1. Linear equations
If we have the equation

dy
dt

we can use the integrating factor

w(t) =exp (/a(t) dt) ,

to get the equation

+a(t)y = b(),

d
= (u(@)y (@) = u(@®)b(t).

2. Separable equations
d t
If we have the equation d _ 80

. e f(y’
then y(¢) satisfies

[roay = [ ewar+c

where C is a constant.

3. Exact equations
If we have the equation

dy
M(ta y) +N(t9 y)E :()9

and 0M /0y = ON/ot, then we can find ¢
such that
0
_¢ =M
ot

o
9% _ N
Oy

In that case, y satisfies ¢ (¢, y(¢)) = C,
where C is a constant.

E

4. The Wronskian

The Wronskian of two functions y; and y;
is the function

yi) y2(t)
W) = Wiy, »1@) =
yi(®)  y5()

If y; and y; are two solutions of

Y’ + p(t)y' + q()y = 0, then the Wrons-
kian W () = Wly1, y2](¢) satisfies the li-
near equation

W' @)+ p@&)W(r) = 0.
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The Wronskian of two solutions of a
second-order equation is always zero or ne-
Ver zero.

5. Linear equation with
constant coefficients

IfLlyl=ay' +by +cy=0
has constant coefficients, the characteristic
equation is ar> 4+ br + ¢ = 0. The discrimi-
nant of the equation is D = b? — 4ac.

6. Two real roots case

If D > O the characteristic equation has
two real roots r; and rp. The differential
equation has a fundamental set of solutions
of the form {y1, y»}, where

yi(t) =e", y2(1) = €',

The wronskian is W (t) = (rp — r1)e1+72)",

7. Complex roots

If D < O the characteristic equation has
two complex roots a + i and a — iff. The
differential equation has a fundamental set
of solutions of the form {y1, y»}, where

y2(t) = e*' sin fit.

The wronskian is W () = fe2*’.

y1(t) = e™ cos pt,

8. Repeated root case

If D = 0 the characteristic equation has
one repeated root equal to r = —b/2a. The
differential equation has a fundamental set
of solutions of the form {y;, y»}, where

yi(t) =€ y(t) =te.

The wronskianis W (¢) = e,

9. Variation of parameters

Given the non-homogeneous equation
L[y] = g(t), we can find a particular solu-
tion W (¢) of the form

Y1) = ur(@®)y1(1) + ua(0)y2(1),

where {y|(¢), y2(¢)} is a fundamental set
of solutions of the homogeneous equation
L[y] = 0. The functions u(¢), uy(t) satisfy
the equations

) = —2208(0)
G0 = B0
(1) = y1(H)g()

Wiy, y21()

10. Guessing method

Given the non-homogeneous equation
L[y] = g(t), we can guess the form of a par-
ticular solution W (¢), in the following cases.

1. If g(t) = P(t), where P(t) is a
polynomial of degree n, then

Y1) =1 [Ag+ At + -+ Apt"],

where s is the number of times r = 0
is a root of the characteristic equation.

2. If g(t) = P(t)e™, where P(t) is a
polynomial of degree n, then

(1) =t [Ag+Art+- -+ Apt" ] e,

where s is the number of times r = a
is a root of the characteristic equation.

3. If P(r) is a polynomial of degree
n, and g(t) = P(t)e* cos(Bt) or
g(t) = P(t) e sin(Bt), then ¥(¢) =

1’ |:(A0+A1t+~ FApt") e cos(Br)

+(Bo+Bit+---+Byt") e sin(ﬂt)i|

where s is the number of times
r =a 41 f is aroot of the
characteristic equation.



11. Linear system

A linear system is an equation of the form x = Ax,
where A is an n X n matrix.

12. Eigenvectors

An eigenvector of an n x n matrix A is a vector v such that v # 0
and Av = Av, where 4 is a scalar that we will call an eigenva-
lIue. If 4 is an eigenvalue of A, then any non-trivial solution v of
(A — AI)v = 0 is an eigenvector.

13. Characteristic polynomial

= The set of all eigenvalues is equal to the roots of the following
degree-n polynomial: p4 (1) = det(A — A1).

If Ais 2 x 2, then ps(4) = A% — tr(A) A + det(A).

= The coefficient of A" is (—1)". The constant coefficient is
det(A). This is, pa (1) = (—=1)"A" + - -+ + det(A).

14. Real eigenvalues, all different

If pa (1) has n different real roots A1, ..
independent eigenvectors vy, .
tion of X = Ax is

., An, then A has n linearly
.., Vy. In that case, the general solu-

x(1) = Cix' (1) + - + Cax" (1),

where the solutions {x!(r),...,x"()} are a basis of the form
xk (1) = el

15. Complex roots

If pa(4) has a complex root of the form A = a + i, then A has
an eigenvector of the form v = r + is, where r % 0, and s # 0.
In addition, this generates the following two linearly independent
solutions of the linear problem x = Ax.

e (cos(Br)r — sin(B1)s),
e (sin(Br)r + cos(fr)s).

x'() =
X2(1) =

16. 2 x 2 case

If Ais 2 x 2, we have formulas for the solution x(¢) of the initial
value problem x = Ax, with x(0) = %0,

= If A has two real eigenvalues 41, 47, then

x(1) = /111/12 (e'llth — eﬂthl)XO,
where Mi = A— A1 I,and M, = A — 1 1.

= If A has a complex eigenvalue o + iff, then

sin(Bt)
B

x(t) = e™ (COS(,B[)I + (A - al)) x’.

= If A has a repeated eigenvalue 1, then

x(7) = e (I +t(A— i[))xo.

17. Exponential matrix

If A is a square matrix, we define the exponential ¢’ of the matrix
t A in the following way:

1A 2oy sty o

where [ is the identity matrix of dimension n, and Ak is the product
of A with itself k—times. The exponential satisfies
d

_etA — Ae'A =etA A.
dt

18.

The function x(¢) = e

Initial Value Problem
tA

x? solves X = Ax, x(0) = x°.
19. Exponential matrix formula

Let A be n x n. If ®(¢) is a fundamental matrix of solutions for
the system x = AX, then the exponential satisfies

e =00 0)!.

20. Generalized eigenvectors

If an eigenvalue 4 of a square matrix A has multiplicity m, then
any vector v # 0 that satisfies (A — A1)"™v = 0 is a generalized ei-
genvector. In that case, there are m linearly independent generalized
eigenvectors.

21. Repeated roots
If an eigenvalue A of a square matrix A has multiplicity m and
Vi, ..., Vy are linearly independent generalized eigenvectors then,

for each v;, the following is a solution to the linear system x = Ax.

m—1

xf(z)ze“(1+z(A—u)+~-~+ '(A—/Il)m_l)vi.

(m —1)

Using the formula above, we can construct m different solutions
x!(t), ..., X" (¢) that are linearly independent.

22. Heat equation
ou 0%

P =a pyeR u(,t) =u(L,t) =0,

u(x,0) = f(x).

23. Solution to the Heat equation

The heat equation has the solution

o0
2 . (nT
u(x,t) = ZC,, e~ % nlgin (Tx) ,
n=1

where A, = n?z?/L*. Att =0,

d . (T
u(x,0) = HZZ;Cn sin (Tx) = f(x),

2 L
where C, = Z/o f(x)sin (%x) dx.



