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We study the asymptotics for a large time of solutions to a one-dimensional parabolic
evolution equation with non-standard measure-valued right hand side, that involves
derivatives of the solution computed at a free boundary point. The problem is a particular
case of a mean-field free boundary model proposed by Lasry-Lions on price formation and
dynamic equilibria.

The main step in the proof is based on the fact that the free boundary disappears in
the linearized problem, thus it can be treated as a perturbation through semigroup theory.
This requires a delicate choice for the function spaces since higher regularity is needed
near the free boundary. We show global existence for solutions with initial data in a small
neighborhood of any equilibrium point, and exponential decay towards a stationary state.
Moreover, the family of equilibria of the equation is stable, as follows from center manifold
theory.
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Price formation

1. Introduction

We consider an idealized population of players consisting of two groups, namely one group of buyers of a certain good
and one group of vendors of the same good. The two groups are described by two non-negative densities fz, fy depending
on (x,t) € R x R,.In the model, x denotes a possible value of the price and t the time.

At a certain time t, the vendors would like to sell the good, and the function fy (x, t) describes the density of the vendors
who are willing to sell the good at price x. Meanwhile the buyers will try to get the good at a cheaper price. The transaction
takes place when the two groups agree on the price: we denote by p(t) the agreement price. The price p(t) will be the highest
price the buyers are willing to pay, and the lowest price the vendors agreed to sell the good. There exists a transaction cost,
which is denoted by a positive constant a. When a buyer gets the good for the price p(t), the actual cost of his trade is p(t) +a,
as well as the profit for the seller is p(t) — a. As a consequence, the buyer that got the good for the price p(t), will try in a
later time to sell the good at least at the price p(t) + a and the vendor that sold the good for p(t) will try to get at a later
time the same good for a price not higher than p(t) — a. Thus the parameter a introduces some friction in the system.

The price p(t) results from a dynamical equilibrium between the two density functions. The randomness in the problem
is measured by the diffusion coefficient of the two densities fy and f3, and is denoted by a parameter o > 0.

The above situation can be described by the following system of free boundary evolution equations:

a 2 92
ﬁ - 17& = }\(t)gx:p(t)fa ifx < p(), t >0,

ot 2 0x2
folx, ) >0 ifx < p(b), fsx,t) =0 ifx > p(t),
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together with
afv o? 82fv .
TN AMB)Sx=p(t)+a ifx > p(t), t >0, (12)
fvx, t) >0 ifx>p(), fr(x,t)=0 ifx <p(),
where
0= -2 0.0 = T 0.0 (13)
=T ax PO T 5 U ’

The symbol § denotes the Dirac delta at the indicated point. The multiplier A(t) represents the number of transactions at
time t, so (1.3) means that the flux of buyers must be equal to the flux of vendors. The initial conditions

fo(x,0) =fz(x) and fy(x,0) = fy(x)
are such that, for some p; in R,
i) >0 ifx<p, fr(x)=0 ifx>p
fix)>0 ifx>p, fix)=0 ifx<p.
The equations satisfy the property of conservation of mass. Indeed, both

p(t) +00
fvdx and fpdx
—00 p(t)
remain constant for all t > 0.

Egs. (1.1)-(1.3) describe a mean-field model for the dynamical formation of the price of some good that has been recently
introduced in [1].

An important question we are going to address here concerns the long time behavior of the system: will the good reach
a stable price (p(t) — const. ast — oo ?) or will the price keep oscillating in time and never reach a stable value?

We remark here that in a bounded interval with symmetric initial data, the solution remains symmetric for all times and
the asymptotics were proved by the authors in their previous work [2]. However, the general case contains a new ingredient:
a free boundary (see [3], for instance, for some background and examples on these type of problems).

In this work we address the problem (1.1)-(1.3) in a bounded interval [—A, B], A, B > 0,fora < min{A/2, B/2}, with zero
Neumann boundary conditions. The aim is to show that if we start with an initial condition that is near a general equilibrium
point in some suitable function space, then there exists a unique solution of (1.1)-(1.3) that decays exponentially fast in time
to a unique stationary state. In addition, in can be shown that the problem presents a two-dimensional family of equilibria,
and that this family is stable.

Although there is a well developed theory of semigroups and invariant manifolds for the study of evolution equations
(see for instance [4-7]), the main novelty here is the fact that dynamical system arguments can be used for a problem that
presents a free boundary. This is possible since we succeeded to treat the free boundary as a perturbation of the linearized
problem. In fact, as we will see in the following sections, the free boundary disappears in the linearization and appears again
in the nonlinear part of the problem as a term of lower order.

This allows us to study the linearized operator with the classical semigroup theory and to get time estimates for the
linear equation. Even though the linearized operator is a non-standard one, we can explicitly compute its eigenvalues
and corresponding eigenfunctions. Unfortunately the eigenfunctions do not build an orthogonal basis with respect to the
standard product in L. This complicates the choice of functional spaces.

Indeed, the choice of function spaces is a delicate step in the proof. They need to be big enough to allow delta functions
in the equation, but on the other hand, higher regularity is needed near the free boundary. In order to give a more explicit
characterization of those spaces, interpolation theory and pseudo-differential operators are needed.

For simplicity of the notation, we rewrite the problem (1.1)-(1.3) as the single equation

of o2 d*f .
i M) [Sxp(t)—a — Sx=pv+a] IN[—A, B] x Ry, o
f(x,0)=fi(x) in[—A,B],
fX(_Aa 0) =fX(Ba 0) = 07
where
o’ of

and
f=fs—f. fi=f—f, and p(0) =p;.
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Moreover, for t > 0,
fp@®),t) =0, fx,t) >0 forallx € [—A, p(t)), f(x,t) < Oforallx € (p(t), B].

The unknowns are two quantities: f (x, t) (the solution) and p(t) (the free boundary). Assume, without loss of generality,
thato?/2 = 1.
The problem satisfies important conservation laws. Indeed, condition (1.3) implies preservation of goods and players:

p(t) B
fdx=m; and — fdx=m,, forallt >0,
A p(t)

with m; .= f;f, dxand m; := — fpfif, dx, my, my > 0. Note that m; + m, represents the total amount of players and m,
the amount of goods.

There is an equivalent way to write the problem as a coupled system of equations. To see it, we differentiate the equation
f(p(t), t) = 0, to obtain that

/ fax(p(t), ©)
t)y = —"—7-—"—. 1.5
PO= 000 (1)
Thus our problem is equivalent to the system
ft :fxx —fx(P(f)’ t) [Sx:p(t)—a - 8x:p(t)+a] 5
_Ju(p(t), ) (1.6)

PO= 0.0

with boundary conditions
f(=At) = fu(B,t) =0,

and initial data

f&x,0)=fix),  pO) =p.

To conclude, let us remark that the present work (existence and decay results for small initial data) is the first step in the
study of general asymptotics for this problem, which is an ongoing project of the authors with Chayes and Kim. In particular,
in the recent paper [8], global existence in time and uniqueness for general initial data has been shown. The present paper
is the only available information so far on the asymptotic behavior.

Note that Chayes-Kim have recently studied an evolution Stefan problem in [9,10] in relation to particle systems.
Although apparently unrelated to our problem, it shares many of its features.

2. Main results

First we set up the problem in the interval [—A, B], for A, B > 0: we seek functions f (x, t) and p(t) € (—A+a,B—a), t €
[0, +00) that solve

fo = fx — fx(p(0), 1) [5x=p(t)fa - 8x=p(t)+a] s
f(p(t),t) =0, fx,t) >0 forx e [—A,p)), f(x,t) < 0forx e (p(t), B], (2.1)
ﬁ((_Av t) =fX(B’ t) = 07

with initial data f; (x), p; satisfying

filp) =0,
fix) >0 forx e [-A, p)), fi(x) <0forx e (p, B],

fll(_A) =f;,(B) — 0’ (2.2)
p(0) = p;.
The initial datum has mass
pr B
fidx = my, —/ fidx =my, mq,my > 0. (2.3)
—A pr

The equilibrium states of the above problem are well understood in Section 3. First, note that system (2.1)-(2.2) has
infinitely many equilibrium points, i.e., functions which satisfy the equation

o — L0 [84=p0 0 — 84—po4a] =0, (2.4)
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where f°(p®) = 0. More precisely

—x—-p%, xe @ —a p’+a),
o) ={-2%, xe @ +aB), (255)
2a, xe (A’ —a),

for A > 0andp® € (—A+a, B —a).
We denote with f,, the unique equilibrium point that is the solution of the stationary problem (2.1)-(2.3) (which means
the only equilibrium point f° that satisfies also the preservation of mass condition), and it is given by

Ao = Poo), X € (Poo — @, P + @),
foo®) = { —All, X € (poo + a, B),
+Acold, X € (—A, Do — a),

where po, and A, are uniquely determined by the conservation of mass conditions

Poo B
fodx=my, = fodx=my,
—A Poo
and m; and m, are the constants given by the initial datum in (2.3).
We perform a perturbation argument. First of all, we linearize around any equilibrium point f° of (2.4). Let fO(p°) = 0.
Assume, without loss of generality, that p° = 0. We seek solutions that are perturbations of this equilibrium, as

fx 0 =120 +gx,0),

where g is a solution of the problem
g =Lg+N(g). (2.6)

Here L is the linearized operator (studied in Section 4) given by

Lg = g — gx(po) [(SX:p[),a - 5X:p°+ﬂ] +g(p0) [SL:pO—a o ;:p0+a] ’ (2.7)

and N (g) contains the rest of the nonlinear terms. Note that the free boundary p(t) does not appear in L. We first show that,
apart from the zero eigenvalue, the rest of the eigenvalues of L are strictly negative and isolated, with spectral gap given by
7 > 0. Thus the linear problem g; = Lg has a very nice solution coming from semigroup theory.

