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Lecture 1

QUANTITATIVE ISOPERIMETRY , IMPROVED convergence

& 180PERIMETRIC RESIDUES

→



QUANTITATIVE ISOPERCMETRY

150 PERIMETRIC PROBLEM

Kisor)=mf{PIE) : IEl=v} v70 Given

IE /=L
"

(E) = VOLUME OF E

PCE )=ÑÉ0E) = perimeter of E



QUANTITATIVE ISOPERCMETRY

150 PERIMETRIC PROBLEM Kisor)=mf{PIE) : IE / =V} V70 Given

IE /=L
"

(E) = VOLUME OF E

PCE )=ÑÉ0E) = perimeter of E

150 PERIMETRIC IN eduAUTY

PCE)≥ hath" /El# WITH = IFF E=BrK)

wn= / Be /

hunk /El = PERIMETER BAU OF VOLUME IEI
.

⇒ Hisao)=nw%v¥
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QUANTITATIVE ISOPERCMETRY

150 PERIMETRIC inerrant PCE)≥ hath" /El WITH = IFF E=BrK)

QUANTITATIVE ISOP . IF P(E) = (1+0) nwnᵗ4El¥
,

THEN
,

HOW FAR IS E FROM Brcx) IN TERMS OF 8 ?
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⑤ IEOBRK) /?⃝ Br k



QUANTITATIVE ISOPERCMETRY

150 PERIMETRIC inerrant PCE)≥ hath" /El WITH = IFF E=BrK)

QUANTITATIVE ISOP . IF P(E) = (1+0) nwnᵗ4El¥
,

THEN
,

HOW FAR IS E FROM Brcx) IN TERMS of 8 ?

THMCF0S0M.PRATelti0578zccniigfypn4E0yByKl_Y@s.T. 1171--1+-1 .) .

CHOICE@FR TO MINIMIZE

IEOBRK) /?⃝ Br
ER small E2Re< ER

RMK when n≥3 LARGE DIAMETER WITH EI

SMALL Perimeter & volume
ÉÉ:;;
-

-
'

#



AN APPLICATION OF QUANT . I SOP .

CAPILLARITY - TYPE ENERGY : DATES BACK TO GAUSS ~ 1820

UNDER A VOWME CONSTRAINT ON EEIR
"

CONSIDER MINIMUMS
,
LOCAL MINI MIERS & CRITICAL POINTS OF

7- (E) = r P (E) + Segunda = SURFACE TENSION ENERGY
g

+ POTENTIALENERGY

870 SURFACE TENSION giÑ→ IR POTENTIAL eneeoiy

CONSTANT DENSITY

(FROM THE START
,
5=1) E.G. GCN) =p Gorn if n=3



AN APPLICATION OF QUANT . I SOP .

CAPILLARITY - TYPE ENERGY : 7- (E) =P (E) + fEgcx)dxg

ARCHETYPICAL DROPLET PROBLEM Igor)=mf{ 9- (E) : IEI = v3 v70 GIVEN
g.

CAPILLARITY REGIME IF N IS SMAU THEN

PIE )≈N DOMINATES SEg≈V
& so Ight) ≈ Iight)

IN PARTICULAR we expect

E≈Brbe) IF E MINIMIZER OF Igor) , VSMAU

p



AN APPLICATION OF QUANT . ISOP .

CAPILLARITY - TYPE ENERGY : 7- (E) =P (E) + fEgcx)dxg

ARCHETYPICAL DROPLET PROBLEM Igor)=mf{ 9- (E) : IEl=v} v70 GIVEN
g.

CAPILLARITY REGIME IF N IS small we expect

E≈Brbe) IF E MINIMIZER OF Igor)

TEST FOR r S
-
T
.
V= /Brl

,
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,
)=ccnsV¥

PCE) + Seg ≤

PCBrt-fgg.gg



AN APPLICATION OF QUANT . I SOP .

CAPILLARITY - TYPE ENERGY : 7- (E) =P (E) + fEgcx)dxg

ARCHETYPICAL DROPLET PROBLEM Igor)=mf{ 9- (E) : IEI = v3 v70 GIVEN
g.

