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Exceptional Dehn filling

M compact 3-manifoldgM a torus, intM complete hyperbolic
a aslope oroM;  M(a) = a-Dehn fillingonM

« is exceptionalf M(«) is non-hyperbolic

Goal: Classify all(M; «, 3) with «, 5 exceptional o # 3

E.g. M(a) =S’ M(p) alens space (Berge Conjecture)

Example. M=S—N (figure eight knot)
M(1/0) =
M(0) = T2 bundle overst
M(£1), M(£2), M(£3) small Seifert orbifold $(a, b, c), a,b,c > 1
M (+4) toroidal



Theorem (Lackenby-Meyerhoff, 2008)

For all M, # exceptional slopes for M 10, anda, 5 exceptional
= A(a, ) <8.



10

Theorem (Lackenby-Meyerhoff, 2008)

For all M, # exceptional slopes for M 10, anda, 5 exceptional
= A, 3) < 8.

a exceptionak= M(«) either

e reducible



11

Theorem (Lackenby-Meyerhoff, 2008)

For all M, # exceptional slopes for M 10, anda, 5 exceptional
= A, 3) < 8.

a exceptionak= M(«) either
e reducible

e toroidal



12

Theorem (Lackenby-Meyerhoff, 2008)

For all M, # exceptional slopes for M 10, anda, 5 exceptional
= A, 3) < 8.

a exceptionak= M(«) either
e reducible
e toroidal

« S



13

Theorem (Lackenby-Meyerhoff, 2008)

For all M, # exceptional slopes for M 10, anda, 5 exceptional
= A, 3) < 8.

a exceptionak= M(«) either

reducible

toroidal

« S

lens space



14

Theorem (Lackenby-Meyerhoff, 2008)

For all M, # exceptional slopes for M 10, anda, 5 exceptional
= A, 3) < 8.

a exceptionak= M(«) either
e reducible
toroidal

« S

lens space

small Seifert
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Theorem (Lackenby-Meyerhoff, 2008)

For all M, # exceptional slopes for M 10, anda, 5 exceptional
= Ao, 3) < 8.

a exceptionak= M(«) either
e reducible
e toroidal
« S
e lens space
e small Seifert

Least well understood: small Seifert
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Wh = Whitehead link exterior

Wh(1) = M3 = figure eight exterior

Wh(—5) = M, = figure eight sister
Wh(2) = M3, Wh(—-5/2) = My )

M1, M2, M3, My have pairs of toroidal filling$/; (i), Mi(5),
1 <i <4, with Aoy, 5i) = 8,8,7, 6, respectively (Hodgson-Weeks)

Conjecture 1

M1, M2, M3, M4 are the only hyperbolic 3-manifolds with exceptional
slopesa, 5 whereA(«, 3) > 6.
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(1) Known to be true unles§l(«) is small Seifert
(2) There are only finitely manil with exceptional slopes, 5,
A(a, ) > 6 (Agol, 2008)
(3) There are infinitely maniv with exceptional slopes, 3,
A(a, ) =5
Remains to do: M(«) small Seifert andvi(3)
e reducible(almost done, Boyer-Culler-Shalen-Zhang, 2008)
e toroidal
e Seifert

Consider case M(«) small SeifertM(3) toroidal
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Conjecture 1 becomes

Conjecture 2

M hyperbolic with slopes, 5 such that M«) is small Seifert, M3)
is toroidal, andA(«, 3) > 6. Then M is the figure eight knot exterior.
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Conjecture 1 becomes
Conjecture 2

M hyperbolic with slopes, 5 such that M«) is small Seifert, M3)
is toroidal, andA(«, 3) > 6. Then M is the figure eight knot exterior.

T C M(p) incompressible torus wittn = |T N 9M| minimal (m > 1)
TN M = F = essentiam-punctured torus- M with 0-slopes

Theorem (Boyer-G-Zhang)

Conjecture 2 is true unless m 3 and M is an F-bundle or
F-semi-bundle.
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once-punctured Klein bottle
C My, 0-slope 4

— Klein bottleB C M1(4)
torusT = ON(B) C M1(4)

m=2

M1(4) = N(B) Ut D?(2,3)

|
D2(2,2)
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Strategy
AssumeM («) small SeifertM (/) toroidal, A(«, 5) > 6.

(A) UseCharacteristic Submanifold thegrthis applies unlesk! is
anF-bundle orF-semi-bundle

m> 3: gives contradiction

m= 1or 2: gives a lot of topological information

e.g. if T is separating (s = 2), get

M(8) = D?(p1, 1) Ut D?(pz, G2)



35

(Bym=1or2

JinvolutionT: M — M
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(Bym=1or2 JinvolutionT: M — M
E.g. suppos€& separate$! (som=2); M = X Ug X~

St = 9X*
If S* incompressible iX™

then S* incompressible iM

But St compresses il («) andM (3)
. A, 8) <1; contradiction
. Xt is a genus 2 handlebody
Similarly X~ is a genus 2 handlebody
.. Jinvolution 7 : M — M, such thatr | OM is the elliptic involution
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T extends to

Ta : M(a) —

78 : M(B) —
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Textendsto 7, : M(a) — M(w)
75 : M(B) — M(B)

Study quotients (M, Fix(7))/7
(M(a), FiX(1a))/7a
(M(8), Fix(73))/73
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T extends to Ta : M(a) — M()
75 : M(8) — M(B)

Study quotients (M, Fix(7))/7
(M(a), Fix(7a))/7a
(M(B), Fix(73)) /73

Gives

F non-separating impossible

F separating M = Dehn filling
on 49-components of the 5-chain
link exterior.

