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ANSS & prehistory of chromatics

• The noble goal: determining stable homotopy groups π∗(S)
• One approach: the Adams spectral sequence

E s,t
2 = Exts,t

π∗(Fp⊗SFp)
(Fp,Fp)⇒ πs−t(S)∧p

• Another approach: the Adams-Novikov spectral sequence

E s,t
2 = Exts,t

π∗(MU⊗SMU)(π∗(MU), π∗(MU))⇒ πs−t(S)

MU . . . the complex bordism spectrum.
• Second page of ANSS can be re-written algebro-geometrically

using formal groups.
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Formal groups

• A formal group over a ring R is a commutative group object
Ĝ in 1-dimensional smooth formal R-schemes.
• So locally Ĝ ≃ Â1

R = Spf(R[[x ]]) (choice of a coordinate)
• Group multiplication Ĝ× Ĝ→ Ĝ

⇕
cont. R-algebra map R[[x , y ]]← R[[x ]]

⇕
F (x , y) ∈ R[[x , y ]] satisfying some axioms
· · · a formal group law over R
• Examples :

• Ĝa = Â1 with F (x , y) = x + y
• Ĝm = Â1 with F (x , y) = (x + 1)(y + 1)− 1 = x + y + xy

Rok Gregoric The University of Texas at Austin
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• Ĝa = Â1 with F (x , y) = x + y
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• Ĝa = Â1 with F (x , y) = x + y
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Formal groups from spectra

• A ring spectrum A is complex periodic if
1 ring multiplication induces π∗(A)⊗π0(A) π2(A) ≃ π∗+2(A)
2 A is complex orientable (admits Chern classes cA

i )
• Its (classical) Quillen formal group is

ĜQ0
A := Spf

(
A0(BU(1))

)
≃ 1 Â1

π0(A),

with formal group law F such that

cA
1 (L⊗ L′) = F (cA

1 (L), cA
1 (L′))

for all complex line bundles L, L′.
• Examples: ĜQ0

Z[β±1]
≃ Ĝa, ĜQ0

KU ≃ Ĝm

1Non-canonically - requires choosing a complex orientation
Rok Gregoric The University of Texas at Austin
Chromatic homotopy theory via spectral algebraic geometry 6 / 22



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Intro to chromatics Spectral algebraic geometry Chromatics via SAG References

Formal groups from spectra

• A ring spectrum A is complex periodic if
1 ring multiplication induces π∗(A)⊗π0(A) π2(A) ≃ π∗+2(A)
2 A is complex orientable (admits Chern classes cA

i )
• Its (classical) Quillen formal group is
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ĜQ0
A := Spf

(
A0(BU(1))

)
≃ 1 Â1
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Z[β±1]
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Quillen’s Theorem

MP := MU[β±1] =
⊕

i∈ZΣ
2i(MU). . . periodic complex bordism

Theorem (Quillen; classical version)
The formal group law of ĜQ0

MP is the universal formal group law.
• Let M♡

FG denote the moduli stack of formal groups, i.e.

{R-points of M♡
FG} ≃ {formal groups over R}

Theorem (Quillen; rephrasing)
There is a canonical equivalence of stacks

M♡
FG︸ ︷︷ ︸

groupoid

≃ lim−→
(

Spec
(
π0(MP⊗S MP)

)︸ ︷︷ ︸
morphisms

⇒ Spec
(
π0(MP)

)︸ ︷︷ ︸
objects

)
.

Rok Gregoric The University of Texas at Austin
Chromatic homotopy theory via spectral algebraic geometry 7 / 22
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Quillen’s Theorem and ANSS

Theorem (Quillen; rephrasing)

M♡
FG ≃ lim−→

(
Spec

(
π0(MP⊗S MP)

)
⇒ Spec

(
π0(MP)

))
• Dualizing line of formal group Ĝ over R is the R-module

ωĜ := Ω1(Ĝ)Ĝ ≃ T ∗
1 Ĝ

• Example: ωĜQ0
A
≃ π2(A) for any A complex-periodic

• As R and Ĝ vary, get line bundle ω over M♡
FG

Corollary (of Quillen’s Theorem)
The second page of ANSS may be written as sheaf cohomology

E s,t
2 = Hs(M♡

FG;ω
⊗t) =⇒ π2t−s(S)

Rok Gregoric The University of Texas at Austin
Chromatic homotopy theory via spectral algebraic geometry 8 / 22



