NAME:

Calculus I - Spring 2014
Midterm Exam II, April 21, 2014
In all non-multiple choice problems you are required to show all your work and provide the necessary

explanations everywhere to get full credit. In all multiple choice problems you don’t have to show
your work.



1. If f(z) = 2+ cosx, then (f~1)(1) is
1

@ 1+ cosl

0
©) —sinl
O 1 «— Correct

@ 1+cosl

Solution 1: We have

Since

f(0)=04+cos0=0+1=1
it follows that f~!(1) = 0. Hence

|
GO

(f7y) =
But
f'(z) = (xr+cosx) =2’ + (cosz) =1—sinz

therefore
f(0)=1-sin0=1-0=1

This yields

Solution 2: One can see that y = f~!(x) satisfies the equation x = y + cosy. To find 3y’ we
differentiate both sides:

= (y+cosy) = 1=9¢ +(cosy) = 1=y —siny-y = 1=19¢'(1—siny)
SO
o1
1 —siny
Note that if x = 1, then y = 0 (solution of 1 =y + cosy). Therefore

Y

1 1

(f M) =y(1) = 1—sin0 1-0

1
:—:]_
1

Info: The average in the class for this problem was 58.1%.



2. Let f(z) =1— 2z, then f~(z) is

1—=x
@ 8

3

«—— Correct

®

=1
8

© ©

None of the above

®

Solution: We have:

Step 1: Replace f(x) by y:

y=1-2x

Step 2: Solve for z:

. 1 —
y=1-27 — y+2¥r=1 — 2¥z=1-y — Yo=-"2

2
%)3:(%)3 . x:(lgy)?’:(l;ﬁ)g:(l;y)g

therefore

Step 3: Replace x by f~!(z) and y by x:

Info: The average in the class for this problem was 66.2%.



3. Compute the linearization of f(z) = \/ze® ' at a = 1.

1
O L(z)= gx —5 Correct

® None of the above
Solution (short version): Since
f’(x) _ (xl/Z)/ex—l + 21/2 (ex—l)/ _ %55—1/2695—1 + 21/208—1

it follows that

1 3
£1(1) = 5 171/2 . 1= L q1/2 11 -
Keeping in mind that f(1) = v1-e'™' =1, we get
3 3 1
Lz) = f)+ f)@=1) =1+ 5@—1)=gr-3
Solution (full version): The derivative of f(x) = /ze*™! is
f/(x) _ (x1/2em—1)/ _ (x1/2)/em—1 + x1/2 (em—1)/ _ %x1/2—1€x—1 + x1/26m—1 . (LL’ - 1)/
Lo o w1 1201 o0 oy b 1 a1 172 001
=527 e e ~(x—1):§x e altet T (1-0)
Lo ajo a1, 1/2 21
= 51’ e +x'%e
therefore
1 1 1 1 3
My=2.1"2. -1 (/2. -1 2 1.9 1.e0=22.1.14+1-1=24+1=2
(1) 5 e+ e 5 e +1-e 5 + 5 + 5
Since
f=vVi-ett=1-e"=1-1=1
we get
3 3 3 3 1
Lix)=f)+ f(I)(z—1) = 1+§(:c—1):1+§x—§ =575

Info: The average in the class for this problem was 63.5%.
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4. If f(z) = (2 — x)*, then f'(z) is
@A) z(2-z)"!
(2—2)*In(2—-2) —x(2 —2)*1 «— Correct
© (2-2)"In(2—x)+2(2—2)*!
O —z(2-a)!
® (2-2)*In2-2z)— (2 - x)*
Solution (short version): If we logarithm both sides of f(z) = (2 — z)”, we get
In f(x) =2In(2 — 2)
therefore

1 "2)=2'In(2—2)+2z(In(2—2)) =In(2—2)+z- L —z) =In(2—-x)—
m-f(if)— In(2 - 2) +2(n2 - 2)) =2 -2)+2 57— 2 -2) =2 -2) - 57—

hence

o= s (21525 = 2oy (e 5 75)
=2-2)"In2—2) +2(2—-2)"""

