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0.1 Presentations of Basilica group

Basilica group is defined by 3-state automaton, see Figure 1.

As a group acting on finite binary tree, Basilica group is defined by

a(0v) = 0v, a(1v) = 1b(v)

b(0v) = 1v, b(1v) = 0a(v),

for v ∈ {0, 1}N.

We will also consider its wreath product presentation constructed by au-
tomaton on Figure 1:

a = (1, b) and b = (1, a)ε,

where ε is a non-trivial element of the group Z/2Z.

id

a b

0 | 0

1 | 10 | 0

1 | 1

1 | 0

0 | 1

Figure 1: Automaton diagram of the Basilica group

0.2 Growth of Basilica group

Theorem 0.2.1. The semigroup generated by a and b is the free non-abelian
group F2.
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Proof. To reach a contradiction consider two different words V and W that
represents the same element in G and such that ρ = |V | + |W | is minimal.
It is easy to check that ρ can not be 0 or 1.

From the wreath product representation of G we see that the parity of
occurrences of b in V and in W should be the same. Both words V and W
are products of the elements of the form

an = (1, bn), n ≥ 0

or of the form

bamb = (1, a)ε(1, bm)(1, a)ε = (bma, a), m ≥ 0.

Assume that one of the words does not contain b, say W = an. Then, since a
is of infinite order, V must contain b. Projecting V to the first coordinate we
obtain a word which is equal to identity. Moreover the length of this word is
strictly less ρ, which gives a contradiction. Thus we can assume that both
words contain b.

Suppose that the number of b’s in W and V is one, then by minimality
these words should have the form ban and amb. But ban = (bn, a)ε and
amb = (1, bma)ε, which represent two different words.

Multiplying by b both words V and W , we can assume that b appears
even number of times. This can increase the length of V and W by at most
1. Suppose that in both words b appears twice.

Thus either both words contain two b’s and |V | + |W | = ρ or one of
them contains at least four b’s, in which case we have |U | + |V | ≤ ρ +
2. In the first case, taking the projection of the words onto the second
coordinate we see that ρ decreases by 2 for these projections, which contradict
to minimality. Similarly, in the second case ρ decreases by 3 which again
contradicts minimality. Hence, the statement follows.

As a straightforward consequence of the theorem we obtain the following.

Corollary 0.2.2. Basilica group has exponential growth.

0.3 Elementary subexponentially amenable groups

Recall that a group Γ generated by a finite set S is of subexponential growth
if limn |B(n)|1/n = 1, where B(n) is the ball of radius n in the Cayley graph
(Γ, S).
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Let SG0 be the class of groups whose all finitely generated subgroups
have exponential growth. Let α > 0 be an ordinal such that we have already
defined SGβ for all β < α. Then if α is a limit ordinal, we set

SGα =
⋃
β<α

SGβ

and if α is not a limit ordinal, we set SGα to be the class of groups which
can be obtained from SGα−1 by applying either extension or a direct union
one time. Define

SG =
⋃
α

SGα

Theorem 0.3.1. The class SG is the smallest class of groups which contain
all groups of sub-exponential growth and is closed under taking subgroups,
quotients, extensions, and direct unions.

The class SG will be called as the class of elementary subexponentially
amenable groups. Obviously, the class SG contains the class of elementary
amenable groups EG.

In this section we will show that Basilica group is not elementary subex-
ponentially amenable, which was proved in [48].

Theorem 0.3.2. The Basilica group is not elementary subexponentially
amenable. In particular, it is not elementary amenable.

The proof will be subdivided into two lemmas. We will use the following
notations for the lemmas. Since G acts on the rooted a binary tree, we denote
the stabilizer of the n-th level of the tree by StG(n).

Then there are naturally defined 2n projections pk, 1 ≤ k ≤ 2n, defined
on StG(n) as a restriction to the k-th tree on the n-th level.

Lemma 0.3.3. For the Basilica group G we have G′ ≥ G′ ×G′.

Proof. It is sufficient to show that the projections onto both coordinates of
StG(1) coincide with G. Direct computation shows

ab = (a−1, 1)ε(1, b)(1, a)ε = (a−1ba, 1) = (ba, 1) ∈ StG(1)

b2 = (a, a) ∈ StG(1),
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and moreover a = (1, b) ∈ StG(1). Thus, p1(StG(1)) = p2(StG(1)) = G.

Note that

[a, b2] = (1, b−1)(a−1, a−1)(1, b)(a, a) = (1, b−1a−1ba) = (1, [b, a]).

Summarizing above, we obtain

G′ ≥ 〈[a, b2]G〉 ≥ {e} × 〈[b, a]〉G = {e} ×G′.

Moreover, ({e} ×G′)b = G′ × {e}, therefore we have G′ ≥ G′ ×G′.

Lemma 0.3.4. For every normal subgroup H of the Basilica group G there
exists a subgroup K < H such that K admits a quotient group containing
G.

