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Proof: Let

P (x) = a`x
` + . . . + a1x + a0 = a`(x − α1) . . . (x − α`)

Q(x) = bmxm + . . . + b1x + b0 = bm(x − β1) . . . (x − βm)

We have

|R(P, Q)| = |am
` b`

m

∏

1 ≤ i ≤ `
1 ≤ j ≤ m

(αi − βj)| ≥ 1



Proof: Let

P (x) = a`x
` + . . . + a1x + a0 = a`(x − α1) . . . (x − α`)

Q(x) = bmxm + . . . + b1x + b0 = bm(x − β1) . . . (x − βm)

We have

|R(P, Q)| = |am
` b`

m

∏

1 ≤ i ≤ `
1 ≤ j ≤ m

(αi − βj)| ≥ 1

|R(P, Q)| �







max {|P (ξ)|, |Q(ξ)|}2 max
{

P , Q
}2n−2

max
{
|P (ξ)||P ′(ξ)||Q′(ξ)|, |Q(ξ)||P ′(ξ)|2

}
P n−2 Q n−1

max
{
|Q(ξ)||P ′(ξ)||Q′(ξ)|, |P (ξ)||Q′(ξ)|2

}
P n−1 Q n−2



Lemma 3: Let P, Q ∈ Z[x] be polynomials of degree d

with 1 < d ≤ n. Suppose that P and Q have no common

root. Then at least one of the following estimates is true:

1 � max {|P (ξ)|, |Q(ξ)|}2 max
{

P , Q
}2n−2

1 � max
{
|P (ξ)||P ′(ξ)||Q′(ξ)|, |Q(ξ)||P ′(ξ)|2

}
P n−2 Q n−1

1 � max
{
|Q(ξ)||P ′(ξ)||Q′(ξ)|, |P (ξ)||Q′(ξ)|2

}
P n−1 Q n−2



Theorem 5 (Wirsing, 1961): For any real number ξ 6∈ An

there exist infinitely many algebraic numbers α ∈ An with

|ξ − α| � H(α)−n
2−3
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Theorem 7: For any real number ξ 6∈ An there exist infi-

nitely many algebraic numbers α ∈ An with

|ξ − α| � H(α)−n
2−λn, lim

n→∞
λn = 3



n Th. 5, 1961 Th. 6, 1961 Th. 7, 1993 Conjecture

3 3 3.28 3.5 4

4 3.5 3.82 4.12 5

5 4 4.35 4.71 6

6 4.5 4.87 5.28 7

7 5 5.39 5.84 8

8 5.5 5.9 6.39 9

9 6 6.41 6.93 10

10 6.5 6.92 7.47 11

15 9 9.44 10.09 16

20 11.5 11.95 12.67 21

50 26.5 26.98 27.84 51

100 51.5 51.99 52.92 101
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7 5 5.39 5.84 8
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n Th. 5, 1961 Th. 6, 1961 Th. 7, 1993 Conjecture

3 3 3.28 3.5 4

4 3.5 3.82 4.12 5

5 4 4.35 4.71 6

6 4.5 4.87 5.28 7

7 5 5.39 5.84 8

8 5.5 5.9 6.39 9

9 6 6.41 6.93 10

10 6.5 6.92 7.47 11

15 9 9.44 10.09 16

20 11.5 11.95 12.67 21

50 26.5 26.98 27.84 51

100 51.5 51.99 52.92 101



n Th. 5, 1961 Th. 6, 1961 Th. 7, 1993 Th. 9, 2005 Conjecture

3 3 3.28 3.5 3.73 4

4 3.5 3.82 4.12 4.45 5

5 4 4.35 4.71 5.14 6

6 4.5 4.87 5.28 5.76 7

7 5 5.39 5.84 6.36 8

8 5.5 5.9 6.39 6.93 9

9 6 6.41 6.93 7.50 10

10 6.5 6.92 7.47 8.06 11

15 9 9.44 10.09 10.77 16

20 11.5 11.95 12.67 13.40 21

50 26.5 26.98 27.84 28.70 51

100 51.5 51.99 52.92 53.84 101



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .
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Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Example: Let n = 1 and ξ =
1 +

