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i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
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THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe

20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfat a’h 4+ c*b)> Gabe

&.} 2a° + 2b° + 2¢°
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THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe
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THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe
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THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
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20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfa+ a’b 4 c*b)> Gabe

&.) 2a° + 2b° + 2¢° > 6abc @—J

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? —p.12/3!



THEOREM: For any a, b, c, d > 0 we have

a* + b* 4+ ¢t + dt > 4abed
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THEOREM: For any a, b, c, d > 0 we have
a* + b* 4+ ¢t + dt > 4abed

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.13/3!



THEOREM: For any a, b, c, d > 0 we have
a* + b* 4+ ¢t + dt > 4abed

PROOF: Sincex + y > 2./xy
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THEOREM: For any a, b, c, d > 0 we have
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THEOREM: For any a, b, c, d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2./xy, we have

a* + b* > 2a°b?
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THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?
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THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?

ct + d* > 2¢2 d?
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THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?
ct + d* > 2¢2 d?
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THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
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THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?
ct + d* > 2¢2 d?

a* 4+ bt 4+ ct+dt > 2a%b? + 2c2d?

> 2v/4a2b2c2d?
— 4abcd

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.13/3!



THEOREM: Forany ai,as,...,ag > 0 we have

af—l—ag—l—...—l—agZSalaz...aS
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THEOREM: Forany ai,as,...,ag > 0 we have
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PROOF:
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THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag

PROOF: Sincex + y > 2./xy
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THEOREM: Forany ai,as,...,ag > 0 we have
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THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag

PROOF: Since x + y > 2./xy, we have
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THEOREM: Forany aq,as,...,ag > 0 we have
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PROOF: Since x + y > 2,/Ty, we have
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a; +a, > 2aa;
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THEOREM: Forany aq,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,‘110,‘21
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a; + ag, > 2aga,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/3!



THEOREM: Forany ai,as,...,ag > 0 we have

af—l—ag—l—...—l—aSZSalaz...ag

PROOF: Since x + y > 2./xy, we have

8 8
al—l—a2
8 8
a; + ay,
8 8
a5—|—a,6

8 8
a7—|—a8

4 _4
> 2aja,
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THEOREM: Forany ai,as,...,ag > 0 we have

af—l—ag—l—...—l—agZSalaz...aS

PROOF: Since x + y > 2./xy, we have
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al—l—a,2
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a; + ay,
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THEOREM: Forany ai,as,...,ag > 0 we have

af—l—ag—l—...—l—aSZSalaz...aS

PROOF: Since x + y > 2./xy, we have
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a; + ag, > 2aga,
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THEOREM: Forany aq,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,4110,‘2l
ag -+ ai > 2a§aj
ag -+ ag > 2a§a§
ag -+ ag > 2af;a§
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i.4,.4.4 4,44
> 2 /4ataialal + 2\/4atataial
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THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,4110,‘2l
ag -+ ai > 2a§aj

8 8 4 _4
a; + ag, > 2aga,

8 8 4 _4
a, + ag > 2a,ag
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i.4,.4.4 4,44
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THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,4110,‘2l
ag -+ ai > 2a§aj

8 8 4 _4
a; + ag, > 2aga,

8 8 4 _4
a, + ag > 2a,ag

8 8 8 4 _4 4 _4 4 4 4 4
a; +as+...+ag > 2aja; + 2a;a, + 2aza; + 2a-ag

i.4,.4.4 4,44
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,
LEMMA: Suppose
a’+...+a’>nai...a,

forany a;, as,...,a, > 0.
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have
a’+a;, +...+a’>mnaas...a,
LEMMA: Suppose
a’+...+a’>nai...a,
foranya;,as,...,a, > 0. Then
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have
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LEMMA: Suppose
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
a?—l—...—l—ag > 8ay...as

forany a;,as,...,ag > 0. Then
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
aI—I—...—I—a; > T7ay...ar

forany a;,as,...,ay > 0. Then
bS + ...+ by > 6by...bg

forany by, bs,...,bg > 0.
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have
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LEMMA: Suppose
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THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
af—l—...—l—ag > 6ay...ag

forany a;, as,...,ag > 0. Then
b + ...+ b2 > 5by...bs

forany by, bs,...,bs5 > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.18/3!



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
Lo il > Yay...an
n
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THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
s il > Yay...an
n

PROOF:
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THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
s il > Yay...an
n

PROOF (ELEMENTARY):

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.19/3!