CAPILLARITY REGIME IF N Is small we expect
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-
T
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,
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AN APPLICATION OF QUANT . I SOP .

CAPILLARITY - TYPE ENERGY : 7- (E) =P (E) + fEgcx)dxg

ARCHETYPICAL DROPLET PROBLEM Igor)=mf{ 9- (E) : IEI = v3 v70 GIVEN
g.

CAPILLARITY REGIME IF N Is small we expect

E≈Brta) IF E MINIMIZER OF Igor)

TEST FOR r S
-
T
.
V= /Brl

,
WenAve PCBs)=ccnsV¥

PCE) -PCBR)≤ Sprog - Seg
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AN APPLICATION OF QUANT . I SOP .

CAPILLARITY - TYPE ENERGY : 7- (E) =P (E) + fEgcx)dxg

ARCHETYPICAL DROPLET PROBLEM Igor)=mf { 9- (E) : IEI = v3 v70 GIVEN
g.

CAPILLARITY REGIME IF N IS small we expect

E≈Brta) IF E MINIMIZER OF Igor)

TEST FOR r S
-
T
.
V= /Brl

,
WenAve PCBs)=ccnsV¥

e'" ( i;rn¥¥'[ ≤ dish ) ≤cnn.BE?-=ccngsvhninflE0-Br1e-CCncg)vkn
• ✗c-IRN IEI



A MINIMIZER E OF
"
"

"
"

÷
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÷
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"
"
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PIE) + Seg WITH

a- IEI SMALL is =

hEg"g⇔⇔.

Close IN VOWME To Bru)
-

-=-----⇔-⇔
(Chuckie

- -

UURLY NON- OPTIMAL !
'
'
ice
-

↓
l - e - e - e e e - ,

É
"
REPLACING TENTACLES

WITH BUMPS
"

Brix)
(e--

-

-



REPLACING
_

TENTACLES WITH BUMPS IN 1133

÷⇒÷÷
.

- - - - -

-- - -

Dvd ≈ - Ti EZR + IT d2h =D ⇒ h= EM/d2≈ER (d-e)

☐ Per ≈ - LITER + Tld?F+(hÑ2 _ ñd2 ≈ - ER-1 E4R2

%Éz ≈ ER (-1+2)<0 .

( CRC 1)



ELABORATING ON THE TENTACLES VS BUMPS

IDEA. _ .

A MINIMIZER E OF PIE) + Seg WITH

A- IEI SMALL is close
.

IN VOWME To Bru) THEREFORE
Brix)

E IS close To Brca) IN ch

g



A MINIMIZER E OF PIE) + Seg WITH

A- IEI SMALL is close
.

" """ " "" """"" ①E

E IS Close To Brca) IN ch

OE = { ytuiy)VBr⇔cy) : y c-0%4 } Brix)

I /UH
chopping )

SMALL IN TERMS OF N

THM (FIGAULM ' 10) C- Close & CONVEXITY NOTATION : VF OUTER UMT

NORMAL TO F

EXAMPLE OF IMPROVED CONVERGENCE



A MINIMIZER E OF PIE) + Seg WITH

A- IEI SMALL is close

" """ " "" ""

"

""" ①E

E IS Close To Brca) IN ch

OE = { ytuiy)VBr⇔cy) : y €0BN } Brix)

I /UH
chopping )

SMALL IN TERMS OF N

THM (FIGAUIM ' 10) C- Close & CONVEXITY
'

NOTATION i

VF OUTER VMT

EXAMPLE OF IMPROVED CONVERGENCE
NORMAL To F

OTHER EXAMPLES : PROOFOF QUANT. ISOP
. (Cicalese & LEONARDI ' Io)

MINIMALITY OF BALLS IN FRACTIONAL GAMOW TYPE PROBS (FIGARI Fusco M. MILLOT MORIN /
'

14)



IMPROVED CONVERGENCE

AN OLD IDEA IN GEOMETRIC MEASURE THEORY

OLDER PAPER I KNOW OF : MIRANDA 1967



-

IMPROVED CONVERGENCE A MODEL STATEMENT :