/0

=

BN
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M(cv)

75 : M(B) — M(B)
Study quotients (M, Fix(7))/7

(M(a), FiX(7a))/7a

(M(B), Fix(1g))/3

T extends to Ta : M(a) —

Gives
F non-separating impossible
F separating M = Dehn filling

on 49-components of the 5-chain
link exterior.

Roukema (2011}
M = figure eight exterior

/0

=

BN
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Idea of proof of (A) (follows [BCSZ])
Assumeri(M(«)) infinite  (1/a+1/b+1/c < 1)

3 f:T? = M(a) =MUV, , with
f, : m1(T?) — m1(M()) injective

Homotopf so that

(1) f | f~1(V,) is a homeomorphism onto a disjoint union of
meridian disks o¥,,

(2) f | f~1(M) is transverse t&

(3) v acomponent of "}(F) = f | : (y,0v) — (F,0F) essential
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Get graphl’ ¢ T2
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edges of" «—— arc components df~1(F)
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Get graphl’ ¢ T2
vertices ofl" «—— components of ~1(V,)
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(3) = I' has no trivial loops
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Get graphl’ ¢ T2
vertices ofl" «—— components of ~1(V,)

edges of" «—— arc components df~1(F)

(3) = I' has no trivial loops

|OF| = m; so|0F N meridian ofV,| = mA(«, 3)
-, each vertex of" has valencynA

Number components @fF 1,2,..., min order around®M
Label endpoints of edges df= points of oF N f(T?) with
corresponding component 6F
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AssumeF separate$! : M = XT Ug X~
f (faces ofl") lie alternately inX*
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AssumeF separate$! : M = XT Ug X~
f(faces ofl) lie alternately inX™*

1 el

R bigon face ofl"
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f | Rgives essential homotopy

H: (O-0) x(1,01) = (X°,F) (e

Hp, H1 not homotopic intodF
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f | Rgives essential homotopy

H: (O-O)x(l,01) — (X*,F) (e
Ho, H1 not homotopic intooF

Jaco-Shalen-Johannsond characteristid -bundle
(3%, ®%) C (X%, F) such that
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f | Rgives essential homotopy

H: (O-0O)x(1,0) — (X*,F) (e=4%)
Hp, H1 not homotopic intodF
Jaco-Shalen-Johannsorni characteristid-bundle
(3%, ®%) C (X%, F) such that
(1) (2¢,®%)isan(l,dl)-bundle
(2) any essential homotogy as above is homotopic int{a:¢, ®¢)

(3) (X2, @) is minimal w.r.t. (2).
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n+ 1 parallel edges i

gives essential homotopy of length

H: (O-O) x (l,{i/n:Ogign}) — (M,F)
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n+ 1 parallel edges i

gives essential homotopy of length

H: (O-O) x (l,{i/n:Ogign}) — (M,F)

Get surfaces ifr PT=P5DDPE DO P D -
minimal w.r.t. property

H essential homotopy o

~ | 1>
lengthn starting inX® } == Ho =~ Into &
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Free involution

Te 1 O — O°

Prig = T1(P°NDPLE)
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Proposition (BCSZ)

If M is hyperbolic andX*, F) not both I-bundles thef k such that
oF = 0.
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Proposition (BCSZ)

If M is hyperbolic andX*, F) not both I-bundles thef k such that
oF = 0.

If not, 3nsuch thatbil = o=l = ... =T £ ()
ThengetN € M, 0N =1[tori, NNF =,
(NNXe, o) an
[-bundle,e = +
M hyperbolic
—N=M

. (X¢,F) I-bundle,e = +
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In fact,
neither(X*, F) anl-bundle= @ = () forn > m

= # parallel edgesin” < m+1
T reduced graph : amalgamate parallel edge
T has no monogons or bigons

x = 3 vertex of valency< 6 inT
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In fact,
neither(X*, F) anl-bundle= @ = () forn > m

= # parallel edgesin” < m+1
T reduced graph : amalgamate parallel edge
T has no monogons or bigons

x = 3 vertex of valency< 6 inT

.. A > 6= dfamily of > mparallel edges i’
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M(3) = X+ Ur X~ ; analysis of® for smallk gives information
aboutX=; e.g. consider

(x) @®° D OF and has no componenrt— diskC T

(¥) = X¢ is Seifert with orbifoldD?(a, b), a,b > 1, (a,b) # (2,2)
not(x) = # parallel edges i < m

Faces of give (singular) disks irX™ — topological information

aboutX*
-« ~~~ eventually get contradiction t& > 6 if m > 3.
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To complete proof of Conjecture 1, need to show:
if M(«) is small Seifert then

(1) if M is a bundle or semi-bundle amdi(3) is reducible or toroidal
thenA(a, 3) <'5;
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To complete proof of Conjecture 1, need to show:
if M(«) is small Seifert then

(1) if M is a bundle or semi-bundle amdi(3) is reducible or toroidal
thenA(a, 3) <'5;
(2) if M(pB) is Seifert then

eitherA(a, 3) <5

or M is the figure eight exterior



