesHAF surgery exact sequence of a triad)

(*)
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(B) Graph manifolds = union of Seifert fibered spaces along tori
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(B) Graph manifolds = union of Seifert fibered spaces along tori

Theorem (Clay-Lidman-Watson, 2011)

M a ZHS graph manifold. Themr1(M) is LO.
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(B) Graph manifolds = union of Seifert fibered spaces along tori

Theorem (Clay-Lidman-Watson, 2011)

M a ZHS graph manifold. Them1(M) is LO.

Theorem (Boileau-Boyer, 2011)

M a ZHS graph manifold. Then M admits a CTF, horizontal in every
Seifert piece. Hence M is not a L-space.
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(B) Graph manifolds = union of Seifert fibered spaces along tori

Theorem (Clay-Lidman-Watson, 2011)

M a ZHS graph manifold. Them1(M) is LO.

Theorem (Boileau-Boyer, 2011)

M a ZHS graph manifold. Then M admits a CTF, horizontal in every
Seifert piece. Hence M is not a L-space.

So Conjecture true fGEHS graph manifolds
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(C) Sol manifolds
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baseMobius bang fiber g
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(C) Sol manifolds
N = twistedl-bundle/Klein bottle
N has two Seifert structures:
baseMobius bang fiber g
baseD?(2, 2); fiber oy
wo-p1=10noN
f : ON — ON homeomorphismiV (f) = N Us N

d
M(f) Seifert< (i) = +¢; (somei, j € {0,1})
OtherwiseM(f) a Sol manifold
r1(M(f)) notLO  (BRW, 2005)

- [‘Z‘ b} . M(f) QHS = ¢ £0
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BorderedHF calculation show$iF(M(f)) = HF (M(f o to))
So reduced to case (1)
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Theorem

M is an L-space

(1) Trueif f*:[? é] . (1) = o, SOM(F) Seifert

@ Trueif f, = [i‘ 3] - [i‘ é} [cl) (ﬂ - [i‘ é] (to)¢

wheretg : ON — IN is Dehn twist alongpg
BorderedHF calculation show$iF(M(f)) = HF(M(f o to))
So reduced to case (1)
(3) Ingeneral, induct offic| : do surgery on suitable simple
closed curves ON and use )
Hence: Conjecture is true for all non-hyperbolic geometric malaigo
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(D) Dehn surgery
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(D) Dehn surgery

Theorem (OS, 2005)

K a hyperbolic alternating knot. Then(K) is not an L-spac&'r € Q
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(D) Dehn surgery

Theorem (OS, 2005)

K a hyperbolic alternating knot. Then(K) is not an L-spac&'r € Q
So Conjecture = m1(K(r)) LO

Theorem (Roberts, 1995)

K an alternating knot. Then ) has a CTFvr € Q if K is not
special, and eithe¥r > 0or Vr < 0if K is special.
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(D) Dehn surgery

Theorem (OS, 2005)

K a hyperbolic alternating knot. Then(K) is not an L-spac&'r € Q
So Conjecture = m1(K(r)) LO

Theorem (Roberts, 1995)

K an alternating knot. Then ) has a CTFvr € Q if K is not
special, and eithe¥r > 0or Vr < 0if K is special.

Corollary

The Conjecture is true for KL/q), K alternating, eitheivq € Q, or
vq > 0orVvqg< 0.
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K(1/q) atoroidal

m1(K(1/q)) € Homea, (S")
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K(1/q) atoroidal

H?(m1(K(1/a))) = O;

m1(K(1/q)) € Homea, (S")
so lifts tor1(K(1/q9)) € Homea. (R)

m1(K(1/q)) is LO
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K(1/qg) atoroidal ... m1(K(1/q)) € Homea, (S')
H?(m1(K(1/q))) = 0; so lifts tomry(K(1/q)) € Homeo, (R)

m1(K(1/q)) is LO

Theorem

Let K be the figure eight knot. Themn(K(r)) is LO for—4 <r < 4.
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K(1/qg) atoroidal ... m1(K(1/q)) € Homea, (S')
H?(m1(K(1/q))) = 0; so lifts tomry(K(1/q)) € Homeo, (R)

m(K(1/q)) isLO

Theorem

Let K be the figure eight knot. Themn(K(r)) is LO for—4 <r < 4.

