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Abstract We consider some nonstandard Sobolev spaces in one dimension, in which func-
tions have different regularity in different subsets. These spaces are useful in the study of
some nonlinear parabolic equations where the nonlinearity is highly degenerate and depends
on the smoothness of the solution at a certain subset (that may vary with time). An example
of application is a diffusion equation with a smooth free boundary, and a moving source/sink
where the solution has singularity. The main new idea here is to characterize the functional
space setting that is needed for semigroup theory to apply.
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1 Introduction

This note is motivated by the following problem: consider the non-linear parabolic equation
for f(x,t) given by
fi—=Af =ulfly, fil), x€QCR, >0
fC.0)=fr, (1.1
fG,)=0 ondQ, t>0,
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58 M.d.M. Gonzélez, M.P. Gualdani

where I, is a subset of ©2 and p is a measure, nonlinear in f, f, with support compactly
contained in 2\ /;.

If the nonlinear operator u satisfies some boundedness conditions, it is well known that
A + n shares the same spectral properties as the Laplacian operator A (see for example
[9] and [6]). Thus semigroup theory can be applied to prove existence of solutions of (1.1),
convergence to equilibrium and stability (see for instance the classical references [9, 14]).

The aim of this paper is to define suitable function spaces that (i) allow to treat u as
a bounded perturbation of the Laplacian operator and, (ii) at the same time, give suitable
regularity for the solutions of (1.1).

The problem of characterization of function spaces for semilinear parabolic equations is
a very classical one. The novelty in the current work relies on the non-standard form of the
nonlinearity p. We allow very general nonlinearities and only require that p is defined in
distributional sense.

More precisely, we need to find three function spaces

ZCYCX,

where ¥ := X%, 0 < «a < 1, is the interpolation space between X and Z such that

A:X — X, unbounded linear operator, closed, (1.2)
—A s a sectorial operator in X, (1.3)
Z = D(A), densely defined in X, (1.4)
u:Y — X, bounded operator. (1.5)

Once we achieve this functional space setting, local existence, uniqueness and stability
near equilibrium for (1.1) follow from standard arguments in semigroup theory (see Theo-
rems 3.3.3. and 5.1.1. in [9]):

Theorem 1.1 Assume that u:U CY — X is locally Lipschitz in U, i.e., given any f € U,
there exists a smaller neighborhood f € V C U such that for all f, f> € V we have that

(D) = n(f2)lx < LiLfi = fally, (1.6)

for some constant L > 0, and n(0) = 0. Then, for any f; € U C Y, there exists T =
T (f1) > 0 such that (1.1) has a unique solution f(x,t) for all times t € [0, T) with ini-
tial value f(-,0) = f;.

If, in addition, the origin is an equilibrium point, ||iL(f)||x = o(|| f|ly) when || f|ly — O,
and the spectrum of (—A) is contained in the region {Re(z) > B} for some B > 0, then the
origin is uniformly asymptotically stable.

Note that hypothesis (1.6) together with 1 (0) = 0 implies that ; : ¥ — X is a bounded
operator (1.5).

The choice of functional spaces, in order to satisfy conditions (1.2)—(1.5), is delicate and
based on the shape of y; this is the main purpose of the present paper. Our initial assumptions
on i, beside (1.6) are the following:

(H1) Assume that u(f, f;) is a (maybe) rough distribution with coefficients depending on
the value of the function f and f, restricted to a smaller subset I, C €2, in such a way
that w(f1y,, fxl1,) belongs to H"(£2) for some r < 0 at each fixed ¢ > 0. In addition,
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assume that the distribution p has support compactly contained in the complementary
set of I;. We fix an interval [ such that Iy C I, and u|,— is supported outside 2\ /.

(H2) Suppose that f is more regular when restricted to set /, more precisely it should be
Hj, where ¢ is a smooth cutoff function supported on /; D / and ¢, =1.