In order to state our main theorem, we need to fix precisely the function spaces. The basic regularity we need to apply
perturbation theory is L : X — X, with domain D(L) = Z,and N : Y — X for some spaces Z C Y C X. In particular, if we
use fractional powers of operators, then we need Y = X“ for some 0 < o < 1. These fractional order spaces are simply the
o-interpolation between X and Z.

Naively, we would like to use the spaces

Y=H'(-A,B), X=H"?(-AB), Z=H>"(-AB),
for some 0 < r < 1/2. We remark here that the functions we consider will have homogeneous Neumann boundary

conditions, so they have a Fourier series expansion f ~ Y fnen. Thus Sobolev spaces H(—A, B), r € R can be defined
through the norm

IF I =Y A+ ).

The space X is chosen such that L : X — X is well defined (note that the image of L contains derivatives of § functions). In
fact forevery0 < r < 1/2onecanfind 0 < @ < 1suchthat —3/2 > r — 2a.
However, in order to get a Lipschitz estimate for the nonlinear term of the form

IN@)—=N®|,=<C|g-¢&],.

we realize that higher regularity is needed near the free boundary p(t). More precisely we will need g € €¢*#. Thus, we will
ask the function to (locally) be in some H® for 3 < s < 7/2. Even in the symmetric case studied by the authors in [2], higher
regularity at the free boundary was required.

To handle this issue, we introduce a cutoff function ¢ around the point p® = 0. For the rest of the paper, we fix a small
real number v > 0 such that 4v < a. Assume that p; € (—v, v). Let ¢ € C;°(—A, B) be a smooth cutoff function such that
¢ =0in[—A, —2v]U[2v,Bland ¢ = 1in[—v, v].Fix0 <1 < 1/2,3 < s < 7/2 and consider the space

X = [ € H(-A.B) : ¢f € H™*(-A. B)} (28)
with norm

Ifllx = Ifllgr—2e—ap) + IO lgs—20(—npy -
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On the other hand, we set
Z = {f € H ™2 2(_A, B) : ¢f € H™2+2(—A, B)} :
with norm

Nl = If Npsa -y + | F

Hs—ZoHrZ(_A,B)

where (f) is another cutoff function supported on (—3v, 3v) such that&) = 1 on supp ¢. Then we have

Lemma 2.1. Forany 3 < s < 7/2, thereexist 0 < r < 1/2and 0 < o < 1 satisfying all the above requirements such that
L :Z — X is a bounded operator and Z is dense in X.

The proof of Lemma 2.1 is contained in [11], that takes a close look at these kinds of functional spaces. However, in order
to make the present paper self-contained, we rewrite the proof in the Appendix.

For example, take s = 3.4, « = 0.9 and r = 0.2. Thus we can extend L to be an unbounded operator L : X — X with
D(L) = Z. We should ask the initial data to be in the space

Y =X = (X, Dasa.
given by the (real) interpolation between X and Z. Although we do not have a precise expression for Y, in_the work [11] we
show a characterization of this interpolation space using pseudo-differential operators; in fact, it satisfiesY C Y C Y where

Y := {f € H'(-A,B) : ¢f € H'(—A,B)},
and
Y :={f e H'(-A,B) : ¢f € H'(-A,B)},
for some smooth cutoff function ¢ satisfying ¢ = 1 on the support of Jb

The main result of this work proves the existence of a unique solution f (x, t) for all time t > 0, if we start with any initial
condition f; close in norm of the function space Y to a general equilibrium state f°, say

i =11y =< .

for some p > 0. We also establish exponential decay to a unique stationary state f,, (that might not be the same as f°, but
it is uniquely determined from the masses m;, m,). Of course, f, will be very near f°, but more significantly, the solution
f(x, t) will not leave the neighborhood of size p, i.e., we have stability; the center manifold theory provides a very elegant
solution.

Theorem 2.2. Fixed 0 < y < 7, for any admissible equilibrium f° defined in (2.5), there exist p > 0, C > 0 such that if we
start with initial data f; € Y satisfying

I =71, <o
then there exists a unique solution f (x, t) of (2.1)-(2.3) for all time t > 0 with f (x, 0) = f;(x) that satisfies
fee'(0,+00):Y),

and
IFC. 0 = folly < Ce " |fi = £, . (2.9)
forallt > 0, where 7 is the spectral gap given in Remark 4.3 and f, is the unique stationary state that satisfies

Poo )4 B B
foo = fl» / foc = fl
A —A 2]

pr

An additional interesting ingredient is to see whether the size p of the neighborhood can be taken uniformly on f°:

Theorem 2.3. The constant p in Theorem 2.2 can be taken uniformly, independent of f°, as long as we restrict to the family of
equilibria to the set A,, where

Ay = {f° admissible : 1.° > x}
forsome x > 0.
Some comments on the structure of the paper: Section 3 gives precise formulas for the family of equilibrium points.
Section 4 computes the eigenvalues and eigenfunctions for the linearized operator L, while in Section 5 we apply semigroup
theory to understand the linearized problem. The main steps in the proof of the theorem are contained in Section 6: first we

give the necessary estimates on the nonlinear part in order to have local existence; then we show the existence and stability
of a center manifold so that we have global existence and decay for small solutions, and finally we comment on the stability.
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3. The stationary state

First we review the construction of the stationary solution from [1]. Note that each equilibrium point is determined by
two quantities (the masses m; and m5).

Lemma 3.1. Given any two positive real numbers mq, my, the system (2.1)-(2.3) has a unique stationary solution f, (x), Poo if
and only if
a my 2A+ 2B — 3a
< — <= -

— < < (3.1)
2A+ 2B — 3a my a

Proof. Any equilibrium point of (2.1)-(2.2) must satisfy
S =—2[8,p0_a — 8,p04a] In[—A, Bl x Ry
FA =F® =0
>0 ifxe(-Ap%, f°<o0 ifxe @’ B).
The solution f© is a piecewise linear function given by

0 ifx € (0,p° — a)
=10 ifxe @ —ap’+a
0 ifx e (p° + a,A).
The unique stationary state (fs, Poo) is computed with the above formula, if we impose the conservation of mass property,

DPoo B
mp = foo dx, my = — foodx.
A

Poo

Since foo(Poo) = 0and Aoy = —0xfoo (Po) > 0, then

a a
ml=)\ooa<poo_5+A), mz=kma(3—pm—5),

thus,
Mm;  Poo— 35 +A
My B—po— ¢
Note that the quotient m/m, is an increasing function of p., as expected. From here we get
—a(m; — my) — 2Am, + 2Bm;, my + my
Poe = 2(my + my) ® T 4(—a+A+B)
To conclude, the condition that p, € (—A 4 a, B — a) is equivalent to (3.1). O

(3.2)

’

Remark. We say that an equilibrium f°, f°(p®) = 0 as above is admissible if it satisfies (3.1). Note that the set of admissible
equilibria is a smooth family parametrized by m;, my, or by p°, A%, and it has dimension two.

4. Linear stability

In this section we look at the eigenvalues of the problem in the interval [—A, B]. Let us assume that we are in a situation
where an admissible stationary state f° exists and satisfies p° = 0. Remark that if m; > m,, then A > B, and analogously,
if m;y < my, then B < A. On the other hand, m; = m,, then A = B, and the steady state is an odd function, defined on the
interval [—A, A].

First, we linearize the equation around the stationary states f°, p°. If f is a small perturbation of f°, then we can see that
it must have a unique root near p°, call it p(t). This perturbation must satisfy

ft :fXX _fx(p(t)a t) [ax:p(t)fg - SX:p(tH»a]
fp@®),t) =0
fu(—A, t) = (B, t) = 0.

