Math 328K. Fall 2025
Some solutions to Homework # 3

Prof. Hector E. Lomeli

Problem 1. a) Let k£ € Z. We notice that the term by — 1 can be written as
br — 1 = 3k? = 3k = 3(k*> = k).

We know that k2 — k is divisible by 2. Then, there exists £ such that k? — k = 2¢. This implies that
by, =3 -2¢ = 6. We conclude that 6 | by — 1.

Problem 1. b) We notice that
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Each term in the sum Z (by — 1) is divisible by 6. Therefore, the sum is divisible by 6 and there exists

k=1
an integer g such that

Z(bk ~1) = 6q.
k=1
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We also have that Z 1 = n. We conclude that there exists an integer g such that Z by = 6q + n.
k=1 k=1

Problem 1. ¢) We notice that the term by, is of the form by = ax — ax_;, where a; = k3. Therefore, the sum
is telescoping. We get that
n
Zbk :an—ao=n3.
k=1

Using part b), we get that n® = 6¢ + n and therefore 6 divides n° — n.

§1.5. Exercise 23. Let a € Z and b € N. Using the division algorithm (also known as Quotient-Remainder
Theorem or QRT), we know that there exists two integers g, r such that

a=qgb+r, 0<r<b.

We will consider two cases: b ){ aand b | a.



. Ifb)(a, we have r > 0. Then
—a=-gb—-r=—(g+1)b+(b-r).

Given that 0 < r < b, we conclude that 0 < b — r < b. Then the numbers ¢’ = —(¢ + 1) and
r’ = b — r satisfy the conditions of the QRT, when we divide —a by b. We conclude that they are
the quotient and remainder of dividing —a by b.

e If b | a, we have r = 0. Then
—a=-gb—-r=(—q)b+0.

The numbers ¢’ = —¢g and r’ = 0 satisfy the conditions of the QRT, when we divide —a by b. We
conclude that they are the quotient and remainder of dividing —a by b.

§1.5. Exercise 38. Let n be an odd integer. It is of the form n = 2¢ + 1, for some ¢ € Z. This implies that
=40+ 40+ 1 =42+ 0) + 1.

In class, we saw that we always have 2 | £% + ¢. Then, there exists k € Z such that % + ¢ = 2k. After
substitution, we conclude that n? = 8k + 1.

§3.1. Exercise 6. Solution 1. We can write the statement using quantifiers. We need to prove the following
universal conditional.
(Vn € Z)(n® + 1is prime — n = 1).

Let n € Z be an arbitrarily chosen integer. We assume that n> + 1 is prime. We will show that n = 1.

Given that n® + 1 is prime, we get that n° + 1 > 1. This implies that n*> > 0 and therefore n > 0. We
notice that n° + 1 can be factored in the following way

PHl=m+Dw>-n+1).

We know that n > 0, so we have thatn+ 1 > 1. Then n + 1 is a positive divisor of n3 + 1, that is different
from 1. Given that n® + 1 is prime, the only possibility is that n + 1 = n> + 1. From this, we conclude
that n3 —n = 0.

There are only three solutions to the equation 7’

conclude that n = 1.

—n =0, namely n = —1,0,1. Given that n > 0 we

§3.1. Exercise 6. Solution 2. We can write the statement using quantifiers. We need to prove the following
universal conditional.
(Vn e Z)(n # 1 — n’ + 1 is not prime ).

Let n € Z be an arbitrarily chosen integer. We assume that n # 1. We will show that n* + 1 is not prime.

Given that n # 1, we have two cases: n < 0,n > 1.

s Ifn < 0, then n® < 0 and therefore n® + 1 < 1. We know that any prime is at least 2, so the number
n® + 1 is not a prime.

o In the second case, we assume that n > 1. We notice that n> + 1 can be factored in the following
way
P+l=m+Dn>-n+1).

We know that n > 0, so we have that n + 1 > 1. Then n + 1 is a divisor of n> + 1, that satisfies
n+1 > 1. We also have that n(n — 1) > 0 and this implies that (n> —n + 1) > 1. This implies that
n® + 1 is composite, and not a prime.



§3.1. Exercise 14. The assumption is that there exists an integer ng such that the prime p is of the form
p = 3np + 1. We will show that there exists an integer n; such that p = 6n; + 1.

We claim that 2 | no. By way of contradiction, suppose that 2 )( no. Then there exists an integer k such
that ny = 2k + 1. This implies that

p=3ng+1=6k+4=23k+2).

This implies that 2|p. Given that p is prime, p = 2 and 3k + 2 = 1. We conclude that 1 = -3k and
hence 3 | 1. This is a contradiction. We conclude that 2 | no.

Then there exists an integer n; such that ny = 2n;. After substitution, p = 3ng+1 = 3(2n;)+1 = 6n;+1.