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
s il > Yay...an
n

PROOF (ELEMENTARY, SHORT):
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
L1geeesglp & [A,B].
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B]
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; 7# as.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since
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THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+as
2 2

a
f(a17a29a37°°°9an)>f( 7a37°°°9an7>.
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
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PROOF (ELEMENTARY, SHORT): Put
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f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

a1 +az ai—+az
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N
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ai + ...+ an
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1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

a1 +az ai—+az
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
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PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

a1 +az ai—+az
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(ai,a2,a3,...,an)

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.20/3!



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an
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1+ ...+ x
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Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
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[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai+taz
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
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PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/wl...:cn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai+taz
ay +az2+az+...+a

n

ai1+az2 ai-+taz
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THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
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THEOREM (Cauchy - Schwartz): Forany ai,...,a, > 0 and
any by,...,b, > 0 we have

(@4 ...+ a2)(bf+ ... +b2) > (arby + ...+ apb,)’

PROOF: Put
F(X1yeees@psYiseeosYn)= (w%—i— . —I—wi)(y%—i— . —I—yi)

—(T1y1+. - -+ TnYn)’
Assume to the contrary that this function is < 0 for some ¢, ...,

Ly Y1y - - - 5 Yn € |[A, B]. Suppose that f attains its minimal va-
lueon [A, B]atsome aj,...,an,b1,...,b, €A, B] with
a, 7 as or by 7% bs.
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a; # a, or by # b,. This gives us a contradiction, since

f(ai,a2,a3,...,an,b1,b2,b3,...,byn)
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(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
PROOF: Put
F(1y. o s ®nyYiyerorUn)= (23+...+22)(y2+...+vy2)
—(z1y1+. . .+ Tnyn)?
Assume to the contrary that this function is < O for some 1,...,Tn, Y1,-.., Yn € [A, B].
Suppose that f attains its minimal value on [A, B]atsome a1,...,an,b1,...,bn E[A, B]
with a1 7% a2 or b1 # ba. This gives us a contradiction, since
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>f<a1+a2 a1 + a2 b1 + b2 b1 + b2

a3 o o o an
b b b b b b
2 2 2

2 ,b3,o-o,bn> .
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THEOREM (Cauchy - Schwartz): Forany a@1,...,an > 0 andany bi,...,b, > 0 we have
(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
PROOF: Put
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THEOREM (Cauchy - Schwartz): Forany a@1,...,an > 0 andany bi,...,b, > 0 we have

(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
PROOF: Put
F(1y. o s ®nyYiyerorUn)= (23+...+22)(y2+...+vy2)
—(z1y1+- . -+ Tnyn)?
Assume to the contrary that this function is < O for some 1,...,Tn, Y1,-.., Yn € [A, B].
Suppose that f attains its minimal value on [A, Blatsome @1,...,an,b1,...,bn €E[A, B]
with a1 7% a2 or b1 # ba. This gives us a contradiction, since

f(ai,a2,a3,...,an,b1,b2,b3,...,byn)
a1 +az2 ai+ a2 b1 + b2 b1 + b2
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THEOREM (Cauchy - Schwartz): Forany a@1,...,an > 0 andany bi,...,b, > 0 we have

(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
PROOF: Put
F(1y. o s ®nyYiyerorUn)= (23+...+22)(y2+...+vy2)
—(z1y1+- . -+ Tnyn)?
Assume to the contrary that this function is < O for some 1,...,Tn, Y1,-.., Yn € [A, B].
Suppose that f attains its minimal value on [A, Blatsome @1,...,an,b1,...,bn €E[A, B]
with a1 7% a2 or b1 # ba. This gives us a contradiction, since

f(ai,a2,a3,...,an,b1,b2,b3,...,byn)
a1 +az2 ai+ a2 b1 + b2 b1 + b2
>f< 2 ) 2 ’a3,...,an, 2 ) 2 ,b3,...,bn> .
f(ai,az2,...,an,b1,b2,...,by)

= (af+a3+...4a2)(b3+ b2+...+b2) — (a1bi+ azb2+...+anby,)?

f a1 +az2 ai+ a2 o o b1 + b2 b1+ b2
2 ’ 2 sy U3y eeeyln, > ’ 2 ’

_ (($> b (ko) ++a> ((+> s (i) ++,,>

_<a1+a2b1+b2+a1—|—a2b1—|—b2

b3,ooo,bn>
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THEOREM (Cauchy - Schwartz): Forany a@1,...,an > 0 andany bi,...,b, > 0 we have