We write f = f% +€g,p =p° + €q, g = g(x, t), g = q(¢t), differentiate in € and set € = 0. We obtain

g = 8 — {fa@)q() + &P°, )} [8xmpo_a — Sxpora] — F2P°) [6;21,0,,1 — 80 +a] q(t),
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together with the boundary conditions g,(—A, t) = g (B, t) = 0. Use that f2(p°) = 0, and set A° = —f2(p°) so that

2 = 8o —&@° 1) [‘Sx:pofa - 5x:p°+a] +2° [8;=p0—a - 8;=p°+a] 9(®), (4.1)
g (—A, t) = g(B,t) =0.
On the other hand, we linearize the condition f (p(t), t) = 0 and this gives
g(°)
() = =75~
so when we substitute the above formula in (4.1), we get the linear equation
8 = g — (", 1) [‘Sx:po—ﬂ - 8x:p°+ﬂ] +8(°) [8>,<=p°7a - 5;/<=p°+a] ’ (4.2)
gx(—A,t) = gx(B,t) = 0.

Note that Lemma 2.1 assures that the operator L is well defined.
In the following, we show that the pointwise spectrum of the operator L consists only of real, non-positive eigenvalues.

Proposition 4.1. Consider the operator

Lg := g — 8x(0) [8x=—a — Sx=a] + £(0) [8;:_(1 - 8;:,1] s
defined on the space X with x € [—A, B]. Its pointwise spectrum can be described by
e Zero is an eigenvalue with eigenspace of dimension two. Two linearly independent eigenfunctions are given by

X, x € (—a,a) 1, x€(—a,a)
go(x) = {a, x € (a, B) ho(x) =12, xe€ (a,B)
—a, xe€(—A,—a), 2, xe(—A,—a).
o The rest of the eigenvalues must be of the form
nr  nw nmw
w=—ca? fora=-— , forsomen € Z.

a 2A—a’ 2B—a
Every eigenspace has finite dimension.

Proof. Ideas come from the previous work of the authors [2] on the symmetric case.Let u € C,andg € X suchthatlg = ug,
with boundary conditions

&(—A) = g«(B) = 0. (4.3)
More precisely,
G — &x(0) [8y=—q — Sx=a] + £(0) [(S)/(:fa - 8;/<:a] = Mg.

We see that the function g must be discontinuous at —a and +a with jumps,

g(a™) —g(a) =g(0),

_ (4.4)
g(—a") —g(—a”) = —g(0),
and that its derivative too, with jumps
/ a+ 5 a) = — / 0 ,
g@)—gla)=-g0 (45)

g(-a") —g'(=a”) =g0).
It is clear that, except at the points x = =a, the function g must satisfy gx = ng. Thus, the idea is to find our eigenfunctions
in a similar way as one finds eigenvalues and eigenfunctions for the Laplacian operator in one space dimension using Fourier

series.
Leta = +,/; € C, o # 0. We set

ax

g1(x) = c1e” + e ™ in(—a,q),
gz(x) = dleax + dzeiax in (a7 B)a
23(x) = e1e®* + ee”* in (—A, —a).

This g must still satisfy the boundary conditions (4.3) and the matching conditions (4.4)-(4.5) as given above. When we
impose (4.3), it is easy to see that g can be written simply as

g1(x) = 1e™ + c;e™™ in(—a, a),

gz(x) =d [e—2a3+ax + efax] in (a’ B),
g(x) = e[ + 7] in (A, —a).
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The matching conditions at x = a imply that
d[e®PT e 4 ¢ [—e* = 1]+ [-e™** = 1] =0,
d [e*ZO‘B*"‘“ —e 4 [+ 1]+ (e —1] =0.

When we add and subtract the two equations above we get:

a —2aB+aa
c1€% + ¢ +de P =,

(4.6)
1+ e % —de " =0.

On the other hand, we can substitute the matching conditions at x = —a to obtain:
e+ 1]+ e+ 1] —e[e?* +e] =0,
e — 1]+ [-e+ 1] —e[e** —e*] = 0.
Then, adding and subtracting the previous two equations:

efaacl +c— eeZaAfaa — 0’ (4 7)
c1 + ce% — ee®? = 0. '

Then we see that (4.6) together with (4.7) become an homogeneous linear system of four equations with four unknowns.
Performing row reduction in the system, we can compute the determinant of the coefficient matrix, and indeed, it is a (non-
zero) multiple of

(efota _ e72v¢B) (1 _ e72aa) (e72o¢A _ eaa) .

Clearly system (4.6)-(4.7) only has a trivial solution unless one of the three factors above vanishes. In this case, we must
have that the real part of « is zero, and the imaginary part must take the values:

nmw nmw nmw
(o) = —

, s , Nez.
a 2A—a 2B—a

The eigenvalues must necessarily be of the form x = «2, which are all real and negative. The eigenspace for each eigenvalue
is finite dimensional and depends on the number of solutions of the linear system above.
To complete the proof of the proposition, we need to check the zero eigenspace. Then we seek functions g such that

8" — g'(0) [8xe—q — Sx=a) +8(0) [8i__o — 81| = 0.

In particular only the following functions gy and hy (and a linear combination of those) will be suitable solutions:

g20(0) = 0 and (4.5) is satisfied,
hy(0) = 0 and (4.4) is satisfied.

The corresponding zero eigenspace is given by a linear combination of gy and hg:

X, X€(—a,a) 1, xe€(—a,a)
Zo(x) = {a, x € (a,B) ho(x) = {2, x € (a, B)
—a, xe€(—A, —a), 2, xe(—A, —a).

It is an easy computation to check whether gy and hq are linearly independent. O

It is clear from the proposition above how to compute the eigenfunctions. For completeness here, we show the explicit
calculations of the eigenfunctions in case A =B = 1.

Proposition 4.2. Consider the operator
Lg == g — & (0) [6x=—q — Sx=al + £(0) [8;:_5, - 8)/(:,1] ,
defined on the space X with x € [—1, 1]. All the non-zero eigenvalues of L are given by:

1. For all n such that

2n 1
——--€z,
a 2

we have

2nmw
pn = —(atn)® for ay = —
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with corresponding one-dimensional eigenspace with eigenfunction given by
sin(apx) X € (—a, a)
gn(x) =10 x€(a,1)
0, xe(—1,—a).
. For all n such that

2 1 1
w — =€ Z’
a 2
we have
_ @n+ D=

pn = —(atn)®  for oy : —Y

with corresponding two-dimensional eigenspace given by the linear combination of the following functions
sin(apx) X € (—a, a)

g,(x) = {2sin(apx) x € (a, 1)

2sin(opx), x e (—1,—a),

and
cos(anx) x € (—a,a)
ha(x) =10 x€(a, 1)

0, xe (-1, —a).

. For all n such that

2 1 1
@+ 1 A
a 2
we have
2n+ OHrmw
Hn = —(an)’ for oy = a )

with corresponding one-dimensional eigenspace generated by

cos(apx) x € (—a,a)
&) =10 x€ (1)

0, xe (-1, —a).
. For all n such that

2n 1 2n
——=-¢d7, and — €7,
2 a

a
we have
5 2n
pn = —(ag)” for ay = T,

with corresponding one-dimensional eigenspace generated by

sin(ayx) x € (—a, a)
g(x) = {0 xe (1)
0, xe (-1, —a).

. For all n such that

2n 1 2n
——=-¢&7Z, and — €7,
a 2 a
we have
5 2nmw
Mn = —(an)” for oy = T

with corresponding two-dimensional eigenspace generated by
sin(apx) X € (—a, a)

&) =10 xe(a1)

0, xe€(—1,—a),

and
cos(anx) x € (—a, a)
hy(x) = {2cos(apx) x € (a, 1)
2cos(anx), xe€(—1,—a).