√
5

2
. Then

P1(x) = x − 2 |P1(ξ)| ≈ 0.3819 P1 = 2

P2(x) = 2x − 3 |P2(ξ)| ≈ 0.2361 P2 = 3

P3(x) = 3x − 5 |P3(ξ)| ≈ 0.1459 P3 = 5

P4(x) = 5x − 8 |P4(ξ)| ≈ 0.0902 P4 = 8

P5(x) = 8x − 13 |P5(ξ)| ≈ 0.0557 P5 = 13

P6(x) = 13x − 21 |P6(ξ)| ≈ 0.0344 P6 = 21

P7(x) = 21x − 34 |P7(ξ)| ≈ 0.0213 P7 = 34



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n



Lemma: There are infinitely many polynomials P, Q ∈
Z[x] of degree ≤ n, such that

|P (ξ)| � P −n

|Q(ξ)| � P −n

Q � P

and
P, Q have no

common root



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Lemma: Let P, Q ∈ Z[x] be polynomials of degree d with

1 < d ≤ n. Suppose that P and Q have no common root.

Then at least one of the following estimates is true:

1 � max {|P (ξ)|, |Q(ξ)|}2 max
{

P , Q
}2n−2

1 � max
{
|P (ξ)||P ′(ξ)||Q′(ξ)|, |Q(ξ)||P ′(ξ)|2

}
P n−2 Q n−1

1 � max
{
|Q(ξ)||P ′(ξ)||Q′(ξ)|, |P (ξ)||Q′(ξ)|2

}
P n−1 Q n−2



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 5:



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 5:

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 5:

1 < |Pi(ξ)|3 Pi
2ω+2n−3 < Pi

−n+2ω−3



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 5:

1 < |Pi(ξ)|3 Pi
2ω+2n−3 < Pi

−n+2n+3
2 −3



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 5:

1 < |Pi(ξ)|3 Pi
2ω+2n−3 < Pi

0



Consider a sequence of polynomials Pi ∈ Z[x] of degree

≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0,

with |P (ξ)| < |Pi(ξ)| we have P ≥ Pi+1 .

Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Assume to the contrary that there exists a real number

ξ 6∈ An such that |ξ − α| � H(α)−ω for any algebraic

number α ∈ An.

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 5:

1 < |Pi(ξ)|3 Pi
2ω+2n−3 < 1



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Remark:



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Remark: If |P ′
i (ξ)| ≈ Pi



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Remark: If |P ′
i (ξ)| ≈ Pi , then

|ξ − α| � |Pi(ξ)|
Pi



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Remark: If |P ′
i (ξ)| ≈ Pi , then

|ξ − α| � |Pi(ξ)|
Pi

� Pi
−n−1



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Remark: If |P ′
i (ξ)| ≈ Pi , then

|ξ − α| � |Pi(ξ)|
Pi

� Pi
−n−1 � H(α)−n−1



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example:



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000.



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and

|P ′
i (ξ)| = |2ξ − 1000| ≈ 998



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example:



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example: For any ξ ∈ R and any H > 0, there exist

p, q ∈ Z such that






|qξ + p| < H−1

|q| ≤ H



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example: For any ξ ∈ R and any H > 0, there exist

p, q ∈ Z such that






|qξ + p| < H−1

|q| ≤ H

In fact,

|D| =

∥
∥
∥
∥

ξ 1

1 0

∥
∥
∥
∥

= 1



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example: For any ξ ∈ R and any H > 0, there exist

a, b, c ∈ Z such that






|aξ2 + bξ + c| < H−2

|a| ≤ H

|b| ≤ H

|D| =

∥
∥
∥
∥
∥
∥

ξ2 ξ 1

1 0 0

0 1 0

∥
∥
∥
∥
∥
∥

= 1



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example: For any ξ ∈ R and any H > 0, there exist

a, b, c, d ∈ Z such that






|aξ3 + bξ2 + cξ + d| < H−3

|a| ≤ H

|b| ≤ H

|c| ≤ H

|D| =

∥
∥
∥
∥
∥
∥
∥
∥
∥

ξ3 ξ2 ξ 1

1 0 0 0

0 1 0 0

0 0 1 0

∥
∥
∥
∥
∥
∥
∥
∥
∥

= 1



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Theorem: For any real number ξ 6∈ An there exist infi-

