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Introduction. Let U be a unitary operator on a finite dimensional complex inner product space.
Suppose a.j, oy, ..., ar are an unknown set of orthonormal eigenstates of U (with R unknown as

well). Since U preserves length, the eigenvalue belonging to o, has the form e >, for some c,
with 0 <c; <1. Suppose the state g = % 2:10" is known. We will present a process by

which a quantum computer can be used so as to have a good chance of giving us enough
information that we can approximate one of the c; to within 1/2". (The computer chooses which
cr; we have no say in the matter.)

We will use U, U2, U?, U®, U'S, etc. Therefore, if we want our method to be efficient, we

must assume those operators are all efficiently implemented on the computer. (That is the case
for Kiteav’s U.)

In our situation, each «, has the coefficient # Suppose instead that p = Zf &2,

with varying coefficients a;. The reader should have no difficulty seeing that our method works
equally well in this case, the only difference being that the probability the computer chooses to
work with ¢, will depend upon the size of |a|?, as well as on the other factors we present below.
Our work will involve a lot of notation. We felt that having varying coefficients a; would merely
add more notation, without adding more knowledge. Also, Kiteav utilizes the case we will work
with.

If we have a known eigenstate a of U, there is a relatively easy way of approximating its
eigenvalue. See [G]. Our situation is considerably more complex.

Kiteav, [K], used the ability to find an eigenvector as part of his factoring algorithm. It
appears to be fundamentally different from Shor’s famous factoring algorithm (see [S] or [M]),
although they have points in common.

We assume the reader is familiar with the basics of quantum computation.

An introduction can be found in section 2 of [M].

In trying to learn this material, I was unable to find any detailed accounts. (That is one
reason I am trying to present it here.) Essentially, I found a few key ideas in the on-line
literature. Thinking of them as dots, I have tried to connect them in a coherent and workable
fashion. Possibly I have missed some ways of making this more efficient. If so, please forgive
me. However, I have deliberately placed more stress on clarity than on efficiency.



1. APPROXIMATIONS.

Suppose 0 <c < 1. In this section, we show that if for every integer L with 0 <L <T — 3, we can
approximate cos 2n2"c to within 1/8, and sin 22"c to within 1/4, then we can approximate c to
within 1/2". (There is one wrinkle, explained below.)

(1.1) Lemma: Suppose x and y are both in the interval [0, x] or both in the interval [, 2x].
If |cos x — cos y| < 1/4, then |x — y| < /4.

Proof: We consider the case that 0 < x <y <&, the others being similar. We prove the
contrapositive. Suppose [x —y| > n/4, so that 0 <x <x + n/4 <y <n. Since the cosine function
decreases in the interval [0, ], we see that |cos X — cos y| =cos x — cos y >

€os X — cos(x + t/4) > min{cos z — cos(z + w/4) | 0 <z < 3n/4}. That minimum occurs when

z = 0 and equals 1 — cos n/4 > 1/4, completing the argument.

Notation: Let 8 > 0. Then I[s, 8] will denote the interval [s - 8, s+ 3].

(1.2) Corollary: Suppose 0 <C <1,and-1<g<1, and cos 2nC €l[g, 1/4].
If 0 <C < 1/2, then C € I[(cos” g)/2x, 1/8].
If1/2<C <1, then C €1[1 - (cos™ g)/2x, 1/8].

Proof: We do the second case, the first being similar. As the range of the arccosine function is
[0, x], we see that 2m(1 — (cos™ g)/2m) = 2m - cos'g lies between x and 2w, as does 27C, (since
1/2 <C <1). The cosines of those two numbers are cos 2xC and g, which by assumption differ
by at most 1/4. By (1.1), |2rC — 2n(1 - (cos™g)/2m)| < w/4. Dividing by 2= gives the result.

Notation: Let 8 > 0. J[0, 8] will denote [0, 8] U [1 - §, 1].

TERMINOLOGY: Suppose 0 <c¢ < 1. We will say c can be approximated to within 9, if there is
a known number s with ¢ € I[s, 8]. (Specifically, s is an approximation of ¢ to within d.)

We will say ¢ can be quasi-approximated to within  if either ¢ can be approximated to within 9,
or ¢ € J[0, 8] (in the later case, specifically meaning 0 is a quasi-approximation of ¢ to within 3).

EXPLANATION: We explain the use of J[0, 8] and quasi-approximations. Suppose 8> 0 is
very small, and suppose ¢ € [1 - §, 1]. Then 0 and c are far apart, but ¢ %s a good
approximation to e2™® Tt would be misleading to say that 0 is an approximation to c. Instead,

we note that ¢ € J[0, 8], and so we say 0 is a quasi-approximation of c.



(1.3) Lemma: Let 0 <C < 1. If cos 2nC can be approximated to within 1/8, and sin 2xC can be
approximated to within 1/4, then C can be quasi-approximated to within 1/8.

Proof: By assumption, there is a known g with cos 2rC € I[g, 1/8]. Since -1 <cos2rC <1,
if g <-1, we can replace it with -1, and if g > 1, we can place it with 1. Thus-1 <g<1.

First suppose -1 <g <-+2/2 — 1/8. Then -1 <cos 2rC < (-v2/2 - 1/8) + 1/8 =-42 /2.
If C <1/2, then 0 <2xC <, and taking arccosines shows 3/4 <2nC < n. Thus3/8 <C<1/2.
On the other hand, if C > 1/2, then since 0 < 1 - C < 1/2 and cos 2n(1 — C) = cos 2xC, the
preceding shows 3/8 <1-C<1/2, sothat 1/2<C<5/8. Thus, if g <-v2/2 - 1/8, we know
C €[3/8, 5/8] =1[1/2, 1/8], which is an approximation of C to within 1/8.

Now suppose V2 /2 + 1/8 <g<1. Then ¥2/2 <cos 2aC < 1. If C < 1/2, taking
arccosines shows 0 <2nC <m/4. Thus 0 <C <1/8. On the other hand, if C > 1/2, we get
0<1-C<1/8,sothat 7/8 <C < 1. Thus,ifg < ~2 /2 + 1/8, we have C €0, 1/8] U [7/8, 1] =
J[0, 1/8], which is a quasi-approximation of C to within 1/8.

