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Abstract. Almost perfect obstruction theories were introduced in an
earlier paper by the authors as the appropriate notion in order to define
virtual structure sheaves and K-theoretic invariants for many moduli
stacks of interest, including K-theoretic Donaldson-Thomas invariants
of sheaves and complexes on Calabi-Yau threefolds. The construction
of virtual structure sheaves is based on the K-theory and Gysin maps
of sheaf stacks.

In this paper, we generalize the virtual torus localization and cosec-
tion localization formulas and their combination to the setting of almost
perfect obstruction theory. To this end, we further investigate the K-
theory of sheaf stacks and its functoriality properties. As applications
of the localization formulas, we establish a K-theoretic wall crossing
formula for simple C∗-wall crossings and define K-theoretic invariants
refining the Jiang-Thomas virtual signed Euler characteristics.
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1. Introduction

Enumerative geometry is the study of counts of geometric objects subject
to a set of given conditions. More often than not, the moduli stacks param-
eterizing the objects of interest are highly singular, have many components
of dimension different from the expected dimension and do not behave well
under deformation.

YHK was partially supported by Samsung Science and Technology Foundation grant
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To address these issues, Li-Tian [LT98] and Behrend-Fantechi [BF97] de-
veloped the theory of virtual fundamental cycles, which have been instru-
mental in defining and investigating several algebro-geometric enumerative
invariants of great importance, such as Gromov-Witten [Beh97], Donaldson-
Thomas [Tho00] and Pandharipande-Thomas [PT09] invariants, and are still
one of the major components in modern enumerative geometry.

Any Deligne-Mumford stack X is equipped with its intrinsic normal cone
CX which locally for an étale map U → X and a closed embedding U ↪→ V
into a smooth scheme V is the quotient stack [CU/V /TV |U ] (cf. [BF97]). A
perfect obstruction theory φ : E → LX gives an embedding of CX into the
vector bundle stack EX = h1/h0(E∨) and the virtual fundamental cycle is
defined as the intersection of the zero section 0EX with CX

[X]vir := 0!
EX [CX ] ∈ Av.dim.(X).

Recently, a lot of interest has been generated towards refinements of enu-
merative invariants that go beyond numbers or the intersection theory of
cycles. Motivated by theoretical physics and geometric representation the-
ory, it is in particular desirable to obtain such a refinement in K-theory (cf.
for example [Oko17, Oko19]).

When the moduli stack X admits a perfect obstruction theory with a
global presentation E = [E−1 → E0], where E−1, E0 are locally free sheaves
on X, one can define the virtual structure sheaf as

[Ovir
X ] := 0!

E1
[OC1 ] ∈ K0(X)

where E1 = (E−1)∨ and C1 = CX ×EX E1.
However, there are many moduli stacks of interest which do not admit

perfect obstruction theories, including moduli of simple complexes [Ina02,
Lie06] and desingularizations of stacks of semistable sheaves and perfect
complexes on Calabi-Yau threefolds [KLS17, Sav20].

In order to resolve this, in our previous paper [KS20] we introduced a re-
laxed version of perfect obstruction theories, called almost perfect obstruc-
tion theories, which arise in the above moduli stacks. An almost perfect
obstruction theory has an obstruction sheaf ObX , which is the analogue of
the sheaf h1(E∨), and induces an embedding of the coarse moduli sheaf cX
of CX into ObX enabling us to define the virtual structure sheaf of X as

[Ovir
X ] := 0!

ObX [OcX ] ∈ K0(X).(1.1)

Several techniques have been developed to handle virtual fundamental
cycles and virtual structure sheaves arising from perfect obstruction theories
on Deligne-Mumford stacks, such as the virtual torus localization of Graber-
Pandharipande [GP99, Qu18], the cosection localization of Kiem-Li [KL13a,
KL17], virtual pullback [Man12, Qu18] and wall crossing formulas [KL13b].
Often, combining these (cf. for example [CKL17]) can be quite effective.

The aim of the present paper is to generalize the virtual torus localization
and cosection localization formulas of virtual structure sheaves and their
combination to the setting of almost perfect obstruction theory.
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Roughly speaking, an almost perfect obstruction theory φ on a Deligne-
Mumford stack X consists of perfect obstruction theories

φα : Eα −→ LUα

on an étale cover {Uα → X} of X satisfying appropriate combatibility con-
ditions (cf. Definition 2.10), which ensure that we have an obstruction sheaf
F = ObX and an embedding of the coarse intrinsic normal cone cX into F ,
so that the virtual structure sheaf [Ovir

X ] can be defined as in (1.1) above.
The definition of [Ovir

X ] is based crucially on the development of a K-theory
group K0(F) of coherent sheaves on the sheaf stack F , so that [OcX ] ∈
Coh(F), and the construction of the Gysin map 0!

F : K0(F) → K0(X) in
[KS20].

In this paper, we investigate the K-theory of sheaf stacks in more de-
tail and establish an appropriate version of descent theory for the cate-
gory Coh(F) of coherent sheaves on F and several functorial behaviors for
Coh(F) and K0(F) and their properties. These include:

(1) Pullback functors for surjective homomorphisms G → F .
(2) Pullback and pushforward functors for injective homomorphisms
G → F with locally free quotient L = F/G.

(3) Pullback and pushforward functors for morphisms τ : Y → X of the
base.

With these well developed, after appropriate modifications, the standard
arguments proving the virtual torus localization formula, cosection localiza-
tion formula and their combination work in our setting.

Thus, when X admits a T = C∗-action, and the cover {Uα → X} and
obstruction theories φα are T -equivariant, we prove that (Theorem 5.13)

[Ovir
X ] = ι∗

[Ovir
F ]

e(Nvir)
∈ KT

0 (X)⊗Q[t,t−1] Q(t)

where ι : F → X is the inclusion of the T -fixed locus, which admits an
induced almost perfect obstruction theory, and we assume that the virtual
normal bundle Nvir of F has a global resolution [N0 → N1] by locally free
sheaves.

Moreover, if there is a cosection σ : ObX → OX with vanishing locus X(σ),
we prove (Definition 4.5, Proposition 4.6) that the virtual structure sheaf
[Ovir
X ] localizes canonically to an element [Ovir

X,loc] ∈ K0(X(σ)).
In the presence of a T -action such that the almost perfect obstruction

theory is T -equivariant and a T -invariant cosection σ, we show that the
virtual torus localization formula holds for the cosection localized virtual
structure sheaves of X and F (Theorem 6.1).

An immediate application of the virtual torus localization formula is a K-
theoretic wall crossing formula for simple C∗-wall crossings (Theorem 7.2).

Another application is a K-theoretic refinement of the Jiang-Thomas
theory of virtual signed Euler characteristics [JT17]. If X is a Deligne-
Mumford stack with a perfect obstruction theory with obstruction sheaf
F = ObX , then we show (Theorem 7.4) that the dual obstruction cone
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N = SpecX(SymF) admits a (symmetric) almost perfect obstruction the-
ory with obstruction sheaf ObN = ΩN . This is T -equivariant for the natu-
ral T -action with fixed locus ι : X → N . Additionally, there is a cosection
σ : ObN → ON . When X is proper, we obtain (Theorem 7.6) the K-theoretic
invariants

χ
(
[Ovir
N,loc]

)
∈ Q, χt

(
[Ovir
X ]

e(E∨)

)
∈ Q(t)

refining the Jiang-Thomas virtual signed Euler characteristics.

Layout of the paper. §2 collects necessary background on the K-theory
of sheaf stacks, almost perfect obstruction theories and virtual structure
sheaves that we need from [KS20]. In §3 we study the descent theory and
functoriality properties of coherent sheaves on sheaf stacks, which are then
used throughout the rest of the paper. §4 treats the cosection localization
formula, §5 treats the virtual torus localization formula and §6 their combi-
nation. In §7 we apply these formulas to prove the K-theoretic wall crossing
formula for simple C∗-wall crossings and construct a K-theoretic refinement
of the Jiang-Thomas theory of virtual signed Euler characteristics. Finally,
in the Appendix, we give the proof of the deformation invariance of the
cosection localized virtual structure sheaf.

Acknowledgements. We would like to thank Dan Edidin for kindly an-
swering our questions on localization in equivariant K-theory and the anony-
mous referee for helpful comments and suggestions.

Notation and conventions. Everything in this paper is over the field C of
complex numbers. All stacks are of finite type and Deligne-Mumford stacks
are separated.

If E is a locally free sheaf on a Deligne-Mumford stack X, we will use
the term vector bundle to refer to its total space. If F is a coherent sheaf
on a Deligne-Mumford stack X, we will use the same letter to refer to the
associated sheaf stack.

For a morphism f : Y → X of stacks and a coherent sheaf F on X, its
pullback f∗F is sometimes denoted by F|Y when the map f is clear from
the context. The bounded derived category of coherent sheaves on a stack
X is denoted by D(X) and LX/S = L≥−1

X/S denotes the truncated cotangent

complex for a morphism X → S. T typically denotes the torus C∗.

2. K-Theory on Sheaf Stacks, Almost Perfect Obstruction
Theory and Virtual Structure Sheaf

In [KS20], we introduced the notion of coherent sheaves on a sheaf stack
F , defined the K-theory of F and constructed a Gysin map 0!

F of F , which
enabled us to construct the virtual structure sheaf [Ovir

X ] ∈ K0(X) for a
Deligne-Mumford stack X equipped with an almost perfect obstruction the-
ory.

In this preliminary section, we collect necessary ingredients from [KS20].
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2.1. Sheaf stacks, local charts and common roofs. In what follows, X
will denote a Deligne-Mumford stack and F a coherent sheaf on X.

Definition 2.1. (Sheaf stack) The sheaf stack associated to F is the stack
that to every morphism ρ : W → X from a scheme W associates the set
Γ(W,ρ∗F).

By abuse of notation, we denote by F the sheaf stack associated to a
coherent sheaf F on X. A sheaf stack is not algebraic in general and we
need an appropriate notion of local charts for geometric constructions.

Definition 2.2. (Local chart) A local chart Q = (U, ρ,E, rE) for the sheaf
stack F consists of

(1) an étale morphism ρ : U → X from a scheme U , and
(2) a surjective homomorphism rE : E → ρ∗F = F|U of coherent sheaves

on U from a locally free sheaf E on U .

We will call U the base of the chart Q. If U is affine and E is free, then
the local chart Q = (U, ρ,E, rE) is called affine.

Definition 2.3. (Morphism between local charts) Let Q = (U, ρ,E, rE) and
Q′ = (U ′, ρ′, E′, rE′) be two local charts for F . A morphism γ : Q → Q′ is
the pair (ργ , rγ) of an étale morphism ργ : U → U ′ and a surjection rγ : E →
ρ∗γE

′ of locally free sheaves, such that the diagrams

U
ργ //

ρ
  

U ′

ρ′

��
X

E
rγ //

rE
  

ρ∗γE
′

ρ∗γrE′
��
F|U

are commutative.
We say that Q is a restriction of Q′ and write Q = Q′|U if E = ρ∗γE

′ and
rγ is the identity morphism.

The notion of a common roof enables us compare two local charts on F
with the same base ρ : U → X.