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Intro to chromatics Spectral algebraic geometry Chromatics via SAG References

Quillen’s Theorem and ANSS

Theorem (Quillen; rephrasing)

M♡
FG ≃ lim−→

(
Spec

(
π0(MP⊗S MP)

)
⇒ Spec

(
π0(MP)

))
• Dualizing line of formal group Ĝ over R is the R-module
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Chromatic homotopy theory

Sp . . . stable homotopy category of spectra

Motto
{algebraic geometry of M♡

FG}↭ {structural properties of Sp}

This has been exploited for various uses:
• “Designer spectra" :K (n),E (n), tmf, etc.
• Bousfield localizations Ln, LK(n)
• Nilpotence & Periodicity Theorems
• Thick Subcategory Theorem - the Balmer spectrum of Sp

Goal
Show that not just the E2-page, but all of the ANSS comes from
(a spectral version of) the moduli stack of formal groups.

Rok Gregoric The University of Texas at Austin
Chromatic homotopy theory via spectral algebraic geometry 9 / 22
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• Thick Subcategory Theorem - the Balmer spectrum of Sp

Goal
Show that not just the E2-page, but all of the ANSS comes from
(a spectral version of) the moduli stack of formal groups.
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Basic idea of SAG

Motto
Replace commutative rings everywhere with E∞-ring spectra.

• Algebraic Geometry ⇝ Spectral Algebraic Geometry
Affop := CAlg♡ ⇝ SpAffop := CAlg

commutative rings E∞-rings
• Toën-Vezzosi, Lurie [SAG]

1st Approach (Ringed spaces)
A spectral scheme is a pair (X ,OX ) of a topological space X and
a sheaf of E∞-rings OX on X, satisfying some axioms.

• X♡ := (X , π0(OX )) is the underlying classical scheme of X
• πi(OX ) are quasi-coherent sheaves on X♡
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SAG via Functor of points

2nd Approach (Functor of points)
A spectral stack is a functor X : CAlg→ S from E∞-rings to the
∞-category of spaces S, satisfying flat descent.

• FOP of a ringed-space-style spectral scheme (X ,OX ) is

X (R) := MapSpSch(Spec(R), (X ,OX ))

• Spectral affine Spec(A) via FOP, for an E∞-ring A(
Spec(A)

)
(R) ≃ MapCAlg(A,R)

• Better suited for studying moduli problems:

M(R) = {objects in question over R}
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Geometric spectral stacks

Definition
A spectral stack X is geometric if2 it admits a faithfully flat cover
Spec(A)→ X for some E∞-ring A.

• It may be written as a geometric realization

X ≃ |Spec(A•)|

for a flat cosimplicial diagram of E∞-rings A•

• Global functions and the quasi-coherent sheaves on X are

O(X ) := Tot(A•), QCoh(X ) := Tot(ModA•),

so that O(Spec(A)) ≃ A and QCoh(Spec(A)) ≃ ModA

2Plus an affineness condition on the diagonal.
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Geometric spectral stacks

• Geometric spectral stack X ≃ |Spec(A•)| as before
• Its underlying ordinary stack X♡ := |Spec(π0(A•))|
• Its connective cover τ≥0(X ) := |Spec(τ≥0(A•))|
• Related as X → τ≥0(X )← X♡

• Unless X is connective, X♡ ̸= X |CAlg♡

• F ∈ QCoh(X ) ⇝ πi(F) ∈ QCoh(X♡)♡

• Descent spectral sequence

E s,t
2 = Hs(X♡;πt(F)

)︸ ︷︷ ︸
sheaf cohomology in AG

=⇒ πt−s(Γ(X ;F))︸ ︷︷ ︸
global sections in SAG

Rok Gregoric The University of Texas at Austin
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ANSS vs DSS

Compare the two spectral sequences:
• DSS: Es,t

2 = Hs(X♡;πt(F)
)

=⇒ πt−s(Γ(X ;F))

• ANSS: Es,t
2 = Hs(M♡

FG;ω
⊗t) =⇒ π2t−s(S)

Goal (Refined)
Exhibit the ANSS as the DSS for a geometric spectral stack X.