IF {Mj3j , M (SMOOTH) HYPERSURFACES IN RE IR
"
open

HPL UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR
-

Hpz Mj
"

wether CONVERGE
"

to M SO THAT .

r

Hit '(Min Bpk)) → ÑÉMnBgK)) txcr & a. e. pcdistcx.cn)

RMK CONVERGENCE IN HPZ COMPATIBLE

WIM Tentacles

BUT PREVENTS SURFACE STAGING ! -

"

→
"

3M



IMPROVED CONVERGENCE A MODEL STATEMENT :

IF {Mj3j , M (SMOOTH) HYPERSURFACES IN RE IR
"
open

HPL UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR

HPZ H
"_ '

(Min Bpk)) → HT 'M n Bgk)) txcr & a. e. pcdistcx.cn)

THEN

friar
, j≥jn, , we have

Mjn r
'
= { ✗+ Ujklvmk) : ✗ c- M } n R

'

, Vuillard ,→ o j→• .
a

VM
✗ +ujkvmlx) THAT IS

"

Mj → M IN Cheech)
"



-

IMPROVED CONVERGENCE A MODEL STATEMENT : VM
zetujklvmlx)

IF {Mj3j , M (SMOOTH) HYPERSURFACES IN RE IR
"
open ↑

HPL UNIFORM MEAN CURVATURE BOUND IHM; / ≤A ONR

HPZ H
" '(Min Bpk)) → HT 'MnBgK)) tier & a. e. pcdistcx.cn)

THEN
"

Mj → M IN Cheech)
"

IN OUR EXAMPLE

A- IR"
, Mj=O[¥_n ] Cv;→) , M=OBr◦ (1%1--1)

Ewj MINIMIZER OF Udgcvj )



-

IMPROVED CONVERGENCE A MODEL STATEMENT : VM
zetujkvmlx)

↑IF {Mj3j , M (SMOOTH) HYPERSURFACES IN RE IR
"
open

.
. _m

HPL UNIFORM MEAN CURVATURE BOUND IHM; / ≤A ONR

HPZ H
" '(Min Bpk)) → Hit 'MnBgK)) tier & a. e. pcdistcx.cn)

THEN
"

Mj → M IN Cheech)
"

IN OUR EXAMPLE A- IR
"

, Mj=O[¥¥-µ ] Cvj→) , M=OBr◦ (1%1--1)

HPL FOLLOWS FROM EULER-LAGRANGE can HgEj×)+gcx)= GVj"ⁿ txeotj

HPZ Follows BY [Eog /vjn] → Bro IN KKR") (← QUANT .
ISOPERCMETRY)

PLUS MINIMAUTY OF Erj IN QgWj )



IMPROVED CONVERGENCE STATEMENTS DESCENDS FROM

FLATNESS CRITERIA (A. b.A. E- REGULARITY THUS)



IMPROVED CONVERGENCE STATEMENTS DESCENDS FROM

FLATNESS CRITERIA (A. b.A. E- REGULARITY THUS)

I. C. STATEMENT ⇐ FLATNESS CRITERION

MIRANDA 'S 1967 1. C.⇐ De GIORGI 'S REGULARITY FOR LOCAL Pell M .

MINIMIZED [ 1960)

"

MODEL STATEMENT
"

← ALLARD'S REGULARITY THEOREM ( 19683

FROM PREVIOUS

SLIDES



FLATNESS CRITERION (ALLARD 'S REGULARITY TMM)

IF M (SMOOTH) HYPERSURFACE IN REIR
"

Open
,
/ HM / ≤ A ONR

& seek such THAT K↑BsWnM ) ≤ (1+6) wins"" CHEM)

THEN THERE IS H HYPERPLANE
,
.UiH→IR

,
( H=T×M)

SUCH THAT Mn Bashi) = { ✗+ www.H : ✗EH } NBqs.ca ) Eo=Eᵈh.hr){Muller < o
k Bsloe)

ÑTBsWnM)≤ (1+6) wns" :

-

1. e. AREAOFMINSIDEBSENATQAOFCn-DDIMDIS.hrRAD/
=

NOT TOO MUCH LARGER

THAN I



FLATNESS CRITERION (ALLARD 'S REGULARITY TMM)

IF M (SMOOTH) HYPERSURFACE IN REIR
"

Open
,
/ Hm / ≤ A ONR

& seek such THAT ÑÉBsC×)nM ) ≤ (1+6) wns"' CHEM)

THEN THERE Is H HYPERPLANE
,
.