Definition 2.4. (Common roof) Let r : G → F and r′ : G′ → F be two
surjective homomorphisms of coherent sheaves on a scheme U . Their fiber
product is defined by

(2.1) G ×F G′ := ker

(
G ⊕ G′ (r,−r′)−−−−→ F ⊕F +−→ F

)
and we have a commutative diagram

G ×F G′ //

��

G

��
G′ // F

of surjective homomorphisms, which is universal among such diagrams of
surjective homomorphisms in the obvious sense.
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Given two charts Q = (U, ρ,E, rE) and Q′ = (U, ρ,E′, rE′) with the same
quasi-projective base U , we can pick a surjective homomorphism

W −→ E ×F|U E
′

from a locally free sheaf W . Denoting the induced surjection W → F|U by
rW , we obtain a local chart (U, ρ,W, rW ), which we call a common roof of
Q and Q′.

More generally, given two chartsQ = (U, ρ,E, rE) andQ′ = (U ′, ρ′, E′, rE′)
of the sheaf stack F , we let V = U ×X U ′ and have two local charts Q|V
and Q′|V with the same base. A common roof of Q|V and Q′|V is called a
common roof of Q and Q′.

2.2. Coherent sheaves on a sheaf stack F . A coherent sheaf A on F
is an assignment to every local chart Q = (U, ρ,E, rE) of a coherent sheaf
AQ on the scheme E (in the étale topology) such that for every morphism
γ : Q→ Q′ between local charts there exists an isomorphism

(2.2) r∗γ
(
ρ∗γAQ′

)
−→ AQ

which satisfies the usual compatibilities for composition of morphisms. Note
that we abusively write ρ∗γAQ′ for the pullback of AQ′ to ρ∗γE

′ via the mor-
phism of bundles ρ∗γE

′ → E′ induced by ργ . A quasicoherent sheaf on a
sheaf stack is defined likewise.

A homomorphism f : A → B of (quasi)coherent sheaves on F is the data
of a homomorphism fQ : AQ → BQ of (quasi)coherent sheaves on E for each
local chart Q = (U, ρ,E, rE) such that for every morphism γ : Q → Q′ of
local charts, the diagram

r∗γ
(
ρ∗γAQ′

)
//

fQ′

��

AQ

fQ

��
r∗γ
(
ρ∗γBQ′

)
// BQ

is commutative where the horizontal arrows are (2.2). We say that a homo-
morphism f : A → B is an isomorphism if fQ is an isomorphism for each
local chart Q.

Exact sequences and theK-groupK0(F) were defined in [KS20] as follows.

Definition 2.5. (Short exact sequence) Let A,B, C be coherent sheaves on
the sheaf stack F . A sequence

0 −→ A −→ B −→ C −→ 0

of homomorphisms of coherent sheaves on F is exact if for every local chart
Q = (U, ρ,E, rE) on F the sequence

0 −→ AQ −→ BQ −→ CQ −→ 0

is an exact sequence of coherent sheaves on the scheme E.

Note that the morphism

E
rγ−→ ρ∗γE

′ = U ×U ′ E′ −→ E′
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is smooth and hence flat. We can likewise define the kernel and cokernel
of a homomorphisms f : A → B of coherent sheaves on the sheaf stack F .
Thus coherent and quasicoherent sheaves on F form abelian categories

Coh(F) ⊂ QCoh(F).

Definition 2.6. The K-group of coherent sheaves on F is the group gen-
erated by the isomorphism classes [A] of coherent sheaves A on F , with
relations generated by [B] = [A] + [C] for every short exact sequence

0 −→ A −→ B −→ C −→ 0.

In other words, K0(F) is the Grothendieck group of the abelian category
Coh(F).

If F = E is locally free, so that F is an algebraic stack, then the above
definitions recover the standard notions of short exact sequences and K0(F)
for the vector bundle E.

2.3. K-theoretic Gysin and pullback maps. Let Q = (U, ρ,E, rE) be
a local chart for the sheaf stack F and denote the vector bundle projection
map E → U by πE . The tautological section of the pullback π∗EE induces
an associated Koszul complex

K(E) := ∧•π∗EE∨

that resolves the structure sheaf OU of the zero section of πE .

Definition 2.7. For any local chart Q = (U, ρ,E, rE) and a coherent sheaf
A on F , the i-th Koszul homology sheaf

HiQ(A) ∈ Coh(U)

of A with respect to Q is defined as the homology of the complex

K(E)⊗OE AQ = ∧•π∗EE∨ ⊗OE AQ
in degree −i.

Using common roofs and the standard descent theory for coherent sheaves
on algebraic stacks, the following is proven in [KS20].

Theorem-Definition 2.8. Let A be a coherent sheaf on a sheaf stack F
over a Deligne-Mumford stack X. The coherent sheaves HiQ(A) ∈ Coh(U)

glue canonically to a coherent sheaf HiK(A) ∈ Coh(X) on X, which is defined
to be the i-th Koszul homology sheaf of A.

The Koszul homology sheaves of A were then used to define a K-theoretic
Gysin map 0!

F : K0(F)→ K0(X).

Definition 2.9. (K-theoretic Gysin map) The K-theoretic Gysin map is
defined by the formula

0!
F : K0(F) −→ K0(X), 0!

F [A] =
∑
i≥0

(−1)i[HiK(A)] ∈ K0(X)(2.3)

where A is a coherent sheaf on F .
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2.4. Almost perfect obstruction theory and virtual structure sheaf.
A perfect obstruction theory on a morphism X → S, where X is a scheme
and S a smooth Artin stack, is a morphism

φ : E −→ LX/S

in D(X), where E is a perfect complex of amplitude [−1, 0], satisfying that
h−1(φ) is surjective and h0(φ) is an isomorphism.

We refer to the sheaf ObX := h1(E∨) as the obstruction sheaf associated
to the perfect obstruction theory φ. Then φ induces a Cartesian diagram

CX/S //

��

NX/S := h1/h0(L∨X/S)
h1/h0(φ∨) //

��

E := h1/h0(E∨)

��
cX/S // nX/S = h1(L∨X/S)

h1(φ∨)
// ObX = h1(E∨)

(2.4)

where CX/S and NX/S are the intrinsic normal cone and intrinsic normal
sheaf of X over S respectively, while cX/S and nX/S are their coarse moduli
sheaves. All the horizontal arrows are closed embeddings.

Some interesting moduli spaces in algebraic geometry such as the moduli
space of derived category objects do not admit a perfect obstruction theory.
In [KS20], we introduced a weaker notion with which moduli stacks for
generalized Donaldson-Thomas invariants are equipped.

Definition 2.10. (Almost perfect obstruction theory) Let X → S be a
morphism, where X is a Deligne-Mumford stack of finite presentation and
S is a smooth Artin stack of pure dimension. An almost perfect obstruction
theory φ consists of an étale covering {Xα → X}α∈A of X and perfect
obstruction theories φα : Eα → LXα/S of Xα over S such that the following
hold.

(1) For each pair of indices α, β, there exists an isomorphism

ψαβ : ObXα |Xαβ −→ ObXβ |Xαβ

so that the collection {ObXα = h1(E∨α ), ψαβ} gives descent data of a
sheaf ObX , called the obstruction sheaf, on X.

(2) For each pair of indices α, β, there exists an étale covering {Vλ →
Xαβ}λ∈Γ of Xαβ = Xα ×X Xβ such that for any λ, the perfect ob-
struction theories Eα|Vλ and Eβ|Vλ are isomorphic and compatible
with ψαβ. This means that there exists an isomorphism

ηαβλ : Eα|Vλ −→ Eβ|Vλ
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in D(Vλ) fitting in a commutative diagram

Eα|Vλ
φα|Vλ

��

ηαβλ // Eβ|Vλ
φβ |Vλ
��

LXα/S |Vλ //

∼= &&

LXβ/S |Vλ
∼=
��

LVλ/S

(2.5)

which moreover satisfies h1(η∨αβλ) = ψ−1
αβ |Vλ.

Suppose that the morphism X → S admits an almost perfect obstruction
theory. Then the definition implies that the closed embeddings given in
diagram (2.4)

h1(φ∨α) : nUα/S −→ ObXα
glue to a global closed embedding

jφ : nX/S −→ ObX
of sheaf stacks over X. Therefore, the coarse intrinsic normal cone stack
cX/S embeds as a closed substack into the sheaf stack ObX .

Definition 2.11. [KS20] (Virtual structure sheaf) Let X → S be as above,
together with an almost perfect obstruction theory φ : X → S. The virtual
structure sheaf of X associated to φ is defined as

[Ovir
X ] := 0!

ObX [OcX/S ] ∈ K0(X).

It is straightforward to generalize Definition 2.10 to the relative setting
of a morphism X → Y of Deligne-Mumford stacks, by considering an étale
cover {Yα → Y } and relative perfect obstruction theories on the morphisms
Xα = X ×Y Yα → Yα. We leave the detail to the reader.

In the subsequent sections, we will generalize the torus localization the-
orem [GP99, Qu18], the cosection localization theorem [KL13a, KL17] and
the wall crossing formula [CKL17] to the virtual structure sheaves associated
to almost perfect obstruction theories.

3. Functorial Behavior of Coherent Sheaves on Sheaf Stacks

In this section, we investigate the functorial behavior of coherent sheaves
on the sheaf stack F . These functoriality properties will be our fundamental
tools in generalizing the localization theorems to almost perfect obstruction
theories in the subsequent sections.

We will first establish a descent theory for coherent sheaves on F . Using
this, we will prove that there are pullbacks of a coherent sheaf A on F
by a morphism τ : Y → X of the base and by a surjective homomorphism
f : G → F of the sheaves as well as by an injective homomorphism f : G → F
with locally free quotient L = F/G.

Moreover, we will see that there are (higher) pushforwards of a coherent
sheaf A on τ∗F to coherent sheaves Riτ∗A on F for any proper morphism
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τ : Y → X. When G → F is an injective homomorphism of coherent
sheaves on X with locally free quotient, we will define the pushforward of
a coherent sheaf on G to F . These pushforwards and pullbacks satisfy the
expected adjunction properties.

3.1. Coherent descent theory. Let f : G → F be a surjective homomor-
phism of coherent sheaves on a Deligne-Mumford stack X. Then any local
chart

Q = (ρ : U → X, rE : E � G)

of G induces the local chart

f∗Q = (ρ : U → X, f∗rE : E � G � F)

of F . Thus a coherent sheaf A ∈ Coh(F) gives a coherent sheaf Af∗Q ∈
Coh(E) for every local chart Q of G. It is easy to see that this assignment
is a coherent sheaf on G, denoted by f∗A or A|G . In this way, we obtain a
functor

(3.1) f∗ : Coh(F) −→ Coh(G)

and a homomophism

(3.2) f∗ : K0(F) −→ K0(G)

since f∗ preserves exact sequences. From the construction, it is straightfor-
ward that if g : G′ → G is another surjective homomorphism, then we have
the equality

(3.3) (f ◦ g)∗ = g∗ ◦ f∗.
Using the above pullback functor, we can develop a descent formalism for

sheaves on sheaf stacks. To begin with, it is convenient to extend the notion
of local charts.

Definition 3.1. (Coherent chart) Let F be a coherent sheaf on a Deligne-
Mumford stack X. A coherent chart on the sheaf stack F is the datum of a
quadruple

P = (U, ρ,G, rG)

where U is a scheme, ρ : U → X is an étale morphism and rG : G → ρ∗F is
a surjective homomorphism of coherent sheaves on U .

Of course, when G is locally free, a coherent chart is the same as a local
chart.

Morphisms between coherent charts are defined in the same way as mor-
phisms between local charts. The main advantage of coherent charts is that
one has a natural fiber product.

