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THEOREM 1: Let £ be a real number and let p;/q; be the i-th
convergent of £&. Then
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THEOREM 2: Let £ be a real number and let p;/q; be the i-th
convergent of £. Then at least one of the following estimates is valid:
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THEOREM 3: Let £ be a real number and let p;/q; be the i-th
convergent of £. Then at least one of the following estimates is valid:
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THEOREM 3: Let £ be a real number and let p;/q; be the i-th
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THEOREM 4: Let & be an irrational number. Then there are infi-
nitely many rational numbers p;/q; such that
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THEOREM 5: Let £ be an irrational number. Then p/q is a best
approximation of the second kind if and only if it is a convergent to

£.
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THEOREM 6: Let £ be an irrational number. Then p/q is a best
approximation of the first kind if and only if it is either a convergent
to & or of the form

Pi + CDit1

, Wwhere 1< c<cja.
q; + cqi+1



THEOREM 4: Let & be an irrational number. Then there are infi-
nitely many rational numbers p/q such that
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n | 1961 | 1993 | 2001
3 | 3.28 | 3.5 | 3.73
4 | 3.82 | 4.12 | 4.45
5 | 435 | 4.71 | 5.14
6 | 4.87 | 5.28 | 5.76
7 | 5.39 | 5.84 | 6.36
8 5.9 | 6.39 | 6.93
9 | 6.41 | 6.93 | 7.50
10 | 6.92 | 7.47 | 8.06
50 | 26.98 | 27.84 | 28.70
100 | 51.99 | 52.92 | 53.84




THEOREM 11 (Davenport-Schmidt, 1969): Let n > 3. Let £ be real,
but not algebraic of degree < 2 if n = 3, 4. Let also & be real, but not
algebraic of degree < (n — 1)/2 if n > 5. Then there are infinitely
many algebraic integers o of degree < n which satisfy

€ — a| < H(a)™™,

where

(3445

ifn=3
A(n) = < 4 ifn =4

{n—l—l
4

J if n > 4.



THEOREM 11 (Davenport-Schmidt, 1969): Let n > 3. Let £ be real,
but not algebraic of degree < 2 if n = 3, 4. Let also & be real, but not
algebraic of degree < (n — 1)/2 if n > 5. Then there are infinitely
many algebraic integers o of degree < n which satisfy
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where )
3 5
+—\/_ ifn =3
2
A(n) = < 4 ifn =4
1
{"Jr J if n > 4.
\

CONJECTURE: Let n > 3. Let £ be real, but not algebraic of degree
< 2if n = 3,4. Let £ be real, but not algebraic of degree < (n —1)/2
if n > 5. Then there are infinitely many algebraic integers o of degree
< n which satisfy

€ — ol < H(a)™,



THEOREM 12 (Roy, 2001): Let £ be a real number with continued
fraction expansion £ = [0,m + 1,m,m + 2, m,m,m+ 2,...] given by
the Fibonacci word on {m,m + 2}, m € z*. Then for any algebraic
integer a of degree < 3 we have

3+v5

€ —al> H(a)” 2.




THEOREM 12 (Roy, 2001): Let £ be a real number with continued
fraction expansion £ = [0,m + 1,m,m + 2, m,m,m+ 2,...] given by
the Fibonacci word on {m,m + 2}, m € z*. Then for any algebraic
integer a of degree < 3 we have
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THEOREM 13 (Roy, 2001): Let £ be an extremal real number. Then
there exists a constant ¢ > 0 depending only on £ such that for any
real number X > 1 the inequalities

_54vE
o] < X, o] <X, |zof® + 1€+ x| <X

has a non-zero solution (xg,x1,x2) € 73.



Let p1 =1, g1 = 0, g2 = 1 and let p; € R. Let also a1,a2... € R.
Define a sequence {pi/qi}5>., as

Dk+2 = QP41 + Pks  Qiy2 = arGet1 + @ (B =1,2,...).

THEOREM 14: Suppose {px/qr};>, converges. Then

1
lim Pr = ag +
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a; + 1
a, + ——
2 CL3—|—...

Put Pi(x) = qxx + px and & = pr/qx. Then
Py = apPyiq + Py

and

Jim & = ao + 1
a’1+ 1
as +

a3—|—...



THEOREM 12’ (Roy, 2001): Let {ax} = 0, m+1,m,m~+2, m, m, m+
2,... and let

Piio =apPyi1+ P, with Pp=1 and P, ==x.

Let also &, be a root of P,. Then for any algebraic integer o of degree
< 3 we have

€ — o] > H(oz)_3+2\/g, where klim & = &.
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2,... and let

Piio =apPyi1+ P, with Pp=1 and P, ==x.

Let also &, be a root of P,. Then for any algebraic integer o of degree
< 3 we have
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Put Py(x) = qrx + pr and & = pr/qr. Then
Py 2 = apPyyq + Py

and

a; + 1
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81 x2 4 5426 x — 2974
5345 2 — 3055 = + 81
8400 x2 4 5264 x — 5345
3136 2 4 13745 x — 8400
10609 22 — 11536 = + 3136
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1 > +x—1 [1,—1,—1,1] 0.1478990
2 222 —1 [1,—1,1,1] 0.2754301
3 2224+ 3x —3 [1,3,0,1] 0.1968671
4 5x>4+x —3 [1,2,0,1] 0.2545991
5 8x2 —4x—1 [1,—2,2,1] 0.3034471
6 422 +9x — 8 [1,2,—1,1] 0.2620481
7 1222 4+5x —9 [0,1,1,1] 0.2168926
8 21?2 —7x — 5 [1,2,0,1] 0.3092480
9 Tx?>+26x — 21 [1,2,—1,1] 0.3234507
10 28z%2+19x — 26 [0,1,1,1] 0.1746480
11 542 —9x — 19 1,2,0,1] 0.3024274

[
12 63x2+64x — 73 [1,2,0,1] 0.1755733
13 136 22 + = — 64 [1,2,0,1] 0.2837114
14 200x% —135x —1 [1,—2,2,1] 0.2856572
15 135224201z — 200 [1,2,—1,1] 0.1968658
16 335z% +66x — 201 [0,1,1,1] 0.2545974
17 536z% — 269z — 66 [1,2,0,1] 0.3034450
18 269z%+4602x — 536 [1,2,—1,1] 0.2611780
19 805224333z —602 [0,1,1,1] 0.2174310
20 1407 x? —472x — 333 [1,2,0,1] 0.3092459
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]
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