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1 Introduction

Let L(u)(x) = —div(A(z)Vu(x))+b- Vu+cu be an elliptic operator. Then, consider the following
parabolic problem:

u+Lu)=f €Qx][0,¢
u=0 €00Qx][0,T]
u=g €Qx{t=0}

for g € L?(Q) given, A uniformly bounded & elliptic, b, ¢ € L°°(Q). Fixing 0 < t < T and integrating
by parts, we define:

Blu, v;t] = / (A(z)VuVov + b - Vuv + cuv)dz
Q

Then, we define a weak solution as follows:

Definition. We call a function w € L*(0,T; H}(Q?)), with ' € L?(0,T,; H=1(Q)) a weak solution
to the parabolic problem if:

1. (W', v) + Blu,v;t] = (f,v) Vv € H}(Q), and a.e. 0 <t < T
2. u(0)=yg
where (, ) denotes the duality pairing of H} () and H=', and (, ) denotes the L* inner product.

There are two relatively orthogonal ways to show existence of weak solutions: the first is via
discretization of the time variable, while the second is via Galerkin approximation: making a limiting
argument in the space variables. In this note, we showcase how to do both of these methods.

2 Time Discretization

The strategy of discretization of the time variable is to solve a sequence of elliptic problems, and
piece them together to approximate a solution to the parabolic problem. We make this rigorous as
follows: taking our original formulation u; + £(u) = f and moving £(u) to the other side, we get:

ug = Lu+ f,  where Lu = div(A(z)Vu) —b- Vu — cu
So, it will suffice to show that we can find a weak solution to the problem:

up=L(u)+f €Qx][0,t]
u=0 €00Qx][0,T]
u=g €Qx{t=0}



for the elliptic operator Lu = div(A(x)Vu(x)) —b- Vu — cuv. Now, consider the sequence of elliptic
problems:

Y oxeQ (%)
up =0 x € 0N

where ug = g € L?(Q). Firstly, we will use Lax-Milgram to show that there is a unique sequence of
weak solutions to these elliptic problems:
The variational form of (*) is exactly:
Ul f ) Yo e HYQ)
-
where B;[u,v] = [, AVuVuvdz + [, b Vuvdz + [, cuvdz + L [, uvdz, where “= + f € L*(Q) is
given. Now, by checking the hypotheses of the Lax-Milgram theorem (a la Section 6.2 in [1]), we
see that for 7 sufficiently small, there is a unique solution uy € Hg ().
Now, for 7 = %, define the piecewise linear function:

BT[ukﬂv] = <

N-1

u(t,x) = U (T) X[t t141)
k=1

where t;, = k7. The claim is that u™ converges weakly in L?(0,T; H}() to a weak solution of the
problem:

ug = L(u) € Qx[0,t]
u=0 €0 x][0,T]
u=g €Qx{t=0}

Indeed, to show this, we first need to be able to pass to limits. Considering L(ux) = “2—*=1 and

integrating both sides against ug: ’
(L(ug),ur)) = —(AVug, Vug) — (b - Vug, ug) — (cug, ug)
< —CHWH?{(%(Q) + pllukll72 )
for C, u > 0 by Young’s inequality & ellipticity. On the other hand:
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Equating these and using Cauchy-Schwarz, we get:

1
o (lwellZzqe) = llunallizi0)) < =Cllwlligy ) + #llunlZ2i) + 11172 @ ke =

—Cllurllt ) + C'Nunlliz g

Ignoring the Hi term for a second, we see by the discrete form of Gronwall’s inequality that, for
1-27C" > 0:

_ 1 _
]2 < (1—2)"gl1320) + ;((1 = 27p) " = D[ fII720) < 1911720y + ClI f|72(0)



Thus, for sufficiently small 7, we see the above inequality actually tells us:

llunllzg o) < Cllglliz i) + 5 (HgHLZ(Q + 1122 ()

+

Finally, by integrating u™ from 0 to T": HuTHiz(OTHl(Q Zk o T||uk\|H1 @ < Zk 0 T(C”gHLQ(Q)

52 (l9l1720) + 11£1172(0)) < C(Dall72(q) + § (l9ll72 () + I F172(0)), showing that uT is uniformly
bounded i m L2(0 T, Hj ().