Definition 3.2. (Fiber product of coherent charts) Let P = (U, ρ,G, rG)
and P ′ = (U ′, ρ′,G′, rG′) be two coherent charts for F . Let V = U ×X U ′

and ρV : V → X the natural map to X. Using (2.1), we have the fiber
product

G ×F G′ := G|V ×F|V G
′|V .

Denote the induced surjection G ×F G′ → F|V by rG ×F rG′. The coherent
chart (V, ρV ,G ×F G′, rG ×F rG′) is called the fiber product of the coherent
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charts P and P ′ and denoted by P ×F P ′. There are natural morphisms of
coherent charts P ×F P ′ → P and P ×F P ′ → P ′.

Remark 3.3. If P and P ′ are local charts, then it is easy to see that a
common roof of P and P ′ by Definition 2.4 is a local chart for the fiber
product P ×F P ′.

Definition 3.4. (Atlas on F) An atlas on a sheaf stack F is a collection

{Pα = (Uα, ρα,Gα, rα)}α∈Γ

of coherent charts on F such that the morphisms {ρα : Uα → X} give an
étale cover of X. We write Uαβ = Uα×X Uβ and Pαβ = (Uαβ, ραβ,Gαβ, rαβ)
for the fiber product Pα×F Pβ. We use similar notation Uαβγ and Pαβγ for
triples of indices.

If A is a coherent sheaf on F and {Pα} is an atlas on F , then we have
the pullbacks

Aα ∈ Coh(Gα)

of A to Gα by the surjections rα : Gα → F|Uα . Moreover, the pullbacks Aα
and Aβ to Gαβ are isomorphic to A|Gαβ . By (3.3), we have the isomorphisms

(3.4) gαβ : Aα|Gαβ
=−→A|Gαβ

=←−Aβ|Gαβ ,
which satisfy the equality

(3.5) gγα|Gαβγ ◦ gβγ |Gαβγ ◦ gαβ|Gαβγ = id.

Definition 3.5. (Descent datum) A descent datum on a sheaf stack F
consists of

(a) an atlas {Pα = (Uα, ρα,Gα, rα)}α∈A on F ;
(b) a coherent sheaf Aα on the sheaf stack Gα for every index α;
(c) an isomorphism

gαβ : Aα|Gαβ −→ Aβ|Gαβ
of coherent sheaves on the sheaf stack Gαβ for every pair α, β,

such that the cocycle condition (3.5) holds for every triple α, β, γ of indices.
We say that a descent datum is effective if there exists a coherent sheaf A

on F such that we have Aα = A|Gα for all α and the gαβ are the naturally
induced isomorphisms (3.4) on fiber products. We then say that the datum
descends or glues to the sheaf A.

For example, let f : G → F be a surjective homomorphism of coherent
sheaves on a Deligne-Mumford stack X. The single chart (id : X → X, f :
G → F) is then an atlas for F . The fiber product G ×F G fits into the
commutative diagram

(3.6) G ×F G
p //

q

��

G

f
��

G
f

// F

.

A descent datum for this atlas consists of a coherent sheaf B on G and an
isomorphism g : p∗B → q∗B. For a local chart (ρ : U → X, rE : E → ρ∗F)
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with affine base U , we pick a surjection W → E×F|U G|U from a locally free
sheaf W on U so that we have surjections

rW : W −→ E ×F|U G|U −→ G|U , W ×E W −→ G ×F G|U
and a fiber diagram

(3.7) W ×E W
pW //

qW
��

W

��
W // E

lying over (3.6). As B ∈ Coh(G), we have a coherent sheaf BW on W and an
isomorphism p∗WBW ∼= q∗WBW . Since W → E is a surjective homomorphism
of vector bundles, the coherent sheaf BW descends to a coherent sheaf BE
on E. It is easy to see that BE is independent of the choice of W and we
have a coherent sheaf BE for any local chart of F by considering an affine
cover of the base scheme U . In this way, we obtain a coherent sheaf on F .

By the same argument, we deduce the following.

Proposition 3.6. (Descent for sheaves on F) Any descent datum on a sheaf
stack F is effective and descends to a coherent sheaf on F , which is uniquely
determined (up to canonical isomorphism).

Proof. This is a standard descent argument using smooth descent for sheaves
on schemes repeating the reasoning we saw above on an atlas for F and
keeping track of all the indices involved. We leave the details to the reader.

�

3.2. Pullbacks of coherent sheaves on sheaf stacks. In this subsection,
we will see more ways to pull back coherent sheaves or K-theory classes,
other than (3.1) and (3.2).

Let F be a coherent sheaf on a Deligne-Mumford stack X. Then all local
charts of the sheaf stack F form an atlas in the obvious way. Suppose we
have a short exact sequence

0 −→ G f−→F −→ L −→ 0

of coherent sheaves on X with L locally free. Then any local chart Q =
(U, ρ,E, rE) of F gives rise to the commutative diagram of exact sequences

(3.8) 0 // E′
f̃ //

rE′

��

E //

rE
��

L|U // 0

0 // G|U
f
// F|U // L|U // 0

whose vertical arrows are all surjective. Note that E′ is locally free and it
is straightforward to see that the local charts Q′ = (U, ρ,E′, rE′) form an
atlas on the sheaf stack G.

Given a coherent sheaf AQ on E, we can pull it back to E′ to get a

coherent sheaf A′Q′ = f̃∗AQ. If A ∈ Coh(F), we then obtain a descent

datum {A′Q′ ∈ Coh(E′)} with the atlas {Q′} on G. By Proposition 3.6, we
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thus obtain a sheaf A′ on G, which we denote by f∗A ∈ Coh(G). Likewise,
we can pull back homomorphisms in Coh(F) to Coh(G). We thus obtain
the pullback functor

(3.9) f∗ : Coh(F) −→ Coh(G),

for an injective homomorphism f : G → F of coherent sheaves on X whose
cokernel L = F/G is locally free.

Unfortunately, this functor f∗ is not exact and hence does not induce a
homomorphism on K-groups. To get an exact functor, we should use the
left derived pullback: Letting πE : E → U denote the bundle projection, we
have a tautological section s of π∗EL whose vanishing locus is E′.

We then have the Koszul complex K(L) and the homology sheaves of the
complex K(L) ⊗ AQ for each local chart Q of F give us descent data with
respect to the atlas {Q′} on G. By Proposition 3.6, we get coherent sheaves

L0f
∗A = f∗A, L1f

∗A, L2f
∗A, · · ·

on G (with degrees up to the rank of L), where each Lif
∗A is the descent

of the homology sheaves in degree −i of the complexes K(L)⊗AQ for local
charts Q. We thus obtain the pullback homomorphism

(3.10) f∗ : K0(F) −→ K0(G), [A] 7→
∑
i≥0

(−1)i[Lif
∗A].

It is straightforward to check that (3.10) is well defined.
The pullback (3.10) is compatible with the Gysin map 0!

F as follows.

Lemma 3.7. Let f : G → F be an injective homomorphism of coherent
sheaves on X whose cokernel L = F/G is locally free. Then we have the
identity

0!
G ◦ f∗ = 0!

F .

Proof. For any affine local chart Q = (U, ρ,E, rE), we can split E as the
direct sum E′⊕L and we have an induced isomorphismK(E) ∼= K(E′)⊗K(L)
of Koszul complexes. Given a coherent sheaf A on F , we then obtain an
isomorphism

K(E)⊗AQ ∼= K(E′)⊗ (K(L)⊗AQ)

The spectral sequence for the double complex on the right hand side gives
an equality in K-theory for any ` ≥ 0

[H`Q(A)] =
∑
i+j=`

(−1)j [HiQ′(Ljf∗A)] ∈ K0(U).

Since the spectral sequence maps are functorial with respect to morphisms
between local charts and independent of the choice of splitting of E, the
above equality is true globally for Koszul homology sheaves using descent
and the lemma follows. �

We can also pull back coherent sheaves on a sheaf stack by a morphism
of the underlying Deligne-Mumford stack. Let τ : Y → X be a morphism of
Deligne-Mumford stacks and F be a coherent sheaf on X. As we saw above,
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local charts Q = (U, ρ,E, rE) of the sheaf stack F form an atlas on F . The
pullbacks

(3.11) Q′ = (ρ′ : U ′ = Y ×X U → Y, rE′ = τ∗rE : E′ = τ∗E → τ∗F)

form an atlas of the sheaf stack τ∗F on Y . By the induced morphism
τ̃ : E′ = τ∗E → E, we can pull back coherent sheaves on E to E′. If A ∈
Coh(F) is a coherent sheaf on F , the coherent sheaves {τ̃∗AQ ∈ Coh(E′)}
form a descent datum and hence glue to a coherent sheaf τ∗A on τ∗F . The
same holds for homomorphisms in Coh(F). We thus obtain the pullback
functor

(3.12) τ∗ : Coh(F) −→ Coh(τ∗F)

for a morphism τ : Y → X of Deligne-Mumford stacks and a sheaf stack F
over X.

If τ is flat, then τ̃ : E′ → E is flat and τ̃∗ is exact. Hence we obtain a
homomorphism

(3.13) τ∗ : K0(F)→ K0(τ∗F)

when τ : Y → X is flat.

The pullback τ∗ by a flat morphism is compatible with the Gysin maps.

Lemma 3.8. Let τ : Y → X be a flat morphism of Deligne-Mumford stacks
and F be a coherent sheaf on X. Then the pullback (3.13) fits into the
commutative diagram

(3.14) K0(F)
τ∗ //

0!F
��

K0(τ∗F)

0!
τ∗F
��

K0(X)
τ∗
// K0(Y ).

Proof. The lemma follows from the isomorphism τ∗K(E) ∼= K(τ∗E) of
Koszul complexes. �

3.3. Pushforwards of coherent sheaves on sheaf stacks. In this sub-
section, we will consider pushforwards on sheaf stacks.

Suppose we have a short exact sequence

0 −→ G f−→F −→ L −→ 0

of coherent sheaves on a Deligne-Mumford stack X with L locally free. For
any local chart Q = (U, ρ,E, rE), we have a commutative diagram (3.8)
of exact sequences and Q′ = (U, ρ,E′, rE′) is a local chart for G. Given
a coherent sheaf B ∈ Coh(G), we have a coherent sheaf BQ′ on E′ and its

pushforward f̃∗BQ′ ∈ Coh(E) by the closed immersion f̃ . By the base change

property, the assignment Q 7→ f̃∗BQ′ is a coherent sheaf on F , which we
denote by f∗B ∈ Coh(F). Likewise, we can pushforward a homomorphism
in Coh(G) to Coh(F) by f . We thus obtain a functor

(3.15) f∗ : Coh(G) −→ Coh(F),
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which is exact as f̃ is a closed immersion. So we have a homomorphism

(3.16) f∗ : K0(G) −→ K0(F)

for an injective homomorphism f : G → F of coherent sheaves on X with
locally free cokernel L = F/G.

By construction, the natural adjunction homomorphisms

AQ −→ f̃∗f̃
∗AQ, f̃∗f̃∗BQ′ −→ BQ′

induce the natural homomorphisms

(3.17) A −→ f∗f
∗A, f∗f∗B −→ B

in Coh(F) and Coh(G) respectively.

Let τ : Y → X be a proper morphism of Deligne-Mumford stacks. Let
F be a coherent sheaf on X. A local chart Q = (U, ρ,E, rE) of F induces
a local chart Q′, defined by (3.11), of the sheaf stack τ∗F and a proper
morphism

τ̃ : E′ = τ∗E → E.