Solution (full version): We logarithm and then differentiate both sides of f(z) = (2 — z)*. We
have

fle)=2-2)" = Ihf(z)=m@2-2)"=zIn(2—2) = [nf(z)]'=[zn2-2)]

therefore
ﬁ-f’(:v):x’ln(2—:v)+:v(1n(2—x))’:1-ln(2—x)+x-2iz (2—=x)
=In(2—x)+z Qix~(2’—x’):1n(2—x)+x~Qix (0-1)
= In(2 L 1) =1In(2 L
=In(2—2z)+=x 2_I~(—)—n( —z)—=x —
hence

) = @) (2 =) = 5 )
1

—(2—2) (ln(2—x) T o= )

=2—-z)In2—-—2)+2—-2)" x-

1
2—x

=Q2-2)"In2—2)+2(2—2)"""
Info: The average in the class for this problem was 66.2%.
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5. Find the slope of the tangent line at the point (1,1) on the graph of e*7¥ = 222 — ¢2.
@ 0
—1
© 1
D 2

® 3 «— Correct

Solution 1: Differentiating both sides of e*~¥ = 222 — y?, we get
o —y) =20 - (y) = TV(l-y)=4dv-2y-y
therefore

T l—y)=4-1-21-9 = 1-y=4-2 = 2% —y/=4-1 = ¢ =3

Solution 2 (short version): Differentiating both sides of e*7¥ = 22% — 2, we get

FUa—y) = (20 () = ey =2y

therefore
Y - =y =t = =
2y — ety
hence .
m=y'(1) = % =3

d
Solution 2 (full version): We first find d_y We have
x

eV =2" -yt = () =2 —yY) = V(a—y) = (22" - ()

hence

T

Y —y) = 2(2Y) 2y = V(1Y) = 2202y = " V—e"Vy = 4a—2y-y/

therefore
4o — 7Y

-y — " VY =dr -V = Y-V =dx—€"Y = ¢ = % v

It follows that the slope of the tangent line at the point (1,1) on the graph of e*™¥ = 2% — ¢/?

1S
41—t 4= 4—1_3_3
2.1 -1 2_¢0 271 1

m =y'(1)

Info: The average in the class for this problem was 44.6%.



6. If f(x) = 21tarctan then f/(z) is
oltarctan

Ty

ol+arctan z

1422

oltarctanz |, 9

1+ 22

2 14arctan x

(1+22)In2

+—— Correct

® ©® 0 @

21+arctan *1n2

Vo

Solution (short version): We have

21+arctan x lIl 2

! _ 21+arctanxl 2.(1 t r_
f(x) n2-(1+ arctanx) e

Solution (full version): We have

f/(.f(f) — (21+arctanm)/ — 21+arctanxhl2 . (1 4 arctanx)/
- (

— 21+arctan T hl 2

1
_ 21+arctanx n2 - (O + )

1"+ (arctanz))

_ 21+arctanx n2 -

21+arctan AW

1+ 22

Info: The average in the class for this problem was 72.8%.



7. Find the differential of f(z) = /1 — 2z.

@) —ldif% «—— Correct
©
i

® None of the above

Solution (short version): Since

Fla) = 51— 2027 (1= 22) = £(1-20) 2 (-2) =
we have p
dy = f'(z)dr = —ﬁ

Solution (full version): We have

Fa) = (1= 20)"%)' = S(1 = 22)"2 - (1 — 20

1
= S 2)7 (1 (20))
1 —1/2 / /
=51 =22)77" - (17 = 2(2)’)
1 ~1/2
=51 -20)7 (0-2-1)
1 ~1/2
= 5(1 2x) (—2)
-
- VI-2
therefore the differential dy of the function f(z) = /1 —2x is
dz
dy = f'(x)de = ———t _
y = f'(x)dx —

Info: The average in the class for this problem was 64.9%.



8. Let f(x) = arcsinz, then f~!(z) is

®

sinz, 0 <z <1

1
——, —1<z<1
sin x
@ sinz, —1 <z <1
) s T
@ sinz, —— < x < = «— Correct
2 2
@ sinz, 0<zr<m

Solution: Since arcsin z is the inverse of the restricted sine function
i Tep<?
sine, —— <x < —
2 2
it follows that the inverse of arcsin z is the restricted sine.

