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106



π ≈ 3 +
1

7 +
1

15

=
333

106
= 3.1415...



π = 3 +
1

7 +
1

15 +
1

1 +
1

292 +
1

1 +
1

1 +
1

1 +
1

2 + . . .



π ≈ 3 +
1

7 +
1

15 +
1

1



π ≈ 3 +
1

7 +
1

15 +
1

1

=
355

113



π ≈ 3 +
1

7 +
1

15 +
1

1

=
355

113
= 3.141592...



π = 3 +
1

7 +
1

15 +
1

1 +
1

292 +
1

1 +
1

1 +
1

1 +
1

2 + . . .



π ≈ 3 +
1

7 +
1

15 +
1

1 +
1

292



π ≈ 3 +
1

7 +
1

15 +
1

1 +
1

292

=
103993

33102



π ≈ 3 +
1

7 +
1

15 +
1

1 +
1

292

=
103993

33102
= 3.14159265...



√
3 = 1 +

1

1 +
1

2 +
1

1 +
1

2 +
1

1 +
1

2 +
1

1 +
1

2 + . . .



√
3 = 1 +

1

1 +
1

2 +
1

1 +
1

2 +
1

1 +
1

2 +
1

1 +
1

2 + . . .

1

1
,

2

1
,

5

3
,

7

4
,

19

11
,

26

15
,

71

41
,

97

56
,

265

153
,

362

209
,

989

571
, . . .



ξ = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

a5 +
1

a6 +
1

a7 +
1

a8 + . . .

p1

q1

,
p2

q2

,
p3

q3

,
p4

q4

,
p5

q5

,
p6

q6

,
p7

q7

,
p8

q8

,
p9

q9

,
p10

q10

, . . .



ξ = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

a5 +
1

a6 +
1

a7 +
1

a8 + . . .

p1

q1

,
p2

q2

,
p3

q3

,
p4

q4

,
p5

q5

,
p6

q6

,
p7

q7

,
p8

q8

,
p9

q9

,
p10

q10

, . . .

pi + aipi+1 = pi+2

qi + aiqi+1 = qi+2

and

∣∣∣∣∣
pi pi+1

qi qi+1

∣∣∣∣∣ = (−1)i



ξ = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

a5 +
1

a6 +
1

a7 +
1

a8 + . . .

p1

q1

,
p2

q2

,
p3

q3

,
p4

q4

,
p5

q5

,
p6

q6

,
p7

q7

,
p8

q8

,
p9

q9

,
p10

q10

, . . .

pi + aipi+1 = pi+2

qi + aiqi+1 = qi+2

and

∣∣∣∣∣
pi pi+1

qi qi+1

∣∣∣∣∣ = (−1)i

Pi(x) = qix−pi, Pi+1(x) = qi+1x−pi+1, Pi+2(x) = qi+2x−pi+2



ξ = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

a5 +
1

a6 +
1

a7 +
1

a8 + . . .

p1

q1

,
p2

q2

,
p3

q3

,
p4

q4

,
p5

q5

,
p6

q6

,
p7

q7

,
p8

q8

,
p9

q9

,
p10

q10

, . . .

pi + aipi+1 = pi+2

qi + aiqi+1 = qi+2

=⇒ Pi(x) + aiPi+1(x) = Pi+2(x)

Pi(x) = qix−pi, Pi+1(x) = qi+1x−pi+1, Pi+2(x) = qi+2x−pi+2



Theorem 10: Let a1, a2, a3, . . . ∈ Z+. Let

P1 = −1, P2 = x − a0 and Pi+2 = aiPi+1(x) + Pi(x)

for i = 1, 2, . . . Then

lim
n→∞

αn = ξ = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

a5 + . . .

where αi are roots of Pi.



Theorem 10: Let a1, a2, a3, . . . ∈ Z+. Let

P1 = −1, P2 = x − a0 and Pi+2 = aiPi+1(x) + Pi(x)

for i = 1, 2, . . . Then

lim
n→∞

αn = ξ = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

a5 + . . .

where αi are roots of Pi. Moreover,

(i) |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], P 6≡ 0, with |P (ξ)| < |Pi(ξ)|
we have P ≥ Pi+1 .



Example: Let

P1(x) = −1

P2(x) = x − 1

P3(x) = x − 2 P3 = P2 + P1

P4(x) = 2x − 3 P4 = P3 + P2

P5(x) = 3x − 5 P5 = P4 + P3

P6(x) = 5x − 8 P6 = P5 + P4

P7(x) = 8x − 13 P7 = P6 + P5

P8(x) = 13x − 21 P8 = P7 + P6

P9(x) = 21x − 34 P9 = P8 + P7

Then

lim
n→∞

αn = 1 +
1

1 +
1

1 +
1

1 +
1

1 +
1

1 + . . .