nitely many polynomials P (x) ∈ Z[x] of degree ≤ n such

that
|P (ξ)| � P −n



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example: For any ξ ∈ R and any H > 0, there exist

a, b, c, d ∈ Z such that






|aξ2 + b| < H−1/2

|aξ + c| ≤ H−1/2

|a| ≤ H

|D| =

∥
∥
∥
∥
∥
∥

ξ2 1 0

ξ 0 1

1 0 0

∥
∥
∥
∥
∥
∥

= 1



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example: For any ξ ∈ R and any H > 0, there exist

a, b, c, d ∈ Z such that






|aξ2 + bξ + c| < H−2

|2aξ + b| ≤ H

|a| ≤ H

|D| =

∥
∥
∥
∥
∥
∥

ξ2 ξ 1

2ξ 1 0

1 0 0

∥
∥
∥
∥
∥
∥

= 1



Theorem 8 (Minkowski’s Linear Forms Theorem): Sup-

pose that βij, 1 ≤ i, j ≤ n, are real numbers with de-

terminant ±D. Suppose that λ1, . . . , λn are positive with

λ1 . . . λn = D. Then there exists an integer point x =

(x1, . . . , xn) 6= 0 such that






|βi1x1 + . . . + βinxn| < λ1 (1 ≤ i ≤ n − 1)

|βn1x1 + . . . + βnnxn| ≤ λn

Example: For any ξ ∈ R and any H > 0, there exist

a, b, c, d ∈ Z such that






|aξ2 + bξ + c| < H−1/2

|2aξ + b| ≤ H−1/2

|a| ≤ H

|D| =

∥
∥
∥
∥
∥
∥

ξ2 ξ 1

2ξ 1 0

1 0 0

∥
∥
∥
∥
∥
∥

= 1



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible,

then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and

|P ′
i (ξ)| = |2ξ − 1000| ≈ 998



Lemma 1: For any i ≥ 1 we have |Pi(ξ)| < Pi
−n.

Lemma 2: If i is sufficiently large and Pi is irreducible, then 1 < |Pi(ξ)|3 Pi
2ω+2n−3.

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and
|P ′

i (ξ)| = |2ξ − 1000| ≈ 998



Lemma 1: For any i ≥ 1 we have |Pi(ξ)| < Pi
−n.

Lemma 2: If i is sufficiently large and Pi is irreducible, then 1 < |Pi(ξ)|3 Pi
2ω+2n−3.

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and
|P ′

i (ξ)| = |2ξ − 1000| ≈ 998

Example: For any ξ ∈ R and any H > 0, there exist an, . . . , a1, a0 ∈ Z such that







|anξn + . . . + a1ξ + a0| < H−n

|an| ≤ H

. . .

|a2| ≤ H

|a1| ≤ H



Lemma 1: For any i ≥ 1 we have |Pi(ξ)| < Pi
−n.

Lemma 2: If i is sufficiently large and Pi is irreducible, then 1 < |Pi(ξ)|3 Pi
2ω+2n−3.

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and
|P ′

i (ξ)| = |2ξ − 1000| ≈ 998

Example: For any ξ ∈ R and any H > 0, there exist an, . . . , a1, a0 ∈ Z such that







|anξn + . . . + a1ξ + a0| < H−n−ε

|an| ≤ H

. . .

|a2| ≤ H

|a1| ≤ H1+ε



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ Pi+1
. . .
|a2| ≤ Pi+1

|a1| ≤ |Pi(ξ)|−1 Pi+1
−n+1



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)|



Theorem: For any real number ξ 6∈ An there exist infi-

nitely many algebraic numbers α ∈ An with

|ξ − α| � H(α)−ω

Lemma 1: We have

|ξ − α| � |P (ξ)|
|P ′(ξ)|

(1)

where α is the root of P closest to ξ.