U : H→ IR
,
(H=T×M)

SUCH THAT Mn Baes (×) = { ✗+ Uk) Off : ✗EH } NBqs.ca ) Eo=Eᵈh.hr){Muller < 0
REMARK IT IS OBVIOUS BY SMOOTHNESS Of M THAT I 5×70 (UNIF . BND FROM

Below IF KEN
,
N'CCR FIXED) ST.

Mn 13¥) = { ✗+ www.H : ✗ c- H } NB# (a){Muller < 0



FLATNESS CRITERION (ALLARD 'S REGULARITY TMM)

IF M (SMOOTH) HYPERSURFACE IN REIR
"

Open
,
/ HM / ≤ A ONR

& seek such THAT H"TBsC×)nM ) ≤ (1+6) wns
" -1
(✗ EM)

THEN THERE Is H HYPERPLANE
,
.

U : H→ IR
,
(H=T×M)

SUCH THAT

{
Mn Bashi) = { ✗+ Uk) Off :XEH } NBqs.ca ) Eo=Eᵈh.hr)

Muller < 0

REMARK IT IS OBVIOUS BY SMOOTHNESS Of M THAT I 5×70 (UNIF . BND FROM

Below IF KEN
,
N'CCR FIXED) 5.T

.

THE POINT Here is RELATING

Sz TO A & TO THE CONTROL
Mn 13¥) = { ✗+ www.H : ✗ c- H } NB# (2) QUANTITY{Muller < o Ocs)=Ñ¥Mt



FLATNESS CRITERION (ALLARD 'S REGULARITY TMM)

IF M (SMOOTH) HYPERSURFACE IN REIR
"

Open
,
/ Hm / ≤ A ONR

& se Ehr sucre THAT HhTBsWnM ) ≤ (1+6) wins
"-2

(xEM)

THEN THERE IS H HYPERPLANE
,
.

U : H→ IR
, Muller < 0

SUCH THAT Mn Bees (x) = { ✗+ UQIU-

µ : ✗ c- H } NBqs.ca ) Eo=Eᵈh.hr)

REMARK ! ONE MUST RESORT TO A QUANTITY like OCS)=ÑÉwM^sB{Y ! CANNOT
JUST Use ^ !

EX : CATENOIDS WITH WAIST 8 [ HM@
=D to ]

Ms
ME



"
PROOF

"
OF IF {Mj3j , M (SMOOTH) HYPERSURFACES IN RE IR

"
Open

IMPROVEDC0lP1 UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR

HPZ Hit '(Min Bpk)) → Ñ 'M n Bgk)) V-xc-rda.e.pe distcx.cn)

:
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PROOF
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"
Open
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THEN V-rlcc.ir
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= { ✗+ Ujklvmk) : ✗ c- M } n R

'

, Vuillard ,→ o j→• .



"
PROOF

"
OF IF {Mj3j , M (SMOOTH) HYPERSURFACES IN RE IR

"
open

IMPROVED

convergence§ HPL UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR

# pz Jen
- '

(Min Bpk)) → HT 'M n Bgk)) V-xc-rda.e.pe distcx.cn)

THEN V-rlcc.ir
, j ≥ jn, , we have

Mjn r
'
= { ✗+ Ujklvmk) : ✗ c- M } n R

'

, Vuillard ,→ o j→• .