3277
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6. For all n such that

20 1¢Z and 2 adZ
2—a 2 ’ —a ’
we have
2nmw
an_(an)z forop = ——,
2—a

with corresponding two-dimensional eigenspace generated by

sin(ay (1 — a)) cos(ay (1 —a))

- sin(a,x _ x € (—a,a
g(x) = 2(1 — cos(aya)) (@eat) + 2(1 + cos(aya)) ( )
" cos(an(1 = X)), x€ (a1
0’ X € (_15 _a)5
and
sin 1—a cos 1—a
(otn( ) sin(ax) + (otn( ) x € (—a,a)
) 2(1 — cos(aya)) 2(1 4 cos(apa))
hn(x) =
0, xe (1)
cos(an(1+x)), xe (-1, —a).
Moreover, for all n > 1, the eigenfunctions have zero mass, i.e.,
0 0 1 1
/gndx=/ h, dx =0, /gnclx=/hndx=0. (4.8)
1 -1 0 0
Proof. We have seen in (4.1) that all the eigenvalues are of the form © = —a? < 0. The construction of the eigenfunction
g is done piecewise in each of these three intervals: (—a, a), (—1, —a), and (a, 1), using Fourier series. We seek
g1(x) = ¢y sin(ax) + c; cos(wx) in (—a,a),
22(x) = dy sin(ax) + d cos(ax) in(a, 1),
g3(x) = eq sin(ax) + e; cos(ax) in (—1, —a),
with boundary conditions
g3 (=1) =g (1) = 0. (4.9)
The matching conditions (4.4), (4.5) are rewritten as
2:(a) — g1(a) = g1(0),
gi(—a) — g3(—a) = —g1(0),
/ Pes (4.10)
& (@) — gi(a) = —g;(0),
g1(—a) — g3(—a) = g(0).
The zero Neumann boundary conditions (4.9) give that
d; cos — dy sin(x) = 0,
1c0s(x) 28 (o) (a11)
e cos(a) + ey sin() = 0.
Consider first the case cos(a) = 0.
This implies d, = e, = 0 and from the matching conditions (4.10) we get the system
dq sin(aa) — ¢ sin(wa) — ¢, cos(aa) = ¢y,
dq cos(aa) — cq cos(xa) + ¢, sin(xa) = —cq, (4.12)
—cq sin(aa) + ¢, cos(aa) + eq sin(xa) = —co, ’

c1 cos(aa) + ¢, sin(wa) — eq cos(oa) = ¢;.

Consider now the case sin(«wa) # 0: eliminating the constant c; from the first and second equations in (4.12), we get

dy sin(ea) = 0,

which is satisfied only if d; = 0. Eliminating c; from the third and fourth equations, we get

ey sin(aa) =0
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which is satisfied only for e; = 0. Therefore system (4.12) reduces to

—cq sin(aa) — ¢, cos(aa) = ¢y,
—cq cos(xa) + ¢, sin(xa) = —cy,
—c; sin(aa) + c; cos(xa) = —co,
¢y cos(aa) + c; sin(xa) = cq,

which is the unique solution c; = ¢, = 0.
Therefore consider now « such that sin(ea) = 0: from (4.12), this yields
—Cy cos(xa) = ¢y,
dq cos(aa) — ¢y cos(xa) = —cq,
cy cos(aa) = —cy,
cq cos(aa) — eq cos(aa) = cq,

which has solutions:
di=e; =c; =0, for cos(xa) =1,
and
dy = 2cq, e1 = 2c¢q, for cos(aa) = —1.

This proves Assertions (1) and (2).
Consider now the case cos(a) # 0.
From (4.11) we can write

sin(o) sin(a)

1=0d;
cos(a)’

2
cos(a)’

and from (4.10) we get the following system

dy cos(a(1 — a)) — ¢y sin(aa) — ¢, cos(xa) = ¢,
d; sin(a(1 — a)) — ¢y cos(xa) + ¢, sin(aa) = —cq, (4.13)
—cy sin(aa) + ¢, cos(aa) — e cos(a(1 — a)) = —cy, ’
¢y cos(aa) + ¢, sin(xa) + e, sin(a(1 — a)) = ¢;.
Suppose sin(wa) = 0: the above system (4.13) reduces to
d; cos(aa) cos(o) — ¢y cos(aa) = ¢y,
d, sin(a) cos(aa) — c¢7 cos(aa) = —cq, (4.14)
¢, cos(aa) — e; cos(a) cos(aa) = —cy, ’
c1 cos(aa) + e, sin(a) cos(aa) = cy.
If cos(aa) = —1, system (4.14) has a unique solution
d,=e,=¢=0,
and Assertion (3) is proven.
Otherwise, if cos(wa) = 1, we separate the case when sin(«) = 0 and sin(«) # 0.
For sin(«) # 0 system (4.14) has the solution d, = e; = ¢, = 0, which proves Assertion (4).
For sin(a) = 0 system (4.14) has a unique solution
d, = 20y, e; = 20y,
and Assertion (5) follows.
Suppose sin(aa) # 0 and again cos(«) # 0. Eliminating c; from the first and second equations of (4.13) we get
dy cos(a(1 — a)) = d, cos(a).
On the other hand, eliminating c, gives
d, sin(a) = —d, sin(x (1 — a)),
which implies thatd, = Oora = ;"TZ Similar computations using the third and fourth equations of (4.13) yield e, = 0 or
o= ;“T” However, we can check that d, = e, = 0 does not produce any non-trivial solution. For &« = % combining the

first anccll third equations of (4.13) we get that
dy cos(a(1 —a)) + ey cos(a(1 —a)) = 2¢c(1 + cos(xa)),



3280 M.d.M. Gonzdlez, M.P. Gualdani / Nonlinear Analysis 74 (2011) 3269-3294

which implies
d, + e,
(1 4+ cos(xa))
Similarly, from second and fourth equations of (4.13) we get

= %cos(oe(l —a))

_1 in(a(1 ))ﬁ
¢ = - sin a(l—a (14 cos(aa))’

Assertion (6) is proven.
Summarizing, the structure of the eigenvalues follows the following scheme:

sin(aa) # 0 no solutions
cos(a) =01 . _ . Jcos(wa) =1 (Assertion 1)
sin{ea) =0 {cos(aa) = —1 (Assertion 2),
cos(xa) = —1 (Assertion 3) O
sin(wa) =0 . Jsin(a) =0 (Assertion 5)
cos(a) #0 cos(aa) = 1 {sin(a) # 0 (Assertion 4),
sin(aa) # 0 (Assertion 6).

Remark 4.3. We write the spectral gap as
R . 2w 2 2 2 a2
j o= min , L
2A—a 2B—a a

5. Semigroup theory

In the following, we study the properties of the linear part of our equation (2.6), given by g = Lg, where the operator
L is defined as in (2.7). In particular, we will show that it generates an analytic semigroup, together with time dependent
decay estimates. We close the section with a very explicit characterization of the ker(L), where

ker(L) = span(gy, ho),

with go and hy defined as in Proposition 4.1.

To begin with, we review some important concepts from semigroup theory. Standard references are the first chapter of
the book [7] and also [12]. Let X be a Banach space with norm ||-||x and let L be a linear operator on X that has domain and
range in X. Denote by o (L) C C its spectrum.

We say that L is a sectorial operator if it is a closed densely defined operator such that, for some ¢ € (0, 7/2) and some
M > 1 and real g, the sector

Sep ={LeC:¢ < larg(h —a)| <m, A # a}
is in the resolvent set of L and
| =07, =M/ |x—al forallx € Sqg.
An analytic semigroup on a Banach space X is a family of continuous linear operators on X, {T(t)}:>o, satisfying

1.TO) =1, T{t)T(s) =T(t+s)fort >0, s>0.
2. T(t)x > xast — 07, foreachx € X.
3.t — T(t)xisreal analyticon 0 < t < oo foreach x € X.

The infinitesimal generator L of this semigroup is defined by
T(t)x —x

3

Lx = lim
t—0t t

its domain D(L) consisting of all x € X for which this limit exists. And vice versa, it is well known that (see Theorem
1.3.4 in [7], for instance) if L is a sectorial operator, then —L is the infinitesimal generator of an analytic semigroup
{T(t) = e "};5¢; this semigroup gives the solution of the ODE g; + Lg = 0. Moreover, if o' (L) > y, then for t > 0,
we have the bounds

c
[efly =ce™ Jre™]y = ze

for some constant C. This implies in particular that Range (e ') C D(L).
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Suppose that L is a sectorial operator and 0o (L) > 0. Then for any @ > 0 we define the (—a)-fractional power as

1 o0
L™ = / t*le~lt dt.
I'(a) Jo

The operator L™ is a bounded linear operator on X which is one-to-one. For « > 0, L* is defined to be the inverse of
L™, D(L*) = R(L™%). L* is a closed, densely defined operator. We define

X% := D(L%),

with the graph norm
[ %llxe = [IL*X]lx -

It is seen in the last section that the space X“ is precisely the ¢-interpolation between the spaces X and D(L).
If the spectrum of the operator L has a good structure, then we can split the space X. Aseto C o (L) U {00} =: 6 (L) isa
spectral set if both o and 6 (L) \ o are closed in the extended plane C U {co}.

Theorem 5.1 (Theorem 1.5.2. in [7]). Suppose L is a closed linear operator in X and suppose o1 is a bounded spectral set, and
0, = o (L)\ o1 500, U{oo} is another spectral set. Let E1, E, be the projections associated with these spectral sets, and X; = E;(X),
j=12. Then X = Xy ® X;, the X; are invariant under L, and if L; is the restriction of L to Xj, then

Ly : Xy — X; isbounded, o (L)) = o4,
D(L) =D(L)NX, and o(l) = 0.