For the final case, suppose -22-1/8< g< ~2/2 + 1/8. Then
(-v2/2 - 1/8) - 1/8 < cos 2rC < (2 /2 + 1/8) + 1/8. Thus cos’ 2xC < (V2 /2 + 1/4)* < .92,
so that sin® 2xC > 1 —.92 = .08. If sin 2C is positive, it exceeds 08 > 1/4. If sin 2nC is
negative, it is less than — 1/4. Since we are assuming sin 2rC can be approximated to within 1/4,
we can tell whether it is positive or negative. Therefore, we can tell whether 2xC is in (0, x) or
in (x, 27), and so whether C is in (0, 1/2) or in (1/2, 1). Suppose the latter, the former case being
similar. Since we know cos 2rC € I[g, 1/8] C I[g, 1/4], (1.2) tells us
celfl - (cos™ g)/2x, 1/8], which is an approximation of C to within 1/8.

(In this final case, we could clearly get a better approximation, but that does not seem to help in
what follows.)

(1.4) Remark: In the first two cases of the above proof, we were not able to determine whether
C <1/2, or C> 1/2. In the final case, we could make that determination. To do that, we needed
to know the sign of sin 2xC, which we found using our approximation of sin 2xC to within 1/4.

That approximation would not be good enough to find the sign, if sin 2nC was too close to 0

(i.e., if |sin 2xC - 0| < 1/4 ~~/08 ). Those “too close” cases were the first two cases of the
above proof, handled a different, and less accurate way.

Notation: Let I be an interval, and j and n > 0 be numbers. Thenj+1={j+x|x €1} and
In={xn|x€Il}.

(1.5) Lemma: Suppose 0 <c < 1. LetL be an integer, and let C = 2'c - lchJ, (so that C is the

fractional part of 2"c). Suppose c can be quasi-approximated to within 1/2"*2, and C can be
quasi-approximated to within 1/8. Then c can be quasi-approximated to within 17243,

Proof: We know that either ¢ € J[0, 1/2"*?], or for some known g, c € I[g, 1/2"*?]. Let S denote
which ever of I[g, 1/2%"?] or J[0, 1/2*?] is known to contain c.



We also know that either C € J[0, 1/8], or for some known h, C € I[h, 1/8].
First suppose C € I[h, 1/8]. Since 0 <2"c < 2", we know 2"c = j + C, with j an integer between

0 and 2" — 1. Thus 2"c is contained in UjL_: (j +1[h, 1/8]), and so ¢ is contained in

Uj,_: G +1[h, 1/8])/2L. However, c is also in S. We claim S only intersects a single

(j + I[h, 1/8])/2" (so it must contain c). (By the phrase “A intersects B”, we will mean their
intersection is nontrivial.) Suppose the claim is true. Then j can be found. We know

¢ € (j +I[h, 1/8])/2% =1[(j + h)/2", 1/2"*%], which gives an approximation of ¢ to within 1/2"",
as desired. It only remains to prove the claim, which we now do.

We begin with the case S = I[g, 1/2*?]. That interval has length 1/2"*'. If we can show
that the gap between adjacent (j + I[h, 1/8])/2" exceeds 1/2"*', we will be done (in this case).
Now the gap between (j + I[h, 1/8])/2" and (j + 1) + I[h, 1/8])/2" is 1/2" times the gap between
j+1I[h, 1/8] and (j + 1) + I[h, 1/8]. That last gap is easily seen to be 3/4, and so the gap we want
is 3/21%2 > 1128 as desired.

We now take the case S = J[0, 1/22] = [0, 1/2¥*?] U [1 — 1/2"*%, 1]. Each of the two
intervals in that union has length 1/2"*2, which we just saw is less than the gap between adjacent
(j + I[h, 1/8])/2"%. Therefore, if S intersects more than one of the (j + I[h, 1/8])/2", we must have
that [0, 1/2°*?] intersects a unique (j; + I[h, 1/8])/2", and [1 — 1/2"*%, 1] intersects a unique
(i + I[h, 1/8])/2". Translating that last intersection by -1, we see that [-1/2"2, 0] intersects
-1+ (j2 + I[h, 1/8])/2% = (-2* +j, + I[h, 1/8])/2". Therefore, [-1/2"*, 1/2"*?] (an interval of
length 1/2%*") intersects (j + I[h, 1/8])/2" for both j = j; and j = -2" + j,. We already know that is
impossible, unless j; = -2" + j,. However, all our j satisfy 0 <j < 2L 1, so thatj, =-2" +j, is
also impossible. Thus, S can only intersect a single (j + I[h, 1/8])/2", as claimed. This completes
the case that C € I[h, 1/8].

Next, suppose C € J[0, 1/8] =[0, 1/8] U [7/8, 1]. We know 2'¢=j+Cisin
Uj_;‘ ([, i+ 1/8JUj+7/8,j+ 1) =
[0, 1/8] U [7/8, 9/8] U [15/8,17/8] U~ U [2“—1-1/8,2" -1+ 1/8] U [2" - 1/8, 2",
and so ¢ is in [0, 1/8]/2° U [7/8, 9/8)/2* U ~ U [2' - 1 - 1/8, 2% — 1 + 1/8)/2" U [2" - 1/8, 2"/2~.
The intersection of that with S contains c.