=
1 +

√
5

2
.



Example: Let

P1(x) = −1

P2(x) = x − 2

P3(x) = x − 3 P3 = 2P2 + P1

P4(x) = 2x − 5 P4 = 2P3 + P2

P5(x) = 5x − 12 P5 = 2P4 + P3

P6(x) = 12x − 29 P6 = 2P5 + P4

P7(x) = 29x − 70 P7 = 2P6 + P5

P8(x) = 70x − 169 P8 = 2P7 + P6

P9(x) = 169x − 408 P9 = 2P8 + P7

Then

lim
n→∞

αn = 2 +
1

2 +
1

2 +
1

2 +
1

2 +
1

2 + . . .

= 1 +
√

2.



Example: Let

P1(x) = −1

P2(x) = x − 2

P3(x) = x − 3 P3 = P2 + P1

P4(x) = 3x − 8 P4 = 2P3 + P2

P5(x) = 4x − 11 P5 = P4 + P3

P6(x) = 11x − 30 P6 = 2P5 + P4

P7(x) = 15x − 41 P7 = P6 + P5

P8(x) = 41x − 112 P8 = 2P7 + P6

P9(x) = 56x − 153 P9 = P8 + P7

Then

lim
n→∞

αn = 2 +
1

1 +
1

2 +
1

1 +
1

2 +
1

1 + . . .

= 1 +
√

3.



Example (Roy, 2001): Let

P1(x) = −1

P2(x) = x

P3(x) = 3x − 1 P3 = 3P2 + P1

P4(x) = 7x − 2 P4 = 2P3 + P2

P5(x) = 31x − 9 P5 = 4P4 + P3

P6(x) = 69x − 20 P6 = 2P5 + P4

P7(x) = 169x − 49 P7 = 2P6 + P5

P8(x) = 745x − 216 P8 = 4P7 + P6

P9(x) = 1659x − 481 P9 = 2P8 + P7

Then

lim
n→∞

αn =
1

3 +
1

2 +
1

4 +
1

2 +
1

2 +
1

4 + . . .



Theorem 10: Let a1, a2, a3, . . . ∈ Z+. Let

P1 = −1, P2 = x − a0 and Pi+2 = aiPi+1(x) + Pi(x)

for i = 1, 2, . . . Then

lim
n→∞

αn = ξ = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 +
1

a5 + . . .

where αi are roots of Pi. Moreover,

(i) |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], P 6≡ 0, with |P (ξ)| < |Pi(ξ)|
we have P ≥ Pi+1 .



Theorem ???: Let a1, a2, a3, . . . ∈ Z+. Let

P1 =???, P2 =???, P3 =???

and

Pi+3 = aiPi+2(x) + biPi+1(x) + Pi(x)

for i = 1, 2, . . . Then

lim
n→∞

αn = ξ

where αi are roots of Pi. Moreover,

(i) |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ 2, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .



Example: Let

P1(x) = 1

P2(x) = x

P3(x) = x2

P4(x) = x2 + x + 1 P4 = P3 + P2 + P1

P5(x) = 2x2 + 2x + 1 P5 = P4 + P3 + P2

P6(x) = 4x2 + 3x + 2 P6 = P5 + P4 + P3

P7(x) = 7x2 + 6x + 4 P7 = P6 + P5 + P4

P8(x) = 13x2 + 11x + 7 P8 = P7 + P6 + P5

P9(x) = 24x2 + 20x + 13 P9 = P8 + P7 + P6

P10(x) = 44x2 + 37x + 24 P10 = P9 + P8 + P7

then

lim
n→∞

αn ≈ −0.4196433776 − 0.6062907292I,

lim
n→∞

βn ≈ −0.4196433776 + 0.6062907292I



Example: Let

P1(x) = 1

P2(x) = x

P3(x) = x2

P4(x) = x2 − x − 1 P4 = P3 − P2 − P1

P5(x) = −2x − 1 P5 = P4 − P3 − P2

P6(x) = −2x2 − x P6 = P5 − P4 − P3

P7(x) = −3x2 + 2x + 2 P7 = P6 − P5 − P4

P8(x) = −x2 + 5x + 3 P8 = P7 − P6 − P5

P9(x) = 4x2 + 4x + 1 P9 = P8 − P7 − P6

P10(x) = 8x2 − 3x − 4 P10 = P9 − P8 − P7

then
lim

n→∞
αn ≈ −0.5436,

lim
n→∞

βn =???



