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THEOREM: If n = 2k, then for any a1, a2, . . . , an ≥ 0 we have

an
1 + an

2 + . . . + an
n ≥ na1a2 . . . an

LEMMA: Suppose

an
1 + . . . + an

n ≥ na1 . . . an

for any a1, a2, . . . , an ≥ 0. Then

bn−1
1 + . . . + bn−1

n−1 ≥ (n − 1)b1 . . . bn−1

for any b1, b2, . . . , bn−1 ≥ 0.
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THEOREM: For any a1, . . . , an ≥ 0 we have

a1 + . . . + an

n
≥ n

√
a1 . . . an

PROOF (ELEMENTARY, SHORT): Put

f(x1, . . . , xn) =
x1 + . . . + xn

n
− n

√
x1 . . . xn
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√
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Assume to the contrary that f(x1, . . . , xn) < 0 for some

x1, . . . , xn ∈ [A, B]. Suppose that f(x1, . . . , xn) attains its

minimal value on [A, B] at some a1, . . . , an ∈ [A, B] with

a1 6= a2. This gives us a contradiction, since

f(a1, a2, a3, . . . , an)>f

(

a1+a2

2
,
a1+a2

2
, a3, . . . , an,

)
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„
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«

�
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n
− n

√
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f

„

a1+a2

2
,

a1+a2

2
, a3, . . . , an

«

=

a1+a2

2
+ a1+a2

2
+a3+. . .+an

n
− n

q

a1+a2

2

a1+a2

2
a3 . . . an
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THEOREM (Extreme-Value Theorem):
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THEOREM (Extreme-Value Theorem): If f(x1, . . . , xn) is contin-

uous on a closed and bounded set R, then f has both an absolute

maximum and an absolute minimum on R.
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THEOREM (Cauchy - Schwartz):

For any a1, . . . , an ≥ 0 and

any b1, . . . , bn ≥ 0 we have

(a2
1 + . . . + a2

n)(b2
1 + . . . + b2

n) ≥ (a1b1 + . . . + anbn)2

PROOF: Put

f(x1, . . . , xn, y1, . . . , yn)= (x2
1+. . .+x2

n)(y2
1+. . .+y2

n)

−(x1y1+. . .+xnyn)2
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Assume to the contrary that this function is <0 for some x1, . . . ,

xn, y1, . . . , yn ∈ [A, B]. Suppose that fattains its minimal va-

lue on [A, B] at some a1, . . . , an, b1, . . . , bn ∈ [A, B] with

a1 6= a2 or b1 6= b2. This gives us a contradiction, since

f(a1, a2, a3, . . . , an, b1, b2, b3, . . . , bn)

>f

(

a1 + a2

2
,
a1 + a2

2
, a3, . . . , an,

b1 + b2

2
,
b1 + b2

2
, b3, . . . , bn

)

�
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f(a1, a2, . . . , an, b1, b2, . . . , bn)

= (a2
1+ a2

2+. . .+a2
n)(b2

1+ b2
2+. . .+b2
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=
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−
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2
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THEOREM: For any a, b, c > 0 we have
a

b + c
+

b

c + a
+

c

a + b
≥

3

2

THEOREM: For any a, b, c, d > 0 we have
a

b + c
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b

c + d
+

c

d + a
+

d

a + b
≥ 2

THEOREM (Mitrinovic, 1993): For any a1, a2, . . . , an > 0 we

have

a1

a2 + a3

+
a2

a3 + a4

+ . . . +
an−1

an + a1
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an

a1 + a2
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n

2
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