So, by Banach-Alaoglu, we see that there is a subsequence (we’ll just keep calling it {u”}) that
converges weakly to u € L%(0,T, H3(). It remains to show that u is a weak solution to the
original problem. Let ¢ € CL(0,T; H}(Q)). Then, letting ( , ) denote the inner product w.r.t.
L*(0,T; H}(Q)), and (, ) denote the inner product w.r.t. L(Q):

T T
(u, ¢) :/0 (ue, @) (ydt = */0 (u; O1) 2 (ydt =
s b) = limy o — (a7, Dy ) = limy o (Dy (7). 6) =
T T T
lims_o(L(u™) + f,¢) = limTﬂo/ —Bu", ¢;t]dt + (f,v) = / —Blu, ¢; t|dt —l—/ (f,v)dt
0 0 0

By density, this result also holds for any ¢ € L2?(0,7, H}(2)). So, in particular, (ut,d))Hé(Q) =
—Blu, ¢;t] + (f,v) for all ¢ € H}(Q) and a.e. 0 < ¢t < T. Finally, the initial and boundary
conditions are satisfied by design: indeed, u = 0 on U x [0,T] as u € L?(0,T; H}(Q)). Finally,
ug =g, as u”(0,2) = g(x) for all .

3 Galerkin Approximation

Another strategy to show the existence of weak solutions is to instead approximate in the space
variables, without touching the time variable. This approach is the one used in [1].

Let {wy}$2, be an orthonormal basis of L?*() that is also an orthogonal basis of H}(£2). Let
m € N. The strategy of the Galerkin approximation is to find a function w,, : [0,T] — HJ () of the
form:

m

U (t) = Z d® (t)wy,

k=1
This function should solve the problem:
(ury, wi) + Blum, wg;t] = (fywg) forae 0<t<T, k=1,...,m
d¥(0) = (g,wr) k=1,...,m

As Evans remarks, this u,, solves the ”"projection” of the original problem onto the finite dimensional
subspace span{wi, ..., W }.

We begin by showing that for each m, there actually exists a solution to the problem posed
above.

Theorem 1. For each integer m € N, there exists a unique function u,, of the desired form solving
the above problem.

Proof. Assuming that u,,(t) = >, d¥ (t)wy, we have:
(s (1), 01) = di (1)

Bltm, wy; ] ZB we, wi; )dy, (t)



Then, the problem is equivalent to the linear system of m ODEs:

dh/(6) + 3 Blwe, wii ld (t) = (f(5),wx)  k=1,..,m
(=1
dl:n(o) =(g,wr) k=1,..,m

By standard existence & uniqueness theory for ODEs, there is a unique absolutely continuous set of
m functions d¥, solving the problem. O

Now, just as before, we need energy estimates to pass to limits:
Theorem 2. {u,,} is uniformly bounded in L*(0,T; H}(S2)).
Proof. The proof utilizes the specific form that we have derived for w,,. u,, solve the problem:

(ul,, wg) + Blum, wi;t] = (f,w) forae 0<t<T, k=1,..,m

Multiplying the first equation by d%, and summing from 1 to m, we get:
(Ul um) + Bltm, um;t] = (fyum) forae 0<t<T
Now, we use the following;:
L (up,um) = & (5llull, o))
2. ﬁ”umH%{é(Q) < Blum, um; ] ""YHumH%?(Q)
3o |(frum) < %||f||2L2(Q) + HUmH%z(Q)

Putting these together and re-arranging terms:

d
@(”UHZ(Q)) + 25\|Um||?15(9) < Cilluml[72 () + Call Fll72(0)
By ignoring the HJ(2) term and using Gronwall, we get a uniform bound:

||Um||2Lz(o,T;H3(Q) < C(HQH%Q(Q) + ||f||%2(o,T;L2(Q)))

We also need to pass to limits with {u/,}:
Theorem 3. {u!,} is uniformly bounded in L*(0,T; H=1(f2)).

