Renermalizatiou ol Hawmiltounian flows

avd crihical iwvarant dor:
C H. Koch )

* intreductiov

o formal defiuition of R

¢ near-ivtegralie Hawiltewiaus

® covnechion with uwmu-ﬂus wayps

® worwal form: vesenaut Hawiltouions
* a wou-+rivial RG {ixed peiut

® ow critical tnvariant dor
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CollaBorators ew closely velated probleuns
J.J.ABad | R Wittwer

Otlher related worlk

® perturBative revorwmali 2etiow

(( Eliassen ) , Telduau , Trulowit?  Gallanoth , Cloerchia,
TFalesliui , Ecalle | Valet, Geulile, Maghvopictys ... )

¢ revorwaalization a la QFT
( Bricwont, Gawedzki , Kupigiveu Scheuke( ... )

* comwuting maps
(KWM#J Shenker  MacKeay, Morrisou , e, Stituemann )

® opprox. renermalization of Howiltouians

{ Escande, Doveil, Jausliv, Goviu, Chaudve
Bewfatto, Cellet; | ... )

® revorwalization of terus Llowms

( 1. lopes Dias )

See refecevces A mp.arc 02-43S



Covaider wainly avalytic H's
Heq,p) , q¢ T", pe B
F={FH]=GF UH-GH-YF
g="H
p=-VgH

oud closed irCH'S,

or iwvariaut w-tori cewfered at p=0"

r: T fo} — T4 e
étﬁf = [ f:
lwiegratle exawnple

Hig,p) = wo-p + h(p) Dh(sd =0
§:(9,a) =(g¢¢u,0)
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§,P'd? =0
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Phevomeva wonsidered are ‘wvariavt under

9, v dravsdermatious that do wet .-:laamcf.
(direchion o ) rotation \ru-'i-ur&J stability y oo

Cousidering ouly
® scoling of the ewergy Cor 4iwe)
H— ?H'E (EHEC:nu.i‘f(’.>

® scaling of the actiow varalles
H H/['H(.,/u.)

¢ cavovical trausformatiovs howotepic to Id
H > He l,

Us 1 €q,p) ™ 9+ Q, p+ P) dlefived iwplicitly

Q{Q.P) s vP 4’(9;?* P(9r P>)
P(Q,P) = PQ 4(9: Pt chi' P))
I ¢ is swall +hen

Held, = H+ {H,$T + swan®

(periedic u q )



Other cancuical fravsfermatious cau chonge
(direction of ) rotatioun vectors . Counsider

?(q’n) = (Tq ’ (T*J_‘P) T llwear ...

Correspondevce

orlit of H with retation vector w
—n—  Hel" —— T W

Govsider anly iufeger dxd watrices T with

® det(T) =24
® oune expanding eigewv.: Tw=dw , V>4

® d-1 contracting @iqevvalues

Exawple ! qoldev wmeaw

T=[35], wetg,0), o= 52
[$]=[31-[31=(3]- ...
£,%i 031,35, =9



R(H)= Hoe T~ (maed g)

Cloose au apprapriate™ uorwal farua

"Z/ orbit n-p H
ander ¢

™.
- p——— — I \f-
H -
-.Jﬁw‘

Hava/

P = . = wmnTn WS -

H= R(K) R(H)

L. projechon outo resonaut subspace

oppropriate !

® R is e hyperBelic dynamical syslew ow I '8

¢ Hhe numlerof expawding direction
15 finite , aud as Swmall as possille



a(H)’ H"T U,s“u E

Hf
ey
L @, (Ta, p(TVp)  poo
Uy ¢ rough vormalization

sawme for all H's in a small n’hood
2 Id for analys's of near-integratie H's

U, : fiwal nermalizetion
=Upelyo... 4 small, non-resonant

eliminates nev-resenant modes
I(n-u,)=o0

I=I-I1" projection onfo non-rescnant sulspace

(pré'.dﬁe defiurtiouns Ia.-\-Er)



Theorem: |f .., then near H¢q,p) = wep,
JU is well defined owd analyfic awd ...

L e, .