INDEED M SMOOTH ⇒ 7 so>os.T.fi Mn Bs.cm)≤ ( a-+%) consort,
'

b-✗ c-Mnr
'
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PROOF

"
OF IF {Mj3j , M (SMOOTH) HYPERSURFACES IN RE IR

"
open

IMPROVEDC0P1 UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR

HPZ H
"_ '

(Min Bpk)) → HT 'M n Bgk)) V-xc-rda.e.pe distcx.cn)

THEN friar
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Mjn R
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-'(Mjn Bq.fr)) ≤ (1+6) owns

""
IF j≥jn,



"
PROOF

"
OF IF {Mj 3J , M (SMOOTH) HYPERSURFACES IN RE IR

"
open

IMPROVED

convergence§ HPL UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR

# Pz Hn
- '

(Min Bpk)) → HT 'M n Bgk)) V-xc-rda.e.pe distcx.cn)

THEN friar
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Mjn R
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'

BY HPZ ÑTMjn Bq.fr)) ≤ (1+6) owns"
-'
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"
PROOF

"
OF IF {Mj 3J , M (SMOOTH) HYPERSURFACES IN RE IR

"
open

IMPROVEDC0P1 UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR

Hpz H
"_ '

(Min Bpk)) → HT 'M n Bgk)) V-xc-rda.e.pe distcx ,or)

THEN friar
, j ≥ jn, , we have

Mjn r
'
= { ✗+ Ujklvmk) : ✗ c- M } n r

'

, Vuillard ,→ o j→• .
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'
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"
PROOF

"
OF IF {Mj 3J , M (SMOOTH) HYPERSURFACES IN RE IR

"
open

IMPROVED

convergence§ HPL UNIFORM MEAN CURVATURE BOUND 1 HM; I ≤A ONR

# Pz H
"- '

(Min Bpk)) → til 'M n Bgk)) V-xc-rda.e.pe distcx.cn)

THEN V-rkc.ir
, j ≥ jn, , we have

Mjn R
'
= { ✗+ Ujklvmk) : ✗ c- M } n r

'

, Vuillard ,→ o j→• .

INDEED M SMOOTH ⇒ 7 so>os.T.fi
-

[Mn Bs.cm)≤ ( a-+%) consoft✗ c-Mnr
'

BY HPZ ÑÉMjn Bq.fr)) ≤ (1+6) owns"
-

if j ≥ jn.

By HPL we CAN APPLY AWARD TO EACH Mj &TOM ⇒ F the HYPERPLANES .-1.

Mj , M GRAPHS OF fj , f : the→ IRON Basket & fj→f IN Cʰ BY HP2

CONCLUDE BY covertNG .& Re PARAMETRIZATION OF Mj over M



A MESOSCALE FLATNESS CRITERION & EXTERIOR ISOP.CM.-NOVAK '22 )

IAEA : W COMPACT SET ≤ IR
""

V70 VOLUME CONSTRAINT

PRIEM : nfwcv) = Mff PCE ;D ) : E≤R=lR
"

W ; IEI -03

PIE ;D ) = fl
"

(r ndE) Perimeter OF E RELATIVE TOR

BASICS : MINIMIZED Ey exist V-V70

AndEr HAS CONSTANT MEAN CURV. Her

?⃝
€ ¥""" * °" °

"
"°""" "



A MESOSCALE FLATNESS CRITERION & EXTERIOR ISOP.CM-NOVACk '22 )

IAEA : W COMPACT set ≤ IR
""

V70 VOLUME CONSTRAINT

PRIEM : nfwcv) = Mff PCE ;R ) : E≤R=lR
"

W ; IEI -03

PIE ;r ) = fl
"

(r ndE) Perimeter OF E RELATIVE TOR

BASICS : MINIMIZED Ey EXIST V-V70

AndEr HAS CONSTANT MEAN CURV. Her
lEl=V >> 1

VEN • Vw -0 IF OWE Cʰʰ (YOUNG's ctn ]

LARGE VOWMe REGIME?⃝ Ev ≈ BAU IF V LARGE

④ HEW = OCÑ
""") if → too

BY QUANTITATIVE ISOP & IMPROVED CONVERGENCE



IF Ev S.T. 4µW) =P (Erin)

(1) w¥_y→1 As v→oo
BEL)

÷..÷÷÷÷¥÷.?⃝,

r

Bravo¥.

% .
.
.

?!?!?
!? .

"÷?
Ow .

.

.

