Chapter 20

Brownian Motion and It0’s Lemma

Question 20.1.

Ify=1In(S)then § =¢” anddy = (@ — %) dt + @dz,,

2
n  dy=(% - 2)di+ Sz

e 2e2)'

by dy= (% -k ) di+ Sdz,.
2
c) dy = (oe — %) dt +odZ;.

Question 20.2.

If y = 52 then S = /y and dy = (25« (S, 1) + 0 (S,1)*) dt +2So (S, 1) dZ, where a (S, 1) is
the drift of S and o (S, ¢) is the volatility of S. For the three specifications:

a) dy = 2a/y +0?)dt +2,/yodZ,.

b)

dy = <2ﬁk (a— )+ (;2) dt +2/yodZ, (1)
- (2mﬁ — 2y + 0—2) dt +2/y0dZ,. )

c) dy = 2a + 0?) ydt + 20ydZ,.

Question 20.3.

Ify=1/Sthen S =1/yanddy = (=S 2 (S,1) + S30 (S, 1)?)dt — S~20 (S, 1) d Z,,
a) dy = (—ocy2 + 02y3) dt —oy*dZ,.

b) dy = (—k (ay2 — y) + 02y3) dt —oy?*dZ;.

c) dy = (—Ol + 02) vdt —oydZ;.
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Part 5 Advanced Pricing Theory
Question 20.4.
If y = +/S then S = y% and
1 1 1
dy = (55—1/204 (S, 1) — §5_3/20 (S, t)2> dt + 55—1/20 (S,1)dZ,

1 1 1
=(—a(S,t)— —0c(S,0?*|dt + —0c (S,1)dZ,
8y3 2y

b) dy:<*—a—%—§)dt+g—ydzt.

o dy=($-5)ydi+%ydZ.
Question 20.5.

Lety = SZQO'S, then

0_2

d ap — 6
7)) = (2(0[5 — ds) +%+U§— ?Q-I—pogo*Q) dt+265d25+bO'QdZQ.

Question 20.6.
Ify=In(SQ)=1In(S) + In(Q) then

dy=dIn(S)+dIn(Q)
= (a5 = 85 — 03/2+ ag — 8 — 03/2) di + 05dZs + 00dZg.

Question 20.7.

With § = 0, the prepaid forward price for S{ is
P a a 1 2
Fy (S ) = Syexp| (a — 1)r+§a(a —Do” ).
a)  Ifa=2,Ff (5%) =100 exp (.06 + .4%) = 12461.
by Ifa=.5Ff (5°) =10exp(—.03 - 4 ) =9.5123,

©) Ifa=-2Ff (57%) =100"2exp (—.18 +3(.4%)) = 1.3499 x 107*.

258

3)

“4)

®)

(6)
(7)

®)



Chapter 20 Brownian Motion and Itd’s Lemma

Question 20.8.

Since the process y = §¢ Q" follows geometric Brownian motion, i.e. dy = ayydt +oy,ydZy the

price of the claims will be e™" E* (y;) = yoe("‘y_r ). We use Ito’s lemma, as in equation (20.38),
with § = 0 and ag = ap = r to arrive at the drift

1 1
ay = ar +br + Sala- o?+ Eb (b — 1) o}, + abposog 9)
42 22
=.06(a+b)+—a@—1)+=b(b—1)=3(4(2)ab. (10)

a) Since a =b =1, yp=10000 and ay = .12 —.024 = .096 hence the claim is worth
1000099606 — 10366.56.

b) Since a=1and b =—1, yo=1 and a, = 22 4+ .024 = .064 hence the claim is worth
6'064_'06 — 1.004.

c) Sincea = 1/2andb = 1/2,yp = 100and y, = .029 hence the claim is worth 10002906 —
96.948.

d) Since a = —1 and b = —1, yp=1/10000 and «y, = .056 hence the claim is worth
(e056=-96) /10000 = 9.960 1 x 1073.

e) Since a=2 and b=1, yyp=1000000 and «y =.292 hence the claim is worth
1000000e2%2—-06 = 1.2612 million.

Question 20.9.

It is obvious if # = 0 the proposed solution will be equal to Xy. It is helpful to rewrite the solution
as

t
X, =e™ <Xo +a(e —1)+o / e’\“dZs) =e MY, (11)
0
where dY; = are*dt + oe*'dZ,. Since e is deterministic,
dX, = (—re Mdt) Y, + e MdY, = (ah — AX,)dt + 0d Z,. (12)

Question 20.10.

Note that if V (S) satisfies the given equation, then
1
E*(dV) = |:(r —8) SVs + 56252V55] dt = rvdr. (13)
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Part 5 Advanced Pricing Theory

Since V (S) = kS" where a is constant, showing y = S%satisfies E* (dy) = rydt when a = hyis
sufficient (i.e. the constant term is irrelevant). Using Ito’s lemma,

* —1 1 -2 2q2
E* (dy) = aS*“ (r—5)S+§a(a—1)S“ oS (14)
o2
= (a(r—(S)y—i-a(a—l) Ty)a’t. (15)

If E* (dy) = rydt then a must satisfy

o2
a(r—cS)—l—a(a—l)?:r. (16)

The two solutions are 41 and h; as given (12.11) and (12.12) which one can verify directly.