WL' B H(., .-4)

dim d it H is non-degenerate

Applicetion 4 : invariant W-torus
= VoeVie Ve ..

H, = R"(H)
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Application 2 ( with 1.]. A%ad )

Consider H's evewn uwder q~-q.
Fix w vear w with w;/w. retional .
Defive a mavifold & such that H's ow

.= R"(2n8a)
have o closed orlit ¥, witle frequency
vecror proportional 4o W,z T 'w

[heorem: [§ ... +hen

W, BHrHg=H(.,.~)
L
s . - W
P Hn Hﬂ.’

- Ldn| ¥ )-Ta)| = dnla,l + OCE)
/'

274 larqest eigenvalue of DR(H®)



Tor T= ::.'J (1,,___ N-hh:h-t )
expecting

dim { codim 1 cadim 2
)
smoeth -
P— +raﬂ"5 !A‘H.ﬂlplﬁ -hg.mg c—f’l""ﬁt
Ap L w torus

w=(1, 7)
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Connection with commuting waps .

Let T'w's duw/, wiw=d, Assuwe
w' VPH = 4 ( r.o"-c? s "tme" )
Cousider ouly coord. changes leaving w'q iuvar,
J
R(H)'-'-;H‘A A=z TolsU
Defive

¥, = fﬂ.m; o V(2rd,) k=13,.. 4
-

Theorem : Assume H diffsle , A diffeo, on T% R"
Then F.'s commute with eack ether, aud
lmc f(q,p)i H-'(n) mf-q-‘la} tavariawt.

I H R(H) avd ... thew

a - '1 ;ik ;;Tz'k'...“ ;:7},;:,/\

q- +ravslations
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"ﬁ"om nouw ewn
- [et VEed
T-[ii} 3 ".= 2
d

U-‘-""(#-‘: '1-), llﬁ'= const ) s.t. Wrws 4
N=2(L-9) R'zconstN st Aoasg

Dowsin Dy awnd space B,
De: Imw'g:zo, [ImNegles, , lapl<s,
Higp = wpt & b, cos(.4) (2p)
Ihil, = é [b, [ cosh(, A-v) S,

Notice

® vo decay of coeff's \n direetions where
WYt with v and k Touuded

(Hs caw te rouql iu direction of -ﬂow)
® k= h#; is Bowded from 3,. o B,
if uls o™
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Solve I (HoU,)=0 iteretively:
M= H,_""f; R I-H,_= o, 'F.t small
First step (¢, swall)

H'U,;, = H;*fj_*{”;l ; + imﬁﬂ!
"_"'"'_'V""""""""

Seluve I('A_"’f”z,ﬂi) =0 (EW/:O)
'/ =[IfI-.9(#'H )]-}-fz t=ow %

9

Dby = Lot b)Y o - (a0, ) S ]I
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Require
() D(h,) Touwnded , op=vorwm < 1
(2) fuvnehous in I +~B_, analyfic
Defive

I*: jwv|£CIRY| or |wvlckk

(I+A)(q,p)= %E* h” cos(v-q)(Jz-p)"

Thew
- Jt-
(4) on I | ;fg and ;;E; are Bounded

I!S(h)lif- IR Wi, + ”.Q Zhl,

( m#s of I 'h decrease erpwthhtﬂy
in L' , if WY > 2o dhen [V|os or koo
spm{.u!ly, if ®'2(e,+66,e"¢,) then

Elw-v/

cosh (8, 2-9)(8!)" 3 const @°' eosh(£,29) &*

(vk)eI”



(SH)(g,p) = cuH (g, p/cu)
LCH =9u;'HoT,, oUs,,
N(H)=Ho Uy,

where c;; = 2hg 2 and p, = 93,

R=NoLocS

Theorem. There exrists an even real resonant Fourier-
Taylor polynomaial hy , an odd real Fourier-Taylor poly-
nomial @g , and a choice of the parameters o, Kk, p, such
that R defines a compact analytic map, from some open
netghborhood B of H1 = Hg+ hy n B:J , to the resonant
subspace of BL. Thts map R has a unique fired point
H, in B, which s real analytic, and non-triwmal, in the

sense that ¢y, > 1 (cy, = 1.024332969 .. .).