Let B ∈ Coh(τ∗F) be a coherent sheaf on τ∗F . Then we have the coherent
sheaves

τ̃∗BQ′ , Riτ̃∗BQ′ ∈ Coh(E)

by taking the direct and higher direct images. By the base chage property
[Har77, III, Proposition 9.3], the assignments

Q 7→ τ̃∗BQ′ , Q 7→ Riτ̃∗BQ′

are coherent sheaves on F , which we denote by τ∗B = R0τ∗B and Riτ∗B
respectively. We thus obtain functors

(3.18) τ∗ = R0τ∗, R
iτ∗ : Coh(τ∗F) −→ Coh(F)

for i > 0, which give us the homomorphism

(3.19) τ∗ : K0(τ∗F) −→ K0(F), [B] 7→
∑
i

(−1)i[Riτ∗B]

for a proper morphism τ : Y → X.

Lemma 3.9. For a proper morphism, the diagram

K0(τ∗F)

0!
τ∗F
��

τ∗ // K0(F)

0!F
��

K0(Y )
τ∗ // K0(X)

commutes.

Proof. The lemma follows from Definition 2.9 and the projection formula
[Har77, III, Exer. 8.3]. �

As above, the usual adjunction homomorphisms give us homomorphisms

(3.20) A −→ τ∗τ
∗A, τ∗τ∗B → B

in Coh(F) and Coh(τ∗F) respectively.
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4. Cosection Localization

Let X → S be a morphism, where X is a Deligne-Mumford stack of finite
type and S a smooth quasi-projective curve, together with a perfect obstruc-
tion theory φ and a cosection σ : Obφ → OX . In [KL13a] and [KL17], it is
shown that the virtual fundamental cycle [X]vir ∈ A∗(X) and virtual struc-
ture sheaf [Ovir

X ] ∈ K0(X) localize to the vanishing locus X(σ) of σ, being
the pushforward of localized classes in A∗(X(σ)) and K0(X(σ)) respectively
in a canonical way.

In this section, we prove the analogous cosection localization for virtual
structure sheaves induced by an almost perfect obstruction theory.

4.1. Cosection localization for perfect obstruction theory. Let X →
S be as above. Let ρ : U → X be an étale morphism from a scheme U and
let φ : E → L≥−1

U/S be a perfect obstruction theory with E = [E−1 → E0]

a global resolution by vector bundles. Moreover, suppose that we have a
morphism

σ : ObU −→ OU ,

which, following [KL13a], we refer to as a cosection.
Let σ be the composition E1 = (E−1)∨ → ObU → OU , U(σ) the vanishing

locus of σ, U◦ = U − U(σ) and

E1(σ) = E1|U(σ) ∪ ker (σ|U◦ : E1|U◦ −→ OU◦) .(4.1)

In [KL17], the authors define a localized Gysin map

0!
E1,σ : K0(E1(σ))→ K0(U(σ)).

We recall the construction. Let τ : Ũ → U be the blowup of U along U(σ)

with exceptional divisor D. If Ẽ1 = τ∗E1, we have an induced surjection

σ̃ : Ẽ1 −→ O
Ũ

(−D).

Let E′1 = ker σ̃ and

τ̃ : E′1 −→ E1(σ)(4.2)

be the morphism induced from Ẽ1 → E1.
For any coherent sheaf A on E1(σ), we have a natural morphism by

adjunction

ηA : A −→ τ̃∗τ̃
∗A.

Since ηA is an isomorphism over U◦, the sheaves ker(ηA), coker(ηA) and
Riτ̃∗τ̃

∗A for i ≥ 1 are supported on E1|U(σ).
We may therefore define

RA := [ker(ηA)]− [coker(ηA)]−
∑
i≥1

(−1)i[Riτ̃∗τ̃
∗A] ∈ K0(E1|U(σ)).(4.3)

Definition 4.1. [KL17] The cosection localized Gysin map is given by the
formula

0!
E1,σ[A] := (τ |D)∗

(
D∨ · 0!

E′1
[τ̃∗A]

)
+ 0!

E1|U(σ)
RA ∈ K0(U(σ)),(4.4)

where D∨ · [A′] = [O
X̃
→ O

X̃
(D)]⊗ [A′].
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Let C1 := cX/S ×ObX E1 ⊂ E1 be the obstruction cone of the perfect
obstruction theory φ. In [KL13a], it is shown that C1 has reduced support
in E1(σ). Therefore, if we let I denote the ideal sheaf of (C1)red ⊂ C1, the
sheaves Aj = IjOC1/I

j+1OC1 for j ≥ 0 are naturally coherent sheaves on
E1(σ) and moreover

[OC1 ] =
∑
j≥0

[Aj ] ∈ K0(E1(σ))

where the summation is finite, since Ij = 0 for large enough j.

Definition-Theorem 4.2. [KL17] The cosection localized virtual structure
sheaf on U is defined by

[Ovir
U,loc] = 0!

E1,σ[OC1 ] :=
∑
j≥0

0!
E1,σ[Aj ] ∈ K0(U(σ)).

It satisfies

ι∗[O
vir
U,loc] = [Ovir

U ] ∈ K0(U),

where ι : U(σ)→ U is the inclusion, is independent of the particular choice
of global resolution for E and deformation invariant.

The purpose of this section is to generalize Definition-Theorem 4.2 to the
setting of almost perfect obstruction theories.

4.2. Intrinsic normal cone under a cosection. Recall from §2.4, that
under the assumptions of Definition 2.10, if X → S is equipped with an
almost perfect obstruction theory φ, we have the intrinsic normal sheaf cX/S
which is a closed substack of the obstruction sheaf ObX of φ. Let F = ObX
in the rest of this section.

For any local chart Q = (U, ρ,E, rE) of the sheaf stack F , we have a
Cartesian square

(4.5) C //

��

E

rE
��

cX/S |U // F|U

whose horizontal arrows are closed immersions. Hence C is a closed sub-
scheme of the vector bundle E and its structure sheaf OC is a coherent sheaf
on E. It is obvious that the assignment Q 7→ OC is a coherent sheaf on the
sheaf stack F , which we denote by

OcX/S ∈ Coh(F).

Now suppose we have a cosection

σ : F = ObX −→ OX

of the obstruction sheaf. As mentioned above, it was proved in [KL13a] that
for any local chart Q = (ρ : U → X, rE : E → F|U ) of the sheaf stack F ,
the cone C = E ×F|U cX/S |U ⊂ E in (4.5) has reduced support in

(4.6) E(σ) = E|U(σ) ∪ ker(E
rE−→F|U

σ−→OU )
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where U(σ) is the vanishing locus of σ which is the closed subscheme of U
defined by the image of σ|U : F|U = ρ∗F → OU . The closed substacks E(σ)
for local charts Q = (U, ρ,E, rE) define a closed substack which we denote
by F(σ). We let Coh(F) denote the set of isomorphism classes of coherent
sheaves on the sheaf stack F and let

(4.7) Cohσ(F)

denote the subset of isomorphisms classes of coherent sheaves A on F with
support in F(σ), i.e. for each local chart Q = (U, ρ,E, rE), AQ has support
in E(σ).

The assignment to a local chart Q of the ideal sheaf IQ of E(σ) on E is
a coherent sheaf I and there exist exact sequences

0 −→ Ij+1OcX/S −→ I
jOcX/S −→ I

jOcX/S/I
j+1OcX/S −→ 0.

We let

Aj = IjOcX/S/I
j+1OcX/S ∈ Coh(F)(4.8)

so that for any local chart Q = (U, ρ,E, rE) of F , (Aj)Q ∈ Coh(E) is a
coherent sheaf supported in E(σ). Note that the isomorphism class of Aj
lies in Cohσ(F) and

(4.9) [OcX/S ] =
∑
j

[Aj ] ∈ K0(F)

by the definition of the Aj .

4.3. Cosection localized Gysin maps. In this subsection, we will define
a map

(4.10) 0!
F ,σ : Cohσ(F) −→ K0(X(σ))

where X(σ) is the vanishing locus of the cosection σ. The cosection localized
virtual structure sheaf [Ovir

X,loc] ∈ K0(X(σ)) will be defined by

(4.11) [Ovir
X,loc] =

∑
j

0!
F ,σ(Aj)

with Aj from (4.8). By construction, it will follow that the pushforward
of [Ovir

X,loc] by the inclusion X(σ) ↪→ X is the usual virtual structure sheaf

[Ovir
X ] ∈ K0(X).

Let τ : X̃ → X be the blowup of X along X(σ). Let D denote the
exceptional divisor. The cosection σ : F → OX lifts to a surjection τ∗F =
F|

X̃
→ O

X̃
(−D) whose kernel is denoted by F ′, so that we have an exact

sequence

0 −→ F ′ f−→ τ∗F −→ O
X̃

(−D) −→ 0.

Let A ∈ Coh(F) whose isomorphism class lies in Cohσ(F). By the pull-
back functors (3.9) and (3.12), we have

(4.12) [f∗τ∗A] ∈ K0(F ′).
By applying the Gysin map for F ′ (Definition 2.9), we obtain

0!
F ′ [f

∗τ∗A] ∈ K0(X̃).
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Then we intersect it with −D to obtain

D∨ · 0!
F ′ [f

∗τ∗A] = [O
X̃
→ O

X̃
(D)]⊗ 0!

F ′ [f
∗τ∗A] ∈ K0(D).

Now we push it down to X(σ) by τ |D to obtain

(4.13) (τ |D)∗

(
D∨ · 0!

F ′ [f
∗τ∗A]

)
∈ K0(X(σ)).

Let ı : X(σ)→ X and ı̃ : D → X̃ denote the inclusions. Then

(4.14) ı∗(τ |D)∗

(
D∨ · 0!

F ′ [f
∗τ∗A]

)
= τ∗ı̃∗

(
D∨ · 0!

F ′ [f
∗τ∗A]

)
= τ∗0

!
O
X̃

(−D)0
!
F ′ [f

∗τ∗A] = τ∗0
!
τ∗F [f∗f

∗τ∗A]

= 0!
Fτ∗[f∗f

∗τ∗A] =
∑
i≥0

(−1)i0!
F [Riτ∗f∗f

∗τ∗A].

Since A is a sheaf with support in F(σ) and τ is an isomorphism on
X −X(σ), we find that Riτ∗f∗f

∗τ∗A|X−X(σ) = 0 is a coherent sheaf on the
closed substack F|X(σ) for i > 0. Likewise, the kernel and cokernel of the
natural homomorphism

ηA : A −→ τ∗f∗f
∗τ∗A

are coherent sheaves on F|X(σ). Let
(4.15)

RA := [ker(ηA)]− [coker(ηA)]−
∑
i≥1

(−1)i[Riτ∗f∗f
∗τ∗A] ∈ K0(F|X(σ)).

Then by Lemma 3.9, we have

(4.16) ı∗0
!
F|X(σ)

RA = 0!
F ı∗RA

= 0!
F

[A]− [τ∗f∗f
∗τ∗A]−

∑
i≥1

(−1)i[Riτ∗f∗f
∗τ∗A]


= 0!

F [A]−
∑
i≥0

(−1)i0!
F [Riτ∗f∗f

∗τ∗A] ∈ K0(X).

Definition 4.3. The cosection localized Gysin map

(4.17) 0!
F ,σ : Cohσ(F) −→ K0(X(σ))

for F is defined by

0!
F ,σ[A] = (τ |D)∗

(
D∨ · 0!

F ′ [f
∗τ∗A]

)
+ 0!
F|X(σ)

RA ∈ K0(X(σ))

for any coherent sheaf A on F with support in F(σ).

By adding (4.13) and (4.16), we obtain the following comparison of the
Gysin maps 0!