We choose X = H", r € R, from hypothesis (H1), so that A : H" — H", Z = D(A) =
H™2,Y = H™* for any 0 < o < 1, then the Laplacian operator A satisfies the first three
properties (1.2)—(1.4). However, in order to handle (1.5) and the Lipschitz property of u
from (1.6), more regularity is needed at the set /. Therefore, we will ask X to be

X =H"NHg, (1.7)
for r <s and s > 0, that is defined through the norm

I fllx == 1 e 4+ DS s - (1.8)
Given this X, the domain of the Laplacian operator becomes, in a first approximation,
Z=H"nH".

Proposition 2.1 makes this last statement rigorous. The main remaining issue now is to find
the intermediate space Y which allows (1.5). This space is important because, given f; € Y,
any solution f of (1.1) will belong to Y for ¢t > 0, as stated in Theorem 1.1. Moreover the
time distance between any solution and an equilibrium point of (1.1) will be measured in the
Y-norm. So it is clear that we should define Y to be the real interpolation between Z and X:

Y =X, 2Z)yp.

Given the non-standard definition of the spaces X and Z, it is not always immediate to write
Y explicitly as intersection of Sobolev spaces. Hence, in Sect. 3 we provide a bound for ¥
in terms of two Sobolev spaces; more precisely we will define Y and Y in (3.6) and (3.4)
such that

ZcYcYycYcX.

Thus, a sufficient condition for (1.6) to hold is that the nonlinearity p satisfies the following
bound:

e (f1) — n(f2)llx < Ll fi — fally-

Such a bound for p is immediate to check since Y is explicitly defined in (3.4).

The first PDE application of our result can be found in [8]. There the authors study
the linear stability of a free boundary problem of mean-field type (see [4, 7, 12, 13] and
references therein): the nonlinear part of the problem is of the form

M= fx (P(f)7 t) [(Sx:p(t)—a - 8x=p(t)+a]7 (19)

where p(¢) is the set of points such that f(p(z),1) = 0. It is clear that (1.9) belongs to the
class of equations (1.1), for I, = {p(¢)}. Given suitable functional spaces X, Z and Y such
that (1.2)—(1.6) are satisfied, existence and asymptotics for initial data close to equilibrium
follow easily from Theorem 1.1. Another possible target of study from this point of view is
a PDE model for neuronal network dynamics. This model has been introduced in [1] and
recently studied in [3]. In its simplest form it consists of a Fokker-Planck equation with a
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60 M.d.M. Gonzélez, M.P. Gualdani

non-linear drift term together with delta functions, that has been considered in the works
[2, 5]. In general, we expect this functional space setting to be useful in other evolution
problems that involve dynamically evolving points of singularity, such as non-linear Stefan
problems and more general ones.

Summarizing, the aim of the present paper is twofold: (i) provide a rigorous proof of
properties (1.2)—(1.5), when the function space X is of the form (1.7) and the nonlinear
operator 4 satisfies minimal regularity assumptions, (ii) give a rigorous characterization of
the real interpolation space Y.

We have not found any reference in the literature that deals with these non-standard in-
tersection spaces. In particular, we concentrate on the issue of denseness of Z in X (Sect. 2)
and on interpolation between X and Z (Sect. 3).

The paper is organized as follows: in Sect. 2 we rigorously define the spaces X and Z
and prove that Z is a dense subset of X. In Sect. 3 a characterization and related properties
of the real interpolation space Y = (X, Z),» is given.

2 Function Spaces

Periodic functions on R with period [—1, 1] can be considered as defined on the one-
dimensional torus T!. Such functions have Fourier expansion as

[~ Fen,

where {e, } is an orthonormal basis in T' and f,, are the Fourier coefficients of f. The Hilbert
space HP(T") for any p € R is given by the norm

If e =D (1+n2) 1 £l

Let ¢ be a smooth cutoff function with support on [—1/2,1/2], identically one on
[—1/4,1/4]. We also consider the space qu (T") given by the norm

”f”qu(']rl) = ||¢f||HP(’]I‘1)~

Given r € R, s > 0, r < s, we will work with the intersection space X (T!) := H"(T") N
de (T"), with norm defined as in (1.8). From now on, we will drop the T' in the notation of
the spaces and norms.