#
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Tor a (computer-assisted ) proef |
cousider au epprox, Newton wmep AL |

Mh) = h+ R(H+Mh) =CHy+ Mh)
{ )
Mx I-DRCHL)

ovd show that M coutracls « Ball Blr) ...

Prollem: e@stimativg OM as usual”
1S comnputatiovally probiBitive

Cure: perturbation theory about Hy
(mcdudeg Ahe wie o U¢ﬂ )

Atlive approximetion W of W': HP Hell,
CAZRYSEIRY AEAT KL TS
defives au approximete RG
Ry=wpodof
Evpecting W-W, aud R-R, of erder r?



s

Def ive
PlH,, ) = LlHgr£)- PlHg)- DLy §
R Wy, £)= DN (Hy) £ FlHy, £
Thew
M k)= (RylHg)-H, ) (@)
«[I-CI- DR, ()M ] b (%)
+ f(H; , Hh)-f( R= Ay )(Hf!-Hh) ()

To gt M B(r) O . show

&) Ri(H)-Hy; of vorm £ <cr

(8) (...] has op-norm K< 4
¢ IRCI(R-RUIM, & Cr® with ...

To get cowtraction
ertewd Bound Ce) v Bl2r)

Cauchy =» derivatives of uou-livear ferms
Bowuded Ty Cr ow B(lr)
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Chose
& =095cet , k= Glo¢
$=(0.95,0.25), S">¢
re 3e40't
Esfimated
€ = | RelH)-Hy .. (<457"*)
K=II-(K-0R (4 )M, (<o.54)
K= Il RCHg, M) I, heBW) ns g2
Ko = IR-RXHeM .  heBlor) wes2
Verified
e+ KreketKer  KelKy+Ki)/r ¢ 4
ete,

= order of eperators iu R chosen carefully
(e.;g. Couwtractiow wear th:um‘ug)

= wauy "higher order” terws

- variable "degrees"

- ophwized £irst S Nasl,-Moser steps

- parallelized W positiou ecshwates

- W sm?+¢‘4iug betweenw FPU wedes
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Cridical doci ¢
( applies not ouly to qolden weauv | Tut .. )

cowsider H=H,
%H"A"H A'q;..‘ui,: UH:
Thew

Ao, =8, °A (#)

¥ H hes aw invariaut w=-torus /7
Heu (#) avd techmical assumptious iwmply that

/A\° [e T-"
1S also en iwvariout wo-torus for H.
Thus , i unigue ,

MF=pAeled?
Noete: I A has o éixed poivd x , then

A(ft(”) = f?}f (x)  —> ihvariaut mavifold
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Couvun\y R

Theorewe: Assume i T rfod = D¢ is
continuows, “adwissitle ', aud satisfies
=Ae[e Pt €]
() |4 the denvahve of A at x= (o) hes
exactly one nou-coutracting directiow
aud if ¢t [(tw,0) is €%,
thewn M is au iwvoriaut w-torus for H.
(V) If iv addition -0 i wot eu eqenvalue
of DA(x), then I is uet C*,

Proof : Use that [ waps the uusiatle
wonifold of J” at O o the uusiatle
weanifeld of A at x .

LI L

Nexd QOGJ ' Solve (%) eud check coudih'ous
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Equatioun (%) is equiv. o )=,
FC) =2 Ao[lo =1

/ = ;‘n/},a(pr)u]-.?""

r-I U-I  UsUyol, =l oA

Crucial : U=(fr,.) aud ¥T=(sA,..)

have zero cowpovend
iu the expawnding directiou of 7;.

—» Get cowtraction in a space A,
1, = Z1%) e el ))

with suff. swall rro0.

S'h.r-l-ius with aw approX. selutiew 3.
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bouuds ou A aud !
that hold uuwerically
aud seeuw provable
(W the golder weau case

Theorew: & ... then F has o fixed

S

poiut ¥, iu A, wear F", aund this
fired point defives au juvariaus
w-terus [, 3T+, for H,.

¢ in addition -2 s wet au eiqenvolue
of DA(F(e), thew ¥ is wet €2,

as