This spectral stack X will need to satisfy
1 Its underlying ordinary stack is X♡ ≃M♡

FG

2 πt(OX ) ≃

{
ω⊗t t even
0 t odd

3 Its E∞-ring of global functions is O(X ) ≃ S

Rok Gregoric The University of Texas at Austin
Chromatic homotopy theory via spectral algebraic geometry 16 / 22
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Formal groups in SAG

• Idea: X will be a moduli stack of formal groups in SAG (with
extra structure).
• Formal groups over E∞-rings indeed make sense in SAG,

following Lurie [Ell2]. Two caveats:
• Group multiplication on Ĝ must be taken to be strictly

commutative - like a topological abelian group, as opposed to
an E∞-space.

• Locally Ĝ ≃ Â1
♭ is the flat affine line A1

♭ , instead of the
smooth affine line A1

sm; polynomial E∞-ring ̸= free E∞-ring
• Ĝ formal group over E∞-ring A ⇝ dualizing line ωĜ ∈ ModA

• When A ∈ CAlg♡ ⊆ CAlg, we recover the classical notion of
formal groups and dualizing line

Rok Gregoric The University of Texas at Austin
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♭ is the flat affine line A1

♭ , instead of the
smooth affine line A1

sm; polynomial E∞-ring ̸= free E∞-ring
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Oriented formal groups

Definition (Lurie)
An orientation on a formal group Ĝ over an E∞-ring A is (an
element in π2(Ĝ(τ≥0(A))), which induces by linearization) an
equivalence of A-modules ωĜ ≃ Σ−2(A).

• Example: Quillen formal group ĜQ
A := Spf

(
C∗(BU(1);A)

)
for any complex-oriented E∞-ring A
• Any oriented formal group is of that form

Definition
The moduli stack of oriented formal groups Mor

FG : CAlg→ S

is the functor sending an E∞-ring A to the space of all oriented
formal groups over A.
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Main result

Theorem ([Gre21])
• The functor Mor

FG is a geometric spectral stack.
• It satisfies the desired conditions:

1 Its underlying ordinary stack is (Mor
FG)

♡ ≃M♡
FG

2 πt(OMor
FG

) ≃

{
ω⊗t t even
0 t odd

3 Its E∞-ring of global functions is O(Mor
FG) ≃ S

• The DSS Es,t
2 = Hs(M♡

FG;πt(OMor
FG

)
)

=⇒ π2t−s(O(M
or
FG))

is canonically isomorphic to the ANSS.
• There is a canonical equivalence of ∞-categories

Γ(Mor
FG;−) : IndCoh(Mor

FG) ≃ Sp : −⊗OMor
FG

Rok Gregoric The University of Texas at Austin
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Main result

Idea of proof.
Pick an E∞-structure on MP ⇝ the map Spec(MP)→Mor

FG,

classifying the Quillen formal group ĜQ
MP, is a flat cover. We

obtain a simplicial presentation

Mor
FG ≃

∣∣Spec(MP⊗•+1)
∣∣ ,

from which the rest follows via bar construction identifications, e.g.

DSS ≃ {SS for cosimplicial spectrum MP⊗•+1} ≃ ANSS.

Motto
The spectral stack Mor

FG is the witness of the chromatic connection
between spectra and formal groups.
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Further results

This motto can be substantiated further:

Theorem ([Gre21b])
There exists a stratification by open spectral substacks

M
or,≤1
FG ⊆M

or,≤2
FG ⊆M

or,≤3
FG ⊆ · · ·Mor

FG ⊗S S(p)
which induces on ordinary classical substacks the height filtration

M
♡,≤1
FG ⊆M

♡,≤2
FG ⊆M

♡,≤3
FG ⊆ · · ·Mor

FG ⊗Z Z(p)
and on sheaves the chromatic filtration

L1Sp← L2Sp← L3Sp← · · · ← Sp(p).

Theorem ([Gre21])
Quillen’s Theorem is equivalent to the assertion (Mor

FG)
♡ ≃M♡

FG.

Rok Gregoric The University of Texas at Austin
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Further results

This motto can be substantiated further:

Theorem ([Gre21b])
There exists a stratification by open spectral substacks

M
or,≤1
FG ⊆M

or,≤2
FG ⊆M

or,≤3
FG ⊆ · · ·Mor

FG ⊗S S(p)
which induces on ordinary classical substacks the height filtration

M
♡,≤1
FG ⊆M

♡,≤2
FG ⊆M

♡,≤3
FG ⊆ · · ·Mor

FG ⊗Z Z(p)
and on sheaves the chromatic filtration

L1Sp← L2Sp← L3Sp← · · · ← Sp(p).

Theorem ([Gre21])
Quillen’s Theorem is equivalent to the assertion (Mor

FG)
♡ ≃M♡

FG.
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