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0.1 Paradoxical actions of groups

Definition 0.1.1. Let G be a group acting on a set X. A subset E ⊂
X is paradoxical if there exist a pairwise disjoint subsets A1, . . . , An and
B1, . . . , Bm in E and there exist g1 . . . gn, h1, . . . , hm in G such that

E =
n⋃

i=1

giAi =
m⋃
j=1

hjBj.

An action of a group G on a set X is paradoxical if X is paradoxical.
The group itself is called paradoxical if the action of the group on itself by
left multiplication is paradoxical. Later on we will see that the group is
paradoxical if and only if it is non-amenable.

The very first example and the only know explicit construction of para-
doxical decomposition of a group is the free group on two generators F2.
Let a, b ∈ F2 be the free generators of F2. Denote by ω(x) the set of all
reduced words in F2 that start with x. Thus the group can be decomposed
into pairwise disjoint sets as follows

F2 = {e} ∪ ω(a) ∪ ω(a−1) ∪ ω(b) ∪ ω(b−1).

Since F2\ω(x) = xω(x−1) for all x in {a, a−1, b, b−1} we have a paradoxical
decomposition:

F2 = ω(a) ∪ aω(a−1) = ω(b) ∪ bω(b−1).

In fact with few additional assumptions one can push a paradoxical de-
composition of a group to a set on which it acts. This is exactly the place
with the Axiom of Choice is needed.

Theorem 0.1.2. A group a G is paradoxical if and only if there exists a free
action on a set X which is paradoxical.

Proof. Let G =
n⋃

i=1

giAi =
m⋃
j=1

hjBj be a paradoxical decomposition of G. By

Axiom of Choice we can select a subset M of X which contains exactly one
element from each orbit of G. We have that

⋃
g∈G

gM is disjoint partition of

M . Indeed, if gx = hy for some g, h ∈ G and x, y ∈ X, then x = y by the
choice of M . Since the action is free, we have g = h . Define now
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Âj =
⋃
g∈Ai

gM and B̂j =
⋃
g∈Bj

gM.

Obviously these sets remain disjoint, on the other hand we have

X =
n⋃

i=1

giÂi =
m⋃
j=1

hjB̂j.

To show the converse consider an obit O of a point in X. Then the action
of G on O is exactly an action on the cosets space by some subgroup H < G.
Thus paradoxical decomposition of O implies paradoxical decomposition of
G.

This implies, in particular, that all free actions of F2 admit paradoxical
decomposition. Note that if the action of G on X is transitive then it is not
necessary to use the axiom of choice.

0.2 Hausdorff paradox

Since all free actions of the free group on two generators give rise to para-
doxical actions, the idea of paradoxical decomposition in Euclidean space
is build up on the existence of free subgroups in the group of rotations in
tree-dimensional Euclidean space SO(3).

It is well known fact that SO(3) contains a lot of copies of the free group
on two generators. There many non-constructive proofs of this. For example,
one can invoke Tit’s alternative to show this. In fact, a stronger statement
is true. If we consider SO(3)×SO(3) with product topology, then the set of
all pairs that generate F2 is dense in SO(3)× SO(3).

The first explicit construction of the free subgroup in SO(3) goes back
to Hausdorff, [51]. Here we give a simplified construction of Świerczkowski,
[95].

Theorem 0.2.1. There are two rotations in SO(3) which generate the free
group on two generators.

Proof. We define this rotation explicitly, by matrices
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T±1 =

 1
3

∓2
√
2

3
0

±2
√
2

3
1
3

0
0 0 1

 ; R±1 =

 1 0 0

0 1
3

∓2
√
2

3

0 ±2
√
2

3
1
3

 .

These are rotations by angle arccos(1
3
) around z-axis and x-axis. Let ω

be a non-trivial reduced word in the free group on two generators. We will
show that q(ω) is a non-trivial rotation, where q is a homomorphism of F2

that sends generators to T and R. To simplify notations we will denote q(ω)
again by ω. Conjugating ω by T we may assume that ω ends by T±1 on the
right. To prove the theorem it would suffice to show that

ω

 1
0
0

 =
1

3k

 a

b
√

2
c

 ,

where a, b, c are integers, b is not divisible by 3 and k is the length of ω.
In order to show this we will proceed by induction on the length of ω. If

|ω| = 1, then ω = T±1 and

ω

 1
0
0

 =
1

3

 1

±2
√

2
0

 .

Now let ω be equal to T±1ω′ or R±1ω′, where ω′ satisfies

ω′

 1
0
0

 =
1

3k−1

 a′

b′
√

2
c′

 .

Applying matrices we see that either a = a′ ∓ 4b′, b = b′ ± 2a′, c = 3c′

or a = 3a′, b = b′ ∓ 2c′, c = c′ ± 4b′ and thus a, b and c are integers. It is
left to show that b is not divisible by 3. Now ω can be written as T±1R±1v,
R±1T±1v, T±1T±1v or R±1R±1v, for some possibly empty word v. Thus we
have 4 cases to consider:

1. ω = T±1R±1v. In this case b = b′ ∓ 2a′ and a′ is divisible by 3. By as-
sumptions, b′ is not divisible by 3 and thus b is not divisible by 3 as well.
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2. ω = R±1T±1v. In this case b = b′ ∓ 2c′ and c′ is divisible by 3. But b′

is not divisible by 3, thus b is not divisible by 3 as well.