F and 0!
F ,σ.

Proposition 4.4. For [A] ∈ Cohσ(F), we have the equality

ı∗0
!
F ,σ(A) = 0!

F [A] ∈ K0(X).
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4.4. Cosection localized virtual structure sheaf for almost perfect
obstruction theory. Using (4.8), (4.9) and (4.17), we may now generalize
the cosection localized virtual structure sheaf in [KL17] to Deligne-Mumford
stacks equipped with almost perfect obstruction theories.

Definition 4.5. The cosection localized virtual structure sheaf for an al-
most prefect obstruction theory φ is defined by

[Ovir
X,loc] :=

∑
j≥0

0!
ObX ,σ(Aj) ∈ K0(X(σ))

where 0!
ObX ,σ is the cosection localized Gysin map in Definition 4.17 and the

sheaves Aj are defined in (4.8).

Proposition 4.6. The pushforward of [Ovir
X,loc] by the inclusion ı : X(σ)→

X is the ordinary virtual structure sheaf [Ovir
X ] ∈ K0(X) in [KS20].

Proof. By Proposition 4.4, (4.9) and Definition 2.11, we have

ı∗[O
vir
X,loc] =

∑
j≥0

ı∗0
!
ObX ,σ(Aj) =

∑
j≥0

0!
ObX [Aj ]

= 0!
ObX

∑
j≥0

[Aj ] = 0!
ObX [OcX/S ] = [Ovir

X ]

as desired. �

The cosection localized virtual structure sheaf is deformation invariant.
The proof is rather standard and can be found in the Appendix.

Remark 4.7. As discussed carefully in [KL17], we can be quite flexible in
choosing a lift of A to a class in K0(F ′). Above, we used (4.12) for simplicity
but we could use left derived pullbacks Lf∗ and Lτ∗ instead of the ordinary
pullbacks f∗ and τ∗. With this derived choice, we have a homomorphism

0!
F ,loc : K0(F(σ)) −→ K0(X(σ))

where K0(F(σ)) is the Grothendieck group of the abelian category Cohσ(F)
of coherent sheaves on F with support in F(σ).

5. Virtual Torus Localization

A virtual torus localization formula has been established at the level of
intersection theory for virtual fundamental cycles in the cases of perfect
[GP99] and semi-perfect obstruction theory [Kie18] and at the level of K-
theory for virtual structure sheaves for perfect obstruction theory [Qu18].
In this section, we generalize the formula to the setting of virtual structure
sheaves in K-theory obtained by an almost perfect obstruction theory.
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5.1. T -equivariant almost perfect obstruction theory. Let T = C∗
denote the one-dimensional torus and X a Deligne-Mumford stack with an
action of T . We denote the fixed locus by F . This is the closed substack
locally defined by SpecA/(Amv) on an equivariant étale chart SpecA→ X,
where (Amv) denotes the ideal generated by weight spaces corresponding to
non-zero T -weights. Finally, let

ι : F −→ X

denote the inclusion map. For details on group actions on stacks, we refer
the reader to [Rom05].

We can give the following definition, which generalizes directly the defi-
nition of an almost perfect obstruction theory.

Definition 5.1. (T -equivariant almost perfect obstruction theory) Let X be
a Deligne-Mumford stack with a T -action. A T -equivariant almost perfect
obstruction theory φ consists of the following data:

(a) A T -equivariant étale covering {Xα → X}α∈A of X.
(b) For each index α ∈ A, an object Eα ∈ D([Xα/T ]) and a morphism

φα : Eα → LXα in D([Xα/T ]) which is a perfect obstruction theory
on Xα.

These are required to satisfy the following conditions:

(1) For each pair of indices α, β, there exists a T -equivariant isomor-
phism

ψαβ : ObXα |Xαβ −→ ObXβ |Xαβ

so that the collection {ObXα = h1(E∨α ), ψαβ} gives a descent datum
of a sheaf ObX , called the obstruction sheaf, on X.

(2) For each pair of indices α, β, there exists a T -equivariant étale cov-
ering {Vλ → Xαβ}λ∈Γ of Xαβ = Xα ×X Xβ such that for any λ,
the perfect obstruction theories φα|Vλ and φβ|Vλ are isomorphic and
compatible with ψαβ. This means that there exists an isomorphism

ηαβλ : Eα|Vλ −→ Eβ|Vλ
in D([Vλ/T ]) fitting in a commutative diagram

Eα|Vλ
φα|Vλ

��

ηαβλ // Eβ|Vλ
φβ |Vλ
��

LXα |Vλ //

∼= $$

LXβ |Vλ
∼=
��

LVλ

(5.1)

which moreover satisfies h1(η∨αβλ) = ψ−1
αβ |Vλ.

In the above, D([Xα/T ]) and D([Vλ/T ]) denote the bounded derived cat-
egories of T -equivariant quasi-coherent sheaves on Uα and Vλ respectively.
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Remark 5.2. When the étale covering in part (a) of the definition consists
of the identity morphism id : X → X, part (b) gives a T -equivariant perfect
obstruction theory on X and conditions 1 & 2 are vacuously satisfied. Thus
a T -equivariant perfect obstruction theory on X is a special case of a T -
equivariant almost perfect obstruction theory.

5.2. T -equivariant almost perfect obstruction theory on the fixed
locus. Suppose that X is a Deligne-Mumford stack with an action of T ,
equipped with a T -equivariant almost perfect obstruction theory as above.
Let Fα = Xα ×X F , so that {Fα → F}α∈A gives an étale covering of the
fixed locus F .

For each index α, we have the decomposition

Eα|Fα = Eα|fixFα ⊕ Eα|
mv
Fα(5.2)

into the T -fixed and moving part. Moreover, φα|Fα similarly decomposes as
a direct sum of

φfixα : Eα|fixFα → LXα |
fix
Fα

and φmvα : Eα|mvFα → LXα |mvFα .(5.3)

Since Fα has a trivial T -action, the morphism LXα |Fα → LFα factors through

LXα |
fix
Fα
−→ LFα .(5.4)

Composing (5.3) and (5.4) we obtain a morphism

φFα : Eα|fixFα −→ LFα .(5.5)

By [GP99], this gives a perfect obstruction theory on Fα.

Proposition 5.3. The étale covering {Fα → F} and the perfect obstruc-

tion theories φFα : Eα|fixFα → LFα form an induced almost perfect obstruction

theory φF on the fixed locus F with obstruction sheaf ObF = ObX |fixF .

Proof. We need to verify that conditions (1) and (2) in Definition 2.10 hold
for the perfect obstruction theories on the given étale cover of F .

It is clear that ObFα = h1(E∨α |
fix
Fα

) = ObXα |
fix
Fα

. Since Fαβ = Fα ×F Fβ
is the fixed locus of Xαβ = Xα ×X Xβ and ψαβ is T -equivariant we obtain
induced isomorphisms

ψFαβ := ψαβ|fixFαβ : ObFα |Fαβ −→ ObFβ |Fαβ(5.6)

which satisfy the cocycle condition and give descent data for the obstruction

sheaf ObF = ObX |fixF .

Let V T
λ denote the fixed locus of Vλ. Similarly by T -equivariance, the

isomorphisms ηαβλ induce isomorphisms

ηFαβλ := ηαβλ|fixV Tλ
: Eα|fixV Tλ

−→ Eβ|fixV Tλ
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fitting in a commutative diagram

Eα|fixV Tλ
φFα |V T

λ ��

ηFαβλ // Eβ|fixV Tλ
φFβ |V T

λ��
LFα |V Tλ

//

$$

LFβ |V Tλ

��
LV Tλ

(5.7)

and satisfying h1(η∨αβλ|
fix

V Tλ
) = ψ−1

αβ |
fix
Fαβ

, as desired. �

Let Nvir
α = (Eα|mvFα )∨ be the virtual normal bundle of Fα in Xα and write

EFα = Eα|fixFα for brevity from now on.
In order to prove the torus localization formula in the next subsection,

we will need to modify the almost perfect obstruction theory φF on F . To
this end, we make the following assumption.

Assumption 5.4. There exists a two-term complex

Nvir = [N0 −→ N1]

of locally free sheaves on F and an isomorphism µ : h1(Nvir)→ Obφ|mvF such
that for any index α we have an isomorphism Nvir|Fα ∼= Nvir

α whose homol-
ogy in degree 1 induces the restriction µ|Fα. We write N−1 = N∨1 , N

0 = N∨0 .

This assumption may turn out to be unnecessary in the future but under
the current state of technology, this is a weakest assumption for a proof of
the virtual torus localization formula, Theorem 5.13 below.

We will compare the virtual structure sheaves [Ovir
X ] on X and [Ovir

F ] on F

through an intermediate virtual structure sheaf [Õvir
F ], after introducing an

auxiliary almost perfect obstruction theory on F . Here is an outline:

(1) (Proposition 5.5) [Õvir
F ] = [Ovir

F ]∩e(N1) where (·)∩e(N1) is tensoring
the Koszul complex ∧•N−1 for the zero section of N1.

(2) (Proposition 5.8) ı![Ovir
X ] = [Õvir

F ] where ı : F → X is the inclusion

and ı! is the virtual pullback defined in [Qu18].
(3) (Proposition 5.12) ı∗ξ = [Ovir

X ] for some ξ ∈ K0(F )⊗Q Q(t).

(4) (Theorem 5.13) Since ξ ∩ e(N0) = ı!ı∗ξ = ı![Ovir
X ] = [Ovir

F ] ∩ e(N1),
we have ξ = [Ovir

F ]/e(Nvir) where e(Nvir) = e(N0)/e(N1). We thus
obtain the torus localization formula

(5.8) [Ovir
X ] = ı∗

[Ovir
F ]

e(Nvir)
.

In the subsequent subsections, we will work out the details of the outline.
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5.3. An auxiliary almost perfect obstruction theory on the fixed
locus. We will introduce a new almost perfect obstruction theory on F
by adding the locally free sheaf N1 to the obstruction sheaf and compare
the virtual structure sheaves arising from the old and new almost perfect
obstruction theories.

For each index α, we let

ẼFα = EFα ⊕N∨1 |Fα [1] and φ̃Fα : ẼFα −→ EFα
φFα−−→ LFα ,(5.9)

where the first arrow ẼFα → EFα in the composition is projection onto the

first summand. It is clear that φ̃Fα is a perfect obstruction theory on Fα with

obstruction sheaf Ob
φ̃Fα

= h1((ẼFα )∨) = ObφFα ⊕N1|Fα .

Proposition 5.5. The étale covering {Fα → F} and the perfect obstruction

theories φ̃Fα : ẼFα → LFα form an almost perfect obstruction theory φ̃F on F

with obstruction sheaf ÕbF = ObF ⊕N1.

Proof. The proof is identical to that of Proposition 5.2 using

ψ̃Fαβ = ψFαβ ⊕ idN1|Fαβ
and η̃Fαβλ = ηFαβλ ⊕ idN1|V T

λ

for the appropriate compatibilities. �

The two almost perfect obstruction theories φF and φ̃F on F induce

virtual structure sheaves [Ovir
F ] ∈ K0(F ) and [Õvir

F ] ∈ K0(F ) respectively.
These are related by the following formula.

Proposition 5.6. [Õvir
F ] = [Ovir

F ]∩ e(N1) ∈ K0(F ) where (·)∩ e(N1) denotes
tensoring with the Koszul complex ∧•(N−1) for the zero section of N1.

