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TWO TOO MUCH REGULARITY

Three NON- UNIQUENESS & INSTABILTY
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MISMATCH BETWEEN THEORY (SMOOTH SURFACES)

& EXPERIMENTS ( PLATEAU , CANONICAL SINGULARITIES)

PLATEAU'S LAWS SOAP FILMS CORRESPOND

TO MINIMAL SURFACES JOINED ALONG

LINES OF Y- POINTS

✓ WHICH ARE EITHER CLOSED OR

END UP INTO T- POINTS
.
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TAYLOR76 MOREOVER
,
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,
THEN FREE Fpa>0 SUCHTHAT

Sn Beka) IS C
"
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WITH DIFFEO f- = Badal→ Belo) 5.T.fm -0 , Jfk) C-① (3) .
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BUT still Ltehs OF LEN GMT SCALE !

LECTURE2 USING BALANCE OF PRESSURES WE FOUND THAT THE PDE

FOR The MIDSECTION M OF A FILM WITH THICKNESS 2h IS

☆) Hm-Get 1- Hmtlxt) =-D ON M

M±={x± : see M} at = set harmV4 (REM)

However THINNESS IS NOT REALLY A FUNDAMENTAL PHYSICAL

PROPERTY OF SOAP FILM → VOWMe is MORE ROBUST

ALSO WHAT IS THE ENERGY OF Which *) IS GOINGTO Be

the EULER LAGRANGE edOATION ? CAPILLARITY THEORY
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SOAP FILMS FROM CAPILLARITY THEORY

LIQUID AT EQUILIBRIUM OCCUPYING REGION EE R CONTAINER

REIR
"" Ffv) = inf- {PIE;D) : EEL , IE 1=-03

[RM ki Br= 4 ,pnqr FROM 1-ECT . I]

E ≈ µµ pay, ,, no,,me , once µ,µ→µg

NEAR A POINT OF MAX HE ON DE AS v→

IN THE CASE OF SOAP FILMS D= IRF W
,
W= Is(F)

,
T curve :

W"

⇒

DOESN'T look Ube A SOAP FILM !
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SOAP FILMS FROM CAPILLARITY THEORY WITH HOMOTOPIC SPANNING

GIVEN WEIR"" COMPACT
,
A SPANNING CLASS E FOR W

,
set

4nF to> = inf { PCE;D) : IEKV,EER ;RndE Is ESPANMNGW}
A ROUND DROPLET REGIONS OCCUPIED BY lie VIS

IS NOT E SPANNING W ! ! ! Need TO STRETCH ACROSS

W THE HOLE :

€⑤→.
w

@M%secT#E?⃝W
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EX 1 W TWO DISKS IN R2
,
E = { Ey]}
or

£ MINIMIZER OF l : ①-£ .

r

Ev MINIMIZER OF KNEW ) ,V SMALL ; ?⃝É_ •

RM tri TWO ARCS OF CURVATURE HEE 010)

⇒ ALMOST - MINIMAL SURFACES

RMK :
"

HE
,
= Y' to)

"

so new)≈zl + ocvz) → see ¥-5T
AS V→O+ zl

≈2e+O(v2)

to
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& Er MINIMiter of knew )

?⃝"
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S
'

⇒ Eris BOUNDED BY ?⃝ É•É?⃝3 CIRCULAR ARCS WITH

NEGATIVE CURVATURE Her = - C/Tv
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"

AT 3
"
FRU BOUNDARY

"

POINTS

^⇐RMK :
"

HE
,
= Y' to)

"

so zl

new)≈zl - Crf→ see as v→o+
↳ zlicrv

to
☆

I
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THM (KINGM
.
STUVARD '19 ) let W COMPACT WITH SPANNINGCHASSE

Let Koo
,
0W SMOOTH

,
& IRF 'IelW) connected V-ec.co

MOREOVER Uwe is Lowersent CONTINUOUS WITH Ito)≤2ltCV¥
& Uwe (v)→ 2L AS v→o+

& V- { (Kj ,Ej)3j GENERALIZED MINIMIZERSOFTwefoj ) ,Oj→ ,
F MINIMIZER OF e SUCH THAT

☒ 2k"L(kiEj)+ÑLEj I 2HIS AS j→• .

CONJECTURE 1 IF every MINIMIZER OF l IS SMOOTH

THEN NO COLLAPSING

REMARK IN⑧ we select minimizes of e By
1) MORE SINGULAR.

2) More curvature



THM (KINGM
.
STUVARD '19 ) IF (KE) GENERALIZED MINIMIZER OF Qw%)

& ECK ,E) = Ñ(rnE) -12 Hh(K\E)
.KEE

-



THM (KINGM
.
STUVARD '19 ) IF (KE) GENERALIZED MINIMIZER OF Qw%)

& ECK ,E) =Ñ(rnE)+2Hh(K\E)

THEN ECK ,E) ≤ ECFCK),ffE)) tf =R→r d- DIFFEOMORPHISM

ft (e) = ✗ c- tXlnlt0-2)

fdwtrx +2 Sdu# ✗= dfE×'VEE MOTE

✓= Vor ( bio) 0=12
on klÉ

I can 0¥

ovcx )= / F. ✗ dv Ñ--|!:¥o
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.
STUVARD '19 ) IF (KE) GENERALIZED MINIMIZER OF Udweco)

& ECK ,E) = Ñ(rnE)+2Hn(k\E)

THEN ECK ,E) ≤ ECFCK),ffE)) tf =R→r d- DIFFEOMORPHISM

5.T
. If /E) I =/ EI

MOREOVER BY AWARD

FXEIR FEE closed IT
.