Proof of the Theorem: Assume to the contrary that

there exists a real number ξ 6∈ An such that

|ξ − α| � H(α)−ω (2)

for any algebraic number α ∈ An. From (1) and (2) it

follows that

|P ′(ξ)| � |P (ξ)| P ω (3)



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω

therefore
G 1−ω � |Pi(ξ)|



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω

therefore
(
|Pi(ξ)|−1 Pi+1

−n+1
)1−ω � |Pi(ξ)|



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω

therefore
(
|Pi(ξ)|−1 Pi+1

−n+1
)1−ω � |Pi(ξ)|

which can be rewritten as

|Pi(ξ)| � Pi+1
−(n−1)ω−1

ω−2



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω

therefore
(
|Pi(ξ)|−1 Pi+1

−n+1
)1−ω � |Pi(ξ)|

which can be rewritten as

|Pi(ξ)| � Pi+1
−(n−1)ω−1

ω−2



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi
−n

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7:



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3

< Pi
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3

< Pi
−3(n−1)ω−1

ω−2
+2ω+2n−3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3

< Pi
−3(n−1)ω−1

ω−2
+2ω+2n−3

so

−3(n − 1)
ω − 1

ω − 2
+ 2ω + 2n − 3 > 0



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3

< Pi
−3(n−1)ω−1

ω−2
+2ω+2n−3

so

−3(n − 1)
ω − 1

ω − 2
+ 2ω + 2n − 3 > 0

2ω2 − ω(n + 4) − n + 3 > 0



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3

< Pi
−3(n−1)ω−1

ω−2
+2ω+2n−3

so

−3(n − 1)
ω − 1

ω − 2
+ 2ω + 2n − 3 > 0

2ω2 − ω(n + 4) − n + 3 > 0

ω >
n + 4 +

√
n2 + 16n − 8

4



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3

< Pi
−3(n−1)ω−1

ω−2
+2ω+2n−3

so

−3(n − 1)
ω − 1

ω − 2
+ 2ω + 2n − 3 > 0

2ω2 − ω(n + 4) − n + 3 > 0

ω >
n + 4 +

√
n2 + 16n − 8

4
=

n

2
+ γn → 3



Lemma 1: For any i ≥ 1 we have

|Pi(ξ)| < Pi+1
−(n−1)ω−1

ω−2

Lemma 2: If i is sufficiently large and Pi is irreducible, then

1 < |Pi(ξ)|3 Pi
2ω+2n−3

Proof of Theorem 7: We have

1 < |Pi(ξ)|3 Pi
2ω+2n−3

< Pi+1
−3(n−1)ω−1

ω−2 Pi
2ω+2n−3

< Pi
−3(n−1)ω−1

ω−2
+2ω+2n−3

so

−3(n − 1)
ω − 1

ω − 2
+ 2ω + 2n − 3 > 0

2ω2 − ω(n + 4) − n + 3 > 0

ω >
n + 4 +

√
n2 + 16n − 8

4
=

n

2
+ γn → 3 �



Lemma 1: For any i ≥ 1 we have |Pi(ξ)| < Pi
−n.

Lemma 2: If i is sufficiently large and Pi is irreducible, then 1 < |Pi(ξ)|3 Pi
2ω+2n−3.

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and
|P ′

i (ξ)| = |2ξ − 1000| ≈ 998

Example: For any ξ ∈ R and any H > 0, there exist an, . . . , a1, a0 ∈ Z such that







|anξn + . . . + a1ξ + a0| < H−n

|an| ≤ H

. . .

|a2| ≤ H

|a1| ≤ H



Lemma 1: For any i ≥ 1 we have |Pi(ξ)| < Pi
−n.

Lemma 2: If i is sufficiently large and Pi is irreducible, then 1 < |Pi(ξ)|3 Pi
2ω+2n−3.

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and
|P ′

i (ξ)| = |2ξ − 1000| ≈ 998

Example: For any ξ ∈ R and any H > 0, there exist an, . . . , a1, a0 ∈ Z such that







|anξn + . . . + a1ξ + a0| < H−n−ε

|an| ≤ H

. . .

|a2| ≤ H

|a1| ≤ H1+ε



Lemma 1: For any i ≥ 1 we have |Pi(ξ)| < Pi
−n.