Example: Let

P1(x) = 1

P2(x) = x

P3(x) = −x2

P4(x) = −x2 − x − 1 P4 = P3 − P2 − P1

P5(x) = −2x − 1 P5 = P4 − P3 − P2

P6(x) = 2x2 − x P6 = P5 − P4 − P3

P7(x) = 3x2 + 2x + 2 P7 = P6 − P5 − P4

P8(x) = x2 + 5x + 3 P8 = P7 − P6 − P5

P9(x) = −4x2 + 4x + 1 P9 = P8 − P7 − P6

P10(x) = −8x2 − 3x − 4 P10 = P9 − P8 − P7

then
lim

n→∞
αn =???,

lim
n→∞

βn =???



Example: Let

P1(x) = 1

P2(x) = −x

P3(x) = −x2

P4(x) = −x2 − x + 1 P4 = P3 + P2 + P1

P5(x) = −2x2 − 2x + 1 P5 = P4 + P3 + P2

P6(x) = −4x2 − 3x + 2 P6 = P5 + P4 + P3

P7(x) = −7x2 − 6x + 4 P7 = P6 + P5 + P4

P8(x) = −13x2 − 11x + 7 P8 = P7 + P6 + P5

P9(x) = −24x2 − 20x + 13 P9 = P8 + P7 + P6

P10(x) = −44x2 − 37x + 24 P10 = P9 + P8 + P7

then

ξ1 = lim
n→∞

αn = −1.2680... and ξ2 = lim
n→∞

βn = 0.4287...

where ξ1 and ξ2 are roots of x6−2x5+x4+4x3−x2+2x−1.



Example: Let

P1(x) = 1

P2(x) = −x

P3(x) = −x2

P4(x) = −x2 − x + 1 P4 = P3 + P2 + P1

P5(x) = −2x2 − 2x + 1 P5 = P4 + P3 + P2

P6(x) = −4x2 − 3x + 2 P6 = P5 + P4 + P3

P7(x) = −7x2 − 6x + 4 P7 = P6 + P5 + P4

P8(x) = −13x2 − 11x + 7 P8 = P7 + P6 + P5

P9(x) = −24x2 − 20x + 13 P9 = P8 + P7 + P6

P10(x) = −44x2 − 37x + 24 P10 = P9 + P8 + P7

then

ξ1 = lim
n→∞

αn = −1.2680... and ξ2 = lim
n→∞

βn = 0.4287...

where ξ1 and ξ2 are roots of x6−2x5+x4+4x3−x2+2x−1.

Moreover,

|Pi(ξ1)| ∼ Pi
−0.5 and |Pi(ξ2)| ∼ Pi

−0.5.



Example: Let

P1(x) = −1

P2(x) = x − 2

P3(x) = x − 3 P3 = P2 + P1

P4(x) = 3x − 8 P4 = 2P3 + P2

P5(x) = 4x − 11 P5 = P4 + P3

P6(x) = 11x − 30 P6 = 2P5 + P4

P7(x) = 15x − 41 P7 = P6 + P5

P8(x) = 41x − 112 P8 = 2P7 + P6

P9(x) = 56x − 153 P9 = P8 + P7

Then

lim
n→∞

αn = 2 +
1

1 +
1

2 +
1

1 +
1

2 +
1

1 + . . .

= 1 +
√

3.



Example: Let ξ = 0.5436... be a root of x3 + x2 + x − 1.

We have

P1(x) = 1

P2(x) = x

P3(x) = x2

P4(x) = −x2 − x + 1 P4 = −P3 − P2 + P1

P5(x) = −2x2 + x P5 = −2P3 + P2

P6(x) = 3x2 + 2x − 2 P6 = −2P4 + P3

P7(x) = −4x2 + 4x − 1 P7 = P6 + 3P5 + P4

P8(x) = −8x2 − 3x + 4 P8 = −2P6 + P5

P9(x) = −5x2 − 12x + 8 P9 = 2P8 − 2P7 + P6

P10(x) = −7x2 + 13x − 5 P10 = −P9 + P8 + P7

P11(x) = −20x2 − 2x + 7 P11 = P9 + P8 + P7

P12(x) = −18x2 − 27x + 20 P12 = P9 − P8 + P7

P13(x) = −9x2 + 38x − 18 P13 = −P9 + P8 + P7

P14(x) = −47x2 + 9x + 9 P14 = P9 + P8 + P7



Example: Let ξ = 0.5436... be a root of x3 + x2 + x − 1.

