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1 Difference Quotients

Today is the last day. Recall we have the following: let u be a weak solution to div(DL(∇u)) = 0.
Then, we had:

u ∈ H1 =⇒︸ ︷︷ ︸
difference quotients

u ∈ H2 =⇒︸ ︷︷ ︸
de Giorgi-Nash-Moser

∇u ∈ C0,α =⇒︸ ︷︷ ︸
Schauder

u ∈ C∞

It remains to show the first step. The techniques here are very similar to section 6.3 in Evans PDE
(energy methods to show regularity).

Theorem 1. Let u ∈ H1(Ω) be a weak solution to:

div(DL(∇u)) = 0

Then, ∀ Ω̃ ⋐ Ω, u ∈ H2(Ω̃), and for all i, w = ∂iu is a weak solution to:

div(D2L(∇u)∇w) = 0

Proof. We will show that for u ∈ H1(B3), for any i, that w ∈ H2(B1) and w solves div(D2L(∇u)∇w) =
0 weakly (move from localized version to Ω̃ via a partition of unity argument).

Fix 1 ≤ i ≤ n, and ∀ − 1 ≤ h ≤ 1, consider the difference quotient map Th : C(Rn) → C(Rn)
defined by:

Thϕ(x) =
ϕ(x+ hei)− ϕ(x)

h

Now, fix a non-negative, smooth, compactly supported cutoff function η such that:

1. η ≡ 1 in B1

2. supp(η) ⊂ B2

Now, we can define two operators:

1. ηTh : L2(B3) → L2(B3)

2. Th(η·) : H1(B3) → H1
0 (B3)

These operators have the following properties:

Lemma 1. For all ϕ̃, ψ̃ ∈ L2(B3), ϕ ∈ H1(B3),Φ ∈ [L2(B3)]
N , we have:

1.
´
Th(ηϕ̃)ψ̃dx = −

´
ϕ̃ηT−hψ̃dx (the dual operator to Th(η·) is ηT−h)

2. ∇[η2Thϕ] = η2Th[∇ϕ] + 2η[Thψ]∇η

1



3. ηTh[DF (Φ)](x) = ηThΦ(x)
´ 1
0
D2F (Φ(x) + t(Φ(x+ hei)− Φ(x)))dt

4. ||ηThϕ||L2(B3) ≤ Cη||∇ϕ||L2(B3)

5. if sup|h|≤1 ||ηThϕ̃||L2(B3) = C <∞, then ∂iϕ̃ ∈ L2(B1), and:

||∂iϕ̃||L2(B1) ≤ C

and ηThϕ̃→ ∂iϕ̃ as h→ 0 weakly in L2(B1).

Proof. 1. Make a change of variables in the integral x 7→ x− hei

2. Product rule

3. Calculation using Fundamental theorem of Line Integrals & change of variables

4. ηThϕ = η
´ 1
0
∂i(ϕ(x+ hei))dt, so ||ηThϕ||L2 ≤ ||η||2L∞ ||∂iϕ||L2

5. Let δ be the standard mollifier, δϵ(x) = ϵ−nδ(xϵ ). Let ϕ̃ϵ := ϕ̃ ∗ δϵ. ϕ̃ϵ is smooth, so for x ∈ B2,

ηThϕ̃ϵ(x) → η∂iϕ̃ϵ(x) as h→ 0. But, ηThϕ̃ϵ = η(Thϕ̃)ϵ is uniformly bounded w.r.t both h, ϵ (h
via 4, ϵ via some convolution inequality type thing). So, pass into the limit in h to find that
∂iϕ̃ϵ is uniformly bounded in L2(B1). Finally, ∂iϕ̃ ∈ L2(B1), and the convergence is weak via
Banach-Alaoglu (see theorem 3 in 5.8.2 of Evans).

Let’s get back to the proof. Consider the test function ϕ = T−h(η
2Thu) ∈ H1

0 (B3). We have:

0 =

ˆ
∇ϕDF (∇u)dx =

−
ˆ
η∇(Thu)ThDF (∇u)dx− 2

ˆ
∇η(Thy)ηThDF (∇u)dx =

−
ˆ
η∇(Thu)[

ˆ 1

0

D2F (∇u(x) + t(∇u(x+ hei)−∇u(x)))dt]η∇(Thu)dx−

2

ˆ
(∇η)(Thu)[

ˆ 1

0

D2F (∇u(x) + t(∇u(x+ hei)−∇u(x)))dt]η∇(Thu)dx

Finally, we use the ellipticity to get uniform bounds:

ˆ
η2|∇(Thu)|2dx ≤ (2Λλ)2

ˆ
|η∇|2|Thu|2dx ≤ C||u||2H1(B3)

So, by 5, ∂iu ∈ H1(B1) =⇒ u ∈ H2(B1). Finally, for any ϕ ∈ H1
0 (B1), T−hϕ ∈ H1(B2). So, we

have:

0 = −
ˆ

∇ϕThDF (∇u)

∂iu ∈ H1(B1), so ThDF (∇u) → ∂i(DF (∇u)) = D2F (∇u)∇w weakly in L2(B1). So, in the limit:

0 = −
ˆ

∇ϕThDF (∇u) →
ˆ

∇ϕD2F (∇u)∇wdx
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