Lecture 2: First definitions of amenability,
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0.1 Means and measures.

In this section we specify a connection between means and finitely additive
probability measures. This connection will be important for proving equiv-
alences of several definitions of amenability. More on means and measures
can be found in classical books on functional analysis and measure theory,
for example in [33].

Let X be a set and P(X) be the set of all subsets of X. For £ € P(X)
denote by xg the characteristic function of the set E, i.e., xp(z) =1lifx € F
and xg(z) = 0 otherwise.

Definition 0.1.1. A map p : P(X) — [0,1] is called finitely additive mea-
sure if it satisfies:

(i) p(X) =1

(i) w(AUB) = u(A) 4+ u(B) whenever AN B = and A, B € P(X).

Denote the set of all finitely additive probability measures on X by
PM(X). One of the examples of finitely additive measures is the count-
ing measure on supported on a finite set, i.e., u(F) = |EN F|/|F| for some
finite set F'in X.

Definition 0.1.2. A mean on a set X is a functional m € [ (X)* which
satisfies

(i) m(xx) =1,

(ii) m(f) >0 for all f >0, f € lo(X).
Define M (X) to be the set of all means on X,

Proba(X)={f:X - Ry : Y f(z)=1}

rzeX

Probagi,(X)={f: X - R;: Z f(z) =1, f is finitely supported}

zeX

Then Probag,(X) C Proba(X) C M(X). Indeed, for each h € Proba(X)
we can define a mean my, € M(X) by
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ma(f) = (@) f(x)

rzeX

Fact 0.1.3. We list the following classical properties of means:
(i) For each m € M(X) we have ||m| = 1.

(ii)) The set of all means M(X) C l(X)* is convex and closed in the
weak*-topology.

(ili) Probag;,(X) and Proba(X) are convex in M (X).

(iv) The set Probay,(X), and thus Proba(X), is weak*-dense in M (X).

Proof. To prove (i), observe that |[m| > 1, since m(xx) = 1. Now, if
fih € loo(X) and f < h then m(h — f) > 0 and thus m(f) < m(h). Ap-
plying this to f < [|flle - Xx, We obtain m(f) < ||flle - m(xx) = ||l
therefore ||m|| = 1.

The steps (ii) and (iii) are trivial.

To see (iv), assume that m € M(X) is not a weak*-limit of means in
Probay;,(X). By Hahn-Banach theorem, we can find a function f in I, (X)
and 0 > 0, such that m(f) > é+m(f) for all m € Probay;,(X). In particular,
this holds for Dirac measures 6, € Probay;,(X), for which we have §,(f) =
f(z). Therefore, m(f) > sup f(x) for all f € loo(X), this is impossible. [

zeX

For each mean m € M (X) we can associate a finitely additive measure
on X:

m(A) =m(xa), for all A € P(X).

Indeed, since x4 < xx we have that m takes its values in [0, 1]. Moreover,
the linearity of m implies m(A U B) = m(A) + m(B) for all A,B € P(X)
with AN B = 0.

Theorem 0.1.4. The map between means and finitely additive probability
measures given by m +— m is bijective.



Proof. Let £(X) be the set of all R-valued functions on X which take only
finitely many values. Then £(X) is dense in I, (X). Indeed, for each positive
function in h € lo(X) define A; = £||Al| and

folz) = min{\; : h(z) < N}

Then f, € £(X) and ||h — fulloo < ||h]]oo/n. Since every function h € [ (X)
can be decomposed as a difference of two positive function, we have that
E(X) is dense in [, (X).

For p € PM(X) and h € £(X) define

=> (!
teR

Since h = Y A\;xa, for some finite set I and p is finitely additive, we have
i€l
- s
iel

Moreover the map 7 is linear. Indeed, for all A € R we have

= Mu(A;) = M(h).

el
For h,g € £(X) we have
fi(h +g) = p(h (@) N g™ () (x +y)
(z,y)eImage(h)xImage(g)
= Y opM@)+ Y uh M)
z€Image(h) yelmage(g)
— (1) + ().

Since |z(h)| < ZIA |1(As) < [[floe - 1(X) = [[Alloc, we can extend 7 to a

linear functlonal m on l(X) with ||m]|| < 1. Moreover, m(xx) = u(X) = 1.
By the construction, if f € £(X) is a positive function then m(f) > 0.
As we showed above, each positive function in [, (X) can be approximated
by positive functions from £(X), thus we have m(f) > 0 for all positive
functions f € [ (X).
Since for every £ C X
m(xe) = n(E)

we have that m = p and thus the statement of the theorem follows. O]
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Consider now an action of a group G on a set X. It is straight forward
to check that a mean m is G-invariant if and only if the finitely additive
probability measure m is G-invariant.