Consider now the Laplacian operator acting on X,

Af = nfuew, dn~—n.

The coefficients A,, denotes the eigenvalues of the Laplacian, that are strictly negative except
the value zero, that can be deleted if we exclude the constant functions.
Define also the space

7 = HI‘+2 e Hf+2
P

where ¢ is another cutoff function such that ¢ = 1 on the support of ¢. The following
proposition justifies the choice of Z as the domain of A 4 p.
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Proposition 2.1 Assume that u satisfies (H1), (H2), and that (1 (0) = 0. Consider the func-
tion spaces

X=H NH, Z=H""nH*?, Y = (X, Z)gn.
¢ & ,

If u satisfies (1.6) then it holds:

1. A+ pn:Z — X is a bounded operator.
2. Z is a dense subset of X .

Proof For the first assertion, just note that the choice of the cutoff functions ¢ and (;3 implies:

PADf) = dA(S).

Consequently, A : Z — X is a bounded operator. The bound of A + u easily follows from
(1.6) and the fact that ;£ (0) = 0:

A+ flix <IAflx +llwflix <cllfliz+ el flly <Clfllz.

For the second assertion, we will prove that periodic C*-functions are dense in X: given
Jfo € X and € > 0, we will find a sequence of smooth functions f, such that || f — follx < €.

The idea is the following: given a collection U/ of overlapping intervals covering [—1, 1],
we construct a good approximation for fj in each subintervals of Z/. Consider for example

U= {[—1, —-1/21,[-5/8, —1/4],1-3/8,3/8],[1/4,5/8],[—1/2, 1]}.

The convergence in the whole interval [—1, 1] follows from the convergence in the single
subintervals by a partition of unity argument, as explained in the following.

The convergence in H" is guaranteed by the regularity of the heat equation. Indeed, let
f(x, t) be the solution of the heat equation f; = Af with initial condition f;. Then

Fen=3 " fre,

satisfies f — foin H" when t — 0.

Moreover, also f — fo in Hy on [—3/8,3/8], away from the vanishing points of the
cutoff ¢ (we remind the reader that ¢ is a smooth function with support on [—1/2,1/2],
identically one on [—1/4, 1/4]).

The delicate part is the convergence near x = +1/2. For that, on the subinterval
[—5/8, —1/4] we regularize the function fj as f. = 6, x fo, O.(x) := %9()(/6) with 6 is
a mollifier supported in (0, 1). Since fy € H", itis known that f, — fy in H", while it is not
clear that ¢ f, converges to ¢ fy because of the inability of switching the order of convolution
and cutoff.

This problem can be handled as follows: by assumption, ¢f; € H*. Consider a small
shifting, ¢ (x — 1) fo(x) € H® for t € (0, €), so that ¢(x) fo(x + t) € H®. Thus when we
average with respect to the weight 6., the function ¢ (x) f, (x), defined as

¢ (x) fe(x) = ¢(X)f Jo(x +1)0(t)dt, 2.1
0
still belongs to H* with norm uniformly bounded with respect to €, depending on ||¢fo || g -
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62 M.d.M. Gonzélez, M.P. Gualdani

We claim that ¢f, is very close to ¢fy on [—5/8, —1/4]. First note that for all § > 0,
there exists a function € C*° with compact support in the interval [—5/8, —1/4] such that
o (fo— V) lms <8/3. Consider now ¥, := 6, *x . It holds

lofe = dfollas < Np(fe = Vllus + 1@ (e — V) llas + 1@ (fo—Y)llas.

The first term in the sum can be estimated as in (2.1), and in particular, it can be uniformly
bounded by ||¢ (fo — ¥)|lws < /3. The second term can be made small thanks to a standard
property of mollifiers, and the third is bounded by hypothesis of the initial data.