Consider the case S =I[g, 1/2"*?]. That interval has length 1/2"*! while the gap between
adjacent intervals in the previous union is (1/2%(3/4) > 1/2*'. Thus S can only intersect one of
those intervals. If S intersects [0, 1/8)/2% = [0, 1/2¥"*] =1[1/2"*, 1/2"**], we have an
apProximation of ¢ to within 1/2"**, better than hoped for. A similar fact holds if S intersects
2% - 1/8, 21124 =[1 - 1/2"*3, 1]. On the other hand, if S intersects any of the other intervals in
that last union, then we have located ¢ as being in an interval of form [j/2" — 1213 it + 172473
=1[j/2%, 1/2%*%], which gives an approximation of ¢ to within 1/2"*. '

Finally, suppose S = J[0, 1/25"%] = [0, 1/2"*2] U [1 — 1/2"*?, 1]. The reader can easily
verify that S contains both [0, 1/8)/2" and [2" - 1/8, 211/2%, but is disjoint from the other terms in
the previous union. Therefore, the intersection of S and that union equals
[0, 172" U [1 - 1/2%*3, 1] = J[0, 1/2""]. As that contains ¢, we have a quasi-approximation to
within 1/2".



(1.6) Theorem: Suppose 0 <c <1. Let T >3 be an integer. If for every integer L, with
0 <L <T -3, cos (2n(2"c)) has been approximated within 1/8 and sin(2x(2"c)) has been
approximated to within 1/4, then c can be quasi-approximated to within 1727,

Proof: The case T =3 is by (1.3). For T > 3, we use induction, assuming c has already been
quasi-approximated to within 1/2™. LetL =T —3. Note that if C =2"c - |_2L c_I, then

cos 2nC = cos (272 ¢c)) and sin 2xC = sin (27(2"c)). The assumptions show that we have an
approximation of 2xC to within 1/8 and an approximation of sin 2nC to within 1/4. By (1.3), we
can find a quasi-approximation of C to within 1/8. As our inductive assumption tells us we

already have a quasi-approximation of ¢ to within 1/21*2, (1.5) shows we can find a
quasi-approximation of ¢ to within 1/2"** = 12T,

2. THE COMPUTER PROGRAM

Recall that U is a unitary operator, a;, a2, ..., Og are unknown orthonormal eigenstates of U, ,
and the state § = Vlﬁzf—la’ is known. The eigenvalue belonging to the eigenstate o is

;= e, (some 0 < ¢; < 1), and our hope is to find a quasi-approximation of one of those ¢ to
within 1/27. We have just seen that to do that, it will suffice to approximate cos (2n(2%¢;)) good
to within 1/8, and approximate sin (2m(2"c,)) good to within 1/4, for each L with 0 <L <T-3.
We now show how to program the quantum computer so as to have a good chance of

accomplishing that, sspeciﬁcally, hoping that the probability of success on any given computer
run is at least 1 — 1/2°.

We will use auxiliary ‘control’ qubits. Specifically, we will have sets Sco, Sc1, ... Se(r-3), €ach set
containing 4H control qubits, and also sets S, Ss1, ... Sy(r-3), €ach set containing H control
qubits, where H > 432(T - 2)(log (288(T —2)) + 128S. We will first use the sets S,

(0 <L < T - 3) to approximate cosines, and then use the sets Sy, to approximate sines, (the
subscripts ¢ and s reminding us what S.;, and S are for.)

Recall that the Hadamard gate sends the 1-qubit states |0> and |1> to (respectively)
(1/+2)(10> + [1>) and (1/+/2 )(|0> - |1>).

We take the first control qubit from Sco, and use it to form the state [0>®p. We then apply the
Hadamard gate to the |0> qubit, resulting in the state (1/ \2 )(|0> + |1>)® B. We next apply the
controlled-U gate. Recall that gate sends |0>®8 to itself, but sends [1>®f to [I>@U(B).

Thus, our previous state becomes (1/ V2)(|0>®B + |1>®U(B)). We now apply the Hadamard
gate to the first qubit. The result is the state (1/2)[|0>®f + [1>®p + |0>®U(B) - [1>@U(PB)].

c



Using that g = (l/ﬁ)Ef_la,, this equals

R
WRVR)I® Y o, +|1>8 Y a, +10o0 3 Ula,) -15® 3 Ua,)].
Using that the eigenvalue associated to o is ;, this equals

WVR)I-® 3 o, +1>0 F o, +I>0 3 wa, - 150 3 0a]=

w

R l+w 1-
WVRY | [(SH10>+ ()] @ ar
. _ltow l-w
Letting yor = L and por = L, (note: these relate to Sco), then the above state equals

WY, [1od0>+ pul1>] @ ci.

We began with [0>®p = 0>®(1/VR) Y, ax, and have reached
(1/ R ) Ef_l [Y0:|0> + por|1>] ® a; (via the Hadamard gate applied to the first qubit, followed
by the controlled-U gate, followed by the Hadamard gate applied to the first qubit).

We now take the second qubit from S, and use it to form

0>&(1/VR) Y [rod0>+ pol1>] ® .

We repeat the previous process, this time using the Hadamard gate applied to the (new) first
qubit, followed by the controlled-I®U gate, followed by the the Hadamard gate applied to the
first qubit. (The controlled-I®U gate applied to |1> ® [yo,|0> + por 1>] ® @, gives

11> @ [Yorl0> + por1>] ® U(onr).)

At the end of this second round, we will end up at the state
R
UVR)Y  [¥od0> + pod 1>] ® [vorl0> + por 1] ® s

We then utilize the third qubit from So to form
|0>6(1/ vR ) zf_l [Yorl0> + por 1>] ® [Yor|0> + por/ 1>] ® @, and apply the same process, except

using the controlled-I®I®U gate, leading to (1/VR) 2:1 [or0> + pord 151 ® aty.

After we have used the first 4H control qubits in S in that way, we reach
R @4H
WARYY, | [vod0> + pol 1> @ ar.



We next start utilizing the second set of 4H control qubsits in S;, and we will replace U with U2,
Thus, we take the first qubit in Sy, and use it to form

10>@(1/ vR ) 2:1 [Yorl0> + por 1>12* ® o, To that, we apply the same process as before,
except using the controlled-I®*"&(U?) gate, (instead of I*H&(U)).

Since U(a,) = o0, we see that U%(a,) = m20,. Therefore, the process just described leads to

WNR)YZ, 0>+ pul1>1® [10f0> + pul1>1°* @ o, where

2 2

1+ 0 ond P1r= 1—2w, . (Note: these apply to S;.)