Uses certain explicit representationg : 71(S* \ K) — PSly(R)
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K(1/qg) atoroidal ... m1(K(1/q)) € Homea, (S')
H?(m1(K(1/q))) = 0; so lifts tomry(K(1/q)) € Homeo, (R)

m(K(1/q)) isLO

Theorem

Let K be the figure eight knot. Themn(K(r)) is LO for—4 <r < 4.

Uses certain explicit representationg : 71(S* \ K) — PSly(R)

Also true forr € Z : K(r) has anR-covered CTF (Fenley)
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A knotK in S is anL-space knoif K(r) is anL-space for some

reqQ.

Example

(—2,3,7)-pretzel knot f—J
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K(18), K(19) lens spaces ]
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A knotK in S is anL-space knoif K(r) is anL-space for some

reqQ.

Example

(—2,3,7)-pretzel knot f—J
K(17) has finiter; ( )
K(18), K(19) lens spaces ]

20
CCCC

&

Theorem (OS)

If K is an L-space knot then () is an L-space—r > 29(K) — 1.
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A knotK in S is anL-space knoif K(r) is anL-space for some

reqQ.

Example

(—2,3,7)-pretzel knot f—J
K(17) has finiter; { )
K(18), K(19) lens spaces ]

20
CCCC

&

Theorem (OS)

If K is an L-space knot then () is an L-space—r > 29(K) — 1.

So Conjecture = : m1(K(r)) not LO ifr >2g(K) -1
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soK(r) anL-space <= r>9
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K = (—2,3,7)-pretzel knot; g(K) =5
soK(r) anL-space <= r>9

Theorem (Clay-Watson, 2011)

m1((=2,3,7)(r)) isnot LO ifr> 17
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Theorem (Clay-Watson, 2011)

m1((=2,3,7)(r)) isnot LO ifr> 17

Question

What happens for € [9,17)?
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K = (—2,3,7)-pretzel knot; g(K) =5
soK(r) anL-space <= r>9

Theorem (Clay-Watson, 2011)

m1((=2,3,7)(r)) isnot LO ifr> 17

Question

What happens for € [9,17)?

(Forr €[9,17), (—2,3,7)(r) is hyperbolic except for = 16).
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Theorem (Ni, 2007)

If K is an L-space knot then K is fibered.
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Theorem (Ni, 2007)
If K is an L-space knot then K is fibered.
Theorem (Roberts, 2001)

If K is fibered then Kr) has aCTFeithervVr € Q,orvVr < 1, or
vr> -1
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Theorem (Ni, 2007)
If K is an L-space knot then K is fibered.
Theorem (Roberts, 2001)

If K is fibered then Kr) has aCTFeithervVr € Q,orvVr < 1, or
vr> -1

Example

K = right-handed trefoll
K(r) anL-spacevr > 1
K(r)yhasaCTRF/r < 1.
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Theorem (Ni, 2007)
If K is an L-space knot then K is fibered.
Theorem (Roberts, 2001)

If K is fibered then Kr) has aCTFeitherVr € Q,orvVr < 1, or
vr> -1

Example

K = right-handed trefoll
K(r) anL-spacevr > 1
K(r)hasa CTF/ r < 1.
Question

For an arbitranyt-space knoK, what happens far € [1, 2g9(K) — 1)?
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LalinkinS®
¥ (L) =2-fold branched cover df
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(E) 2-fold branched covers
LalinkinS®
¥ (L) =2-fold branched cover df

Theorem (OS, 2005)