Thus we have that ||¢f. — ¢follys < § for € small enough, as desired. O

3 Interpolation

Consider the unbounded linear operator A : X — X, with dense domain Z = D(X). We
seek for a characterization of the intermediate space ¥ := D((—A)*) = X%, forO <o < 1,
that is the domain of a fractional power of the Laplacian operator.

In the case that the function space is X := H? for p € R, everything can be written
explicitly using Fourier series. The operator (—A)* for 0 < o < 1 is the fractional Laplacian
defined by semigroup theory as

o0
(—A)® :/ F N (=AY (] + (=), 3.1)
0
and it can be written using Fourier series as

(=D f =) frgen(),

where the domain of (—A)“ is
X% — H2a+p.
For a general space X, such as for the one defined in (1.7), we can use real interpolation:

Theorem 3.1 (Theorem 1.18.10 in [18]) Let L be a positive self-adjoint operator. If y, and
¥, are two complex numbers, 0 <Ry, <Ny, <ooand 0 <a < 1, then

(D). D), = D(L7 7).

In particular,

D(L*) = (X, D(L))M. (3.2)

Thus we are interested on this interpolation space between X = H" N Hj and Z :=
H*2nN H;”. Note that, for simplicity and without loss of generality for the purposes of
this work, we are taking the same cutoff function for both X and Z, which differs from the
previously defined Z defined in Proposition 2.1. For the original case, see the remark at the
end.

For any 0 < o < 1, we are interested in the (real) interpolation space

Yi=(X, 2o,
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(see [16—18] for the precise definitions). Although Y cannot be characterized exactly due to
the non-standard form of the space X, we will prove that:

Theorem 3.2 There exist two function spaces Y and Y such that
Ycrcy,
where Y is defined in (3.6), and Y in (3.4).

Finding Y involves understanding pseudo-differential operators, while for the space Ya
careful look at interpolation theory is required.

3.1 Characterization of ¥

The definition of (real) interpolation of spaces uses interpolation functors (see [17],
Sect. 1.6.2). Let Ag and A; be two Banach spaces. We say that {Ay, A} is an interpola-
tion couple if there exists a linear Hausdorff space A such that both Ay and A, are linearly
and continuously embedded in A. Then the spaces Ao N A; and Ay + A; with

A0+A] :{a €A ra=ay+ a forsomeaoer,m EA]}

are well defined. For each r > 0, we consider the Peetre’s K -functional as

K (t,a)= inf {llaolla, +llailla,},
(ag,ay)

for each a € A, where the infimum is taken among all the representations a = ay 4+ a; with
ap € A(), a) € Al.

Given 0 < « < 1, the (real) interpolation space (Ao, A1)q,2 is defined to be the set of
functions a € Ag + A such that the norm

0o dr\?
llallag,a)e s = (/ |faK(t,a)|27) (3.3)
0

is finite.
The definition above gives the standard interpolation between Sobolev spaces (see
Chap. 2 in [16]). In particular we have that

Theorem 3.3 (Theorem 2.4.2 in [16]) Let Q be a bounded C* domain in R". Fix real
numbers so, 51 € R and 0 < o < 1, satisfying

s=(1—a)sg+ as;.
Then we have the following (real) interpolation equality
(H*(Q), H"' (), , = H" ().
Proposition 3.4 Let

Yi={feH ™ ¢f e H ™}, (3.4)
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with the norm || f i := | f | gr+2e + |@f | gs+2. It holds that

Iflly <Ilflly forall f €Y,

and consequently, Z C Y C Y.