2

Yir =

After the set S;; of control qubits has been exhausted, we will be at the state
WVR)YS: [rud0> + pul1>17® [rod0> + pud 151 @ a.

Recall that 0 <L <T - 3. For set S¢. of control qubits, we use U®", which sends o, to ;> a.

2k 2t
+w,( ) -0’

Ify, = and p, = 2’ , then we have used all of sets S¢y, Sci, ..., S¢(1-3), (each

containing 4H control qubits), we will be at the state

WARYY, | 0> + praxl1>]* @ @lod0> + pol1>] ™7 @ ai.

We still have the sets S, Ssi, ..., Sg-3), (each containing H control qubits), as yet unused.
Before using them, it might be helpful to see what we could do if we stopped here. The next
lemma begins the illumination, showing how yy, is related to cos 2n2"c;.

(2.1) Lemma: |yid? = (1/2)(1 + cos 2m2"c,) and |prd* = (1/2)(1 - cos 2n2"¢c,)

. . L -nl
Proof: Since o, = 2™, we have w;? > = e>** “, Therefore,
2L sl
_ v 14+ th ity
Yir ) > , S0 that one easily sees

lyud® = (1/2)(1 + cos 2n2"c;). The case for |pr,| is similar.



Staring at an example might be useful. Let 4H=4and T=4(so 0<L <T-3=1). We have
R
UVR)Y [yul0> + pul1>] ®*®[yol0> + po1>]**® ax.

When expanded, that summation will have a term of form |0, 0, 1, 0, 0, 1, 1, 0>®c,. (Here, the
right most bit in |*, *, ...*, *> comes from the first qubit in Sy, while the left most bit comes
from the last qubit in S¢1) The coefficient of that term will be (1/VR Wiy 1:P1rY 16YorPorPorYor-

To find the probability of reading (0, 0, 1, 0, 0, 1, 1, 0) from the 8 control bits in S¢o U S,

we must remember that there are R different choices for a,. Therefore, the probability of reading
0,0,1,0,0,1,1,0) is

R 2 R
AR 111l i YoPoPoYer | =(UR) 3 (1, B 10, F (yo, P20 oo, ).

It is not hard to see that any 8-tuple in which exactly two of the qubits in S¢o and one of the
qubits in S;; are read as 0, has the same probability (above) of appearing.

If P(1, 2) is the probability of getting a reading in which exactly two of the qubits in S¢o and one
of the qubits in S are read as 0, then P(1, 2) equals the above probability times the number of

4,4
such 8-tuples. Obviously that number is ( 1)( 2). Therefore,

4.4
P1,2)= ( 1)( 2)(1/R) 2:10 Y Y 1oy, P (7o, )20 pg, ).

Returning to the general case, the probability that when the control qubits in
Sco U Se1 U ™ U S(r-3) are read, exactly ng. of the qubits in S are read as 0 is

P(nr.3, nr4, ...0y, o) = [ oo

r-3(4H R 7-3
( )](I/R) > T, tud™ deud .

n,

PREVIEW: We claim (and will later show) the above probability is reasonably high only when
for some choice of r, each n;/4H is a good approximation to lyLd®. Suppose when we read the
control bits, we get exactly ny. zeros from the 4H qubits in S, for 0 <L <T -3. Then our claim
justifies the hope that for some r, each WL’ really is approximated by n;/4H. However, by (2.1),
ny/4H ~ |YL,|2 = (1/2X1 + cos 2n2"cr), and so cos 2m2%¢, ~ 2n; /4H — 1, giving us (we hope) an
approximation of cos 212"c;, for 0 <L <T — 3. By choosing H large enough, we will
(hopefully) approximate all of those to within 1/8, as required by (1.6).

However, (1.6) also requires approximations of sin 2n2%c, to within 1/4. That is where
the sets S¢1, 0 <L <T —3, are needed. (Our approximation of cos 2n2%¢; can be used to find an
approximation of sin? 272 c,. That is not good enough. We must approximate sin 2m2¢, itself,
since its sign matters. See (1.4).)



As the preview explains, we can now (hopefully) approximate cos 2m2 ¢, for 0 <L <T -3, for
some choice of r (chosen by the computer, not by us). However, we also need to approximate
sin 2m2%,. To do that, we use the sets S, not with U, U3, Ut U8 etc, as earlier, but with

AU, -iU?, AiU*, -iU%, etc.

. 2L L . L . L . L . . L
Since U®" (o) = o, at, we see -iU? (o) = -iooy? Yoy, Now -io,? " = 7P (e?™7 )" =
272" ¢, +(3/4 . . . .y 7(2L
¢ 22 < +6/4) - Cq] that wy,, so that wy, is the eigenvalue for the eigenvector a, of -iU®".

LetELr= 1+;b,mdgr= l-er

. (These relate to Sy..)

(2.2) Lemma: [EL; |> = (1/2)(1 + sin 2n2%¢,) and [Cud* = (1/2)(1 - sin 2n2%c)).

Proof: [Er > = (1/2)(1 + cos 2m(2 ¢, + (3/4)) = (1/2)(1 + cos (2n2"c, + 3n/2)) =

(1/2)(1 + sin 2m2"c;). The other case is similar.

The reader can see that had we done all of our previous work using the various -U®") instead of

the vari]?us U®", we would (hopefully) be able to obtain approximations of the various
sin 2n2"c;.

Of course, we are not allowed to start all over again from our original B, and this time use the

-{U®", since that would lead to approximations of sin 2r2"c;, with no assurance that
s = ¢. After all, the computer chooses what c it wants, with a new choice on each run.

Instead, we must start with the state
R
WNRYY [asrl0> + paxl 12127 @ ®lvod0> + pol 1] @ at,

we ended with above. Call the above state .

Now take the sets S (each containing H control qubits), and apply the previous process, this
time using -iU®" for the qubits in Sy.



After completing that, we will be at our truly final state
WAR)Y 8@,

where 8; = [E(r.3;/0> + Lrapd 1] %7 @ ®[Earl 0> + Cor1>] ®7 ®

[Ycr-3x|0> + perayl1>] 7 @ ®fyor| 0> + por 1>] .