Proof. Firstly, we show that the operator norm ||u},||z-1(q) is uniformly bounded. Let v € H{(Q)
with [[v]| 1) < 1. Then, we can write:

v:vl+02

where v! € S = span{wy,...,w;} and v € St. Note ||v1||Hé(Q) < 1 as the norm of the projection
operator is < 1. Then, by multiplying and summing the equations as before, we get:

(g, 0") + Blum, v'1] = (f,0")



Note that as u,, is a linear combination of wy, for 1 < k < m, we also have:
<u;'m U> = (u;nv U) = (u;nv Ul) = (f> Ul) - B[uma Ul; t]
By Cauchy-Schwarz and the boundedness of B, this implies:

(s ) < CUIfl 2 + l[umllmp )

Taking the supremum over all such v:
umllz-10) < CUIf M2 + [[umll a2 @

Finally, we simply integrate this bound to get a bound in L?(0,7; H~(f):

T T
/0 [, -1 (g dt < C/O (1112 + Numll ) dt < ClIflZ2 0 1.02(0)) + C|\um||2Lz(o,T;H3(Q) <

C(Hf||2L?(O,T;L2(Q)) + ||9H%2(Q))
by using our uniform bounds for ||um||L2(0, ;11 ()- O

Finally, we can pass to limits and show that the limiting function is a solution to the original
problem. By Banach-Alaoglu, there is a subsequence (again, we’ll just keep calling it {u,,} that
converges weakly to win L2(0,T : H}(Q2)). Applying Banach-Alaoglu again, we get a subsubsequence
such that further, {u/,} converges weakly in L*(0,T : H=*(Q)) to u’'.

Now, fix N € N and choose a function v € C1(0,T; H3()) of the form:

N
w(t) = d*(tywr
k=1

where d* are smooth functions. Choosing m > N, multiplying (u/,, w) + Bltm, wk;t] = (f,ws) by
d*, and summing from 1 to m:

T
(ul,,v) +/O B, v; t]dt = (f,v)

where ( , ) denotes the L2(0,T; Hi(£2)) inner product. Passing to weak limits:

(u’7v>+/o Blu,v;tldt = (f,v) <~

T T T
/’ 1 Blu,v; t]dt = ,v)d
A(uvmwn+é [, v; £]dt A(f@t

As such v are dense, this equality holds for all v € L(0,T; H}(2)). In particular:
<ul7 v)Hé(Q) + B[“v v; t] = (f7 ’U)

for all v € H}(Q) and a.e. 0 <t <T.
It remains to show that u(0) = g. By choosing v € C1(0,T; H}(Q)) with v(T) = 0 and integrating
by parts, we have:

|t e + [ Bt = [+ @o).00)

However, doing this with u,, and them passing to weak limits, we see:

T T T
/0 o ) s + / Blu, vs t)dt = / (f.0)dt + (g,0(0)

as {um(0)} — g in L?(Q). As v(0) is arbitrary, this shows g = u(0).



4 Uniqueness of Solutions

We end with Evans’ proof that the solution to such a problem is unique. This does not see any
of the specific details to either method above.

Theorem 4. Let u,v be weak solutions to the problem.:

u+Lu)=f €Qx][0,i]
u=0 €00Qx][0,T]
u=g €Qx{t=0}

Then, u = v.

Proof. Tt suffices to show that the only solution to the problem with f =g =0is v = 0. So, letting
u be a weak solution to the problem, and testing the equality with u, we get:

d 1

<ul7u> +B[U,U,t} =0 = %(5

lullZ, (@) + Blu,u;t] = 0

By the energy estimates for B :

d, 1 d, 1

@(gllwi(m) + Blu,u;1] =0 = a(g”uﬂig(m) <AlullZ2 (0
By Gronwall, this implies v = 0. O
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