The following lemmas will allow us to compare our operator L to the standard Laplacian. The first one will be used in
order to prove that our linear operator L is sectorial, while the second gives that the spectrum of L := A + B consists only of
eigenvalues.

Lemma 5.2 (Theorem 1.4.5 in [7]). If M is a sectorial operator with 9o (M) > 0 and if B is a linear operator such that BM~* is
bounded on X for some 0 < « < 1, then M + B is sectorial.

Lemma 5.3 (Chapter II, Section 5.13, and Chapter V, Cororllary 1.15in [13]). Let M be an operator having compact resolvent and
let B be a bounded operator on X such that the resolvent set of M + B is non-empty. Then M + B has compact resolvent. As a
consequence, the spectrum of M + B consists only of eigenvalues.

The next lemma is used in order to define the domain of a fractional power of an operator X“(=Y), and to get a time
decay estimate for the semigroup. This space is important because it is the space of admissible initial conditions; the lemma
tells us that it is enough to consider fractional powers of the Laplacian to define it. However, a more explicit characterization
of Y in terms of usual norms is desirable—this is done in [11].

Lemma 5.4 (Theorem 1.5.4. in [7]). Suppose L is a sectorial operator, o1 a bounded spectral set for L, o, = o (L) \ 01, Rop > y
and X = Xy @ X, is the corresponding decomposition. Assume also that M is a sectorial operator with D(M) = D(L), o (M) >
0, (M — L)M ™% is bounded for some 0 < o < 1. Then using the norm ||x||xe = [[M®x||,0 < o < 1, for x € X; N D(M*) and
t>0,

—Lyt

le 2% 0 < Ci lixlly %",

—Lyt

le 2% < Ci IXllxe €7,

for some positive constant C;.
Consider now our linear problem
gt - Lg;

g(x,0) =g, 5.1)
g(—A, t) = g(B,t) =0.

where L : X — X is defined as in (2.7), and the initial condition g; € Y. Using the results recalled above, we are able to prove
now the next proposition:

Proposition 5.5. Let o1 = {0} and o, be the rest of the non-zero eigenvalues of L, defined asin (2.7). Let Eq, E; be the projections
associated with these spectral sets, and X; = E;(X), j=1,2. Then we have the splitting X = X; ® X,, where the X; are invariant
under L, and if L; is the restriction of L to X;, then

Li: Xy — X; isbounded, o (L) = o1,

D(Lz) = D(L) NX; and U(Lz) = 03.
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Inour case, E; = ker(L), L, = 0. Moreover, —L, is sectorial generates an analytic semigroup T (t) = el2!

the estimates

. This semigroup satisfies

IT@Oxlly < Cilixlly t e (52)
ITOx]ly < Cy lIx]ly e
forany0 <y < p.

Proof. Proposition 4.2 computes the spectrum of L. Apart from the zero eigenvalue (with eigenspace of dimension two), the
operator —L has a discrete and positive spectrum. Thus Theorem 5.1 splits the space X: let 0; = {0} and o, be the rest of
the eigenvalues. Then X = X; & X5 where X; = ker(L), that satisfies dim(X;) = 2.

Next, we write —L, = —A + B}, where

B= <gx(p0) [Sx:pofa - 8x:p°+a] -2 [8;2110—11 - 8;:p0+a:|) .

However, —A|X2 contains only positive eigenvalues. Thus Lemma 5.2 applied to M = _A‘Xz and B as above gives that —L,
is sectorial, once we note that D(—Af;( ) C D(B). In fact, since D(—Af; ) C D(B), closed graph theorem implies that BA&O‘
2 2 2

is bounded.
Next, we use Lemma 5.4 forM = —A,,and 8 = o € (0, 1), 50

[e2x], < Cilixllx e,
[e2x|, < C1lixlly e,
for some C; positive constant. O
The solution of Eq. (5.1) can be written now as
g(x. 1) = ago + diho + €' (g)),

with ¢;gy + djho € X; for some ¢, d; € R that depend only on the initial condition g;, and e"2!(g)) € X.
Although it is not usually known, in our situation we are able to give a more explicit characterization of X; = kerL. It
will be needed later.

Lemma5.6. Givenany g € X,g2 = g1 + £.,8& € X;, i = 1,2, then on the basis of eigenfunctions {go, ho} given in
Proposition 4.2 we can write

g1 =cgo +dhy € Xy,
for

1

€= e 2Aa_zp (O 2Mhlgl - (—a+2B)higl),

a!——1 @ B)I @ Al
_a(a_ZA)(a_ZB){<—5+a>1[g]—<5—a)z[g]},

where I[g] and I,[g] are defined as

(5.3)

0 B
Ii[g] :2/ g dx, L[g] :=/ g dx.
—A 0

Proof. We know that g = cgy + dhg + g5, for g, € X; for some c, d. If we integrate this expression we obtain

B B B B
/gdx:c/ godx—l—d/ hodx+/gzdx,
0 0 0 0

0 0 0 0
/ ng:C/ godx+d/ hodx+/ gde-
—A —A —A —A

However, because g, € X; (see (4.8)) we know that

0 B
/gzdx=/g2dx=0,
—A 0
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thus we conclude from the previous calculation that ¢, d must solve

B B
Iz[g]=cf godx—l—d/ ho dx,
0 0

0 0
11[g]:Cf 8o dX+d/ ho dx.
—A _

A
The integrals of gg, hg can be explicitly computed; we obtain a system of two equations and two unknowns c, d

2

bwpu<—%+w>+mw—m,
aZ
Ligl = c (5 - aA) +d(—a+24),

whose solution is straightforward. O

Remark. Note that when we apply the previous result to our case, the functions I;[g] and I;[g] will be time depending
functions, more precisely

pr B p(t)
Llg] = ﬁdx—/ I dx—f (F° +g) dx,
—A 0 0

B B p(t)
hlgl = f,dx—fdex+/ (f°+eg) dx.
pI 0 0
where p is the unique zero of the initial data f; and p(t) the unique zero of the function f (-, t) = f°(-) + g(-, t).

6. Nonlinear theory

Let 9, p° be an equilibrium point as specified by the hypothesis in the theorem. We try to construct a solution of the
equation

ft :f;oc _f;c(p(t)) [Sp(t)—a - 5p(t)+a]
as a perturbation of this stationary state, i.e.,
fx 0 =X +gx 0).

Consider the space V of functions f : [—A, B] — R that have only one root p € (p° — v, p® + v) and that are positive in
[—A, p), negative in (p, B]. We will allow perturbations g such that g(-, t) for each fixed time belongs to the space

U ={geY:lglly <p, fP+geV}, (6.1)

for some p. It is essential that this neighborhood is open and uniform in some sense:

Lemma 6.1. Given p > 0,and 0 < w < p, if © < min {A%v, °}, the neighborhood
{geY:lgly <o}
is contained in U,,.

Proof. Assume that ||g||y < w as specified in the hypothesis of the lemma. Let us prove that f = f° + g has a unique zero
in the interval (—v, v). First of all note that f is strictly monotone decreasing in the interval (—v, v) since

) =F2x%) +g(x) = 2" +gx) < -2 +w <0,
for < A°. Moreover
f) = +g=) > v-—w>0, fOo)=-w+g0w) <—A"v+w<0.

This implies that f has a unique zero in the interval (—v, v). Let us call this unique zero p. It holds that —f;(p) > A’ —w > 0.
A similar argument gives that f is positive in [—-A, p) U (p,B]. O

Now we relate the nonlinear problem to the linear one, in order to obtain a formula for the nonlinear part. Let f (x, t), p(t)
be a solution to our problem. We write f(x, t) = f°(x) + g(x, t), and p(t) = p® + q(t). Assume that ¢ € (—v, v). As in the
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calculation in Section 4, we expand for each time t. Thus

0=FfP®),0) =% +a 0% +g@° ) +Ri(®), (62)
where
Ri(t) = g(p(t), t) —g(®°, 1).
Butf%(p°) = 0and f2(p°) = —A%. For simplicity in the notation, we drop the dependence in t. Then from (6.2) we can write
g% + Ry

On the other hand, we expand

@), ) = F20°) + &@°, t) + Ry = —2% + & (0%, t) + Ry, (6.4)
where

Ry (t) = g(p(t), t) — g (", 1),
and also

8p(t):l:a = SpO:ta + q(S;zO:ta + R3i (6.5)

When we substitute (6.3)-(6.5) into the equation for f, after some computation we obtain the following equation (where
we group the terms of the same order)

0 :fto _fx?( +f;<0(p0)[8p0—a - 8p0+a] + (gt - Lg) - N(g)7 (66)
for

N(g)

Mo(Ry — R3+) + R (81/307a - 8;;0+a> —&®") [(511*& - apo—a) - (8P+a - 8p°+a)] — Ry (‘SP*H - 8P+a)
= N'(g) + N*(g) + N*(g) + N'(g). (6.7)

Thus we have proved that
Proposition 6.2. Fixed any admissible equilibrium f°, p°, then problem (2.1)-(2.2) is equivalent to

g& =1g+N()

gkx, 00 =g (6.8)

gx(—A, 0) = g(B,0) =0,
for some g(x, t) that satisfies

fP+gt.new,

where L and N are given in (2.7), (6.7), respectively, and g; = f; — f°. The equivalence is simply

f=f"+g

6.1. Lipschitz estimates
We have that the nonlinear part N is locally Lipschitz in U,:

Lemma 6.3. Fix p < cA® for some c positive constant less than one. We have that the operator N given by (6.7) is Lipschitz in
the neighborhood U, given in (6.1). More precisely,

IN@ -N® |, =g -],
forallg, g € U,. The constant C depends on p and Ao.