We now read all of the control bits.

Notation: P(pr.3, pr4, .-, P1, Po, N1-3, T4, ..., 1, Np) iS the probability that for 0 <L <T -3,
when the qubits in S, are read, they give exactly n;. zeros, and that when the qubits in Sy, are
read, they give exactly py. zeros.

To find a formula for the above probability, note that the number of possible readings giving that
3(H -3(4H

collection of p; and ny is [HZ Z( )] [ HT 3( )] All such readings have the same
“\PL

L=0 nL
probability of occurring, namely

a3 ([T, &b > g T (b ™ (aby**=].

Therefore’ P(pr.g,, P14, ..., P1, Po, 011-3, N14, ..., Ny, nl) =
r-3( H r-3({4H
R 3, [l_L.o( p ) ey (el " ] l_L-o(,, )(wuf)“ (ol *# ].

We will show that if H is large enough, that probability is reasonably high only when for some
¢:, each 2py/H — 1 is an approximation of sin 2x2"c; to within 1/4, and each 2n;/4H — 1 is an
approximation of cos 2n2"c; to within 1/8. Therefore, (1.6) shows we can (within a few
computer runs) find a quasi-approximation of c; to within 1/2". By letting T get large, we can
approximate e >™ , as closely as we wish.
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3. PROBABILITIES.

Notation: For integers n and K, with 0 <n <K, let fx(x) = x"(1 - x)*® (for 0 <x < 1).
(In our applications, either K will be H and n will be py, or K will be 4H and n will be n..)

(3.1) Theorem: P(pr.3, pr4, ..., P1, Pos NT-3, NT4, ..., N, ng) =

R r-3( H r-3(4H
a3 [l_L.o(p )f,,LH(IsL,f)][ H( )fw bl

n,

Proof: [EL* + Gl =1= id® + [Eud?, and so this is merely a restatement of the previous
formula.

We need to study the function fix(x). We will let m = K —n, so that fux(x) = x*(1 — x)™.
Elementary calculus shows that on our interval, fux(x) starts at 0 when x = 0, rises monotonically
to a unique maximum at x = n/K, and then falls monotonically back to 0 when x = 1.

Notation: Mk will denote fx(1n/K), the maximum value of f,x(x) on [0, 1].

3.2) Lemma: For x > 0, the function x+1 is increasing.
( g
x

Proof: It will suffice to show its logarithm, xlog(x + 1) — xlog(x), is increasing. It will suffice to
show the derivative of that logarithm is positive. That derivative equals

X/(x+1) -1 +log((x + 1)/x) = 1/y — 1 +log(y), where y = (x + 1)/x. Now x > 0 implies y>1.
Let g(y) = 1/y — 1 + log(y), which we want to exceed 0 when y > 1. Suppose g(y) <0. By the
mean value theorem, there is a yo with 1 <y <'y, such that g'(yo) = (g(y) - g())/(y — 1) =

(8(y) - 0)/(y —1) <0. However, g'(yo) = (1/yo)(1 - 1/y0) > 0.

K
(3.3) Lemma: ForOSnSK,( )M.,KSI.
n

Proof: When n = 0, fox(x) = (1 — x)*. The maximum value of that on [0, 1]is 1 = M.
K
Thus (O)M()K =1.



K

K
It is easily seen that ( )M,,K = (
n K-n

)M(K-.,)K, and so it will suffice to show that

K , , K
(n)MnK decreases as n increases from 0 to |[K /2|. One easily sees that ( 1)M(ﬂ+1)x divided
n+

K n _ m-1
by (n)M,.K equals (n—H) (m_l) . We must show that is less than 1 if
n m

0<n< |_K/2_| -1.

x y-1
Let s(x) = (ﬁ—l) and t(y) = (—y-l-) . By (3.2), s(x) is increasing for x > 0.
x
Also, t(y) =s(y — 1). Thus, ify - 1> x, thent(y) >s(x). Letn < |K/2]- 1. Then
n+1\'(m-1\"

n -1
m =K —n satisfies m - 1> n, and so t(m) > s(n). Thus(—) (——) =
n m

s(n)(t(m)) < 1, and we are done.

K
(3.4) Remark: Let us estimate the minimum value of ( )MnK, which the preceding proof shows
n
occurs at n =|_K / 2]. We will assume K is even, so the minimum occurs at n = K/2. We leave to
R
the reader the exercise of using Stirling’s formula, which says for large R, R! ~ v2aR (5) ,
e

to show that when K is large, that minimum is approximately 1’% .
(When K = 10, the value is .176..., and the approximation is .178...)

(3.5) Lemma: For-1<x,log (1 +x)<x. For-1<x<0,log(l+x)<x-x/2.

Proof: Let g(x) = log (1 + x) and h(x) = x — x*/2. Now g(0) = h(0), and
g’(x) - h’(x) =x%(1 + x) > 0. Those two facts imply the second statement. Now letting

k(x) = x, we have g(0) = k(0) and g'(x) - k'(x) = -x/(1 + x), which is positive exactly when x is
negative. The first statement follows.

The following lemma was suggested by R. G. Swan.

(3.6) Lemma: For 0<y <m, fx((n + y)/K) < Mu/e” '*".
For 0 <y <n, fux((n - y)/K) < Mux/e” /",

Proof: Suppose 0 <y <m. Then-1 <-y/m <0. Now fix((n + y)/K)/Mux =

(.



fax((n + yYK)/fx(/K) = (1 + y/m)*(1 — y/m)™. The log of that is nlog(1 + y/n) + mlog(1 — y/m),
which (3.5) shows is at most n(y/n) + m(-y/m — y*2m*) = -y*/2m. The first statement follows
from that.

Now suppose 0 <y <n. Then log [fix((n - y)/K)/Mu] = nlog(1 — y/n) + mlog(1 + y/m).
By (3.5), that is at most n(-y/n — y?*/2n%) + m(y/m) = -y*/2n, and the second statement follows.

