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n=2

4. For atwo-period binomial model, you are given:

(i) Each period is one year. @\g s d
(i) The current price for a nondividend-paying stock is 20. 3 () =20

(iii) u = 1.2840, where u is one plus the rate of capital gain on the stock per period if
the stock price goes up.

(iv) d=0.8607, where d is one plus the rate of capital loss on the stock per period if
the stock price goes down.

(v) The continuously compounded risk-free interest rate is 5%. ¥ =20.05

Calculate the price of an American call option on the stock with a strike price of 22. K= 22
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. Consider a 9-month dollar-denominated American put option on British pounds.
WYou are given that:

~ The current exchange rate is 1.43 US dollars per pcund.

WT'he strike price of the put is 1.56 US dollars per pound.

(i) ﬁﬁgvolatility of the exchange rate is o= 0.3.

The"\;ﬁ;‘f\%{vS dollar continuously compounded risk-free interest rate is 8§%.

: tish pound continuously compounded risk-*ree interest rate is 9%.

Using a three-peri’“\ d binomial model, calculate the price of the put.

(A) 023
B) 025
€) 027
D) 029 N
B 031 N
N\
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**BEGINNING OF EXAMINATION**

1. You use the usual method in McDonald and the following infcrmation to construct a
binomial tree for modeling the price movements of a stock. (This tree is sometimes

called a forward tree.)

(M)

(i)
(iii)
(iv)

V)

The length of each period is one year.

The current stock price is 100.

The stock’s volatility is 30%.

The stock pays dividends continuously at a rate proportional to its price. The

dividend yield is 5%.

The continuously compounded risk-free interest rate is 5%.

Calculate the price of a two-year 100-strike American call option on the stock.

(A)
(B)
©
(D)
(E)
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11.40

12.09

12.78

13.47

14.16

-1- =0 ON TO NEXT PAGE

(5)



1. Answer: E

We have So =10, 8 =0.05, 0=0.3, = 0.05, and 2 = 1. By (10.10},

u = exp[(r — 8)h+ o/h] = exp[(0.05 = 0.05) x 1 + 0.3v/1] = &*
d = expl[(r — 8)h— o~/h] = exp[(0.05 - 0.05)x 1 - 0.331] = ¢

By (10.5),
(-8)h _ (0.05-005)x1 _ 03
pr=t 2 T e 42556,
u _d e .3 = o .3 :

The stock prices and call prices are listed at each node below:

Su=182.21188
—~7 Cuwu=82.21188

S =134.9859
Early exercise: 34.9859
So=100 :

Continuation: 33.2796 Sua =100
Co=14.16

Cud =0
Sa=74.08182

Ca =10

~ Sa=54.8816
Caa=0

For the calculation of C,, we have
Cu=e"P[p*Cyy + (1 — p¥)C.a] = 33.2796,
but early exercise would be optimal at a value of 34.9859. The time-0 price of the call is

C=eP[p*C,+ (1 — p¥)Cy] = 14.1624.

Remark:
For a given volatility o, if u and d are computed using the method of forward tree, then
. e _ g _ O _ g (r=8)h-oh . l_e—aﬁ ~ oV _1 ~ 1
- u—d o e(r—5)11+0'w/z _e(r-5)h—oﬁ - ecn/;; _e-o‘ﬁ a éZU\/E ] - 1+e° h?

and hence

1

1+eo "

I—p*=

As aresult, p* < %; this provides a check for p*.



11. Fora two-period binomial model for stock prices, you are given:

(D) Each period is 6 months.

(i)  The current price for a nondividend-paying stock is $70.00l.

(ili)  #=1.181, where u is one plus the rate of capital gain on the stock per period if the
price goes up.

(iv)  d=0.890, where d is one plus the rate of capital loss on the stock per period if the
price goes down.

v) The continuously compounded risk-free interest rate is 5%,

Calculate the current price of a one-year American put option on the stock with a strike price

of $80.00.

(A) $9.75

B) $10.15

(C) $10.35

D) $10.75

(B) $11.05
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From the second equation (the gamma-neutral equation), we obtain

z = 65.1/0.0746 = 872.654 ~ 872.7.
(This is sufficient to determine that (B) is the correct answer.) Substltutmg this in the
first equation (the delta-neutral equation) yields

y = 5825 — 872.7x 0.7773 = -95.8.

11. Answer= (D)

With #=1.181, d =0.890, 2=0.5, and 5 =0, the risk-neutral probability that the
stock price w1ll increase at the end of a period is
( ~8)h 200505 _ !
Po= Z = il =0.465. : (10.5)
u—d 1.181-0.890 -

For the two-period model, the stock prices are

S, =uS, =1.181x70 = 82.67 S, = dS, =0.890x70 = 62.30
S, =uS, =1.181x82.67 = 97.63 S,y =dS, =0.890x82.67 =73.58

Saq = dS, =0.890x 62.30 = 55.45

Let Po, Py, Py, P, Pua, Pag denote the corresponding prices for the American put
option. The three prices at the option expiry date are

Py =max(K — Sy, 0) = max(80 — 97.63, 0) = 0,

Pua=max(K - S,q, 0) = max(80 — 73.58, 0) = 6.42,

Paq=max(K — Sz, 0) = max(80 — 55.45, 0) = 24.55.

By the backward induction formula (10.12), the two prices at time 1 are
Py,=max(K-S,, e™ [Pm,p* + Pua(1 = p*)])
max(SO 82.67, ¢ "[0x0.465 + 6.42x(1 — 0. 465)))
e "%"%6.42x0.535
= 3.35,
Pa=max(K— Sy e "[Pup* + Pa(1 —p®)])
= max(80 — 62.30, e™**"[6.42x0.465 + 24.55x(1 — 0.465)])
=max(17.70, 15.72)
=17.70.

Finally, the time-0 price of the American put option is
Po=max(K — So, e "[P,p* + Pyl -p*)])
=max(80 — 70, e ®?[3.35x0.465 + 17.70x(1 — 0.455)])
=max(10, 10.75)
= 10.75.
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