§3.3. Exercise 9. We define d = (a,b) and e = |c|d. We will show that e = (ca, cb). In order to prove this,
we will show that e is the greatest common divisor of ca and cb. This is, e satisfies:

a) e|caande|ch.

b) If x is a positive integer such that x | @ and x | b, then x < e.

Let p, g € Z be two integers such that a = pd and b = gd. Then ca = pcd and ¢b = g cd. Now the
only potential difference between ¢ and |c| is a sign. Therefore, we can find integers p’, ¢’ € Z such that
ca=p'|cld=p' eand chb = q’ |c|d = q' e. This shows that e | ca and e | cb.

Let x be a positive integer that divides both ca and cb. From Bezout’s theorem, we know that there
exist integers m, n such that
ma+nb=d.

This implies that
m(ca)+n(ch) = cd.

As before, we notice that the only potential difference between ¢ and |c| is a sign. Therefore, we can
find integers m’, n’ € Z such that

m’ (ca) +n’ (cb) = |c|ld = e.

Given that x divides ca and cb, we conclude that x|e. By assumption, both x and e are positive and this
implies that x < e. This shows that e is the greatest common divisor of ca and cb.

§3.3. Exercise 10. We know that (a, b) = 1. This implies that (a,a + b) = 1. Let dy = (a — b, a + b). We will
show that dy = 1 or dy = 2. By Bezout’s theorem, we can find integers m, n such that

ma+n(a+b)=1.
We also have that dy > 0 and
dy=(a-b,a+b)=(a-b)+(a+b),a+b)=2aa+Db).
Using the linear combination above, we find that
m(2a) +2n(a+b) = 2.

We know that dy | 2a and dy | (a + b). Therefore, dj | 2 and this implies that either dy = 1 or dy = 2.



§3.3. Exercise 11. We know that (a, b) = 1. This implies that (a,a + b) = 1. Let d; = (a”® + b*, a + b). We
will show that d; = 1 or d; = 2.

As is the previous problem, we can find integers m, n such that
ma+n(a+b)=1.
Define, also as in the previous problem, dy = (2a, a + b). We simplify the expression for d; and get that
dy = (@*+ % a+b)=(a*>+b*+(a—-b)a+b),a+b)=(2a% a+b).
Using the linear combination above, we find that
m(2a®) + 2an (a + b) = 2a.

We know that d; | 2a® and d; | (a + b). Therefore, d; | 2a and this implies that 1 < d; < dj because dj is
the greatest common divisor of 2a and a + b. But dy < 2 and this implies that either d; = 1 or d; = 2.

§3.3. Exercise 14. Solution 1. Given that (@, b) = 1, we can find integers m, n such that
ma+nb=1.
The condition ¢ | a + b implies that there exists an integer g such that a + b = gc. From this, we get
(m —n)a + (ng)c =1, (mg)c +(n—m)b = 1.
This implies that (a,¢) = 1, and (b,c) = 1.
§3.3. Exercise 14. Solution 2. The condition ¢ | a + b implies that there exists an integer g such that

a+b=gqc. Letdy = (a,c)and d| = (b,c).

We have that dj is a positive integer such that dy | a, dy | c. Therefore, dy divides any linear combination
of a and c. In particular, this implies that dy | (—a + gc) = b.

We conclude that d is a positive common divisor of a and b. However, a and b are relatively prime, so
the only possibility is that dy = 1. In the same way, we prove that d; = 1.
§3.3. Exercise 14. Solution 3. Let dy = (a,c) and d| = (b, ¢).

We know that dyp > 1. By way of contradiction, suppose that dy > 1. Then dy | a and dj | c. We know
that ¢ | a+ b, sod | a + b. This also implies that d | (a+b)—a=bh.

The statements above imply that there exists a common divisor dy of a and b that satisfies dy > 1. This
contradicts that a and b are relatively prime. We conclude that dy = 1.

In the same way, we prove that d; = 1.



§3.3. Exercise 16. a) Given that (a, b) = 1, we can find integers m1, n; such that
ma+n b=1.

In the same way, using that (a, ¢) = 1, we can find integers m;, n, such that
ma+nyc=1.

From this, we find that
mb=1-ma, mc=1-ma.

Multiplying, (n; b)(na ¢) = (1 = my a)(1 —mya) = 1 + (mymy a — my — my) a. This implies that
moa+ ngbc = 1.

where my = m| + my — mymy a, and ng = nj ny. We conclude that (a, bc) = 1.
Problem 10. a) It is clear that (a + 2b,b) = (a, b) = 1.
Problem 10. b) Using part a), we can find integers m, n such that

m(a+2b)+nb=1.
We simplify the expression for dy and get that
dy = (a+2b,4a + 3b) = (a + 2b,(4a + 3b) — 4(a + 2b)) = (a + 2b,-5b).
Using the linear combination above, we find that
Sm(a +2b) + (-n) (=5b) = 5.

By definition, we know that dj | a+2band dy | —5b. Therefore, dy | 5. Given that dy > 0, we conclude
thatdy = 1 ordy = 5.



