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God : Determine tangent space to char. variety
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A bit more generally : consider mapping
"stack" Maple , X)
- -

a red herring:

Defined so that for any other mfld
think mfld

, or
orbifold

n . . like a mfld , but may have
some non -mfldy pts

(or stack) M : = stocky

Map (M , May(E ,XD = Map (M x -2 , X) (⇐ may need to be taken in stacks to exist)

[ •) For X=BG
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the classifying stack of (flat) G- bundles , we get :
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Special case : -2=135 : Map_ (Br , BG) re Homo.pk ,% . . .
the char. variety !

• •) For X = It
the " free- flowing tangent vector
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e.g. Rare an

Map_(I , X) = TX . . .
the tangent bundle on X.
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Now we know enough to determine the tangent space to a mapping stack !

Fix a map f : E→X , viewing it as a pt fEMap_ (E , X). Then we compute :

Tf (MapR , XD =T(Mapk > A)mails
Diagrammatically :

= Maple
, Matt Iapetus"

Ec six-2
= Mardi -E , X) Fap get } • • • •

f -
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¥

= Mapk , Matt.IM/maIe.*EH II I

= Map (E ,TX) x {f}
E-→TX

• •. o• a.

f¥prMap (E X)

= Map(E , f-
* TX) x {id-23

Mapk, -2)

= ME ; F'TX)

Rema We get a bit more from the proof : not just the fiberwise statement , but iso-fmapfz.XD-Mapk.TN .
-

Awesome
,
we're almost done ! We want to apply this to X = BG though .

What is 1-(BG) ? Problem : BG is a stocky stack ⇒ its tangent spaces aren't just
vector spaces , but can

be chain cplxes

Well
,
it's sthg like a vet. bdle on BG

,
and those are

Vectbunb(BG) = Rep (G)
ps

turns out : T(BG) =g[1)Tolaced into cohomol. degree i

f k¥0)
adjoint rep

Loudly , use facts: T6=6×9 . . .

trivial bdle

& del ping B

{ pass. to tang. spaces
cohom. shift [ I ]



Altogether we get , for P : E→ BG

Tp (Mapk , BG)) = ME :P CD))
Now P here is evaluated on a chain cplx of Heat) rect . bundles

.

⇒ is actually derivedglobal sections , i.e. for an ordinary fl . VB = local system
V on E : HYPE ; v# = HYX :D .

w- -

cohomology of a chain cplx Vb/eoc sys cohomology

OTOH
,
identifying p with a G- balle P-52 , then p*(g) is identified

with the associated vector bdle p*(9) = Of := Pfg f- (Px%)
Thus : Tpd."(Map (E , BGD = Ho (Tp (Mapk , B Also works for

"generalized
" char

.
var.

=HtME%a'D ftp.i.in?m?.:tii:::f:YKoiieitkns)
= H' (E : %)

I

as promissed.

Caveat : We have been using the stocky = orbifoldy version of the char. variety throughout

i. e
. Map (E , BG) = Homo.fm/E).,G)ffgTstacky=orbifoldy quotient

p is a non - stacky pt & it
Now if p is such that Stab

@
(p) = { B , then mum

doesn't matter if we take the s tacky or ordinary quotient .

⇒The above computation only computes Tp (usual non - stocky char
-
var.) for such p.

For other p , the computation remains
valid for the stocky char. var.

(which is then better -behaved anyway.)