-i. ÷
'



IF Ev S.T. 4µW) =P (Erin)

(1) w¥_y→1 As v→oo
BEL)

a) 1E%BFI≤%un⇔ ÷..÷÷÷÷¥÷.?⃝,

r

Bravo¥.

-

% .
.
.

?!?!?
!? .

"÷?
Ow .

_
ii.É



IF Ev S.T. 4µW) =P (Erin)

(1) w¥_y→1 As v→oo
BEE)

(2) 1E%BFI≤%un⇒ .aw±?⃝(3) 7 Rolv) -751 (it> too) F-
- - - - - -

- - - - - - - - - - - - - - - - - - - - . . . .

Rourke 's → too

5.T.OENIBR.lv)vYnt1
IS CE SMALE NORMAL GRAPH BR.fr)vn¥

OVER OBEYS

% .
.
.

?!?!?
!? .

"÷?
Ow .

.

.in?
'



IF Ev S.T. 4µW) =P (Erin)

(1) w¥_y→1 As v→oo
BEL)

a) 1E%B%I≤%un⇔
⇔ ,→⇔→+ ⇔→÷;÷.÷÷¥÷.?⃝,

Rourke 's → too

5.T.OENIBR.lv)vYnt1
IS CISMALE NORMAL GRAPH BR.fr)vn¥

OVER dBE%s

% .
.
.

?!?!?
!? .

NO INFORMATION ON lfwcrt) "÷?
Ow .

.

.

-i.É
FEATURING W ITSELF !



ISOPerimetric Residues .

CONSIDER 7- = PAIRS (Fsu) S.T. F≤ IR"' , -0 C-$
"

&

1) proj ,- (F) = Us

a) OF≤ {x: ✗< x -ups} FOR some a. BEIR .

p°
- - - -

- -

f-
. { ✗ix.✓=P}

É{✗ix. v=a3



150Perimetric Residues .

CONSIDER 9- = PAIRS (Fsu) S.T. F≤ IR"' , -0 C-$
"

&

1) proj ,- OF) = 0£ a) *≤ {x: ✗< x -ups} a. BEIR .

Define W- RESIDUAL perimeter of (Fsu)

resw ( Fsu) = liuwnrn - PCF ;CrYw )
R→oo

i :

CÑ=fx : Ix- IX.↳UKR}

- - - - -÷
. .
_
OF

ie- - - - - - - - - - - - - - -- - -EE ---



ISOPerimetric Residues .

CONSIDER of = PAIRS (Fsu) S.T. F≤ IR"' , no c-$
"

&

1) proj ,- (F) = 0£ a) f-≤ {x: ✗< x -ups} a. PEIR .

Define W- RESIDUAL perimeter of (Fsu)

resw ( Fsu) = liuwnrn - PCF ;CrYw )
R→oo

Define 180 PERIMETRIC RESIDUE OF W

RIW ) = sup{ resw (Fsu) : #DEF} .

-

"
PLATEAU 'S PROB WITH FRU BOUNDARY ON W & AT 00

"

^

, ,



150Perimetric Residues .

CONSIDER 9- = PAIRS (Fsu) S.T. F≤ IR"' , -0 C-$
"

&

1) proj ,- (F) = us a) F≤ {x: ✗< x -ups} a. BEIR .

Define W- RESIDUAL perimeter of (Fsu)

resw ( Fsu) = liuwnrn - PCF ;CrYw )
R→oo

Define 180 PERIMETRIC RESIDUE OF W

RIW ) = sup{ resw (Fsu) : #DEF} .

-

"
PLATEAU 'S PROB WITH FRU BOUNDARY ON W & AT 00

"

~ Close TO A SECTIONAL AREA OF W (BUT NOT Quite THAT ! )



150Perimetric Residues .

i :

CÑ={× : Ix- IX.↳UKR}
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¥

180 PERIMETRIC RESIDUE OF W

RIW ) = sup{ resw (Fsu) i # D)EF} .
THEN 1) cfwcv) = PCB

") - RIW) +0117 AS N→ too

2) F R2=Rdn,W) S.T. ltvj→too , V- Ej MINIMites of lfwcrrj )

THEN 7 MAXIMIZER F of RIW ) S.T. CUP TO SOBS)