Remark: Suppose n>m. Examples seem to indicate that fux(x) falls off more rapidly when
starting at the maximum My at /K and moving to the right, then when starting at that maximum

and moving to the left. The previous lemma hints at that, since whenn>m, e Ham o3yt

(3.7) Corollary: If0 <(n+y)yYK <1, fix((n+y)/K) < M/e” X,

Proof: This is immediate from (3.6) and the fact that n and m are at most K.

K 2
(3.8) Corollary: If 0 <(n +y)K <1, ( )an((n +y)K) < 1/e” %K,
n

Proof: Immediate from (3.7) and (3.3).

Let us recall our goal. We wish to approximate cos 2m2 cr to within 1/8. :
Since (2.1) shows [yu® = (1/2)(1 + cos 2n2Vcy), it will suffice to approximate ly.|* to within 1/16.
Similarly, since we also want to approximate sin 2n2%¢, to within 1/4, (2.2) shows we must
approximate [EL? to within 1/8.

(3.9) Theorem: Suppose H is large enough that €' > 25(4H + 5H + 1), (See (3.10).)

Then the probability exceeds 1 — 1/28 that, (after executing the computer program of section 2),
reading the control bits will give a reading for which there is some r (1 <r<R), such that for
eachL (0 <L <T - 3) we have |n;/4H - d? | < 1/16 and |pu/H - el [ < 1/8.

(That is, there is a better than 1 - 1/2° probability that on any given run of the computer program,
we will get a reading which allows us to use (1.6) to get a quasi-approximation of some ¢, to
within 1/27.)

Proof: By (2.1) and (2.2), ly.{® and [EL,” are between 0 and 1. Let yr./4H = Iy — n/4H,
and z/H = [Ev,* — p/H.
Suppose (supposition A) that for some r and L, we have

4H
|ni/4H - |YLr|2 | = |y/4H| > 1/16. By (3.8) (with K = 4H), we see ( " )f " 4H(|YLr|2) =
L

4H .
( )f,, (O + yLO)/AH) < 1/e? 87 < 1/ (since |yid > 4H/16 = H/4).
n L

L



Now suppose (supposition B) that [pi/H - |[EL* | = |z/H| > 1/8. Then (3.8) (with K = H)

H
similarly shows ( )f o L (ELP) < 176128,
P

L

r-3( H r-3(4H
By (3.3), each factor of [HL_O(p )fh,,qgu;z)][ l—L-o( . )f,,Lw(lyL,lz)] is at most 1.
L L

Thus, if either of suppositions A or B holds for one of those L (and the r appearing in that product),
then that product is less than 1/e™/'?® (since that inequality holds for at least one factor).

Therefore, if for every r (1 <r <R), one of supposition A or B holds for some L (depending on r),
then

P(pl'-3s pT-4s cees pl, pO, nr.3, N4, ..., N1, no) =
-3(H -3(4H
(1/R) 2‘:-1 []._I:-::)(p )prH(|§Lr|2)][ H:_Z( n )fnL4H(|YLl‘|2)] <
L L

(1/R) zf . (1/e"1%8) = (1/R)(R/e¥128) = 1/, (Note the vanishing of R. That is why we do
not need to know what R is.)

Let # be the number of (pr.3, P14, .., P1, Po, NT-3, NT4, ..., Ny, Do) for which one of either
supposition A or B holds (for some L depending on r) for each choice of r. Then the probability
of getting a reading (pr-3, Prs, ---» P1, Po, NT-3, D14, ..., Ny, No) for which one of those two
suppositions holds for each r is at most #/e'”'2%, Therefore, the probability of a reading
(pr-3, P14 ---5> P15 P0> DT-3, T4, ..., N3, D) for which there exists an r such that neither of those
two suppositions holds is at least 1 - #/¢'/12%, (This latter type of reading is one for which there
exists an r with both |ny/4H - y> | <1/16 and |pi/H - [EL{* | < 1/8, for all L. Recall, that means
2n1/4H — 1 approximates 2x2"c; to within 1/8, and 2pi/H — 1 approximates sin 22 c, to within
Y4, so that (1.6) can be used.) Therefore, we only need to show, #/e128 < 1125, Obviously # is
at most the total number of possible readings (pr.3, pr4, ---» P1> Pos DT-3, NT4, ..., N, Ng).

Since 0 <n;, <4H and 0 <p, <H, and since there are T — 2 choices for L, we have
#<H+D™@AH+ 1) = (4H2 + 5SH+ 1)™% As we want #/e"'28 < 1/25, it will suffice to show
(4H? + 5H + 1)T%/e128 < 1/25. However, that is true from the hypotheses.

With H as in the hypothesis of (3.9), we have a probability better than 1 — 1/2° of
quasi-approximating some c; to within 1/2". Recall, the program requires H + 4H = 5H control
qubits. H grows roughly as the logs of 2" and 2°. We give a sufficient lower bound for H.



(3.10) Lemma: If T > 3, and if H > 432(T - 2)(log (288(T - 2))) + 1288,
then €128 > 25(4H2 + 5H + 1),

Proof: We first do the case S = 0. Our assumption shows H is large enough that

SH? > 4H2 + SH + 1 and H> 5*. Thus 4H? + 5H + 1 < 5SH? <H*%, and so it will suffice to show
V128 > (H2?%)™2 | Taking logs, we need H/log H > 288(T - 2). For that,

H > 432(T - 2))(log (288(T — 2))) suffices for the case S = 0. Now for S > 1, since !N 5 oS
H > 432(T - 2))(log (288(T — 2))) + 128S suffices.

The reader may wonder why we looked for some not very good approximations to all the
cos 2m2"¢, and sin 2n2'c,, instead of very good approximations to cos 2mc; and sin 2swc,

(the L = 0 cases). The reason is that the latter approach requires a much larger H. Let us see
why.

We have quasi-approximated some ¢; to 1/2T. Thus 2nc, can be quasi-approximated to within
/27!, which we call 1/B. That means cos 27nc, can be approximated to within 1/B.