(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
PROOF: Put
F(1y. o s ®nyYiyerorUn)= (23+...+22)(y2+...+vy2)
—(z1y1+. . .+ Tnyn)?
Assume to the contrary that this function is < O for some 1,...,Tn, Y1,-.., Yn € [A, B].
Suppose that f attains its minimal value on [A, B]atsome a1,...,an,b1,...,bn E[A, B]
with a1 7% a2 or b1 # ba. This gives us a contradiction, since

f(ai,a2,a3,...,an,b1,b2,b3,...,by)
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THEOREM (Cauchy - Schwartz): Forany a@1,...,an > 0 andany bi,...,b, > 0 we have
(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
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PROOF: Put
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(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
PROOF: Put
F(1y. o s ®nyYiyerorUn)= (23+...+22)(y2+...+vy2)
—(z1y1+. . .+ Tnyn)?
Assume to the contrary that this function is < O for some 1,...,Tn, Y1,-.., Yn € [A, B].
Suppose that f attains its minimal value on [A, B]atsome a1,...,an,b1,...,bn E[A, B]
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with a1 % a2 or by # b2. This gives us a contradiction, since
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with a1 % a2 or by # b2. This gives us a contradiction, since

f(ai,a2,a3,...,an,b1,b2,b3,...,by,)

a? + a2 a? + a? b2 + b2 b2 + b2
>f \/%, %,a&...,an, %, 1Tz,b3,...,bn .

f(ai,a2,...,an,b1,b2,...,by)

= (a?4+ a2+...4+a2)(b2+ b2+...4+b2) — (a1b1 + az2b2+...+anby)?

a2 + a2 a2 + a? b2 + b2 b2 + b2
.f(\/ 12 2’ 12 2’a39°"9an’ 12 2’ 12 2’b39°"9bn

2
2 2 2 2 2 2 2 2
:(a%—l—a%—l—...—l—ai)(b%—l—b%—l—...—l—b,%)—(\/al+a2\/b1+b2+\/a1+a2\/bl+b2 +---+anbn>

2 2 2 2
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THEOREM (Cauchy - Schwartz): Forany a@1,...,an > 0 andany bi,...,b, > 0 we have

(a2 4+...4+a2)(bF + ...+ b2) > (ar1b1 + ...+ anby)?
PROOF: Put
F(1y. o s ®nyYiyerorUn)= (23+...+22)(y2+...+vy2)
—(z1y1+. . .+ Tnyn)?
Assume to the contrary that this function is < O for some 1,...,Tn, Y1,-.., Yn € [A, B].
Suppose that f attains its minimal value on [A, B]atsome a1,...,an,b1,...,bn E[A, B]
with a1 b2 # a2b1. This gives us a contradiction, since

f(ai,a2,a3,...,an,b1,b2,b3,...,by)

a? + a2 a? + a? b2 + b2 b2 + b2
>f \/g,\/g,aﬁ,...,an, g, 1—2,b3,o-o,bn .

2 2 2 2

f(ai,a2,...,an,b1,b2,...,by)

= (a?+ a2+...4+a2)(b2+ b2 +...+b2) — (a1b1 + az2b2+...+anby,)?

a2 + a2 a2 + a? b2 + b2 b2 + b2
f(\/ 12 2’ 12 2’0'3""’0'71,’ 12 2’ 12 2,b3"°°’bn

2
2 2 2 2 2 2 2 2
:(a%—l—a%—l—...—l—ai)(b%—l—b%—l—...—l—b,%)—(\/al+a2\/b1+b2+\/a1+a2\/bl+b2 _|_.”_|_anbn>

2 2 2 2
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THEOREM (Cauchy - Schwartz): Forany ai,...,a, > 0 and
any by,...,b, > 0 we have

(@4 ...+ a2)(bf+ ... +b2) > (arby + ...+ apb,)’
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any by,...,b, > 0 we have
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V@ 4.+ a2)(b2 + ...+ b2) > aby + ... + anby
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THEOREM (Cauchy - Schwartz): Forany ai,...,a, > 0 and

any by,...,b, > 0 we have

(@4 ...+ a2)(bf+ ... +b2) > (arby + ...+ apb,)’

V@i + ..+ a2)(b2 + ...+ b2) > arby

a,b,

V@44 a2) /(b2 + ..+ b2) > arby + ...+ anb,

(@P+...+aP)P(B2+... +b%)2 > a1by +... +ayb,

L1
p 2
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THEOREM (Cauchy - Schwartz): Forany ai,...,a, > 0 and

any by,...,b, > 0 we have

(@4 ...+ a2)(bf+ ... +b2) > (arby + ...+ apb,)’