Ej→ F IN Veeck"')

&(tR>0) OEjn(BriBrat ? Of ?(BrlBrz) IN
-



150Perimetric Residues .

i :

CÑ={× : Ix- IX.↳UKR}

resw ( Fsu) = lire wnrn - PCF ;Cpiiw ) - -.no#--*R-soo.ie--------------------w--i-----
¥

180 PERIMETRIC RESIDUE OF W

RIW ) = sup{ resw (Fsu) i # D)EF} .
THEN 1) cfwcv) = PCB

") - RIW) +0117 AS N→ too

2) F R2= Rach ,W) S.T. ltvj→too , V- Ej MINIMites of lfwcrrj )

THEN 7 MAXIMIZER F of RIW ) 5.T. ⑦Ej)lBrz→ ⑥F) \Br
,

IN Choc

RMK : PROOFS OF 1) & 2) REQUIRE Blow-DOWN & DECAY ANALYSIS

FOR EXTERIOR MINIMAL SURFACES (EXTERIOR FLATNESS CRITERION )
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Rdr)V¥' FATNESS

WE Need A .
SCALE FOR der
W -R-T . 2B¥)

MESOSCALE FLATNESS

CRITERION
R FIXED c)Eu

Rz
TO DEDUCE

mesoscale improves -

convergence :
OF

7 Rn= R1 (MW) 5.To REGION where| "!¥!? Rslnw)=RzNOTHING IS
FLATNESS

BEN n(BRµt+, \ Bro) save FOR OF

≤ C? small GRAPH over OF

RMKi FOR N LARGE Rsv
¥'
> Row> inti ⇒ OVERLAPPING !



Mesoscale FATNESS
0B¥ Raw

CRITERION =D .
SCALE FOR 0Eur
W -RT.

2B¥)
7 Rn=R1CniW) S.T. x0Eur Rina \ Bro) OEU

≤ "m-ua-m.mn#..%
-

A
THEOREM 1 IF W COMPACT

THEN lfwfr)=P(BY-RIW) +Ocs) Rslniw)=Rz
FLATNESS

SCALE FOR OF
& FULL RESOLUTION OF

EXTERIOR ISOPerimetric sets (UPTON )

IN PARTICULAR
,

d-Ev IBRZ is AN n- DIMENSIONAL DISK
.



A MESOSCALE FLATNESS CRITERION

Ma ,R = HYPERSURFACES M in IR? Br

1Hµl≤1 ON Bhi Br
bdrycm) ≤ OBR

:

TWO NOTIONS OF FLATNESS

1) ANGULAR FLATNESS

2) ARLA Deficit



A MESOSCALE FLATNESS CRITERION

MEMar i.e. lHµl≤1 ON Bhi Br & bdrycm) ≤ OBR

1) ANGULAR FLATNESS

Tl= HYPERPLANES THROUGH ORIGIN HE Th

flat ( M
,
H
,
s) = ¥ f dist# (¥, , tens

"

) dtiy ) .

Mn(Bzs\Bs)

ohst(¥y , , tens
"

) -e

*
£

"
-

-

-
-
-
flat(Mellis ) < E
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MEMarie. 1Hµl≤1 ON Bhi Br & bdrycm) ≤ OBR

1) ANGULAR FATNESS flat ( M
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)dH"cy )
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2) ARLA DEFICIT : THE QUANTITY
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i /



A MESOSCALE FLATNESS CRITERION

MEMar i.e. / Hml ≤1 ON Bhi Br & bdrycm) ≤ OBR

1) ANGULAR FATNESS flat ( M
,
H
,
S) =# fdistgn (¥, ,Hn8

"

)dH"cy )
.

Mn(Bzs\Bs)

2) ARLA DEFICIT : THE QUANTITY

-

Omni,ñ=_W(M≈!Br! in§ñCI¥BIdg
T-
-

SAME AS IN ALLARD

IF R -0 !
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A MESOSCALE FLATNESS CRITERION

MEMar i.e. lHµl≤1 ON Bhi Br & bdrycm) ≤ OBR

1) ANGULAR FATNESS flat ( M
,
H
,
S) =# fdistgn (¥, ,Hn8

"

)dH"cy )
.