Proof. Let jφF : cF → ObF be the induced embedding of the coarse intrinsic

normal cone stack of F into the obstruction sheaf stack of φF . By the

definition of φ̃F , it is easy to see that the embedding j
φ̃F

is the composition

of jφF with the inclusion ObF → ÕbF = ObF ⊕N1 as the first summand.
By Definition 2.11, we have

[Õvir
F ] = 0!

ÕbF
[OcF ] = 0!

ObF⊕N1
[OcF ]

= 0!
N1

(
0!
ObF

[OcF ]
)

= 0!
N1

[Ovir
F ] = [Ovir

F ] ∩ e(N1)

as desired. �

5.4. Refined intersection with the fixed locus. In this subsection, we
prove Proposition 5.8 below.

Lemma 5.7. [Õvir
F ] = 0!

ObX |F⊕N0
[OcF/CX

] ∈ K0(F ).

Proof. The proof is an adaptation of a standard functoriality argument,
following the lines of the proof of [KS20, Theorem 4.3]. We repeat a sketch
of the argument here for the convenience of the reader.

Let M◦X → P1 be the deformation of SpecC to the intrinsic normal cone
stack CX . Let W =M◦F×P1/M◦X

be the double deformation space given by

the deformation of F×P1 insideM◦X to its normal cone CF×P1/M◦X . We also
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write NF×P1/M◦X for the intrinsic normal sheaf with coarse moduli sheaf the

sheaf stack nF×P1/M◦X . We have a morphism W → P1 × P1 and denote the

two projections W → P1 by π1 and π2 respectively.
The fiber over (1, 0) is CF , while the flat specialization at the point (0, 0)

along {0} × P1 is CF/CX . In particular, the flat specialization at (0, 0) along

P1 × {0} is also CF/CX meaning that there exists a closed substack Z ⊂
CF×P1/M◦X , flat over P1 with fibers

Zt =

{
CF , t 6= 0

CF/CX , t = 0
(5.10)

Thus

[OZ ⊗LOP1
C0] = [OZ0 ] = [OCF/CX ]

[OZ ⊗LOP1
C1] = [OZ1 ] = [OCF ],

and since [C0] = [C1] ∈ K0(P1) we obtain

[OCF ] = [OCF/CX ] ∈ K0(CF×P1/M◦X ).

Pushing forward to NF×P1/M◦X , the equality holds in K0(NF×P1/M◦X ) as

well.
The same argument at the level of coarse moduli sheaves yields the equal-

ity

[OcF ] = [OcF/CX
] ∈ K0(nF×P1/M◦X ).(5.11)

As in [KKP03], for each α have a commutative diagram of exact triangles
on Fα × P1

Eα|Fα(−1)

��

κα // Eα|Fα ⊕ ẼFα //

��

c(κα)

��

//

LXα |Fα(−1) µα
// LXα |Fα ⊕ LFα // c(µα) //

where κα = (z0 · id, z1 · gα) with z0, z1 homogeneous coordinates on P1 and
gα is the canonical morphism from the inclusion Fα → Uα. The morphism
µα is the restriction to Fα of a global arrow µ and it is shown in [KKP03]
that h1/h0(c(µ)∨) = NF×P1/M◦X .

By the compatibilities afforded by the almost perfect obstruction theories

and the definition (5.9) of ẼFα , we see that the closed embeddings

h1(c(µα)∨) −→ h1(c(κα)∨)

glue to a global embedding of sheaf stacks on X × P1

nF×P1/M◦X −→ K.

Moreover, it is routine to check that the fiber of K over 0 ∈ P1 is ObX |F⊕N0,

while the fiber at 1 ∈ P1 is ÕbF . Therefore, (5.11) and the discussion
preceding it imply that

[Õvir
F ] = 0!

ÕbF
[OcF ] = 0!

ObX |F⊕N0
[OcF/CX

],

as desired. �
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By the definition of ẼFα , for any index α, we have a commutative diagram
of exact triangles

Eα|Fα
φα|Fα
��

gα // ẼFα

φ̃Fα
��

// N∨0 |Fα [1]

θα
��

//

LXα |Fα // LFα // LFα/Xα //

(5.12)

By the following proposition, θα gives a perfect obstruction theory on the
morphism Fα → Uα.

Proposition 5.8. The étale covering {Fα → F} and the perfect obstruction
theories θα : N∨0 |Fα [1] → LFα/Xα form an almost perfect obstruction theory
θ on ι : F → X with obstruction sheaf ObF/X = N0.

Proof. Since Fα → Xα is a closed embedding, LFα/Xα is supported in degree
−1. The long exact sequence in cohomology for the diagram (5.12) yields

h−1(Eα|Fα)

h−1(φα|Fα )

��

// h−1(ẼFα )

h−1(φ̃Fα )

��

// N∨0 |Fα

h−1(θα)

��

// h0(Eα|Fα)

h0(φα|Fα )

��

// h0(ẼFα )

h0(φ̃Fα )

��
h−1(LXα |Fα) // h−1(LFα) // h−1(LFα/Xα) // h0(LXα |Fα) // h0(LFα).

The two leftmost vertical arrows are surjections, while the two right-
most arrows are isomorphisms. Thus, by the five lemma, the middle arrow
h−1(θα) is a surjection. Since h0(N∨0 |Fα [1]) = h0(LFα/Uα) = 0, θα is a perfect
obstruction theory for the inclusion Fα → Xα.

The rest of the proof is a diagram chase using the definition (5.9) of ẼFα
and the compatibilities ψαβ from Definition 2.10 and η̃Fαβλ from Proposi-
tion 5.4. The details are omitted. �

The almost perfect obstruction theory θ induces a closed embedding

j : cF/X −→ ObF/X = N0.

Since ι : F → X is an embedding, the coarse intrinsic normal cone stack
cF/X coincides with the intrinsic normal cone CF/X and we obtain a virtual
pullback by the formula

ı! : K0(X)
σı−→ K0(CF/X)

j∗−→ K0(N0)
0!N0−−→ K0(F ),

where σı is the deformation to the normal cone (cf. [Qu18, §2.1]).
Now we can prove the following.

Proposition 5.9. With the notation above, we have

ι![Ovir
X ] = [Ovir

F ] ∩ e(N1).

Proof. By Proposition 5.5 and Lemma 5.6, it suffices to prove

(5.13) ı![Ovir
X ] = 0!

ObX |F⊕N0
[OcF/CX

] ∈ K0(F ).

For each local chart Q = (U, ρ,E, rE) of ObX , let FU = F ×X U , C =
cX |U ×ObX |U E be the lift of the normal cone cX to E.

For a closed immersion Z ↪→ W , M◦Z/W denote the deformation to the

normal cone, i.e. it is the blowup of W × P1 along Z × {0} with the strict
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transform of W ×{0} deleted. We have a flat morphism M◦Z/W → P1 whose

fiber over t 6= 0 (resp. t = 0) is W (resp. the normal cone CZ/W ).
Then we have a commutative diagram

(5.14)

C� _

��

C × A1oo � � //
� _

��

M◦FU/C� _

��

CFU/C
? _oo
� _

��
E

����

E × A1pr1oo � � //

����

M◦FU/E

��

CFU/E
? _oo

����

� � // E|FU ⊕N0|FU

����
ObX |U

��

ObX |U × A1oo

��

// ObX |U ×U M◦FU/U

��

ObX |FU ×FU CFU/Uoo � � //

��

ObX |FU ⊕N0|FU

��
U U × A1pr1oo � � // M◦FU/U CFU/U

? _oo � � // N0|FU .

By descent, we have a diagram

(5.15) K0(X)
pr∗1 // K0(X × A1) K0(M◦F/X)oo //

K0(ObX)
pr∗1 //

0!ObX

OO

K0(ObX |X×A1)

0!ObX |X×A1

OO

K0(ObX |M◦
F/X

)

0!ObX |M◦
F/X

OO

oo //

// K0(CF/X)
j∗ // K0(N0)

0!N0 // K0(F )

// K0(ObX |F ×F CF/X) //

0!ObX |CF/X

OO

K0(ObX |F ⊕N0)

0!ObX |N0

OO

0!ObX |F⊕N0

77

which is commutative by Lemmas 3.7, 3.8 and 3.9. Although there are left
arrows in (5.15), the composition of the horizontal arrows for the top row is
well defined. For the bottom row, the composition of the horizontal arrows
evaluated at [OcX ] is well defined and equal to [OcF/CX

] by (5.14). By the

definition of ı!, 0!
ObX

[OcX ] = [Ovir
X ] is mapped to ı![Ovir

X ]. Hence (5.13) follows

from (5.15). �

Finally, the following standard equality for virtual pullbacks holds in our
setting (cf. [Qu18, Proposition 2.14]).

Proposition 5.10. For any A ∈ K0(F ), ı!ı∗(A) = A∩e(N0) = A⊗∧•(N0).

Proof. This is an easy computation, similar to the proof of Proposition 5.5
(but simpler), using the fact that σι(A) = A ∈ K0(CF/X). �

5.5. Virtual torus localization formula. We are now ready to prove the
virtual torus localization formula, using the results of the previous subsec-
tions.

All K-groups are now considered with Q-coefficients. We denote by t the
equivariant parameter so that KT

0 (SpecC) = Q[t, t−1].
We introduce some terminology.
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Definition 5.11. Let X be a Deligne-Mumford stack with an action of T
and ı : F → X denote its T -fixed locus. We say that X is admissible for
torus localization if the homomorphism

ı∗ : KT
0 (F )→ KT

0 (X)

of KT
0 (SpecC) = Q[t, t−1]-modules becomes an isomorphism after tensoring

with Q(t).

Remark 5.12. By [EG05], if X is an algebraic space with a T -action, then
X is admissible.

The following proposition implies that when the Xα in condition (a)
of Definition 5.1 are schemes then a Deligne-Mumford stack with a T -
equivariant almost perfect obstruction theory is admissible.

Proposition 5.13. Let X be a Deligne-Mumford stack with an action of
T and a T -equivariant étale atlas f : U → X of finite type. Then X is
admissible.

Proof. Let M = X − F and V = f−1(M). Using the existence of the
equivariant atlas f : U → X, we have the excision exact sequence for K-
theory of Deligne-Mumford stacks (cf. [Toe99, Proposition 3.3]), and thus
it suffices to show that

KT
∗ (M)⊗Q[t,t−1] Q(t) = 0

or equivalently

KT
∗ (M)⊗Q[t,t−1] C(t) = 0,(5.16)

where KT
∗ (M) is the direct sum of all T -equivariant K-theory groups.

More generally, we will show that if M is a Deligne-Mumford stack with a
T -action and T -equivariant atlas f : V →M with empty fixed locusMT = ∅,
then (5.16) holds. In the rest of the proof, all K-groups are considered with
C-coefficients.

Let M1 ⊂ M be an open substack such that f : V1 = f−1(M1) → M1 is
étale of (maximal) degree n. M1 is preserved by the T -action. Then, as in
[Kre99, Proposition 3.5.5.(iii)], we have thatM1 is isomorphic to the quotient
of the complement of all diagonals in the n-fold product V1 ×M1 ... ×M1 V1

by the action of the symmetric group Sn. Thus M1 is of the form [W1/G1]
where G1 is a finite group acting on a scheme W1 and the T -action is given
by an action on W1 commuting with the G1-action and such that W T

1 = ∅.
We write dim: R(G1) → C for the morphism induced by mapping every

representation to its dimension with kernel the augmentation (maximal)
ideal mG1 .

We thus have

KT
∗ (M1) = KT

∗ ([W1/G1]) = KT×G1
∗ (W1).