Proof. Letg, g € U, withrootsp,p € (p°—v, p°+v).Letp = p°+q, p = p° +4. From (6.3) we can estimate the difference
lg — | by
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1 .
la—1q| < ﬁlg(p)—g(pﬂ
1

IA

llg®) —g®]| + g® —E®)|}
e(—v,v) Ee(pO—v,p04v)

E =Cc< 1,
it holds that

- 1 -
lg—a| < a—on le _gHGO(pOfv,pOJru)'

Now we compute HN () —N(© ” «- The definition of negative fractional Sobolev norm of order —6, 6 > 0, is

lielly-o = sup (¢, w).
Ipl,o=1

20
1 - -
< Ao[lq—ql-gmp {lg®+O[}+  sup {|g<p°+5)—g(p°+s>|}]

3285

In our case, we will take & = —r + 2« > 0. Note that for an eXﬁonent 3/2 < 0 < 2,we have that H’ (—A, B) C ¢"-#(—A, B).

Since R3i = 8pta — 3p0ia — q(S;O_a, we can easily estimate

8

L W D O IR 0 .

The first term can be bound by

|8pa = Spcall -0 _p 5y < Sup {lopxa) -G +a)|} <|p—p|=|1—7

Il 0=1

taking into account that H'~1 C [*® for3/2 < 6 < 2.
For the estimate of N?(g) — N2(g), it holds that

|71 =0) 5.

where
[Ri =] < le®) —20)] + g0 — 2®)| + 26" — 26|

=2 ”g - g“eo(pof\),pOJru) g lletpo—v,po-+v) |q - EI| :

5/

pO—a

bl

< |ri -y
X H—Y

On the other hand, for N3,
(P*) [p-a — 8,0-0] — 80" [85-a — 80_d]
< 86% = 56 [0 = 80, + || e — 5l
= Hg - g||@0(p0—v,p0+v) + ||g||@1(p0—v,po+v) ”‘SP*G — 85-a “H’G :
And for the last term N*,

”st,,_a — Re85-a

= R (oo = S5a) [ + ” (R = R2) 85

< IRa | 8p—a — 85-a -0 + \RZ - kz’ [85-l-o -

X

Since

IR2| = |ge(P) — &®°)| < llglle2p0—vp01) 1l »
it holds that

R = Ro| = [8p) — 2B + |8®) — &B)| + 80" - 20"

S ||g||02(p0—\),p0+v) ’q - fﬂ + 2 ”g - g”@l(po_v,po_._v)

0 -
= (}LO(l_C) +2> ”g_gHY'

N'(g) = N'@)| . as follows:
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In particular, there exists a constant C, such that
ING) - N@ |, < e -2l
~ _ o
forevery g, g € U,, where C = max {1, m} U

The previous estimate can be improved near the origin, in fact, DN (0) = 0. This estimate is needed in order to pass from
local to global existence. More precisely,

Lemma 6.4. We have that
IN@Ix =odlglly), when |gly — 0. (6.10)

Proof. The previous lemma implies that |[N(g)|lx = O(|lgl|ly) when ||g|ly — 0. For the improvement we need, take a
perturbation of the form f = f° + eg for some € > 0 small. Let p be the root of f near py. Because of (6.3) we can write
p=p’+eqforq= %). Assume that ||g||y = 1, for simplicity. First, note that because of the Taylor theorem we can write

+ / /
Ry =€q [8x3i:ta - 8p°ia] ,
for some |x; — p°| < ev. We compute

5/

/
X3—a - 8},0,0

= sup [p'(xs—a)—¢'@° —0a), (6.11)

-0
H Iell,o=1

where 0 = —r 4 2. Then, because of our choice of 6, H? (—A, B) C ¢"-#(—A, B), and from (6.11) we deduce that

< ceP.
H=Y

8. =9

X3—a p0—a

As a consequence,
N )] = ce™.

Next, note that R; = € [g(p) — g(po)], so that |R;| < €2 ||g|le1 g, and this gives a bound for N2, We handle the rest of the
terms in a similar manner, and we conclude that

IN@Ilx < Ce'*?

for some C, depending on m but independent of ||g||y. The lemma is proved. O

Remark. The choice of s in the definition of the function space Y is made here. In particular, we need ¢># regularity near
the origin in order to have a Lipschitz estimate in Lemma 6.3.

6.2. Local existence

First we review some basic facts about the nonlinear evolution equation
& =1Lg+N(),
6.12
£(0) =g. (6.12)

Here we always assume that L is a sectorial operator, U an open subset of Y = X* forsome0 <o < landN : U — X a
locally Lipschitz function. More precisely, given any g € U, there exists a neighborhood V C U of g such thatforallg, g € V,
it holds that

IN@) -N@ | =g -],

for some constant C depending on the neighborhood V.
A solution of this initial value problem on (0, t;) is a continuous function g : [0, t;) — X such that g(0) = g;; on (0, t;)

we haveg(t) € U, g(t) € D(L) = Z, ‘;—f exists,t — N(g(t)) is locally Holder continuous, f00+“ [IN(g(t))|l dt < oo for some
1 > 0; and moreover the differential equation (6.12) is satisfied on (0, t;). In particular, we have Duhamel’s formula

t
g(t) =e"'g + / e""IN(g(s))ds.
0

It is well known that
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Theorem 6.5 (Theorem 3.3.3in [7]). Assume that L is a sectorial operator,0 < « < 1,and N : U — X, U an open subset of X%,
and N is locally Lipschitz. Then for any g; € U, there exists 0 < T = T(g;) such that (6.12) has a unique solution g on (0, T) with
initial value g(0) = g.
Remark. In fact, it is true that
gee'(0,7),X).
Letg; = f; — f°. The previous theorem assures local existence in time for g ifg; € U,,. Then, Proposition 6.2 gives that the

function f (x, t) = f°(x) + g (x, t) we construct is a solution to our original problem. Moreover, it has the right signs: it has a
unique root in [—A, B], call it p(t), and it is positive in [—A, p(t)), negative in (p(t), B]. The proof is similar as in Lemma 6.1.

6.3. Existence of a center manifold

In the present section we give the proof the existence of a center manifold for our problem. Here we follow the approach
of Chapter 6 in book [7], that we find very clear and suitable for our purposes; although [5] is the classical one for applications
in partial differential equations. Other references are, for instance, [6,4].

We consider Eq. (6.12). Aset S C X* is a local invariant manifold if for any g € S, there exists a solution g(-) of the
differential equation on an open interval (ty, t;) containing 0 with g(0) = g; and g(-) € Sfort; <t < t,. We say that S is
an invariant manifold if we can always choose (t1, t;) = (—00, +00).

In particular, for a coupled system

(&1)e = N1(g1, 22),
(&2)e = L2(g1 + &2) + Na(g1, 82),

we look for invariant manifolds of the form S = {(g1, £2) : g2 = o (g1)}. It is well known that:

Theorem 6.6 (Theorem6.1.2.in [7]). Let X1, X, be Banach spaces and assume that —L; is sectorial in X,. Let U be a neighborhood
of the origin in X§ for some o < 1. Suppose that

1. The operator N, : X; x U — Xj is locally Lipschitz with

HNZ(gl’gZ) - N2(§1,§2)HX2 =K (”g1 - & HX] + ”gz -& ”xg) ) (6.13)
and

IN2(g1, &2)llx < N. (6.14)
2. The operator Ny : X; x U — Xy is locally Lipschitz with

[N:(g1. 82) = N1(@1. 82|y, < 1 [g1 — &1l + Mz g2 — &2 1o - (6.15)
1 1 2
3. There exists some yp > 0 such that
e? < Cje 70, (—=Ly)%e™ < Cit™%e™ ' fort > 0.
e, S i, t
4. For some positive constant D,

o0
[gz lgallxg < D} CU and qN/ t~“e~ldt < D.
0

5. For some positive constant E,

o0
0= KC]/ u~ e voueFEM)U 4y (6.16)
0
has

E 1+ E)M
0 < —— and Hmax{l,m}<l.
1+E

u+ MaE

Then there exists an invariant manifold (the center manifold)
S={(g,8): & =0(g),—00 <t <+00,g €Xi},

with

lo@)llxg < D.
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and

|o(g) — U(§1)HX§ <E|g—& Hx1 .