V@i + ..+ a2)(b2 + ...+ b2) > arby

a,b,

V@44 a2) /(b2 + ..+ b2) > arby + ...+ anb,

(@P+...+aP)P(BI+...+ b)Y > a1by + ...+ ayb,

1 1
4+ =1
p q

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT

? —p.30/3



THEOREM (Cauchy - Schwartz): Forany ai,...,a, > 0 and
any by,...,b, > 0 we have

al +...+aP)'P(ba+ ...+ 099> a;b; + ...+ a,b,
1 n 1 n

1 1
where —+ — =1, p > 1.
P q
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THEOREM (Holder): Forany ai,...,a, > 0 andany bq,...,
b,, > 0 we have

al +...+aP)'P(ba+ ...+ 099> a;b; + ...+ a,b,
1 n 1 n

1 1
where —+ — =1, p > 1.
P 4q
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THEOREM (Holder): Forany a1,...,an > 0 andany by,...,

bn, > 0 we have

(@® +...4+aP)VP? + ...+ b))/ > a1b1 + ...+ anbn

where 1/p+1/q=1, p > 1.
PROOF: Put

f(mla oo s Ly Ylyeoo 7yn): (w119_|_. . —|—a:£)1/p(y(11_|_ . .—|—y%)1/q
—(z1y1+. . .+ TnyYn)

Assume to the contrary that this function is << 0 for some &1, ...,

Suppose that f attains its minimal value on [A, B]atsome a1, . ..

with a1 b2 # a2b;1. This gives us a contradiction, since

f(a17a27a'39'°'9an7b19b27b39'°

> f Y/al—gaz (/a1+a2’a’3’ ",an,\/bq—l_bq

mn,yl’o..,ynE[A,B].
,an,bl,.o-,bnE[A,B]

bq-|—b
-1 v T2 b3,

f(ai,a2,...,an,b1,b2,...,b,)

= (al+ ah+...+ah)V/P(b]+ bl +...4+b%)1/9 — (a1b1+ azbza+...+anby)

a? + ab a? + ab B bq bl
fW EXIN (EET NP CEL N CET R

2
p p q q p p q q
:(ai’_i_aiz?_i_.”_'_ag)l/p(bg_i_bg_|_.“_i_bfrzb)1/q_<val‘|‘CL2 €/b1+b2+(/a1+az €/b1+b2 ++anbn>

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.33/3!



N e

Suppose that f attains its minimal value on [A, Blatsome a1,...,an,b1,...,bn €E[A, B]

with a1 b2 7# a2b;. This gives us a contradiction, since

f(ai,a2,a3,...,an,b1,b2,b3,...,by)

p p p b
a; +a a; +a
1 2 1 2
2 2
f(ai,a2,...,an,b1,b2,...,b,)

= (af 4+ ab+...+ah)V/P(b]+ bl+...4+bL)/9 — (a1b1+ azba+...+anby)

(EETRICEC S ET RLET P
2
p p bq bq P p bq bq
:(a’lj—l—ag—l—...—l—aﬁ)l/p(bg—l—bg—i—...—i—b%)l/q_(’\'/al+a2{1/ 1t 2_|_(/a1—|—a2§1/ 1T 2+.--+anbn>
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THEOREM (Hélder): Forany ai,...,an > 0 andany bi,...,b, > 0 we have
(@® +...4+aP)VP? + ...+ b))/ > a1b1 + ...+ anbn

where 1/p+1/g=1, p > 1.
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THEOREM (Holder): Forany a1,...,an > 0 andany by,...,
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Assume to the contrary that this function is << 0 for some &1, ...,
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THEOREM: Forany a,b,c > 0 we have
a b C

| +

b+ c c+ a a-+ b

3
>
-
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THEOREM: Forany a,b,c,d > 0 we have
a b C

| | + > 2
b+ c c+d d-+ a a-+b
CONJECTURE (Shapiro, 1954): Forany a;,as2,...,a, > 0 we
have
a a Qa,,_ a n
1 I 2 I o —|— n—1 —|— n 2 o
as +asz az -+ a4 a, +a; a; -+ as 2
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THEOREM: Forany a,b,c,d > 0 we have
a b C

| | +

b+ c c+d d-+ a a-+b

> 2

THEOREM (Mitrinovic, 1993): Forany a;,as,...,a, > 0 we
have

ai | a- | —|— a,—1 —|— a,, > n
| | e o o = -
as +asz az -+ a4 a, +a; a; -+ as 2
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