If L is a non-split alternating link the:(L) is an L-space.
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(E) 2-fold branched covers
LalinkinS®
¥ (L) =2-fold branched cover df

Theorem (OS, 2005)

If L is a non-split alternating link the:(L) is an L-space.
(uses(x) :

K ) = 3(L), BLo), B(Ly) asurgery triad
L L, Ly with detL = detLg + detL.,)
Theorem

If L is a non-split alternating link themr1(X(L)) is not LO.
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(E) 2-fold branched covers
LalinkinS®
¥ (L) =2-fold branched cover df

Theorem (OS, 2005)
If L is a non-split alternating link theX:(L) is an L-space.
(uses(x) :

K ) = 3(L), BLo), B(Ly) asurgery triad
L L, Ly with detL = detLg + detL.,)

Theorem

If L is a non-split alternating link themr1(X(L)) is not LO.

(Also proofs by Greene, Ito)
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L alink in S, D a diagram oL
Define groupr(D)

generatorsay, . .., a, «— arcs of D

relations «— crossings ofD
N j
AN

e A
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L alink in S, D a diagram oL
Define groupr(D)

generatorsay, . .., a, «— arcs of D

relations «— crossings ofD
\ j
AN

3 tag

Theorem (Wada, 1992)

m(D) 2 m(X(L)) xZ



88

Supposer(D) LO
glaglac=1 < gla=-a'a
&<y <+ agla<l
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Supposer(D) LO
8 ey tac=1
g < g
.. at each crossing

\ either @ <a < a
iN or & >a>a

V‘ o a=g=a&
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Supposer(D) LO

a]‘_laia]‘_lak =1 «— a a=a4
&<y <+ agla<l
.. at each crossing
either & <a <&
\ g or a > g > a

V{ or  a=g=2a

AssumeD connected, alternating
We want to show 71(X(L)) notLO
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Supposer(D) LO

aj_laia]‘_lak ] e a]_lai _ ak‘laj
&<y <+ agla<l
.. at each crossing
either & <a <&
\ g or a > g > a

yc or  a=g=2a

AssumeD connected, alternating

We want to show 71(X(L)) notLO

Trueif L =unknot; soassumke # unknot

Then m(X(L))LO < #(D) =7 (X(L))*Z LO
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So assume (D) LO.

Leta=min{ay, a, ...

+8n}
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So assume (D) LO. Leta= min{a,ay,...,an}.
If an arc ofD adjacent to a regioR has valuea then all arcs adjacent
to R have valuea.

g g

Y - S =a=-=an

Q 5 .. wm(D)=Z
i a/\ L om(sL) =1

L = unknot; contradiction

S
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(F) Experimental Evidence
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Dunfield (2012): examined 10,094 closed hyperb@lidSs in
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(F) Experimental Evidence

Dunfield (2012): examined 10,094 closed hyperb@lidSs in
Hodgson-Weeks census

L-space 4,584 not LO 379
notL-space 2,742 LO 1,035
unknown 3,578 unknown 9,590

not L-space

N2\

L-space

(LO) N (L-space = ()
(probability ~ 10~2%)
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(G) Questions

Question 1

If M is aQHS with a CTF, ist1(M) LO?
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(G) Questions

Question 1
If M is aQHS with a CTF, ist1(M) LO?
Question 2

If K is a hyperbolic alternating knot, i5(K(r)) LO V r € Q?

L quasi-alternating = ¥ (L) anL-space

Question 3

DoesL quasi-alternating=  m1(3(L)) notLO?

Conjecture = Q's 1, 2 and 3 have answer “yes”
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Question 4

If M is aQHS withr1(M) LO doesM admit a CTF? (Maybe “no”?)
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Question 4

If M is aQHS withr1(M) LO doesM admit a CTF? (Maybe “no”?)

Question 5

Does the Conjecture hold for graph manifolds?

Only known primeZHS L-spaces ar&® and Poincaré HS

Question 6

M a hyperbolicZHS. Is71(M) LO?