We have

P1(x) = 1

P2(x) = x

P3(x) = x2

P4(x) = −x2 − x + 1 (−1, −1, 1)

P5(x) = −2x2 + x (0, −2, 1)

P6(x) = 3x2 + 2x − 2 (0, −2, 1)

P7(x) = −4x2 + 4x − 1 (1, 3, 1)

P8(x) = −8x2 − 3x + 4 (0, −2, 1)

P9(x) = −5x2 − 12x + 8 (2, −2, 1)

P10(x) = −7x2 + 13x − 5 (−1, 1, 1)

P11(x) = −20x2 − 2x + 7 (1, 1, 1)

P12(x) = −18x2 − 27x + 20 (1, −1, 1)

P13(x) = −9x2 + 38x − 18 (−1, 1, 1)

P14(x) = −47x2 + 9x + 9 (1, 1, 1)



Example: Let ξ = 0.5436... be a root of x3 + x2 + x − 1.

We have

P1(x) = 1

P2(x) = x

P3(x) = x2

P4(x) = −x2 − x + 1 (1, 1, 1)

P5(x) = −2x2 + x (0, 2, 1)

P6(x) = 3x2 + 2x − 2 (0, 2, 1)

P7(x) = −4x2 + 4x − 1 (1, 3, 1)

P8(x) = −8x2 − 3x + 4 (0, 2, 1)

P9(x) = −5x2 − 12x + 8 (2, 2, 1)

P10(x) = −7x2 + 13x − 5 (1, 1, 1)

P11(x) = −20x2 − 2x + 7 (1, 1, 1)

P12(x) = −18x2 − 27x + 20 (1, 1, 1)

P13(x) = −9x2 + 38x − 18 (1, 1, 1)

P14(x) = −47x2 + 9x + 9 (1, 1, 1)



Example: Let ξ = 0.5436... be a root of x3 + x2 + x − 1.

We have

P1(x) = 1

P2(x) = x

P3(x) = x2

P4(x) = −x2 − x + 1 (1, 1, 1)

P5(x) = −2x2 + x (0, 2, 1)

P6(x) = 3x2 + 2x − 2 (0, 2, 1)

P7(x) = −4x2 + 4x − 1 (1, 3, 1)

P8(x) = −8x2 − 3x + 4 (0, 2, 1)

P9(x) = −5x2 − 12x + 8 (2, 2, 1)

P10(x) = −7x2 + 13x − 5 (1, 1, 1)

P11(x) = −20x2 − 2x + 7 (1, 1, 1)

P12(x) = −18x2 − 27x + 20 (1, 1, 1)

P13(x) = −9x2 + 38x − 18 (1, 1, 1)

P14(x) = −47x2 + 9x + 9 (1, 1, 1)

(1, 1, 1) (1, 1, 0) (0, 1, 1) (1, 2, 1) (1, 2, 2) (1, 2, 0) (1, 3, 1)



Example: Let ξ = 1.6180... be a root of x2 − x − 1. We

have
P1(x) = −1

P2(x) = x − 1

P3(x) = x − 2 (1, 1)

P4(x) = 2x − 3 (1, 1)

P5(x) = 3x − 5 (1, 1)

P6(x) = 5x − 8 (1, 1)

P7(x) = 8x − 13 (1, 1)

P8(x) = 13x − 21 (1, 1)

P9(x) = 21x − 34 (1, 1)

P10(x) = 34x − 55 (1, 1)

P11(x) = 55x − 89 (1, 1)

P12(x) = 89x − 144 (1, 1)



Example: Let ξ = 0.5436... be a root of x3 + x2 + x − 1.

We have

P1(x) = 1

P2(x) = x

P3(x) = x2

P4(x) = −x2 − x + 1 (1, 1, 1)

P5(x) = −2x2 + x (0, 2, 1)

P6(x) = 3x2 + 2x − 2 (0, 2, 1)

P7(x) = −4x2 + 4x − 1 (1, 3, 1)

P8(x) = −8x2 − 3x + 4 (0, 2, 1)

P9(x) = −5x2 − 12x + 8 (2, 2, 1)

P10(x) = −7x2 + 13x − 5 (1, 1, 1)

P11(x) = −20x2 − 2x + 7 (1, 1, 1)

P12(x) = −18x2 − 27x + 20 (1, 1, 1)

P13(x) = −9x2 + 38x − 18 (1, 1, 1)