Info: The average in the class for this problem was 62.2%.
9. Find lim 596~
x—>\/§+

A) 0 «—— Correct

Does not exist and neither co nor —oo
© oo

D -0

® None of the above

Solution: Note that 3— 22 — 0~ as # — /3. Therefore 1/(3—2%) — —ccas x — V3" Hence

lim 5Y/6-) =[50 = L _ L) g
/3T 5% o0

Info: The average in the class for this problem was 51.4%.



10. Find lim 5Y@*-3),
x—>\/§+

@A) oo «— Correct

B -

(© Does not exist and neither co nor —oo

D 0

® None of the above

Solution: Note that 22 — 3 — 0+ as z — v/3 . Therefore 1/(2> —=3) - 00 asx — V3" Hence

h% 51/6%3) — 5] = 00

Info: The average in the class for this problem was 73%.
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1. Find lim # —1 .
a—0 \In(z +1) =

Solution: We have

I 1 1 [ | =1 z-1 1-In(z+1)
im [ ——— — — ] = [0o —o0] = lim —
e—0 \In(z+1) = T =\ In(x+1) x-In(z+1)

(x —In(x + 1))

. rx—1In(zx+1) 0 ,
=lim—— 2 =|—| =1lim
z—0 xln(x +1) 0 e—0 (xln(x+1))
1 1
!/ 1 1 / -
i ' — (In(x + 1)) ~ lim x—l—lx
z—=0x' -In(z+ 1)+ 2 (In(z+1)) 2-0 In(z + 1) +
r+1
Now we can continue in two different ways. Either
1 1
1— (x+1) (1 - )
lir% $+1$ :lin'é z+1
r— T— xXr
In(z+1)+——— (:c+1)(1n(:c+1)+x+1)
1
+1)-1—(z+1)-
= lim oy ey z+1 = lim tri-l
=0z + Dz + 1)+ (x +1) - i 2=0 (x+ 1) In(z+ 1)+

z+1

x 2’
) (x+1)In(z+1)+= [O] ) (z+1)In(x+ 1)+ )

1 1
= lim = lim
T— r— 1
I D G G e T
x+1
. . 1 1 1 1 1
= lim = lim = = = = -
z—0In(x+1)+1+1 2-0In(z+1)+2 In(0+1)+2 Inl+2 0+2 2
In short,
1 1
j— —_— , -
lim 1 1 _im & ln(m—l—l): . (z—In(z+1)) _ lim r+1
z—0\In(x +1) = z—0 zln(z+1) z—0 (zln(z+1)) =0 In(z 4+ 1) + L
r+1
l - l il
= lim = lim
2=0 (z+ D) In(z+1)+2  2-0((z+ 1) In(z+ 1) + )
1 1 1

1
roln(z+ 1) +2 mO0+1)+2 2
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Or

/ /
o () (o)
lim r+1 = 0 = lim vrl = lim vl
O+ 1) + —— 0] @0 P 'Y
1 1 1 1))
i @+ 1)+ (nar + 1)y + (2
0 - (z+1)—-1-(z+1) 0-(z+1)—1-1
= lim (@ +1)° = lim (z+1)"
| (+1),+x’(:)3+1)—9:(x+1)’_x40 1 l-(x+1)—z-1
T :
r+1 (x+1)2 r+1 (x+1)2
0—-1 1
— 1)?
| (z+1)? CES: | (e )" oy
= lim = lim = lim
r—0 1 :l?—l—l—:l;’ x—0 ]. ]. x—0 12 1 1
B R VR N CR ) O ()
1 . 1 1 1
= lm I T T Gr Dl M2 02 2
(1) oq et L) (x+1)?
In short,
1 1
lim 1 1y imx—ln(x—l—l)_ im(x—ln(x—l—l))'_hm x4l
—~0\In(r+1) /) 250 xln(x+1)  2—0 (zln(z+1)) _x—>01n(z_|_1)+i
x+1
. ’ 1
: r+1 : (x+1)2 : 1 1
= lim > = lim 1 i = lim —
z—0 | | T z—0 + SC—>OLU+2 2
n(x + )+x+1 r+1 . (x+1)

Info: The average in the class for this problem was 49.2%.