3. ω = T±1T±1v. By assumptions v(1, 0, 0) = 1
3k−2 (a′′,

√
2b′′, c′′). It fol-

lows that b = b′±2a′ = b±2(a′′∓4b′′) = b′+ b′′±2a′′−9b′′ = 2b′−9b′′.
Therefore, b is not divisible by 3.

4. ω = R±1R±1v. This case is similar to the previous one.

Now the proof of Hausdorff paradox is almost straightforward.

Theorem 0.2.2 (Hausdorff paradox). There exists a countable subset in a
sphere S2 such that its complement in S2 is SO(3)-paradoxical.

Proof. We can not apply Theorem 0.1.2 right away, since each non-trivial
rotation fixes two points on the sphere. For a fixed free subgroup of SO(3),
let M be the set of all points in S2, which are fixed by some elements of this
group. Obviously, M is countable and S2\M is invariant under the action of
our free group. Thus by Theorem 0.1.2 the statement follows.

In the next section we will show that the sphere S2 itself has a SO(3)-
paradoxical decomposition.

0.3 Banach-Tarski paradox

The classical Banach-Tarski paradox amounts to a decomposition of a unit
ball into finitely many pieces, rearranging this pieces into unit balls. Since
the group of rotations preserves the origin, it would not be sufficient to
obtain Banach-Tarski paradox. For this purpose we add translations into
the picture.

Definition 0.3.1. Let G be a group acting on a set X. Two subsets
A,B ⊂ X are equidecomposable if there exist a pairwise disjoint subsets
A1, . . . , An ⊂ A and a pairwise disjoint subsets B1, . . . , Bn ⊂ B and g1 . . . gn
in G such that
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A =
n⋃

i=1

Ai, B =
n⋃

j=1

Bj

and gi(Ai) = Bi for all 1 ≤ i ≤ n.

It is straightforward to check that equidecomposibility is an equivalence
relation. We denote it by A ∼G B or by A ∼ B when the ambient group is
clear.

Proposition 0.3.2. Let G be a group that acts on a set X. If F is para-
doxical and F is equidecomposable to E, then E is paradoxical.

Proof. Let F =
n⋃

i=1

giAi =
m⋃
j=1

hjBj be a paradoxical decomposition of E.

Thus, by transitivity, E is equidecomposable to both
n⋃

i=1

Ai and
m⋃
j=1

Bj. This

implies that E is paradoxical.

It turns out that for countable sets of the sphere the situation is even
more paradoxical then we might expect.

Proposition 0.3.3. Let D be a countable subset of S2. Then S2 and S2\D
are SO(3)-equidecomposable.

Proof. Since D is countable we can find a line L which does not intersect D.
Let Λ be a collection of all α ∈ [0, 2π] for which there exist a natural number
n and a point x in D such that both x and ρ(x) are in D, where ρ is the
rotation around L by an angle nα. Obviously, Λ is countable and we can find
θ ∈ [0, 2π)\Λ. Let ρ be a rotation by θ around L, then ρn(D) ∩ ρk(D) = ∅
for all natural numbers k 6= n. Thus for D′ =

⋃
n≥0

ρn(D) we have

S2 = D′ ∪ (S2\D′) ∼ ρ(D′) ∪ (S2\D′) = S2\D,

which proves the claim.

The direct corollary of this proposition and Hausdorff paradox is the
following.

Corollary 0.3.4. S2 is SO(3)-paradoxical.

Now we are ready to prove Banach-Tarski paradox, [4].
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Theorem 0.3.5 (Banach-Tarski Paradox). Every ball in R3 can be para-
doxical decomposed by rotations and translations.

Proof. Let B1 be a unit ball around the origin. By Corollary 0.3.4, we can
find A1, . . . , An, B1, . . . , Bn ⊂ S2 and g1, . . . , gn, h1, . . . , hm ∈ SO(3) which
satisfy Definition 0.1.1. Define

Âi = {tx : t ∈ (0, 1], x ∈ Ai} and B̂j = {tx : t ∈ (0, 1], x ∈ Bj}.

Then we have Â1, . . . , Ân, B̂1, . . . , B̂n ⊂ B1\{0} are pairwise disjoint and

B1 =
⋃

1≤j≤n
giÂi =

⋃
1≤j≤m

hjÂj. Thus B1\{0} is paradoxical. We will show

that it is equidecomposable to B1.

Let x = (0, 0, 1
2
). Let L be a line which does not contain {0} with x ∈ L.

Fix any rotation ρ of infinite order around this line. Let D = {ρn(0) : n ≥ 1},
then 0 /∈ D and

B1 = D ∪ (B1\D) ∼ ρ(D) ∪ (B1\D) = B1\{0}.

Thus by Proposition 0.3.2 we have the statement.
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[31] Dixmier, J., Les algbres d’opérateurs dans l’espace hilbertien: algébres
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