(Outline: we have 2nc, € I[g, 1/B] for a known g. The poorest approximation of cos 2mc; is
when g = +n/2, i.c., when cos 2nc, is near 0. Now |cos 2mc,|< |cos (/2 + 1/B)| =
|cos(xmw/2)cos(+1/B) — sin(xn/2)sin(x1/B)| = sin(1/B) < 1/B.)

Let us see how big H must be if we tried to approximate cos 2nc, to within 1/B. To do that, we

would only need the set Sco of control qubits from the computer program of section 2. After
using all 4H of those qubits, the computer was in state

WNR) Y [od0> + pod 1517 ® 0.

The probability of reading exactly no zeros from those 4H control bits is
R (4H 2
Po)=(/R) 3, | |f,epnanCirod).
0

We hope that for some r, |cos 2mc, — (2n0/4H — 1) < 1/B. By (2.1), we hope that for somerr,
We have ||yo)> — n/4H| < 1/(2B).

We leave to the reader the exercise of mimicking the argument in the proof of (3.9), and show
that if |lyor® — 0/4H| > 1/(2B) for all r, then P(no) < 1/¢ #'** *. (Such an ny gives failure.) The total

number of ng is 4H + 1, and so the probability of failure is less than (4H + 1)/e *'** *. To make
that less than1/2 (the case S = 1) requires H > 2B% = (22™")/x, far too large to be efficient.
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4. KITEAV’S FACTORING ALGORITHM.

Suppose we wish to factor the large number N. Kiteav’s algorithm, begins the same way Shor’s
algorithm does. We pick a random integer b with 1 <b <N, and we calculate GCD(b, N). If
that GCD is not 1, we have a factor of N. Suppose b is relatively prime to N. Then let R be the
order of b mod N in the multiplicative group of units modulo N. It can be shown (see [M, (1.2)]
for example) that there is a probability of at least 1/2 that R is even and GCD(b*? - 1, N) is a
proper factor of N. The only hard part of the above is finding R. Classically, that is very hard.
Shor’s algorithm gives a quantum computer program that (within a few tries) has a good chance
of finding R. Kiteav developed a second approach, which we now explain.

We begin with a set of states {[j> | 0<j <N —1}. (For example, if N-1 =14 <2* we would
need 4 qubits, and the state |6> would represent the actual state |0, 1, 1, 0> of those four qubits,
since the binary representation of 6 is 0110.) We work in the complex inner product space
having those N states as an orthonormal basis.

Notation: If 0 <x,y <N -1, let [xy> represent the state |z>, withzm xy mod Nand 0 <z<N-1.
Similarly, if 1 <v <N — 1, with GCD(v, N) = 1, then |[v">> represents [u> where uv = 1 mod N,
and 0 <u<N-1.

Since we are assuming GCD(b, N) = 1, the map U which sends |j> to |bj>, gives a permutation of
our basis elements, and so can be linearly extended to a unitary operator on our space.

Notation: Let o =¢**'®, For1 <r<R,leta,= (1/\/1_2)2:_;(9" b~ >.

(4.1) Lemma: {0, | 1 <r <R} is an orthonormal set of states. Also, o is an eigenvector for U,
having o' for the associated eigenvalue. Finally, |1>=(1/VR) Y a,.

Proof: As R is the order of b mod N, the various [b*>, 0 <t <R — 1 are distinct vectors in our
canonical orthonormal basis. Thus, (using * to denote complex conjugation), the inner product

of a, with o (where 1 <r,s <R) is (1/R) Ef_—;(a)" ) (@") = (1/R) Ef__;(w" Y (@®) =
(1/R) zf_;(a)s")’ . If s=r, clearly we get 1. If s # r, using the formula for the sum of a

(ws—r)R -1

R As w is a primitive R-th root of unity, that equals 0. That
w —

geometric series, we get
proves the first statement.
-1 R-1
Now U(a,) = (I/ﬁ)Eiow”Uﬂ b >) = (l/ﬁ)zt-owtr b > =

WAR) Y o 157 > = o[(/VR) 3" @ 15 >]. Since R is the order of
b mod N and o® = 1, this equals w'a,, proving the second statement.

té



Finally, I/NR) Y, o, = AR)Y. 3 o 167 >=

R-1 T

(1/R) 2 (2 » )b, Nowz w —2 o equals 0 for 1 <t<R-1, and equals R
when t= 0. The f'mal statement follows.

We now have the situation we dealt with in the previous sections; a known state

1 . . ..
[1>= 7;; 2:10" (with R unknown), with the set of o, comprising an orthonormal set of
eigenvectors of the unitary operator U.

2xir/R

The eigenvalue associated with o, is ®" = e“™"", so the ¢, from the previous sections is r/R.

Remark: Our hope is to find some ¢; =r/R with GCD(r, R) = 1. If we can do that, then having
/R in reduced terms will allow us to simply read R in the denominator. Therefore, if the process
presented below leads to 1/R being either O or 1, we have failed, and must run the program again.
Now we have 1 <r <R. Thus cg = R/R = 1. That breaks our previous rule that 0 <¢, <1. We

ignore that transgression, since that case is known to be a failure, and would lead to another try.
(Alternately, we could define cg to be 0.)

We take T large enough that 27 > 2N? > 2R%. (R is unknown, so N stands in for it. We do know
that R <¢(N) <N.)

Our previous work shows there is probability exceeding 1 — 1/28 that the computer will glve us
enough information that we can find a quasi-approximation x to some ¢, = 1/R to within 12,

The reader can easily verify that if x is 0 or 1, then T is large enough to force r/R to be 0 or 1,
both of which are useless to us. That is, if we get x equals 0 or 1, we must run the program again.
Therefore, we will assume that we know /R € I[x, 1/2T], where x is known, and 0 <x < 1.

We will now explain how to find r/R.