\ ( EvoE) SMOOTH MINIMAL SURFACE

InE SMOOTH d-CMC SURFACE

fence so E) =D

OEI E HAS EMPTY INTERIOR
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INVESTIGATING THE COLLAPSED REGION

IN PRINCIPLE K ' OE COULD CONSIST OF AN
"

exterior
"
& AN

"
INTERIOR

"

exterior : Ki E- RMV E IS OPEN

INTERIOR : K n E

WN
E

¥¥ ◦-0%
KOE

KOE -- KIE KOE = KNE

EXTERIOR COLLAPSING INTERIOR COLLAPSING

(NOT SURE IF IT ever OCCURS ! )
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THM (KINGM
.
STUVARD '20) SHARP REGULARITY OF extehhRCOUAPS.REG.HN

IF (KE) GENERALIZED MINIMIZER OF Udwecoj AHAB

NYE ) -0
THEN 7 EE ki E- closed suchTHAT

1) KIE IS A SMOOTH & STABLE MINIMAL te-pers.it.

2) E is

{
EMPTY IF 1 ≤ n ≤ 6

LOC. FINITE IN 54 E- IF n_=7

WC.cn-7) Rect. IN 54 E- IF n ≥ 8
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{f≠id3CCBrK)

f⇔
SINCE ECK ,E)= ÑCrnE)+2Ñ(MOE )

PCEJ ,r) t Ej competitor of Ewe we
need

& THEN ⑧ IMPLIES ⑥
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PREF : STEP ONE K IS AN ALMGREN MINIMIZER IN RIE

MY Kn Brk))Nn(flK)nBrK)) tf :B""→1R"" LIPSCHITZ
WITHftp.KDC-Brksccrieff-i-id3CCBrk

TO UNDERSTAND we NEED TO SHOW

*

In"(Iylfltr)uE))

µ
≈ Pltjir) → 2 tehcfck) 10¥)ttl"(rnE )
P
7-Yjtot

DELICATE MINKOWSKI CONTENT CONSTRUCTION

- BASED ON EXTENSION OF AMBROSIO -ColesANTI-VILLA .



THM (KNERR '
50 's ) If 2- ≤ IRE & f : IRK→Rd lepsctlltz

THEN f- (Z) IS MINKOWSKI REGULAR
,
i.e .

lin Lᵈ(Incflz))
7.→ ¥d→-

= KᵗCfCZ))

THM ( AMBROSIO FUSCO PAWARA'00) IF 2- ≤Rd COMPACT

& IF 2- locally to-Recti f. & Nᵗ(2- n Bgk)) ≥ cphgfpero
- KXEZ

Then 2- IS MINKOWSKI REGULAR

THM (KING M. STUVARD '20 ) IF 2- ≤Rd COMPACT & to - Rectifiable

lFµᵗ(2- n Bgk)) ≥cpY & IF f.- lRᵈ→lRᵈ upscterez

Kpero , KXEZ THEN flZ) is MINKOWSKI REGULAR

-



STEP TWO KIE HAS NO 4- POINTS IN RIE .

PROOF BY
"

WETTING COMPETITORS
" ( NO LIP. IMAGES ! )

¥
'
'

"
'

i.a ¥
'
'"

'

"

÷¥÷i÷¥
,,

,

.JP

1) WETTING → save ☐ ( 8
"

) IN AREA ( MULT .
2 V51 ! )

2) Reduce 0(
") CHANGE IN volume

BY PAYING IN @ (8^+1) IN perimeter
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step THREE INVOKE REGULARITY THEORY .

1) ALMGREN MINIMIZER ⊕ NO DY - POINTS
_

→ E OF KIE is Hn
- 1-
NEGUGIBLE

2) b)E- DEFINES A MULT . ONE STATIONARYVARIFOCD

WITHOUT
"
CUS.SICAL SINGULARITIES

"

→ BY WICRAM-sebect.TN PROVED IF n≤ 7
.

& E is open-7+9
- NEGLIGIBLE V-2>o tf n≥8.

3) n> 8 NABER-VALTORTA
.
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THM (KINGM
.
STUVARD '19 )

IF (KE) GENERALIZED MINIMIZER OF Udwecros
WITH EULER-LAGRANGE MULTIPLIER I

Then 1) IF KIE ≠ ∅ THEN ALO

2) ✗ ≤0 IMPLIES to ≤ convex HULL W
-

PROOF OF 1) Rllulres

NON - MAPPING COMPETITORS

'

AREA INCREASE QUADRATIC IN ADDED VOWMEE BY Hb,E=0 .

Followed BY ARLA VARIATION -✗ E WHICH Restores VOWME

OF COURSE CEE ✗ E > 0 ⇒ C > I AS E→o+⇒ A <0
.

E