Remark. If 4 < yp and « is sufficiently small, we can easily satisfy condition 5 above.

Remark. Note that conditions 4 and 5 ensure global in time existence of solutions, that have been proven to exist only
locally in time in Theorem 6.5. In fact, if the constants Cy, G, N etc. satisfy the above conditions, it is easy to check that (see
Theorem 5.1.1in [7])

lg2llxe < p, Vte(0,T).
This implies that the solution exists for all time (Theorem 3.3.4 in [7]) and stays in the neighborhood U, i.e.,
lg2llxg < p, VYt e (0,400).
In the following, we check whether Theorem 6.6 can be applied in our problem. First, Proposition 5.5 shows that we can

split X = X; & X, with X; = ker(L). The subspace X; has finite dimension two. We write g = g1 + g2, g1 € X;and g; € X5.
Let L; be the restriction of the linear operator L to X;, i = 1, 2, and let P be the projection on X; along X,. We denote

Ni(g1, &) = PN(g1 + &), Nz(g1,82) = (I = P)N(g1 + &2).

Thus, our problem (6.12) is equivalent to

(gl)f = Nl(g17g2)a
{(gZ)t = Lr(g2) + Na2(g1, &2)- (6.17)

In order to apply Theorem 6.6, we need to check the Lipschitz condition of the nonlinear terms. In the following proposition
we give a characterization of Ny and N;.

Proposition 6.7. Consider any g(-, t) € X such that f® + g(-, t) has a unique root in [—A, B], denote it by p(t). Then there exist
constants y; and y, depending only on A, B, a such that if g is writtenas g = g1 + g2, & € X;, i = 1, 2, we can write

N1(g1, &) = y1R2 ()& + y2R2(t) ho,

where gg, hg are the eigenfunctions of the zero eigenvalue given in Proposition 4.2, and R, (t) is defined as in (6.4)
Ry (t) := gx(p(t)) — &(po)-

Proof. We write

N(g) = N1(g1, &) + Na(g1, £2), (6.18)
where N;(g1, 82) € X;, i = 1, 2. Because {g, ho} is a basis for X;, we can write
0 B
Ni(g1, &) = k(t)go + z(t)ho, / Ny(g1, &) dx = / Ny(g1,8) dx =0, (6.19)
—A 0

for some k(t), z(t) functions. The exact value of these coefficients can be computed thanks to Lemma 5.6.
On the other hand, consider the expression for N(g) given in (6.7). If we integrate it from O to B, for each fixed time, we
obtain that most of the terms cancel and we are left with

B
LIN(g)] = / N(g) dx = Ry(0).
0

A similar integration from —A to 0 gives that

0
L[N(g)] :=/ N(g)dx = —Ry(t),
—A

where R, (t) is defined as in (6.4). It follows that I;[N(g)] = —[N(g)] and from (5.3) we get
2(—a+A+B) A—B
k(t) = ——— Ry (t), zZ(t) = —— Ry (1),
O = @=2aa—28"7" O= = ma—2p"
asdesired. O

With all these ingredients we can prove that:
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Proposition 6.8. Fixed an equilibrium point f°, there exists some p > 0 such that there exists a center manifold for (6.17) in the
neighborhood U, with

o€l =D,

and Lipschitz condition

o) —o@)| <E|g —&
for D, E given as in Theorem 6.6.

Proof. Itis aconsequence of Theorem 6.6, but we need to check carefully the constants involved. First, note that the operator
—L, generates an analytic semigroup and satisfies the estimates given in (5.2)

[e% ]y, = G (=La)e ]y, < Gemre,

forsome0 <o < 1and0 < yy < 7.

Next, we look at the nonlinear part. We will work in a neighborhood U,, for some p < min{Aq, vAo} so that we are in the
situation of Lemma 6.1.

Lipschitz condition (6.13) follows from Lemma 6.3. On the other hand, (6.15) is a direct consequence of Proposition 6.7
and (6.9). The Lipschitz constants «, i, M, depend on p. More precisely, these constants can be estimated by

mo(ﬂ)) inU,,

when p < cA? for some ¢ < 1. Fix ps such that condition 5 is satisfied for all p < s.
Now, in order to check condition 4, we need Lemma 6.4, since the Lipschitz estimate for N is not enough. We have seen
that in this case,

IN@Ily = C llglly ™, when [lgly — O,

forsome0 < 8 <land G, =0 (m) Then looking at (6.14) we can write

2
N = Epl+ﬂ inU,.

Choose D = cp, withc < 1, we get

2 P o0
Ci— u %e "'du < c.
110'0 /0

Choosing p small enough, condition 4 is satisfied.
We conclude that the solution exists globally in time and there exists an invariant manifold

S={(g1.&) 8 =0(g), —00 <t <+00,8 €Xi},

as we wished. O
6.4. Stability of a family of equilibria

Now we try to understand the decay near the center manifold. We are given an initial condition f; with masses
b1 B
fr=my, - fi=m;.
—A pr
Assume that it satisfies ||f, —f0 || y <P for some p small enough that will be specified later. Here f° is any of the stationary
states described in Section 3 with masses my, f1, (not necessarily equal to mq, m;). We can take, without loss of generality,
that p® = 0.
By linearizing around f°, we are going to show that there exists a solution f of the system with initial condition f;, that
exists for all time, and that decays exponentially to a stationary state f,,. Moreover, f,, is chosen as the unique stationary
state with

Poo

B
foo =My, _/ foo =My,

—A Poo

for foo (Do) = 0.
Global existence and asymptotic decay are given by
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Theorem 6.9 (Theorem 6.1.4 and Corollary 6.1.5. in [7]). In addition to the hypothesis of Theorem 6.6, assume that dim X; < oo,
and

1+E
r:=2=0 (1 + M, + /) <1, (6.20)
Yo — MK

for u' = u+ MyE. Then S is uniformly asymptotically stable with asymptotic phase. Specifically, there exist § > 0, ¢ > 0 so that
any solution (g1(t), g»(t)) with initial condition satisfying

lg2(0) — o (g1(0))llxg <,
exists for all time t > 0 and there is a solution g, (t) of
(81)c = N1(g1, 0(81))
such that, for t > 0,
g1 () = &1 Ol + llg2(t) — 0 (&1 () llxe < Ce™" [|g2(0) — o (g1(0))lIxe ,

where

_1
Yy =v0o— (yo— u)ri=e > 0.

Remark. In the proof of this theorem, ¢ is chosen such that the solution stays in the domain of existence for all time t > 0,
that it is equivalent to

kCie7¥®W8 < D/2. (6.21)
Moreover,
o M, (CK)?
y—w

where k and K are a constants depending only on «.

Thus in our problem,

Corollary 6.10. The center manifold constructed in Proposition 6.8 is an attractor if we start with initial condition g; € U, for
some p small enough.

Proof. We take p as in the proof of Proposition 6.8. The value of 9 is given in (6.16). It is clear that we can take a smaller
p so that (6.20) is satisfied and p < § for § given in (6.21). The corollary is a consequence of Theorem 6.9 and the remark
afterward. O

Up to this point, we have reduced the problem to understand how the trajectories look like inside the center manifold.

Proposition 6.11. Any trajectory in the center manifold of Proposition 6.8 must be stationary.
Proof. A trajectory in the center manifold is given by
g=g1+&. g=c)g +dbhy, g =o0o(g).
In order to find the coefficients c(t), d(t), we substitute this solution in (6.17),
¢go + dho + 9 (0(81)) = L(g1 + &) + N(g1 + 2,
and we project onto X, thus
¢go + dho = N1(g1 + ).

We have an explicit formula for the right hand side, thanks to Proposition 6.7. Then, looking at each eigenspace, we obtain
a system of ordinary differential equations for c(t), d(t):

¢ = R (t),
d = y2Ra(0),

where y1, y; are explicit constants depending only on a, A, B.
We claim that this system of ODEs has a unique global solution. For this, consider

g(x, t) = c(t)go + d(t)ho + o (c(t)go + d(t)ho).

