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Example: 5! = 1 · 2 · 3 · 4 · 5.
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Theorem: Let p be a positive integer. Then (p − 1)! + 1

is divisible by p if and only if p is prime.

Problem: Show that if p is a prime with p ≥ 7, then

(p − 1)! + 1 has at least two different prime divisors.

Problem′: Show that if p is a prime with p ≥ 7, then

(p − 1)! + 1 6= pk

for any integer k ≥ 1.

Proof: Assume to the contrary that

(p − 1)! + 1 = pk

for some integer k ≥ 1.
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Then

1 · 2 · 3 . . . (p − 2) = pk−1 + pk−2 + . . . + p + 1

= pk−1 − 3pk−2 + 4pk−2 − . . . +
3k − 1

2
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CONCLUSION: If (p − 1)! + 1 = pk, then

1 · 2 · 3 . . . (p − 2) = pk−1 + pk−2 + . . . + p + 1.
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= pk−1 − 3pk−2 + 4pk−2 − . . . +
3k − 1

2
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Then

1 · 2 · 3 . . . (p − 2) = pk−1 + pk−2 + . . . + p + 1

= pk−1 − 3pk−2 + 4pk−2 − . . . +
3k − 1

2
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CONCLUSION: If (p−1)!+1 = pk, then
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2
is divisible
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CONCLUSION: If (p−1)!+1 = pk, then 2k−1 is divisible

by p − 2.
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LEMMA: If (p − 1)! + 1 = pk, then

mk − 1

m − 1
is divisible by p − m

for any m = 2, 3, . . . , p − 2.

PROOF: Rewrite (p − 1)! + 1 = pk, as (p − 1!) = pk − 1,

then

(p − 1)! = (p − 1)(pk−1 + pk−2 + . . . + p + 1),

therefore

(p − 2)! = pk−1 + pk−2 + . . . + p + 1.



For any natural m > 1 we have

pk−1 + pk−2 + . . . + p + 1

= pk−1 − mpk−2 + (m + 1)pk−2

−m(m2 − 1)

m − 1
pk−3 +

(
m(m2 − 1)

m − 1
+ 1

)
pk−3

−m(m3 − 1)

m − 1
pk−4 + . . .

+

(
m(mk−2 − 1)

m − 1
+ 1

)
p − m(mk−1 − 1)

m − 1

+
m(mk−1 − 1)

m − 1
+ 1



= pk−2(p − m) + pk−3(m + 1)(p − m)

+pk−4

(
m(m2 − 1)

m − 1
+ 1

)
(p − m)

+ . . . +

+p

(
m(mk−2 − 1)

m − 1
+ 1

)
(p − m)

+
mk − 1

m − 1
.
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(
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m − 1
+ 1

)
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+ . . . +
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(
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m − 1
+ 1
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+
mk − 1

m − 1
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(
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m − 1
+ 1

)
(p − m)

+ . . . +

+p

(
m(mk−2 − 1)

m − 1
+ 1

)
(p − m)

+
mk − 1

m − 1
.

(p − 2)! = pk−1 + pk−2 + . . . + p + 1.



(p − 2)!

= pk−2(p − m) + pk−3(m + 1)(p − m)

+pk−4

(
m(m2 − 1)

m − 1
+ 1

)
(p − m)

+ . . . +

+p

(
m(mk−2 − 1)

m − 1
+ 1

)
(p − m)

+
mk − 1

m − 1
.
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(2 − 1)! + 1 = 2

(3 − 1)! + 1 = 3

(5 − 1)! + 1 = 52

(7 − 1)! + 1 = 7 · 103

(11 − 1)! + 1 = 11 · 329891

(13 − 1)! + 1 = 132 · 2834329

(17 − 1)! + 1 = 17 · 61 · 137 · 139 · 1059511
(19 − 1)! + 1 = 19 · 23 · 29 · 61 · 67 · 123610951

(23 − 1)! + 1 = 23 · 521 · 93799610095769647

(29 − 1)! + 1 = 29 · 10513391193507374500051862069

(31 − 1)! + 1 = 31 · 12421 · 82561 · 1080941 · 7719068319927551

(37 − 1)! + 1 = 37 · 83 · 739 · 1483 · 165202043 · 669043459524628666916941

(41 − 1)! + 1 = 41 · 59 · 277 · 217823 · 16558103 · 142410167827 · 2370686450613664429

(43 − 1)! + 1 = 43 · 70552493296669 · 463124113000222170026612414799459103

(47 − 1)! + 1 = 47 · 268662306503771535067 · 435777793891607546778854755077304349



Problem: Show that if p is a prime with p ≥ 17, then

(p − 1)! + 1

has at least three different prime divisors.
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Problem: Show that if p is a prime with p ≥ 17, then

(p − 1)! + 1 6= pkq`

for all integers k, ` ≥ 1.