Proof. Let g be a non-trivial element. Then let n be a level of the tree which
is fixed by g and the next level is not fixed by g. Then for some 1 ≤ k ≤ 2n

g has the form
g = (g1, . . . , gk−1, g, gk+1, . . . , g2n)

where g is an automorphism of the tree which does not fix the first level. In
other words, g = (g1, g2)ε, for some g1, g2 ∈ G.

For every h ∈ G′ put h = (1, . . . , 1, h, 1, . . . , 1), where h is based on the
k-th place. By Lemma 0.3.3, we obtain h ∈ G′ and thus

[g, h] = (1, . . . , 1, [g, h], 1, . . . , 1) ∈ H.

The same lemma implies that h can be chosen as (w, 1), where w is any
element of G′. Hence

[g, h] = (w, g−11 w−1g1).

This implies that there exists a subgroup K in H such that p1(pk(K))
contains G′. Since we have the following expressions

[b−1, a] = (b−1, b) and [a, b2] = (1, b−1a−1ba)

we obtain that b, ba ∈ p2(G′). But

b2 = (a, a) and ba = (b, b−1a).

Thus p2(p2(G
′)) contains G, which implies the desired statement.
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Proof of the Theorem 0.3.2. Since, by the Corollary 0.2.2, the Basilica group
has exponential growth we have that it is not in the class SG0. To reach a
contradiction, assume G ∈ SG and let α be a minimal ordinal such that
G ∈ SGα. Since α is minimal it is not limit ordinal. Thus G is obtained
from the class SGα−1 by taking either extension or a direct union. It can not
be obtained as a direct union, since otherwise G ∈ SGα−1 which contradicts
to minimality of α. Hence G is obtained as an extension of groups from the
class SGα−1. Therefore we can find a normal subgroup H of G, which is in
the class SGα−1. Since all these classes are closed by taking subgroups and
quotients, by Lemma 0.3.4 we obtain G ∈ SGα−1.
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[68] Leinen, F., Puglisi, O., Some results concerning simple locally finite
groups of 1-type, Journal of Algebra, 287 (2005), 32–51.

[69] Matui, H., Some remarks on topological full groups of Cantor minimal
systems, Internat. J. Math. 17 (2006), no. 2, 231–251.

[70] Medynets, K., Cantor aperiodic systems and Bratteli diagrams, C. R.
Math. Acad. Sci. Paris, 342 (2006), no. 1, 43–46.

[71] Milnor, J., Pasting together Julia sets: a worked out example of mat-
ing, Experiment. Math.,13 (2004), no. 1, 55–92.

[72] Milnor, J., A note on curvature and fundamental group, J. Differential
Geometry, 2 (1968) 1–7.

[73] Milnor, J., Growth of finitely generated solvable groups, J. Differential
Geometry, 2 (1968) 447-449.

12



[74] Mohar, B. Isoperimetric inequalities, growth, and the spectrum of
graphs.Linear Algebra Appl. 103 (1988), 119131.

[75] Nekrashevych, V., Self-similar inverse semigroups and groupoids,
Ukrainian Congress of Mathematicians: Functional Analysis, 2002,
pp. 176–192.

[76] Nekrashevych, V., Self-similar groups, Mathematical Surveys and
Monographs, vol. 117, Amer. Math. Soc., Providence, RI, 2005.

[77] Nekrashevych, V., Self-similar inverse semigroups and Smale spaces,
International Journal of Algebra and Computation, 16 (2006), no. 5,
849–874.

[78] Nekrashevych, V., A minimal Cantor set in the space of 3-generated
groups, Geometriae Dedicata, 124 (2007), no. 2, 153–190.

[79] Nekrashevych, V., Symbolic dynamics and self-similar groups, Holo-
morphic dynamics and renormalization. A volume in honour of John
Milnor’s 75th birthday (Mikhail Lyubich and Michael Yampolsky, eds.),
Fields Institute Communications, vol. 53, A.M.S., 2008, pp. 25–73.

[80] Nekrashevych, V., Combinatorics of polynomial iterations, Complex
Dynamics – Families and Friends (D. Schleicher, ed.), A K Peters, 2009,
pp. 169–214.

[81] Nekrashevych, V., Free subgroups in groups acting on rooted trees,
Groups, Geometry, and Dynamics 4 (2010), no. 4, 847–862.

[82] Neumann, P., Some questions of Edjvet and Pride about infinite
groups, Illinois J. Math., 30 (1986), no. 2, 301–316.

[83] von Neumann, J., Zur allgemeinen Theorie des Masses, Fund. Math.,
vol 13 (1929), 73-116.

[84] Nash-Williams, C. St. J. A., Random walk and electric currents in
networks, Proc. Cambridge Philos. Soc., 55 (1959), 181–194.

[85] Oliva, R., On the combinatorics of external rays in the dynamics of
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