Since W T
1 = ∅, T acts on W1 with finite stabilizers and thus we may

choose h1 ∈ T such that W h1
1 = ∅. Then h1 belongs to the center of T ×G1

and so its conjugacy class is just {h1}. Therefore, [EG05, Theorem 3.3(a)]
implies that

KT×G1
∗ (W1)mh1 = 0
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where mh1 is the maximal ideal of the complex representation ring R(T ×
G1) = R(G1)[t, t−1] generated by the augmentation ideal mG1 of G1 and
(t− h1).

In particular, for any element [x] ∈ KT×G1
∗ (W1) there exists a Laurent

polynomial µ1(t) ∈ R(G1)[t, t−1]−mh1 such that

µ1(t) · [x] = 0 ∈ KT×G1
∗ (W1).

Letting `1(t) = µ1(t) mod mG1 ∈ C[t, t−1], we have `1(t) 6= 0 and

`1(t) · [x] ∈ mG1K
T×G1
∗ (W1)

so that

`1(t) · [x] =
∑

mi[xi]

with mi ∈ mG1 and [xi] ∈ KT×G1
∗ (W1).

Repeating the argument for the [xi], we can find a non-zero Laurent poly-
nomial `2(t) ∈ C[t, t−1] such that

`2(t)`1(t) · [x] ∈ m2
G1
KT×G1
∗ (W1)

and continuing inductively, for any positive integer N , non-zero Laurent
polynomials `1(t), `2(t), ..., `N (t) ∈ C[t, t−1] such that

`N (t)...`1(t) · [x] ∈ mN
G1
KT×G1
∗ (W1).

Since R(G1) is an Artinian C-algebra of finite type, we have mN
G1

= 0 for

large enough N . We conclude that for any [x] ∈ KT×G1
∗ (W1) there exists a

non-zero Laurent polynomial `(t) ∈ C[t, t−1] such that

`(t) · [x] = 0 ∈ KT×G1
∗ (W1)

which implies that

KT
∗ (M1)⊗ C(t) = KT×G1

∗ (W1)⊗ C(t) = 0

Letting Z1 = M −M1 to be the complement of M1, by excision we are
reduced to showing that KT

∗ (Z1)⊗C(t) = 0. Repeating the above argument
and using Noetherian induction concludes the proof. �

Remark 5.14. By the results of [?], a (separated) Deligne-Mumford stack
of finite type with a T -action always admits a T -equivariant affine étale atlas
of finite type after possibly reparameterizing the action of T . So assuming
the existence of an equivariant atlas is not a restriction for the purposes of
this paper.

Theorem 5.15. (Virtual torus localization formula) Let X be an admissi-
ble Deligne-Mumford stack with an action of T and a T -equivariant almost
perfect obstruction theory φ such that Assumption 5.3 holds. Let F denote
the T -fixed locus of X and φF its induced almost perfect obstruction theory.
Then

[Ovir
X ] = ι∗

[Ovir
F ]

e(Nvir)
∈ KT

0 (X)⊗Q[t,t−1] Q(t)

where the Euler class e(Nvir) = e(N0)/e(N1) = ∧•((Nvir)∨) denotes multi-
plication by ∧•N0/ ∧• N−1.
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Proof. We first remark that the operation (·)∩e(N0) on KT
0 (F )⊗Q[t,t−1]Q(t)

is invertible. Using the canonical isomorphism KT
0 (Y red) ∼= KT

0 (Y ) for any
Deligne-Mumford stack Y with a T -action (cf. [KL17, Proposition 2.1]),
excision for K-theory and Noetherian induction, as in the proof of the pre-
vious proposition, we may reduce to the case F = [W/G], where G is a
finite group acting on a smooth scheme W and the torus T acts trivially on
W . Then KT

∗ (F ) = KT×G
∗ (W ) and [EG05, Theorem 3.3(b)] applies, choos-

ing any h ∈ T which is not a root of unity, since the T -weights of N0 are
non-zero and F is the T -fixed locus of the total space of the vector bundle
N0.

Now, by Propositions 5.8 and 5.9, we have

ı!ı∗
[Ovir
F ]

e(Nvir)
= ı!ı∗

(
[Ovir
F ] ∩ e(N1)

e(N0)

)
= [Ovir

F ] ∩ e(N1) = ı![Ovir
X ](5.17)

By the previous proposition, ı∗ becomes an isomorphism after tensoring

with Q(t). Hence, Proposition 5.9 implies that ı!

e(N0) is the inverse of ı∗. In

particular, ı! is injective. Thus the virtual torus localization formula follows
from (5.17). �

6. Torus Localization of Cosection Localized Virtual
Structure Sheaf

Torus localization for cosection localized virtual cycles has been estab-
lished in [CKL17] and in [Kie18] in the settings of perfect and semi-perfect
obstruction theory respectively. In this section, we prove the correspond-
ing statement for virtual structure sheaves obtained by an almost perfect
obstruction theory. As usual, T denotes the torus C∗.

Let X be an admissible Deligne-Mumford stack with a T -action and a T -
equivariant almost perfect obstruction theory φ given by perfect obstruction
theories φα : Eα → LXα on a T -equivariant étale cover {ρα : Xα → X}.
Moreover, suppose that we have a T -invariant cosection

σ : ObX −→ OX .

We use the same notation as in §4 and §5. Let F (σ) = F ×X X(σ).
By Proposition 5.2, the fixed locus F admits an almost perfect obstruction

theory φF on the étale cover {Fα → F} with obstruction sheaf

ObF = ObX |fixF .

Since the cosection σ is T -invariant, σ|F factors through a morphism

σF : ObF −→ OF

whose zero locus is precisely F (σ). Therefore, by Definition 4.5, we have
cosection localized virtual structure sheaves

[Ovir
X,loc] ∈ K0(X(σ)), [Ovir

F,loc] ∈ K0(F (σ)).

Theorem 6.1. Let ı : F (σ) → X(σ) denote the inclusion and suppose that
Assumption 5.3 holds. Then

[Ovir
X,loc] = ι∗

[Ovir
F,loc]

e(Nvir)
∈ KT

0 (X(σ))⊗Q[t,t−1] Q(t).
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Proof. The proof proceeds along the same steps of the proof of Theorem
5.13 with minor modifications to account for the presence of the cosections
σ and σF .

The proof of Proposition 5.5 goes through, using the cosection

σ̃F : ÕbF = ObF ⊕N1 −→ ObF
σF−−→ OF

and working with the sheaves Aj defined in (4.8).
For Lemma 5.6, it is shown in [KL13a, Section 5] that there exists an

extended cosection σ̄ for K which restricts to the cosection σ̃F over 1 ∈ P1

and the cosection

ObX |F ⊕N0 −→ ObX |F
σ|F−−→ OF

over 0 ∈ P1. Furthermore, it is shown that the coarse intrinsic normal cone
cF×P1/M◦X has reduced support in K(σ̄). A more detailed account of the

same argument is also given in A. With these considerations, the proof goes
through identically.

Finally, in Proposition 5.8, it is easy to check that all the sheaves and cones
have the appropriate supports with respect to the cosections at hand. �

7. Applications

We now discuss some applications of the theory developed thus far. We
establish a wall-crossing formula for simple C∗-wall crossing in the setting
of almost perfect obstruction theory, using the torus localization formula of
Theorem 5.13. Moreover, we show that the Jiang-Thomas dual obstruction
cone in [JT17] admits an almost perfect obstruction theory and thus gives
rise to K-theoretic invariants, using the combination of torus localization
and cosection localization in Theorem 6.1.

7.1. K-theoretic simple C∗-wall crossing. In this subsection, we estab-
lish a K-theoretic wall crossing formula for simple C∗-wall crossing, following
the construction given in [KL13b].

Let X be an admissible Deligne-Mumford stack acted on by the torus T =
C∗ and equipped with a T -equivariant almost perfect obstruction theory φ
consisting of perfect obstruction theories φα : Eα → LXα on a T -equivariant
étale cover {Xα → X}. Let F denote the fixed locus. We assume that
Assumption 5.3 holds, so that we have the two-term complex Nvir = [N0 →
N1] of locally free sheaves on F . Let

(1) Xs be the open substack of X, consisting of x ∈ X such that the
orbit T · x is 1-dimensional and closed in X;

(2) Σ0
± = {x ∈ X − (Xs ∪ F ) | limt→0 t

±1 · x ∈ F};
(3) Σ± = Σ0

± ∪ F ;
(4) X± = X − Σ∓ ⊂ X;
(5) M± = [X±/T ] ⊂M = [X/T ].

We assume that M± are separated Deligne-Mumford stacks.
The master space associated to the wall crossing M± is defined by

M = [X × P1 − Σ− × {0} − Σ+ × {∞}/C∗](7.1)



32 YOUNG-HOON KIEM AND MICHAIL SAVVAS

where C∗ acts trivially on X and on P1 by t · (a : b) = (a : tb). M admits
an étale cover {Mα →M} where

Mα = [Xα × P1 − (Σ− ×X Xα)× {0} − (Σ+ ×X Xα)× {∞}/C∗].
The T -action on X induces an action of T on M with fixed locus

M+ t F tM−.

For each index α, the pullback of φα to Xα × P1 is C∗-equivariant and
therefore by descent we obtain a morphism φ̄α : Ēα → LMα .

Proposition 7.1. The morphisms φ̄α : Ēα → LMα on the étale cover {Mα →
M} form a T -equivariant almost perfect obstruction theory φ̄ on M.

Proof. The proof is straightforward, similar to the arguments given for
checking the axioms of almost perfect obstruction theories in §5. �

Applying the virtual torus localization formula then yields the following
theorem.

Theorem 7.2. With the above notation and conditions, we have

[Ovir
M+

]− [Ovir
M− ] = rest=1

[Ovir
F ]

e(Nvir)
∈ KT

0 (M).

Proof. By Theorem 5.13, we have

[Ovir
M] =

[Ovir
M+

]

1− t
+

[Ovir
M−

]

1− t−1
+

[Ovir
F ]

e(Nvir)
(7.2)

since, by construction, the normal bundle of M+ is trivial with T -weight 1
and the normal bundle of M− is trivial with T -weight −1.

Since [Ovir
M] ∈ KT

0 (M), it has zero residue at t = 1. Therefore, taking
residues at t = 1, the left hand side of (7.2) vanishes and we get that

−[Ovir
M+

] + [Ovir
M− ] + rest=1

[Ovir
F ]

e(Nvir)

is zero, which is what we want. �

7.2. Dual obstruction cone. We first recall the definition of the Jiang-
Thomas dual obstruction cone [JT17].

Let X be a Deligne-Mumford stack equipped with a perfect obstruction
theory φ : E → LX with obstruction sheaf F = ObX = h1(E∨).

Definition 7.3. The dual obstruction cone of X is defined by

N = SpecX(SymF)
π−→ X

which is the functor that assigns to every morphism ρ : U → X the set
HomU (ρ∗F ,OU ).