(6.22)
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It is easy to check that, for —v < p(t) < v and gy, hg as in Proposition 4.2, it holds that
&P@®). 0 =cOA+o;_ ). &O0,0=cOA+0]_).
Taking into account that R, (t) = g,(p(t), t) — gx(0, t), the above system becomes
s !/ _ /
€= mc(t)(a,fzp(t) %o (6.23)
d= V2d(t)(‘7\x=p(r> — Jlx:o)'

Theorem 6.6 ensures that o is a Lipschitz function. It follows that the right hand side of (6.23) is also a Lipschitz function
with respect to the function c(t). Existence of a unique solution locally in time is proven.

We now claim that c(t) = ¢; and d(t) = d; solve system (6.23). Let g{(x, t) = ¢;go(x) + d;ho(x). We integrate for
x € (—A, 0) the equation

(&) = N1(g1, £2),
we obtain that

d 0 0
0=— g1 dx = / Nq dx = Rz(t).
dt J_, —A

Thus, the claim is proved. This implies that system (6.22) has a unique global in time solution c(t) = ¢;, d(t) = d; (the
constantone). O

In general, the center manifold is not unique and it does not consist only of the stationary points. However, in our case,
the set of stationary states has dimension two and is contained in the center manifold. This is a special case and appears in
other works, see for instance [14] on the Navier-Stokes equation, that has a similar behavior. In particular,

Corollary 6.12. Our center manifold is exactly the set of equilibrium points for (6.17), i.e.

lgcl,:g=gi+pm.g1eXi, =0} ={geU,: Ig+N(g) =0}.

Now we can finish the proof of Theorem 2.2. For each initial datum f; in the neighborhood U,, we have built a solution
of the nonlinear problem for all time t > 0, of the form f = f° + g, and that converges exponentially to an stationary
state, that may not be the same as f°. Since we have already classified all the stationary solutions, in particular, because of
conservation of mass, it has to be the precise f..

Note that any stationary solution f,, can be written as a shifted zero eigenvector in the following way:

_ J* 8 — poo) X € [-A+ pes, B,
Joo ) = {Amgﬁ(—m x € [A ~A+ pwl.

6.5. Some final remarks

In this last section, we group together a few remarks. First, we can write a more explicit formula for the center manifold.
Consider f° a general equilibrium point with f°(0) = 0. Consider f,, the unique stationary state corresponding to the initial
datum f° + g;, with g; € Up. Let g; be decomposed into our basis of eigenfunctions

g =cag +dho+ 8., & €X,.

The corresponding solution f (x, t) = f° + g;(x, t) + g (x, t) converges exponentially fast to the equilibrium point
foo =+ 180 + diho + o (180 + diho),

where ¢;go + dihg + o (¢80 + djho) belongs to the center manifold. It holds that

. 0 a Aoo 3 0
hicd) = | foodx=Aoea (poo -3 +A) — 2P = (@ + AO)hlgo] + dih[hol.
—A

’ Ao 5 a 0
hy(cr,dp) = | foodx= 7p°° — Aol (B — Do — 5) = (¢ + A)L[go] + dilz[ho],
0

taking into account that any general equilibrium point f° can be written as f® = A%. Inverse function theorem shows
that given ¢; and d;, one can uniquely determine f,, (or, equivalently, determine p., and A, ) from the above formula. More
precisely

(Aoos Poo) = H™ M (hi(cy, ), ha(cy, dy)),
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where
Aa(p— a +A) - &pz
2 2

fpz—)ha<8—p— E)
2 2
In fact, we can compute its derivative DH(A?, 0) and get
a (—E + A) 1%a

2

a( a—i—B) 2%
2

H(\, p) =

DH(X’,0) = :
that is positive definite because
detDH(A?, 0) = A%a*(B+A —a) > 0.

The inverse function theorem states the existence of a neighborhood near (A%, 0) such that the function H is invertible (and
continuous). Therefore one can write our function o as

o (ago + diho) = —(c; + 10go + dihg + foo (H™ ' (M1 (cr, d1), ha(cr, d1))).

Remark. The regularity of the free boundary p(t) is given by the following argument: since f(-, t) € C>#(—v, v) and
felx, t) > cA% for all x € (—v, v), the function

fulp(®)
Lp(®)

is uniformly bounded in time. This implies that p(t) is Lipschitz regular Vt > 0.

pt) =

And to conclude, we would like to see that the size of the neighborhood does not depend on the equilibrium we start
with. This is achieved through a careful control of constants. In fact taking as family of equilibria all the functions f° such
that

A= {f0 admissible : 1° > X} ,

we can see that the constants C and C, in Lemmas 6.3 and 6.4 are uniformly bounded with respect to A°. Tracing back the
constants in the proofs of this section, we have Theorem 2.3.
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Appendix

In this last section we give the proof of Lemma 2.1. The proof of this result in a more general setting is included in the
forthcoming paper [11]. For completeness, we briefly summarize here the main steps.

Assume, without loss of generality, that A=B = 1,a = 3/4.

Consider the Hilbert space H?(T"!) for any p € R, with norm given by

Il =) (14 m®)PIf 2,

wherefn are the Fourier coefficients of f in [—1, 1], i.e.,f ~ ane,,.
The second functional space we deal with is H(’;(Tl), which is defined through the norm

Itz = S Ml -
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Here the function ¢ denotes a smooth cutoff function with support on [—1/2, 1/2], identically one on [—1/4, 1/4], strictly
increasing on [—1/2, —1/4], and strictly decreasing on [1/4, 1/2]. The intersection space X := H? N Hg has a norm defined
as

Ifllx = 1l + 116f llga -

The Laplacian operator acting on X can be written as,

Af = Z)\nfnenv An ™~ _nzy

where A, are the eigenvalues of the Laplacian.
Our aim here is to find a functional space Z dense in X such that A : Z — X is a bounded operator. We claim that this
functional space is given by

Z=Hr?NHIT?
¢ b

where qAﬁ is another cutoff function such that q@ = 1 on the support of ¢.
The choice of the cutoff functions ¢ and ¢ implies that

PABf) = pA(f).

As a consequence, the operator A : Z — X is bounded.

The proof of the density of Z in X requires some technicalities: first, we will prove that periodic ¢*°-functions are dense
in X. This means that given fy € X and € > 0, we will find a smooth sequence f, such that ||f. — follx < €.

By taking a collection € of overlapping intervals covering [—1, 1], we construct a good approximation for f, in each
subinterval of €. Consider for example

¢ ={[-1,-1/2],[-5/8, —1/4],[—3/8,3/8],[1/4,5/8],[—1/2, 1]}.

Once convergence in each single subinterval is shown, convergence in the whole interval [—1, 1] follows from the
convergence in the single subintervals by a partition of unity argument.
The convergence in HP is guaranteed by the regularity of the heat equation. Indeed, let f (x, t) be the solution of the heat

equation fy = Af with initial condition fy. Then, if fy = anen, it is well known that

fxt)y =) e,

satisfies f — fy in H? when t — 0. Moreover, also f — fy in H? on [—3/8, 3/8], away from the vanishing points of the
cutoff ¢.

On the subinterval [-5/8, —1/4] we regularize the function f as f. = 6, *fy where 6 is a mollifier with supportin (0, 1)
and 6, (x) = ge(x/e), with supp 6, = (0, €). Since fy € HP, it is known that f, — fy in HP.

It remains to prove that ¢f. converges to ¢f in H?: since ¢fy € HY, one can consider a small shifting ¢ (x — t)fo(x) € H?
fort € (0, €), so that ¢ (x)fo(x + t) € H. In this way, the function ¢ (x)f, (x), defined as

PXfex) = ¢(X)/ Jox + D)0 (O)dt, (A.24)
0

still belongs to H? with norm uniformly bounded with respect to €, depending on ||¢fo || ya-
The term ||¢fc — ¢follyqa can be rewritten as

l¢fe — Ofollua < ll@(fe = Vllua + 1@ (Ve — ¥llna + 1@ (fo — ¥)lla »

where . := 0, x .
The first term of the sum can be uniformly bounded by ||¢(fo — ¥)|lze < /3 (in the same way (A.24) is bounded by

léfollpa)-
Due to a standard property of mollifiers, we have that ||¢ (e — ¥)llye < /3.

Finally, for all § > 0, there exists a function ¥ € € with compact support in the interval [-5/8, —1/4] such that

oo — ¥)llpa < 8/3.
This implies that for every € small enough, one can find a é such that ||¢f. — ¢follye < 6.

Once the proposition is true for the A operator, then it is true in our case, where we deal with a bounded perturbation
of the Laplacian:

Lg = gw — &(0) I:ax:—% - 8x=%i| +5(0) I:(S:(:—% -9,

X=

N[N

It is easy to check that
ILgllx < lAglx + IIgIIG; =Clglz. ©
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