12



2. Let f(x) = ze”.
(a) Find the z-intercept of f.
Solution: If y = 0, then
e =0 = zx=0 = (0,0)

Info: The average in the class for this problem was 81.6%.

(b) Find the y-intercept of f.
Solution: If z = 0, then
y=0-e"=0 = (0,0)

Info: The average in the class for this problem was 86.7%.

(c) Is the function f even, odd, or neither? Justify!

Solution: The function f(z) = ze” is neither even nor odd, since

f(=1) # £f(1)
because
f(=1)=(-1et=—e! and f(1)=1-e'=e

Info: The average in the class for this problem was 77.4%.

(d) Find the horizontal asymptote of f.

Solution: We first note that since

lim ze® = [00 - 00] = 00
the graph of f does not approach a horizontal asymptote when x — co. We now show that the
graph of f does approach a horizontal asymptote when © — —o0o. Indeed, by L’Hospital’s Rule
we have

. . xe” . xet e " . x 00 . x’

lim ze® =< lim = lim —— > = lim = [—} = lim ——
T——00 T——00 z——0c0 1 -7 % r——00 €~ % o0 T——00 (e—m)

i . 1 I 1 1 1 1 0
= 11m _ = 1m _ = — 11m = = —= — =
e——c0 e (—g)"  a——0c0 e7¥(—1) z——00 €T e=(=20)  ex oo
In short,
/
lim ze” = lim — = lim L, = — lim =0
T——00 r——0c0 7T T——00 (e—w) z——o00 e~ 7T

It follows that y = 0 is the horizontal asymptote.

Info: The average in the class for this problem was 24.4%.
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(e) Does f have any vertical asymptote? Justify!
Solution: No, since f is continuous everywhere.

Info: The average in the class for this problem was 55.9%.

(f) Find the intervals of increase and decrease of f.

Solution: We have
fl(x) = (ze®) =a'e® +z(e”) =1 € +ae” = (1 +2)e”

Since (1+x)e” =0 at = —1 and exists everywhere, this is the only critical number. We have

- _1 _I_

It follows that this function decreases on (—oo, —1) and increases on (—1,0).

Info: The average in the class for this problem was 64.4%.

(g) Find local maximum and minimum value(s) of f (if any).

Solution: Because f'(z) changes from negative to positive at —1, the First Derivative Test tells
us that f(—1) = —e™! is the local minimum value. There are no local maximum values.

Info: The average in the class for this problem was 59.7%.

(h) Find absolute maximum and absolute minimum values of f on [—2, 1].

Solution: To find absolute maximum and absolute minimum values of f on [—2,1] we evaluate
f at the end points and at the critical number. We have

f-2)=-22 f-h=—el )=

Obviously, f(1) = e is the absolute maximum value of f on [—2,1], since e > —2¢™2 and
e> —e L.

To show that f(—1) = —e™! is the absolute minimum value of f on [—2,1] we note that
—e < —2¢72

since
e>2 = ¢e-e2>2.¢?% — el1>2? — —el<_272

Info: The average in the class for this problem was 63.2%.
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(i) Find the intervals of concavity of f.

Solution: We have
f'(@) = (f'() = (1 +2)e") = (1 +a)e’ + (1 +z) ()
—1-¢" + (1+a)e”
= (1+ (1 +2))e"
= 2+ x)e”
Since (1 + x)e® =0 at z = —2, we have

- _2 _I_

It follows that this function is concave downward on (—oo, —2) and concave upward on (—2, 00).

Info: The average in the class for this problem was 58.8%.

(j) Find the inflection point of f.

Solution: Because f”(z) changes from negative to positive at x = —2, the inflection point is
(=2, —2e72).

Info: The average in the class for this problem was 51.2%.

(k) Sketch the graph of f.

2.5

1.51

0.5 1

Info: The average in the class for this problem was 47%.

15



