
Arrow Diagrams and Generalized Eigen Vectors Part 2

Example 1
Consider the system d

dt
~x = A~x where A has exactly one eigenvalue, λ = −1,

A =


−3 1 −1 2 2 4
−3 2 −3 3 3 6
−3 3 −4 3 3 6

1 0 0 −2 −1 −2
−1 −1 1 1 0 2
−1 1 −1 1 1 1

 and RREF(A+ I6) =


1 0 0 −1 −1 −2
0 1 −1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


(a) What is the standard basis of E−1?
(b) What is the homogeneous system obtained while answering part (c)?
(c) Give the solution(s) generated by the standard vector(s) J ∈ ker((A− λI)2) \ ker(A− λI).
(d) What is the arrow diagram for the system?
Solution:
(a) 


0
1
1
0
0
0

 ,


1
0
0
1
0
0

 ,


1
0
0
0
1
0

 ,


2
0
0
0
0
1




For parts (b) and (c), we want to solve (A+ I6) ~J ∈ E−1:

−2 1 −1 2 2 4 β + γ + 2δ
−3 3 −3 3 3 6 α
−3 3 −3 3 3 6 α

1 0 0 −1 −1 −2 β
−1 −1 1 1 1 2 γ
−1 1 −1 1 1 2 δ




R3 → R3 −R2

R5 → R5 +R4

R6 → R6 +R4


−2 1 −1 2 2 4 β + γ + 2δ
−3 3 −3 3 3 6 α

0 0 0 0 0 0 0
1 0 0 −1 −1 −2 β
0 −1 1 0 0 0 β + γ
0 1 −1 0 0 0 β + δ




R1 → R1 +R5

R2 → R2 + 3R5

R5 → R5 +R6


−2 0 0 2 2 4 2β + 2γ + 2δ
−3 0 0 3 3 6 α + 3β + 3γ

0 0 0 0 0 0 0
1 0 0 −1 −1 −2 β
0 0 0 0 0 0 2β + γ + δ
0 1 −1 0 0 0 β + δ


{
R1 → R1 + 2R4

R2 → R2 + 3R4


0 0 0 0 0 0 4β + 2γ + 2δ
0 0 0 0 0 0 α + 6β + 3γ
0 0 0 0 0 0 0
1 0 0 −1 −1 −2 β
0 0 0 0 0 0 2β + γ + δ
0 1 −1 0 0 0 β + δ


{

swap rows




1 0 0 −1 −1 −2 β
0 1 −1 0 0 0 β + δ
0 0 0 0 0 0 4β + 2γ + 2δ
0 0 0 0 0 0 α + 6β + 3γ
0 0 0 0 0 0 2β + γ + δ
0 0 0 0 0 0 0


The solution to part (b) is

4β + 2γ + 2δ = 0
α + 6β + 3γ = 0
2β + γ + δ = 0

Now we find the solutions to this homogeneous system in parametric form:

 0 4 2 2
1 6 3 0
0 2 1 1

 →

 1 0 0 −3
0 1 1

2
1
2

0 0 0 0

 ⇒


α
β
γ
δ

 =


0

−1
2

1
0

 ,


3

−1
2

0
1


For α = 0, β = −1

2
, γ = 1, δ = 0 we have

~J 1 =


−1/2
−1/2

0
0
0
0

 and ~v 1
−1 =


1/2
0
0
−1/2

1
0


For α = 3, β = −1

2
, γ = 0, δ = 1 we have

~J 1 =


−1/2
1/2
0
0
0
0

 and ~v 1
−1 =


3/2
3
3
−1/2

0
1


So the solution to part (c) is

~x 1(t) = e−t



−1
2

+ 1
2
· t

−1
2

0
−1
2
t
t
0

 and ~x 2(t) = e−t



−1
2

+ 3
2
· t

1
2

+ 3t
3t
−1
2
t

0
t


The solution to part (d) is

−1 :

{
← ←

← ← ← ←



Example 2
Consider the system d

dt
~x = A~x where A has exactly one eigenvalue, λ = 2,

A =


−1 3 3 −2 −11
−2 4 2 1 −5
−1 1 3 −6 −9

1 −1 −1 3 4
0 0 0 −1 1

 and RREF(A− 2I5) =


1 −1 −1 0 3
0 0 0 1 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


(a) What is the standard basis of E2?
(b) What is the homogeneous system obtained while answering part (c)?
(c) Give the solution(s) generated by the standard vector(s) J ∈ ker((A− λI)2) \ ker(A− λI).
(d) What is the arrow diagram for the system?
Solution:
(a) 


1
1
0
0
0

 ,


1
0
1
0
0

 ,


−3
0
0
−1
1




For parts (b) and (c), we want to solve (A− 2I5) ~J ∈ E2:
−3 3 3 −2 −11 α + β − 3γ
−2 2 2 1 −5 α
−1 1 1 −6 −9 β

1 −1 −1 1 4 −γ
0 0 0 −1 −1 γ




R1 → R1 + 3R4

R2 → R2 + 2R4

R3 → R3 +R4


0 0 0 1 1 α + β − 6γ
0 0 0 3 3 α− 2γ
0 0 0 −5 −5 β − γ
1 −1 −1 1 4 −γ
0 0 0 −1 −1 γ




R1 → R1 +R5

R2 → R2 + 3R5

R3 → R3 − 5R5

R4 → R4 +R5

R5 → −R5
0 0 0 0 0 α + β − 5γ
0 0 0 0 0 α + γ
0 0 0 0 0 β − 6γ
1 −1 −1 0 3 0
0 0 0 1 1 −γ

 {
swap rows


1 −1 −1 0 3 0
0 0 0 1 1 −γ
0 0 0 0 0 α + β − 5γ
0 0 0 0 0 α + γ
0 0 0 0 0 β − 6γ


The solution to part (b) is

α + β − 5γ = 0
α + γ = 0
β − 6γ = 0



Now we find the solutions to this homogeneous system in parametric form: 1 1 −5
1 0 1
0 1 −6

 →

 1 0 1
0 1 −6
0 0 0

 ⇒

 α
β
γ

 =

 −1
6
1


For α = −1, β = 6, γ = 1, we have

~J =


0
0
0
−1
0

 and ~v2 =


2
−1
6
−1
1


So the solution to part (c) is

~x(t) = e2t


2t
−t
6t
−1− t
t


The solution to part (d) is

−1 :


←
←

← ← ←