Question 20.11.

As discussed in the hint, consider a strategy of 1 unitin Q, —Qn;/ (S;o;) for bothi = 1 and 2. Let
I; be the amount of money in the risk free asset. The value of the portfolio is

Vi=0:( —n1/o1 —nm2/02) + 1. (17)

The expected change in the value is

v, =d 0 — 2™ a5, — 2 4s, 4 rar (18)
S1:01 $2:072
_ ((aQ _alﬂ_a2_> Q—l—rl) 1 (19)
o1 fop)
+ MmO —mQ@)dZi+ (mQ —mQ)dZ, (20)
_ ((aQ e az_) 0+ r]) dr. @1
o1 (o))
Since this portfolio requires zero investment and there is no risk, the drift and V; must be zero.
Hence
m nm m
((XQ—Otl——Olz—>Q+ < ———>Q= . (22)
o1 o1 02
Rearranging
OlQ—r— (061—r)+—(ozz—r) (23)
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Chapter 20 Brownian Motion and Itd’s Lemma

Question 20.12.

We must try to find a position in S and Q that eliminates risk. Let us buy one unit of S and let 6 be
the position in Q. Let I; be our bond investment. We have V; = S; 4+ 6, Q; + I; with Vy = 0. Since
this strategy must be self financing,

dV = (asS +0agQ +rl)di + (658 —n6Q)dZ (24)

hence we will set & = 055/ (nQ). This will make our zero cost, self financing strategy riskless.
Hence the drift and the value must be zero. Mathematically, if V; =0 then [ = —§ — ‘;S—QS 0. The
drift being zero implies

S S
aSS+OLaQQ—r<S+(l) —0. (25)

nQ n
Dividing both sides by S and simplifying leads to

as —r

Qg =1 — n. (26)

os

Since Q is negatively related to Z, if S has a positive risk premium then Q will negative risk
premium.

Question 20.13.
In the following we define y, = S9QP.

a) From equation (20.38), the (real world) expected value of yr is E (yr) = yoemT where

a(a—l)a§+b(b—1)aé
2 2

m=a(as —¥8s)+b (er — 6Q) + +abposog 27

is the real world capital gain. Given a (real world) expected return «, the value of the claim is
e *TE (yr) = ype™ 9T, Using Ito’s lemma and problem 20.11, 5| = aos and n, = bog. We
then have

a:r—i—a(as—r)—l—b(aQ—r) (28)
and the value of the claim being

yoe(m—O{)T — S()Qoe_rTehT (29)

whereh = a (r — 8s) + b (r — 8g) + 3a(a — 1) o2 +3b (b — 1) aé + abposog. Note this agrees
with e T E* (yr).
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Part 5 Advanced Pricing Theory

b) The expected return of y is « and the actual expected capital gain is m. The lease rate of y
would have to be the difference §* = o« — m which equals

1 1
§*=r(1 —a—b)+ads+bdg — Sala— Hod — bk - 1o} — abposoy.

The prepaid forward price must be ype %7 = ype™ 7T which agrees with our previous answer.
We can rewrite it in an informative way. The forward price for a security paying S¢ is

FO,T(Sa) — Sae(a(r ds)+zala I)GS)T.

The forward price for Q° is

be(b(r—zSQ)—l—%h(b—l)aé)T.

For(Q") =0
Thus, we can rewrite the prepaid forward price as
FEr (890" = e T Fo 1 (5 Fo.r (QY)erosoeT, 31)

The expression on the right is the product of the forward prices times a factor that accounts for the
covariance between the two assets. The discount factor converts it into a prepaid forward price.

Question 20.14.

As mentioned in the problem, o d Z appears in both d.S and d Q. One can think of d Q as an alternative
model for the stock (with d§ being the standard geometric Brownian motion).

a) If there were no jumps, d Q would also be geometric Brownian motion. Since it has the same
risk component, od Z, o must equal «. If we thought of Q as another traded asset, this naturally
follows from no arbitrage.

b) If Y1 > 1 then there are only positive jumps. We would therefore expect g < « to com-
pensate for this. Mathematically, dQ/Q — dS/S = (aQ — a) dt + dg;. If a jump occurs, dq; =
Y1 — 1> 0;ifap > a we could buy Q and short S. The only risk we have is jump risk but this will
always be “good” news for our portfolio. In order to avoid this arbitrage o must be less than .

If we use a weaker assumption k| = E (Y] — 1) > 0 and we assume the returns to S and Q should
be the same (this makes sense if we are looking at Q as an alternative model instead of another
stock) then we arrive at a similar result. The expected return to Q is ag + A1ky; setting this equal
to o implies & — g = A1k; > 0.
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Chapter 20 Brownian Motion and Itd’s Lemma

c) Let o™ be the expected return of Q. Note that « ¢ is not the expected return, it is the expected
return conditional on no jumps occurring. We have the following relationship,

a*=E (dEQ) /dt = ag + kA1 + kaho (32)

where k; = E (Y; — 1). Hence ag = o™ —kjA1 — koo If @ = o (i.e. Q and S have the same
expected return) then o — ag = kA1 + kaA2. The sign of which could be positive or negative if
there are no restriction on k; and k».
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