0.2 First definitions: invariant mean, Fglner
condition.

The classical definition of amenable group which goes back to von Neumann
is the following.

Definition 0.2.1. A group I' is amenable if there exists a finitely additive
measure 4 on all subsets of I' into [0, 1] with p(I') = 1 and satisfying

p9E) = n(E)
for every F C T and g € I

The left reqular representation of T'; X : T' — U(I*(T")), is the representa-
tion acting on a Hilbert space [*(T") by unitary operators as follows:

Ag(6) = 0 for all g, t € T,

where {d;}scr is the canonical orthonormal basis of [2(T"). Analogously,
the right regular representation is defined by ps(d;) = dys—1.

Von Neumann’s main novelty for studying amenability is to consider the
space of functions and means on a group. Denote by [*°(T") the space of
bounded functions on I". The space [*°(I") can be considered as multiplica-
tion operators on [*(T'): f&; = f(t)d; for t € T' and f € [*°(T'). This gives
an embedding [*°(T) € B(I*(T")). The action of T' on [*°(T) is defined by
g.f(t) = f(g~'t). In terms of bounded on I%(T") operators this is nothing but
the action by conjugation, i.e., g.f = A(g)fA(g)~*.

A mean on the group I' is a linear functional g on [*°(T") such that
plxr) =1, u(f) > 0 for all f >0, f € I>°(I"). It is called I'-invariant if
w(t.f) = p(f) for all f €i>®°(I") and t € I

We denote the space of probability measures on I' by
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Prob(T) = {u € *(T) : ||ully =1 and p > 0}.
A subset S C T is called symmetric if S = S™! = {s7!:s€ S}.

From the previous section we know that there is one-to-one correspon-
dence between means and finitely additive measures. Moreover, it is straight-
forward to check that to I'-invariant finitely additive measure this correspon-
dence associates I'-invariant mean. Thus we immediately obtain the following
definition which is equivalent to the Definition 0.2.1.

Definition 0.2.2. A group I is amenable if it admits an invariant mean.

As our tools will develop we will present more and more sophisticated
definitions of amenability. The main purpose of this is to cover all known
examples of amenable groups. The following is the first set of equivalent
definitions.

Theorem 0.2.3. For a discrete group I' the following are equivalent:

1. T" is amenable.

2. Approzimately invariant mean. For any finite subset E C I' there is
p € Prob(I") such that ||s.u — pl|y < e forall s € E.

3. Folner condition. For any finite subset £/ C I" and € > 0, there exists
a finite subset ' C I" such that

|gFAF| <¢|F|forall g€ E.

Proof. (1) = (2). Let E be a finite set and p € [*°(I")* be an invariant
mean. Since [(T') is dense in [*°(T")* in weak*-topology, let p; € Prob(T)
weak™*-converges to . This implies that s.u; —p; converges in weak™-topology
to zero. Since weak*-convergence for functions in (*°(I") and thus weakly in
[}(T) for all s € T'. Consider the weak closure of the convex set

{@ s.u—p € Prob(l)}.

We have that this closure contains zero. By Hahn-Banach theorem, it is
also norm closed. Thus (2) follows.



(2) = (3). Given F C T and € > 0, let p satisfy (2). Let f € I(T)
and r > 0. Define F(f,r)={tel: f(t) >r}.

For positive functions f,h in [}(T) with [[f|ly = [|k|. = 1, we have
IXF () (t) = X ()] = 1if and only if f(t) <r < h(t) or h(t) <r < f(1).
Hence for two functions bounded above by 1 we have

F(8) — h(t)] = / X (8) = Xy (£)]dr

Thus we can apply this to pu(t) and s.u(t):

s = pll = [s.pu(t) — pult)]

tel
1
= Z/ |XF(s.u,r) (t) - XF(u,r)(t)|dT
ter V0
1
= / Z |Xs.F(u,r) (t) - XF(,u,r) (t)‘ dr
0 \ter

- /0 |s.F(p, 1) AF (g, ) |dr

Since || f]|1 = 1 and p satisfies (2), it follows

| S s aF G <8
=¢e|E| > p(t)

tel’

p(t)
:6|E|Z/ dr
0

tel’

:5|E|/0 {teT: u(t) > r}ldr
— B / [F (1, )l

Thus there exists r such that



D 18 F (1) AF ()| < el B||F (7).

seE

(3) = (1). Let E; be an increasing to I' sequence of finite subsets and
{e:} be a converging to zero sequence. By (3) we can find F; that satisfy

|gFiAF;| < e|Fy| for all g € Ej.
Denote by p; = ﬁxpi € Prob(I"), then

1

|gF A F).
| F3|

815 — pil[r =

Let pu € [°°(T)* be a cluster point in the weak*-topology of the sequence y;,
then p is an invariant mean. 0

Let S be a generating set of the group I'. A sequence {F;};ey is called
a Folner sequence for S if there exists a sequence {&;};en that converges to
zero that
|gF;AF;| < g;|F;| for all g € S and all ¢ € N.