By standard perfect obstruction theory arguments, we can find an étale
cover {Xα → X}, a smooth affine scheme Aα, a vector bundle Vα on Aα
and a section sα ∈ H0(Aα,Vα) such that Xα is the zero locus of sα and the
perfect obstruction theory on Xα is given by the two-term complex

Eα = E|Xα ' [V∨α |Xα
ds∨α−−→ ΩAα |Xα ](7.3)
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together with the natural map to LXα ' [Iα/I
2
α → ΩAα |Xα ], where Iα is the

ideal sheaf of Xα in Aα.
Let Nα = N |Xα and write πα : V∨α |Xα → Xα for the projection. By

definition, Nα is the closed subscheme of V∨α |Xα defined by the vanishing of
the section

ds∨α : V∨α |Xα −→ π∗αΩAα |Xα .
Let x1, . . . , xn be étale coordinates on Aα and y1, . . . , yr coordinates on

the fibers of the bundle V∨α . Then Nα is cut out by the equations

{si}1≤i≤r, {
∑
i

yi
∂si
∂xj
}1≤j≤n(7.4)

where si = si(x1, · · · , xn) are the coordinate functions of the section sα.
Let s̃α : V∨α → C be the function defined by the formula

s̃α =
∑
i

yisi.

The differential of s̃α is then

ds̃α =
∑
i

sidyi +
∑
j

(∑
i

yi
∂si
∂xj

)
dxj .(7.5)

Comparing (7.5) with (7.4) we see that Nα is the d-critical locus of the
function s̃α. It therefore admits a symmetric perfect obstruction theory (cf.
[Beh09]) ψα : Fα → LNα with

Fα = [TV∨α |Nα
d(ds̃α)∨−−−−−→ ΩV∨α |Nα ](7.6)

and obstruction sheaf ObNα = h1(F∨α ) = ΩNα .

Theorem 7.4. The étale cover {Nα → N} and the (symmetric) perfect ob-
struction theories ψα : Fα → LNα form an almost perfect obstruction theory
ψ on N with obstruction sheaf ObN = ΩN .

Proof. Let π : N → X denote the projection. For any index α, we have a
commutative diagram

π∗Eα

��

[π∗V∨α |Xα

��

ds∨α // π∗ΩAα |Xα ]

��
Fα

��

[TV∨α |Nα

��

d(ds̃α)∨ // ΩV∨α |Nα ]

��
π∗E∨α [1] [π∗TAα |Xα

(ds∨α)∨ // π∗Vα|Xα ]

(7.7)

giving an exact triangle π∗Eα → Fα → π∗E∨α [1] fitting in a commutative
diagram

π∗Eα //

π∗φα
��

Fα

ψα

��

// π∗E∨α [1] //

θα
��

π∗LXα // LNα // LNα/Xα //

(7.8)
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where π∗φα and θα are restrictions to Nα of global arrows π∗φ : π∗E → π∗LX
and θ : π∗E∨[1] → π∗F → LN/X using the isomorphisms (7.3) and the
definition of the dual obstruction cone N . Since ObNα = ΩNα = ΩN |Nα the
obstruction sheaves glue to an obstruction sheaf ObN = ΩN .

Let Xαβ = Xα×XXβ and Nαβ = Nα×NNβ = N×XXαβ. Then (7.8) to-
gether with the above discussion shows that there exist quasi-isomorphisms

ηαβ : Fα|Nαβ −→ Fβ|Nαβ
which are compatible with the morphisms ψα|Nαβ and ψβ|Nαβ and respect
the symmetry of the obstruction theories Fα and Fβ, thus inducing the
gluing morphisms for the obstruction sheaf ΩN . In particular, the axioms
of an almost perfect obstruction theory are all satisfied. �

Remark 7.5. The almost perfect obstruction theory of N is symmetric in
the sense of [Beh09] with respect to the natural generalization of the defini-
tion in our context.

From now on, we assume that the perfect obstruction theory E has a
global resolution E = [E−1 → E0] where E−1, E0 are locally free sheaves
on X.

The grading on SymF determines a T = C∗-action on N , scaling the
fibers of N over X, whose fixed locus is precisely X. Differentiating the
T -action, we obtain the Euler vector field whose dual is a cosection

σ : ΩN −→ ON(7.9)

and whose vanishing locus is X by [JT17, Section 3].
By construction, the almost perfect obstruction theory ψ of Theorem 7.4

is T -equivariant and has obstruction sheaf ObN = ΩN . By (7.7), the virtual
normal bundle of X inside N is E∨ which by assumption admits the global
resolution [E0 → E1] where as usual Ei = (E−i)∨ for i = 0, 1. Therefore
Assumption 5.3 holds and we may apply Theorem 5.13 and Definition 4.5 to
obtain the following theorem, keeping in mind that the cosection σ vanishes
on the T -fixed locus X.

Theorem 7.6. Let X be a Deligne-Mumford stack with a perfect obstruction
theory φ : E → LX with obstruction sheaf F = ObX such that E admits
a global resolution by locally free sheaves. Let ψ denote the induced T -
equivariant almost perfect obstruction theory of the dual obstruction cone
N = SpecX(SymF ) with obstruction sheaf ObN = ΩN and cosection σ as
in (7.9). Let ι : X → N be the inclusion as the zero section. Then the
cosection localized virtual structure sheaf [Ovir

N,loc] ∈ K0(X) and the virtual

structure sheaves [Ovir
N ] ∈ K0(N) and [Ovir

X ] ∈ K0(X) are related by

[Ovir
N ] = ι∗[O

vir
N,loc] ∈ K0(N),

[Ovir
N ] = ι∗

[Ovir
X ]

e(E∨)
∈ KT

0 (N)⊗Q[t,t−1] Q(t).

In particular, when X is proper, we may define K-theoretic invariants by
taking regular and equivariant Euler characteristics respectively to obtain

χ
(
[Ovir
N,loc]

)
∈ Q, χt

(
[Ovir
X ]

e(E∨)

)
∈ Q(t).
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Remark 7.7. T -equivariant K-theoretic invariants refining the Jiang-Thomas
signed virtual Euler characteristic studied in [JT17] have also been defined
in [?, Section 2.5] for (−1)-shifted cotangent bundles of quasi-smooth derived
projective schemes.

Appendix A. Deformation Invariance of Cosection Localized
Virtual Structure Sheaf

Let φ be an almost perfect obstruction theory on X → S, given by perfect
obstruction theories φα : Eα → LXα/S on an étale cover {Xα → X}α∈A of X.
Let σ : ObX → OX be a cosection. We follow the notation of §4 throughout.

Suppose that we have a Cartesian diagram

Y
u //

��

X

��
Z v

// W

(A.1)

where Z,W are smooth varieties and v is a regular embedding, so that we
also have cartesian diagrams

Yα
uα //

��

Xα

��
Y u

// X.

(A.2)

Suppose now that we have an almost perfect obstruction theory on Y → S
given by perfect obstruction theories φ′α : E′α → LYα/S together with com-
mutative diagrams

Eα|Yα
gα //

φα|Vα
��

E′α

φ′α
��

// N∨Z/W |Yα [1] //

LXα/S |Yα // LYα/S // LYα/Xα //

(A.3)

of distinguished triangles which are compatible with the diagrams (2.5) for
φ and φ′ such that we have exact sequences

NZ/W |Yα −→ ObYα
h1(g∨α)−−−−→ ObXα |Yα −→ 0.(A.4)

that glue to a sequence

NZ/W |Y −→ ObY −→ ObX |Y −→ 0.(A.5)

We obtain an induced cosection

σ′ : ObY −→ ObX |Y
σ|Y−−→ OY .
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The Cartesian squares (A.1) and (A.2) give rise to a diagram

Yα(σ′)
tα //

��

Xα(σ)

��
Y (σ′)

t //

��

X(σ)

��
Z v

// W

with Cartesian squares.

Theorem A.1. [Ovir
Y,loc] = v![Ovir

X,loc] ∈ K0(Y (σ′)).

Here the Gysin map v! : K0(X(σ))→ K0(Y (σ′)) is defined by the formula

v![A] = [OWZ |X(σ) ⊗OX(σ)
A] ∈ K0(Y (σ′))(A.6)

where we fix OWZ to be a finite locally free resolution of v∗OZ . By [Lee04],

v! also equals the composition

K0(X(σ))
σu−→ K0(CY (σ′)/X(σ))

0!NZ/W−−−−→ K0(Y (σ′))(A.7)

where σu is specialization to the normal cone and 0!
NZ/W

is the Gysin map

induced from the Cartesian diagram

Y (σ′)

��

// CY (σ′)/X(σ)

��
Z // NZ/W .

Proof of Theorem A.1. LetM◦X → P1 be the deformation of X to its intrin-
sic normal cone stack CX and W =M◦Y×P1/M◦X

be the double deformation

space given by the deformation of Y × P1 inside M◦X to its normal cone
CY×P1/M◦X .

As in the proof of Lemma 5.6, we obtain

[OCY ] = [OCY/CX ] ∈ K0(CY×P1/M◦X ).(A.8)

Since CY×P1/M◦X is a closed substack of NY×P1/M◦X , the equality holds in

K0(NY×P1/M◦X ) as well.

Following [KKP03], for each index α we consider the commutative dia-
gram of distinguished triangles on Yα × P1

Eα|Yα(−1)
κα //

��

Eα|Yα ⊕ E′α //

��

c(κα) //

��
LXα/S |Yα(−1)

λα
// LXα/S |Yα ⊕ LYα/S // c(λα) //

(A.9)

where κα = (T · id, U · gα) with T,U coordinates on P1.
Clearly λα is the restriction to Vα of a global morphism λ. By [KKP03],

we have that h1/h0(c(λ)∨) = NY×P1/M◦X .
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By the properties of almost perfect obstruction theories and the compat-
ibility diagrams (A.3), the closed embeddings

h1(c(λα)∨) −→ h1(c(κα)∨)

glue to a closed embedding of sheaf stacks on Y × P1

nY×P1/M◦X −→ K.

The same argument works at the level of coarse moduli sheaves, where
flatness stands for exactness of the pullback functor. Thus we deduce the
equality

[OcY ] = [OcY/CX
] ∈ K0(K).(A.10)

The top row of (A.9) together with (A.4) and (A.5) give a commutative
diagram

K //

��

ObX |Y ⊕ObY //

(σ|Y ,σ′)
��

ObX |Y (1) //

σ|Y (1)

��

0

OY×P1(−1) // OY×P1 ⊕ OY×P1 // OY×P1(1) // 0

and therefore we obtain a (twisted) cosection σ̄ : K → L, where L is the line
bundle OY×P1(−1).

By [KL13a, Section 5], cY×P1/M◦X has reduced support in K(σ̄). The fiber

of K over {0} ∈ P1 is ObX |Y ⊕NZ/W |Y while the fiber over {1} ∈ P1 is ObY .
The cosection σ̄ also restricts to the corresponding cosections over these two
fibers. Therefore, we obtain by (A.10)

[Ovir
Y,loc] = 0!

ObY ,σ′ [OcY ] = 0!
ObX |Y ⊕NZ/W |Y ,σ|Y [OcY/CX

].

Now, since the usual properties of Gysin maps hold by working on local
charts of the corresponding sheaf stacks, we have

0!
ObX |Y ⊕NZ/W |Y ,σ|Y [OcY/CX

] = 0!
ObX |Y ,σ|Y 0!

NZ/W |Y [OcY/CX
] = 0!

ObX |Y ,σ|Y v
![OcX ].

By the next proposition, we have 0!
ObX |Y ,σ|Y v

! = v!0!
ObX ,σ, which implies the

desired equality. �

Proposition A.2. For any coherent sheaf A on ObX supported on ObX(σ),
0!
ObX |Y ,σ|Y v

![A] = v!0!
ObX ,σ[A].

Proof. Since the pullback v! is given by tensoring with the resolution OWZ , the
equality follows by combining the proofs of [KL17, Lemma 5.6] and [KS20,
Proposition 4.3] together with the construction of the cosection localized
Gysin map in §4. �
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