Power Series Solutions

Solve
Lyl =vy" =2ty =2y =0
Solution:
Let
y(t) = Zant” =ag+art + ast? + - -
n=0
then
y<t> = Z antn = ag+at+ a2t2 + -
n=0
y'(t) = Znant"*1 = a1 +2-at+3-ast>?+---
n=1

y'(t) = Z?”L(?”L—l)ant"’2 = 2-ay+3-2-azgt+4-3-2-ast*+---

n=2

Let’s write these vertically, for fun:

+o(an) b (n-ay) -l b o(n-(n—1)-ay) 2
yity=1 + .(a4)t4 oyt =] * k4-a4)t3 oy =| + (4-3-ay)t?

+ (ag)t3 + (3-a3)t2 + (32a3)t

+ (ag)t? + (2-a9)t + (2-a9)

+ (ay)t + (a1)

+ (ao)
So

+ (n-(n—1)-a,)t"? + (n-a,)t"! + (a,)t"
- + (4-3-aq)t? —9t + (4-aq)t? —9 + (ag)t!
—I— (32a3)t —|— (3'&3)t2 —|— (CL3)t3
+ (2-ay) + (2-a)t + (ag)t?
+ (a1) + (@)t
+ (ao)
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(n+2)(n+ Dapte + (—2)na, + (—2)a,
= { i 2a9 — 209 =

o o

forn=1,23,..

NOTE: The equation
(n+2) apio — 2a, =0, forn=1,2,3,...

is called the recurrence relation or the recursion relation.

(n+2)apo —2a, = 0, forn=1,2,3,...

=
2@2 — 20,0 = 0
So
as = Qo
2
az = gal
2 2
g = 702 = 700 = 50
2 2 2 4
a == —Qa = — - —QA1 = —Q
5 5 3 5 3 1 15 1
2 2 1 1
a = —Q4q4 = —"°=—Qp = —Q
6 6 4 6 2 0 6 0
gives
y(t) = ap+ ait + ast® + azt® + agt! + ast® + agts + - -
= a0t art+ gt ot Sagtt e ayt 4 gt 4 -
3 2 15 6
= 1 t2 —t4 —tﬁ e t —t3 _t5 L
So 1 1
yi(t) = 1—|—t2+§t4+6t6+.., — ot

2 4
t) = t+ 24—t ...
Y2(?) MU