Let s,h € I' and F' be a finite subset of I', then

|shEAF| = |(shFAsF) U (sFAF)| < |hFAF| + |sFAF|.

Since any finite set is contained in a ball of a large enough radius of the
Cayley graph, by inequality above we have that a finitely generated group I'
is amenable if and only if it admits a Fglner sequence for some generating
set.

0.3 First examples

Below we present first examples of amenable and non-amenable groups that
can be constructed using the basic definitions.

Finite groups. Finite groups are amenable because they are Fglner sets
themselves.



Groups of subexponential growth. A group I" has subexponential growth
if limsup |S"|Y/" = 1 for any finite subset S C T, where S™ = {s;...5, :

S1y---, 8, € S}. Obviously, for a finitely generated group it is sufficient to
verify the above condition on a symmetric generating set.

The fact that all non-amenable groups have exponential growth can be
deduced from the Fglner condition.

Indeed, let ' be a group of subexponential growth. Let E be a finite sym-
metric subset of I' and denote B,, = E". By the definition of subexponential
growth we have that for every € > 0 there exists k € N such that

| Breya| /| Be| < (1 +¢).

Indeed, to reach a contradiction assume that for there exists € > 0 such that
for all k£
Byl > (1+2)|Byl.
Hence | By41| > (1 4 €)*|By| and therefore limsup,, |Bx|'/* > 1 + ¢, which is
a contradiction.
Now for any g € E we have

|9BrABy| < | Biy1| — | Byl <e
| By| | By |

Thus I' is amenable.

Abelian groups. There are many ways to see that abelian groups are
amenable. One of them is to notice that finitely generated abelian groups
are of subexponential growth.

Free groups. The free group Fy of rank 2 is the typical example of non-
amenable group. Let a,b € Fy be the free generators of Fy. Denote by w(x)
the set of all reduced words in Fy that start with x. Thus the group can be
decomposed as follows

Fy = {e} Uw(a) Uw(a ) Uw(b) Uw(d ™).

To reach a contradiction assume that 5 has an invariant mean p. Since
the group is infinite and p is invariant we have p(xgy) = 0 for all ¢ € Fy.
Moreover, applying the fact that w(x) = z(Fo\w(z™)) for z € {a,b,a™*,b'}
we obtain:



1= p(xm,) = #(Xey) + #(Xw(a)
+ 1(Xw@ ) + 1 (Xo@) + #(Xop1))
= uxqey) + [1 = #(xw@)] + [1 = #(Xu@)]
+ 1= pxee-1)] + [1 = 1lxem)] =3

which is a contradiction.

0.4 Operations that preserve amenability

In this section we list basic operations that preserve amenability.

Subgroups. Amenability passes to subgroups. Indeed, let H be a subgroup
of an amenable group I' and R be a complete set of representatives of the
right cosets of H.

Given € > 0 and a finite set F' C H, let ;1 € Prob(I") be an approximately
invariant mean that satisfies ||s.u—pulj; < eforall s € F. Define i € Prob(H)
by

ath) = 3 ).
reR
Since for all s € F' we have

Is.fi = filly =Y |s.fi(h) — fi(h)]

heH

= SIS soulhr) (i)

heH reR
< s —plly <e,

it follows that fi is an approximate mean for F', thus H is amenable.
Quotients. Let I' be an amenable group with normal subgroup H, then
I'/H is amenable. Define a map ¢ : [*(I'/H) — (') by o(f)(t) = f(tH).

Then if p is an invariant mean of I'; we have that p o ¢ is an invariant mean

of I'/H. Indeed, for every f € (*°(I'/H) we have
ud(g.-f)) = ut = flg~tH)) = p(t — f(tH))
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Extensions. Let I' be a group with normal subgroup H such that both H
and I'/H are amenable, then I' is amenable.

Let pg and pp/g be invariant means of H and I'/H correspondingly.
For ¢ € I>(I'), let ¢, € I*°(I'/H) be defined by ¢,(¢H) = pu((9-9)|u),
since puy is H-invariant we have that ¢, is well-defined. Then the functional
¢ — pr/u(¢y) is an invariant mean of T'.

Direct limits. The direct limit of groups I' = limI'; have the property
%

that for each finite set in the limit group I', the group generated by this
set belongs to one of I';. Thus if all I'; are amenable we can apply Falner’s
definition of amenability to conclude that I' is also amenable.

In particular, a group is amenable if and only if all its finitely generated
subgroups are amenable.
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