Lemma 2: If i is sufficiently large and Pi is irreducible, then 1 < |Pi(ξ)|3 Pi
2ω+2n−3.

Lemma 3: We have

|ξ − α| � |Pi(ξ)|
|P ′

i (ξ)|
where α is the root of Pi closest to ξ.

Example: Consider P (x) = x2 − 1000x + 1000. Then

|x2 − 1000x + 1000| � 1000−2 at ξ = 1.001002003...

and
|P ′

i (ξ)| = |2ξ − 1000| ≈ 998

Example: For any ξ ∈ R and any H > 0, there exist an, . . . , a1, a0 ∈ Z such that







|anξn + . . . + a1ξ + a0| < H−n−2ε

|an| ≤ H

. . .

|a2| ≤ H1+ε

|a1| ≤ H1+ε



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|

|an| ≤ c−1 Pi+1
. . .
|a2| ≤ c−1 Pi+1

|a1| ≤ cn−1|Pi(ξ)|−1 Pi+1
−n+1

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω

therefore
(
|Pi(ξ)|−1 Pi+1

−n+1
)1−ω � |Pi(ξ)|

which can be rewritten as

|Pi(ξ)| � Pi+1
−(n−1)ω−1

ω−2



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|
|an| ≤ c−1 Pi+1
. . .
|a3| ≤ c−1 Pi+1

|a2| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2

|a1| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2

We have
G ≈ |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω

therefore
(
|Pi(ξ)|−1 Pi+1

−n+1
)1−ω � |Pi(ξ)|

which can be rewritten as

|Pi(ξ)| � Pi+1
−(n−1)ω−1

ω−2



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|
|an| ≤ c−1 Pi+1
. . .
|a3| ≤ c−1 Pi+1

|a2| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2

|a1| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2

We have
G � |G′(ξ)| � |G(ξ)| G ω � |Pi(ξ)| G ω

therefore
(
|Pi(ξ)|−1 Pi+1

−n+1
)1−ω � |Pi(ξ)|

which can be rewritten as

|Pi(ξ)| � Pi+1
−(n−1)ω−1

ω−2



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|
|an| ≤ c−1 Pi+1
. . .
|a3| ≤ c−1 Pi+1

|a2| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2

|a1| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2



Consider a sequence of polynomials Pi ∈ Z[x] of degree ≤ n such that

(i) 1
2

> |P1(ξ)| > |P2(ξ)| > . . . > |Pi(ξ)| > . . .

(ii) P1 < P2 < . . . < Pi < . . .

(iii) for any P ∈ Z[x], deg P ≤ n, P 6≡ 0, with |P (ξ)| < |Pi(ξ)| we have

P ≥ Pi+1 .

Fix any i ≥ 1. By Minkowski’s Linear Forms Theorem there is a polynomial G(x) =
anxn + . . . + a1x + a0 ∈ Z[x] of degree ≤ n having

|G(ξ)| < |Pi(ξ)|
|an| ≤ c−1 Pi+1
. . .
|a3| ≤ c−1 Pi+1

|a2| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2

|a1| ≤ c(n−2)/2|Pi(ξ)|−1/2 Pi+1
−(n−2)/2

Polynomials
Pi(x), Pi+1(x), G(x)

are linearly independent.



Pi(x) = 100x5 + 100x4 + 100x3 + 100x2 + 100x + 100



Pi+1(x) = 200x5 + 200x4 + 200x3 + 200x2 + 200x + 200

Pi(x) = 100x5 + 100x4 + 100x3 + 100x2 + 100x + 100



G1(x) = 190x5 + 300x4 + 300x3 + 300x2 + 300x + 300

Pi+1(x) = 200x5 + 200x4 + 200x3 + 200x2 + 200x + 200

Pi(x) = 100x5 + 100x4 + 100x3 + 100x2 + 100x + 100



G2(x) = 190x5 + 290x4 + 400x3 + 400x2 + 400x + 400

G1(x) = 190x5 + 300x4 + 300x3 + 300x2 + 300x + 300

Pi+1(x) = 200x5 + 200x4 + 200x3 + 200x2 + 200x + 200

Pi(x) = 100x5 + 100x4 + 100x3 + 100x2 + 100x + 100



G3(x) = 190x5 + 290x4 + 390x3 + 500x2 + 500x + 500

G2(x) = 190x5 + 290x4 + 400x3 + 400x2 + 400x + 400

G1(x) = 190x5 + 300x4 + 300x3 + 300x2 + 300x + 300

Pi+1(x) = 200x5 + 200x4 + 200x3 + 200x2 + 200x + 200

Pi(x) = 100x5 + 100x4 + 100x3 + 100x2 + 100x + 100



Using

Pi(x), Pi+1(x), G1(x), . . . , Gn−2(x)