We remind the reader of part of the study of continued fractions [HW, chapter 10]. For numbers
g and h # 0, we let [g, h] = g + (1/h). Now for integers ao, a1, a, ... a, all positive except
possibly ao, we let [ao, a1, @, ..., a] = [ao, [a1, [a2, ... [am-2, [3m-1, 8m]]....]]-

Given a real number x, the following algorithm is well known to produce rational numbers that
closely approximate x. Let xo =x and ao = | x, |(the greatest integer equal to or less than x).
Inductively, let x+1 = 1/(x; — ;) and a1 = | x;,,|. (This stops if ever a; = xi)

The rational numbers ay, [ao, a1], [0, a1, a2], [a0, a1, a2, a3), etc, are known to be successively
better approximations to X, and are (vaguely speaking) the best approximations possible using
fractions with small denominators. These approximations are called the convergents to x.
(They will always appear in reduced terms.)

N



We remind the reader of a result of Legendre [HW, section 10.15, theorem 184].

(4.2) Theorem: If ¢ and d > 0 are integers with |x — ¢/d| < 1/(2d%), then c/d is one of the
convergents of x.

(4.3) Corollary: If ¢ and d are integers with 0 <d <N, and if {x — ¢/d| < 1/(2N?), then c/d is the
last term in the sequence of convergents to x having denominator less than N.

Proof: Since 1/(2N?) < 1/(2d), (4.2) shows c/d is a convergent to x. Suppose h/k is a later
convergent, and k <N. By the theory of continued fractions, we have [x —h/k| <|x —¢/d| <
1/(2N?). Thus 1/N? > [b/k — x| + | - c/d| > |W/k — c/d| = |dh — ck}/dk > |dh — ck|/N®. As |dh - ck| is
an integer, it must be 0, showing h/k = ¢/d, and contradicting that h/k is a later convergent.

(4.4) Theorem: If0<x<1and r/REI[x, 1/27], then t/R equals the last convergent to x (in the
ordered list of those convergents) having denominator less than N.

Proof: We know [x —1/R| < 1727 < 1/2N?). Since R <N, (4.3) gives the result.

SUMMARY: Run the computer program of section 2. Suppose the reading from it is

(PT-3, PT4» +-+» P1> P> OT-3, NT-4, ..., N1, No). Assume that for some r (with 0 <r<R-1), each pi/H
is an approximation to sin 22 (r/R) to within 1/4, and each ny/4H is an approximation of

cos 22-(t/R) to within 1/8. (That assumption will be true with probability at least 1 — 1/2°)
Use the ar%uments in the proofs of (1.3) and (1.4) to find a quasi-approximation x of r/R to
within 1/2". If x is 0 or 1, we must run the program again. Suppose 0 <x <1. Then use the
theory of continued fractions to find the last convergent to x having denominator less than N.
That convergent will automatically be in reduced terms, and will equal /R (which might not be
in reduced terms). The denominator of the convergent can be easily tested to determine if it is or
is not the order of b mod N. If /R is in reduced terms, it will be. Ifit is not (i.e., if

GCD(1, R) # 1), try again. Within a few runs, R should be found.

(4.5) Remarks: a) Recall that (3.10) shows that in the computer program, it will suffice to take H
to be the first integer bigger than 432(T — 2)(log (228(T — 2))) + 128S. Recall also that we may
take T to be the smallest integer with 27 > 2NZ?. Therefore, the number SH of auxiliary control
qubits needed grows slowly, compared to the size of N, the number being factored.

b) If one computes the continued fraction convergents to the number x (in the summary), and
lists them as co/do, ¢1/dy, c2/dz, ..., it can be proven (via a slightly awkward induction) that

iy > 2c; and disz > 2di.  Thus do; > (2')do > 2'. Therefore, we will fairly quickly reach the last
convergent with denominator less than N. Also, each such convergent can be calculated quickly.
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BIAS: The computer chooses which r/R we get, but we need GCD(r, R) = 1. If anr between 0
and R is chosen at random, there is a good chance that it will be relatively prime to R. However,
we must ask if there is a built in bias to the above process that might favor the computer
choosing an r not relatively prime to R. That appears to be a somewhat delicate issue. I have
seen the statement “all possible r appear with roughly equal probability”. I have not seen a
proof. We will now consider two aspects of that issue, the first showing that there is some bias,
and the second arguing that the bias is somewhat limited.

Recall that My is the maximum value of fx(x) (0 <x < 1), which occurs at x = n/K.
By (3.1), we see

P(pr-39 P14, ... P15 Po, N1.3, T4, ..., N1, nO) <

0 37, (T Ml T3 e -

n;

1l 0 0 i YO0

n,

However, the proof of (3.3) combined with (3.4) shows that as n varies from 0 to K,
K

( )M .« goes from 1, down to approximately 1’—]3(— (when n/K is near 1/2), and then climbs
n

back up to 1.

Therefore, if each p /H is close to 1/2 and each n; /4H is close to 1/2, (call that the worst case
scenario), then P(pr.3, P14, ---» P1» Pos N1-3, DT, ..., Ny, Ng) cannot be much bigger than

[(1,;2}7 Y[ (1/—42—5)”]. On the other hand, if each p/H and ni/4H is close to either 0 or 1
JT

(call that the best case), that probability has the potential of being close to 1 (by the cases n =0
and n =K in (3.3)). That is the bias. However, we will now show that the bias is mitigated, and

that neither the worst nor best case is likely to appear (in particular, the above potential being
unfulfilled).

We have shown in (3.9) that we will probably get a reading in which, for each L, we have

I close to ny/4H and |EL? close to pu/H. By (2.1) and (2.2) and the fact that c. = r/R, we have
ng/4H = yi; 2 = (1/2)(1 + cos 2m24(1/R)) and pi/H = [Er, |* = (1/2)(1 + sin 2n2"(/R)). Therefore,
in our actual reading, we will probably have cos 2m24(1/R)) ~ 2n1/4H — 1 and sin 2n2"(1/R)) ~
2p/H — 1. From that we see that we will probably have (2pi/H - 1)* + (2n/4H - 1)’ ~

sin? 2m2%(t/R)) + cos? 2n25(t/R)) = 1. Therefore, if pL/H is close to 1/2, then n;/4H will be close
to either O or 1, and vice-versa. (This does not fully justify the statement that all r appear with
roughly equal probability, but it at least brings it into the realm of the believable.
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