
 

Equivalent characterizations of handle ribbon knots
Joint with Alex Zupan

Outline 1
Knots in dimension 3 S

2 Knot derivativesand Kauffman's conjecture

3 Proof of maintheorem

4 Fibered knots and a theorem of CassonGordon

Theorem1 A knot is handleribbon if andonly if it
admits an R derivative

A knot k is an oriented circle in S3
We can view 5 2134 and study knots in 4D
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Nice case K is ribbon if 19 bounds a slice
disk D in 134 so h is Morse with no maxima

ribbon immersed disk
or vice versa



Ribbon
immersed disk

selfintersections

i
Ribbon disk in B
push the purple
regions deeper

Relative 4D Poincare Conjecture

If U is a homotopy 4 ball
then V E 134



Now view 5 214 U a homotopy 4 ball

K is homotopy slice if 1h bounds

a disk smoothly embedded in some V

6

What does ribbon say about algebra

Wd go

ribbon not ribbon



Def K is homotopy ribbon if
4

there exists a homotopy 4 ball V and

smooth dish Dcv with 3D K and

z n 151k VID

What does ribbon say about topology

i
i



Det K is handleribbone if there exists
a homotopy 4 ball V and smooth disk
Dcv with CS K HU D so that

Inclusions
Ribbon E Hindlegibbon E HIT P B E slice

slice ribbon conjecture Fox 1962 E is

Handle ribbon E EHomotopy ribbon E EHomotopy slice



Derivatives
A derivative for a knot k is a

g component
link L L u i u Lg on

a genusg Seifert
surface F for K
Li independent i

so that lkcli.ljt OV i.si
Iii

Characterizing ribbon knots
gintersections Get a

g component

Etta is
a derivative

Addgenus at genus g
intgeef.seIrIIegtI kribbon ukniinhhasdearinu

alive



Sliceknots
A slicederivative fork is a derivative

L u uLg that
bounds U

ase.ie

K has a
sldiereiuat.ie

K is slice

An R deriuat.ve fork is a derivative

L L u vlog with S LF g5xS



If 19 has an R link derivative L
L then let W be

Kirby diagram
yw ro

A
ndµE

W u 0 framed 2handleattached to µ Karo

Kirby diagram

Conclude If K has R derivative then
K is handle ribbon

Thm M Zupan
A knot 1h has an R derivative

if and only if K is handle ribbon



If K is handle ribbon

ii i
2 handles

So Kul 5 5

k g tosurface fork

ftp.itg.IIIY Add tubes to Sto gets
5 disjoint

from L

g

EEE



Now add more tubes

s'm F so that
he lies on S

K F

Say g F ILI t n If n 0 we're done

In 5 Kul II 5 5 cap off F and

compress along L to get a genus n surefa.ee

ftp.sgdisktocapoftap



K co F
gluedisk If n o then

I
y compress F is compressible

along some curve C

Since C unknot in ECHL since C to inHCE
C O framed byF K independentfrom

lk CC L O f i Li in H CF

Set L Luc and continue inductively

Related theorem of Casson Gordon 4983
2

Say K is fibered Stylk EFyst
S1

Then K is homotopy ribbon if and only
if 4 extends to a handlebody



or For K fibered
Kis homotopy ribbon if and only if
there exists a homotopy4 ball V and smooth
disk DCU s t

53,141 21 V D

Vhf D is a bundle of
handlebodies over Sl
Write Dis fibered

Pfe Ewritedownprsatation
Start with K fibered homtopy ribbon

G 9 extends to Q H H

SKI u CO framed 2handle
along K

Jv HqS
D Kr I vfore of 2 handle



Thm M Zupan
k a knot Fix a circular Morse function

0 S

f S luck 5 with n
indeed E pts

n index 2 pts0 index 3 pts
Then K is handleribon if andonly if
f extends to ft W S qyjwflu.lk
So that I has n interior critical points
all of index12 and regular fibers of f are

handlebodies

There is actually a stronger
theorem in terms of

sedate funfations
but I didn't want to

Casson Gordon
M Zupan

Fibration on ftp.t.opyjchgndf.e.z
stunner'm

Some
singular

Fibration in
fibers

Cindex zinterior

iBBag
i



Pf easy direction only
starting with F W 5

index1

avg.ioIfbis
esIifIis

ismallest
genusleafthin index 2

W thin handlebody o l handles E lo
U 1 for 2 singularities F top
U 2 handles for interiorsingularities f lo

Zn e
z handles

I 2 handles to glue
Dcf za E to E O e

e

no handles from2 index 2 singularities



o 3 handlesWh
Also f handles 2handles t 1

H CW B H CS 27
Moreover x CW 4µL K
Glue 2 handle touch and get V
D cocore of 2 handle

S3 K 3CV D VVD W

Not a proof Hard direction

Really would prove viaK handleribbon f g

t

n
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i
rted with f Yo s

Explicitly build S so

Far fuCx UluD S is smooth

Use Cerf theory to control
criticalptsof F3E G.tl ftCx notMorse

thanks K