Mn(Bzs\Bs)

2) ARLA DEFICIT : THE QUANTITY

Ocr)⇐W(M%BrD _⇒ fx•oñdH¥nS%C_%BIdgMAR
MNOBR R

IS INCREASING IN RE (R
,
1h) &

IF 0µm ,R_= CONSTANT ON [Rs .cz) THEN Mn (Bribes) = A cone .

RMI : Omar -= wn FOR HYPERPLANES 8µm,%) = On -0µm .RU)



A MESOSCALE FLATNESS CRITERION

MEMarie. lHµl≤1 ON Bhi Br & bdrycm) ≤ OBR

1) ANGULAR FATNESS flat ( M
,
H
,
S)=¥fdist§n(¥, ,Hn8 " )dH"cy ) .

Mn(Bzs\Bs)

2) ARLA DEFICIT : Empire) = On -0mm .RU)

CRITERION to 7 Eo : IF F SDR , Seth ( s = MESOSCALE)

such THAT feet (Mitis) ≤ Eo & 18µm ,rCs71≤ Eo

THEN Mn (Bs*\Bs) is 5- FLAT IN ctw.R-T.tt

s*=mo×{ En ,R* } R*=sup{ pies : 8mn,rG? ≥ - G) .



A MESOSCALE FLATNESS CRITERION

MEMar i.e. lHµl≤1 ON Bhi Br & bdrycm) ≤ OBR

CRITERION to 7 Eo : IF F SDR , Seth ( s = MESOSCALE)

such THAT feet (Mitis) ≤ Eo & 18µm ,rCs7I≤ Eo

THEN Mn (Bs*\Bs) is 5- FLAT IN ctw.R-T.tt

s*=mo×{ En ,R* } R*=sup{ pies : 8mn,rG? ≥ - G) .

SHARP FOR A Generic element OF MAR FATNESS CAN Be

ESTABLISHED ONLY AT A Mesoscale SDR & SKIM



A MESOSCALE FLATNESS CRITERION

MEMarie. lHµl≤1 ON Bhi Br & bdrycm) ≤ OBR

SHARP FOR A Generic element OF MAR FATNESS CAN Be

ESTABLISHED ONLY AT A Mesoscale SDR & SKIN

EXAMPLE UNDULOIDS CMC _-n(Like UNITBALLS) & WAIST SIZE E

✗nti

↑ g.
FLATNESS W.AT

. {anti )

g-
- - -

±?
- - -

- →

tufa)≈O(E'
" "Ya) For 2--0 / E'

""

%)

ie¥ is> e¥ >> E Cn≥z )

I
- -

- - - - - - -

,

- - -1 . - {xn.io }
i

i :
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RMK : R1 DW) = In RIW) ti>o



THEOREM 2 WEIR
"'

COMPACT

1) JCW ) ≤ RCW) ≤ PCW)

2) RCW) =D ⇔ W PURELY H
"
- UN RECTIFIABLE (KYW)Coo)



THEOREM 2 WEIR
"'

COMPACT

1) JCW ) ≤ RCW) ≤ PCW)

2) RCW) =D ⇔ W PURELY H
"
- UN RECTIFIABLE (KYW)Coo)

3) RIW) ≤ R(Ball diam W ) + CHARACT
. EQUALITY

CASES



THEOREM 2 IF WEIR
"'

COMPACT
,
THEN

1) JCW ) ≤ RCW) ≤ PCW)
-

2) RCW) =D ⇔ W PURELY H
"
- UN RECTIFIABLE (KYW)Coo)

3) RIW) ≤ R(Ball diomw ) + CHARACT
. EQUALITY CASES

4) F Rz=Rdn,W) S.T. If ( Fav) MAXIM 12k Of RCW) , THEN

OF 1 Brz = GRAPH over V1 OF f SOL MIN SURF EQN

flx) = a ln=i)

f- V4 - (a-1¥,n→+En) / ≤ ¥, Cn≥2)

1×1
"_'

tf G)1,1×5104-01 ≤ Co