we construct Li(x) ∈ Z[x] of degree ≤ n such that

|Li(ξ)| < |Pi−1(ξ)|
1

ω−1 Pi−1
−n+1

Li < |Pi−1(ξ)|3−ω−ω−2
ω−1 Pi

−(n−2)(ω−1) Pi−1
−n+2
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−n+2

Li ≈ |L′
i(ξ)|
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Li ≈ |L′
i(ξ)|

1 < |Pi(ξ)| Pi+1
2ω+n−2

3 (1−%) Pi
n−1

3 (1−%)+Φ(n)%
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Φ(n) = 2ω + 2n − 3 − 2(n − 1)
ω − 1

ω − 2
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Theorem 9: For any real number ξ 6∈ An there exist infi-

nitely many algebraic numbers α ∈ An with

|ξ − α| � H(α)−ω,

where

ω =
n

2
+ λn, lim

n→∞
λn = 4



Theorem 9: For any real number ξ 6∈ An there exist infi-

nitely many algebraic numbers α ∈ An with

|ξ − α| � H(α)−ω,

where

ω =
n

2
+ λn, lim

n→∞
λn = 4

4x5 − (4n + 18)x4 + (n2 + 11n + 30)x3 − (2n2 + 10n + 22)x2

+ (2n2 + 7n + 4)x + n2 − 5n + 2 if n = 3, 4, 5



Theorem 9: For any real number ξ 6∈ An there exist infi-

nitely many algebraic numbers α ∈ An with

|ξ − α| � H(α)−ω,

where

ω =
n

2
+ λn, lim

n→∞
λn = 4

4x5 − (4n + 18)x4 + (n2 + 11n + 30)x3 − (2n2 + 10n + 22)x2

+ (2n2 + 7n + 4)x + n2 − 5n + 2 if n = 3, 4, 5

2x5 − (n + 12)x4 + (2n + 30)x3 + (2n − 41)x2 − (3n − 29)x

+ 2n − 10 if n > 5.



n Th. 5, 1961 Th. 6, 1961 Th. 7, 1993 Th. 9, 2005 Conjecture

3 3 3.28 3.5 3.73 4

4 3.5 3.82 4.12 4.45 5

5 4 4.35 4.71 5.14 6

6 4.5 4.87 5.28 5.76 7

7 5 5.39 5.84 6.36 8

8 5.5 5.9 6.39 6.93 9

9 6 6.41 6.93 7.50 10

10 6.5 6.92 7.47 8.06 11

15 9 9.44 10.09 10.77 16

20 11.5 11.95 12.67 13.40 21

50 26.5 26.98 27.84 28.70 51

100 51.5 51.99 52.92 53.84 101



Theorem 10 (Davenport - Schmidt, 1968): Let n ≥ 3.

Let ξ be real, but not algebraic of degree ≤ 2. Then there

are infinitely many algebraic integers α of degree ≤ 3

which satisfy

0 < |ξ − α| � H(α)−η, η =
1

2
(3 +

√
5) = 2.618...
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which satisfy

0 < |ξ − α| � H(α)−η, η =
1

2
(3 +

√
5) = 2.618...

Conjecture: Let ξ be real, but is not algebraic of degree

≤ n. Suppose ε > 0. Then there are infinitely many real

algebraic integers α of degree ≤ n with

|ξ − α| � H(α)−n+ε
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algebraic integers α of degree ≤ n with
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Theorem 11 (Roy, 2001): There exist real numbers ξ

such that for any algebraic integer α of degree ≤ 3, we

have

|ξ − α| � H(α)−η
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