Proof Consider the Peetre’s K -functional

K, f)=inf{]l follx +1ll fillz},
where f = fo+ f1, foe X, fi€ Z and

Il follx =l follar + @ follas,
I fillz = fillgrez + @S 1l gsva-

Since inf{x; + y;} > inf(x;) + inf(x;), we obtain that
K(tv f) = Kl(t7 f) + KZ(I5 f)5
where K is the Peetre’s K-functional of the interpolation
r r+2 _ pgr+ia
(H',H™) ,=H"",
and K, the one corresponding to the interpolation
s s+2
(H¢ ’ H(f) )a,Z’
where we have defined the space
H) :={f:¢f €H"}.
We claim that

(H;. 1), € Hy™

(3.5)

To show it, let f € (H}, H;*z)a,z. Its norm can be computed with the formula (3.3) where

the K -functional is given by

Ky(1, ) =inf{[gaollns + tllparll gs+2}s

where the inf is taken among all the pairs such that ap + a; =

f. On the other hand, when

we compute the H* norm of ¢f we need to consider the functional

K3(t, ¢f) = inf{||ao|l s + tllall ps+2}

among all the pairs ag, a; such that ay + a; = ¢f. It is clear then that K, > K3 because the
infimum for K3 is computed on a bigger set that may contain more pairs. a
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3.2 Construction of ¥

This is the most delicate step in the characterization of the space Y. Our reference space X is
locally defined (it depends on the cutoff ¢), however, the fractional Laplacian is a non-local
operator. The compromlse between the local and non-local setting requires a different cutoff
qb such that supp¢> D supp ¢, as it was done in Sect. 2.

Proposition 3.5 Let 0 <o <1 and Y = (X, Z)q,2- Define the new function space Y as
Yi={feH"™ ¢f e H™] (3.6)
with ¢ a smooth cut-off function such that =1 onthe supp ¢, and norm

11y = 0 f N e + 110 £ 1] ysa.

It holds

A

Ycvr.

Proof We need to show that, given any f € Y, then (=A)* f € X. It is clear that, since
f e H+ then (~A)*f e H".

The main problem is to understand the localization through the cutoff ¢. For functions
of compact support on an interval, we can use pseudo-differential calculus on R. More
precisely, we will show that given (—A)“ (qB f) € H'(R), this implies ¢ (—A)*(f) € H*(R).
It holds

P(—A)(f)=d(—AN) B f)+G(f),
where

Gf = [(=D)*(f) — (=2 )].
Take the H® norm, then

¢ (=) (Plls < N=A)* @ Nlls + NGl

We will show that G is a smoothing operator, i.e.,

1G(Nas = CllLF Nl rae (3.7

for s > r + 2, and this last norm is bounded by hypothesis.

We use some pseudo-differential operator tools to give information about G. Some stan-
dard references are [10, 11, 15]. The advantage of working with pseudo-differential calcu-
lus in R is that the principal symbol of the fractional Laplacian is just o ((—A)¥) = |£]%*.
On the OEhCI’ hand, the principal symbol of the multiplication operator M (f) := ¢? fis
o (M) = $(x). )

Next, we compute the principal symbol of the composition operator (—A)*(¢ -). Its
asymptotic expansion is given by

X 1 -
o ((=8)"(@ ) =) 5.( Do) |E D9,

0=>0
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The previous formula can be found, for instance, in [15], Chap. II, Sect. 4. In addition, the
principal symbol for ¢ (—A)*(-) is just

o (¢(=2)"() = p()E .
Then the principal symbol of the operator G reduces to

0 on supp¢, since ¢ =1,
0 otherwise.

U(G):{

This implies that the operator G is zero modulus an operator with true order —oo. We recall
that the order of an operator A is any number g such that

[Aullr < llullgr+a,

for each real p. The infimum of all such orders ¢ is called the true order of G.
Since the operator G has true order —oo, estimate (3.7) holds. In particular we have
shown that

¢(—=D)(f) € H,

as we desired. O

Remark Back to our problem, consider the function spaces X and Z defined as in Proposi-
tion 2.1

X=H"NH;,  Z=H"nH;".
The interpolation space Y := (X, Z),; is a subset of
V= {f e H*2 . pf ¢ HS+2a}’
and contains the space
V= {fe H*2 . §f e Hs+20t}’
where ¢ is a cut-off function such that ¢ = 1 on supp 43

Acknowledgements M.d.M. Gonzalez is supported by Spain Government projects MTM2008-06349-
C03-01, MTM2011-27739-C04-01 and GenCat 2009SGR345. M.P. Gualdani is supported by NSF-DMS
0807636. Support from IPAM, Institute of Pure and Applied Mathematics, UCLA is gratefully acknowl-
edged.