P14(x) = −47x2 + 9x + 9 (1, 1, 1)

(1, 1, 1) (1, 1, 0) (0, 1, 1) (1, 2, 1) (1, 2, 2) (1, 2, 0) (1, 3, 1)



Example: Let

P1(x) = 1

P2(x) = −x

P3(x) = x2

P4(x) = x2 + x − 1 (1, −1, −1)

P5(x) = 2x − 1 (1, −1, −1)

P6(x) = −2x2 + x (1, −1, −1)

P7(x) = −3x2 − 2x + 2 (1, −1, −1)

P8(x) = −x2 − 5x + 3 (1, −1, −1)

P9(x) = 4x2 − 4x + 1 (1, −1, −1)

P10(x) = 8x2 + 3x − 4 (1, −1, −1)

then

ξ = lim
n→∞

αn ≈ 0.5436 (root of x3 + x2 + x − 1),

lim
n→∞

βn =???

and |Pi(ξ)| ∼ Pi
−2.



Example: Let

P1(x) = 1

P2(x) = −x

P3(x) = x2

P4(x) = x2 + x − 1 P4 = P3 − P2 − P1

P5(x) = 2x − 1 P5 = P4 − P3 − P2

P6(x) = −2x2 + x P6 = P5 − P4 − P3

P7(x) = −3x2 − 2x + 2 P7 = P6 − P5 − P4

P8(x) = −x2 − 5x + 3 P8 = P7 − P6 − P5

P9(x) = 4x2 − 4x + 1 P9 = P8 − P7 − P6

P10(x) = 8x2 + 3x − 4 P10 = P9 − P8 − P7

then

ξ = lim
n→∞

αn ≈ 0.5436 (root of x3 + x2 + x − 1),

lim
n→∞

βn =???

and |Pi(ξ)| ∼ Pi
−2.



Example: Let

P1(x) = x

P2(x) = x2

P3(x) = −x + 1

P4(x) = −x2 + x (1, −1, 0)

P5(x) = x2 + 2x − 2 (1, −2, 0)

P6(x) = x2 − 2x + 1 (1, −1, 0)

P7(x) = −3x2 − 3x + 4 (1, −2, 0)

P8(x) = 4x − 3 (1, −1, 0)

P9(x) = 7x2 + 4x − 7 (1, −2, 0)

P10(x) = −3x2 − 7x + 7 (1, −1, 0)

then

ξ = lim
n→∞

αn ≈ 0.7548 (root of x3 + x2 − 1),

lim
n→∞

βn =???

and |Pi(ξ)| ∼ Pi
−2.



Example (Roy, 2001): Let

P1(x) = −1

P2(x) = x

P3(x) = 3x − 1 P3 = 3P2 + P1

P4(x) = 7x − 2 P4 = 2P3 + P2

P5(x) = 31x − 9 P5 = 4P4 + P3

P6(x) = 69x − 20 P6 = 2P5 + P4

P7(x) = 169x − 49 P7 = 2P6 + P5

P8(x) = 745x − 216 P8 = 4P7 + P6

P9(x) = 1659x − 481 P9 = 2P8 + P7

Then

lim
n→∞

αn =
1

3 +
1

2 +
1

4 +
1

2 +
1

2 +
1

4 + . . .



Example (Roy, 2001): Let

P1(x) = −1

P2(x) = x

P3(x) = 3x − 1 (3, 1)

P4(x) = 7x − 2 (2, 1)

P5(x) = 31x − 9 (4, 1)

P6(x) = 69x − 20 (2, 1)

P7(x) = 169x − 49 (2, 1)

P8(x) = 745x − 216 (4, 1)

P9(x) = 1659x − 481 (2, 1)

Then

lim
n→∞

αn =
1

3 +
1

2 +
1

4 +
1

2 +
1

2 +
1

4 + . . .



Example: Let

P1(x) = x

P2(x) = x2

P3(x) = −x + 1

P4(x) = −x2 + x (1, −1, 0)

P5(x) = x2 + 2x − 2 (1, −2, 0)

P6(x) = x2 − 2x + 1 (1, −1, 0)

P7(x) = −3x2 − 3x + 4 (1, −2, 0)

P8(x) = 4x − 3 (1, −1, 0)

P9(x) = 7x2 + 4x − 7 (1, −2, 0)

P10(x) = −3x2 − 7x + 7 (1, −1, 0)

then

ξ = lim
n→∞

αn ≈ 0.7548 (root of x3 + x2 − 1),

lim
n→∞

βn =???

and |Pi(ξ)| ∼ Pi
−2.