References

1. Brunel, N., Hakim, V.: Fast global oscillations in networks of integrate-and-fire neurons with long fitting
rates. Neural Comput. 11, 1621-1671 (1999)

2. Caceres, M.J., Carrillo, J.A., Perthame, B.: Analysis of nonlinear noisy integrate & fire neuron models:
blow-up and steady states. J. Math. Neurosci. 1, 7 (2011)

3. Céceres, M.J., Carrillo, J.A., Tao, L.: A numerical solver for a nonlinear Fokker-Planck equation repre-
sentation of neuronal network dynamics. J. Comp. Physiol. 230, 1084-1099 (2011)

4. Chayes, L., Gonzilez, M.d.M., Gualdani, M.P., Kim, I.: Global existence, uniqueness y asymptotics of
solutions to a model in price formation. SIAM J. Math. Anal. 41(5), 2107-2135 (2009)

5. Carrillo, J.A., Gonzélez, M.d.M., Gualdani, M.P., Schonbek, M.E.: Classical solutions for a nonlinear
Fokker-Planck equation arising in computational neuroscience. Submitted for publication

@ Springer



Some Non-standard Sobolev Spaces, Interpolation and Its Application 67

. Engel, K.-J., Nagel, R.: A Short Course on Operator Semigroups. Universitext. Springer, New York

(2006)

. Gonzilez, M.d.M., Gualdani, M.P.: Asymptotics for a symmetric equation in price formation. Appl.

Math. Optim. 59(2), 233-246 (2009)

. Gonzilez, M.d.M., Gualdani, M.P.: Asymptotics for a free-boundary model in price formation. Nonlinear

Anal., Theory Methods Appl. 74, 3269-3294 (2011)

. Henry, D.: Geometric Theory of Semilinear Parabolic Equations. Lecture Notes in Mathematics, vol.

840. Springer, Berlin, (1981)

. Hoérmander, L.: Pseudo-differential operators. Commun. Pure Appl. Math. 18, 501-517 (1965)
. Kohn, J.J., Nirenberg, L.: An algebra of pseudo-differential operators. Commun. Pure Appl. Math. 18,

269-305 (1965)

. Lasry, J.JM,, Lions, P.L.: Mean field games. Jpn. J. Math. 2(1), 229-260 (2007)
. Markowich, P.A., Matevosyan, N., Pietschmann, J.-F., Wolfram, M.-T.: On a parabolic free boundary

equation modeling price formation. Math. Models Methods Appl. Sci. 19(10), 1929-1957 (2009)

. Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations. Applied

Mathematical Sciences, vol. 44. Springer, New York (1983)

. Taylor, M.: Pseudo Differential Operators. Lecture Notes in Mathematics, vol. 416. Springer, Berlin,

(1974)

. Triebel, H.: Theory of Function Spaces. Monographs in Mathematics, vol. 78. Birkhduser, Basel (1983)
. Triebel, H.: Theory of Function Spaces. II. Monographs in Mathematics, vol. 84. Birkhéuser, Basel

(1992)

. Triebel, H.: Interpolation Theory, Function Spaces, Differential Operators, 2nd edn. Johann Ambrosius

Barth, Heidelberg (1995)

@ Springer



	Some Non-standard Sobolev Spaces, Interpolation and Its Application to PDE
	Abstract
	Introduction
	Function Spaces
	Interpolation
	Characterization of Y
	Construction of Y

	Acknowledgements
	References


